E 
% 


ех 


ees ee Are leh 


Riapo Феда де Mul 
Ry s- vy 
Trigonometric Identities 


Fundamental Identities 


2 | 9 
(i) csc 0 = — 7 p 
" sin 0 
б) sec 0 = п 

cos 0 
12 
(3) cot 0 = 13 
tan 9 
| 14 
sin Ө 
4/ tan 8 = 
s Ө 
6) cv cos 0 
sin Ө E 
16 
(6) cos? 0 sin? 0 = 1 
7 1+ tan? 0 = sec? 6 
8 1+ cot? 6 = csc? 0 u 
18 
Geometry 
Calculus 
Differentiation 
1 Deen" Dru 
2 рди+ у) = Ви + Dyw 
3 Duy) = uD,v + ури 
Ри — uD,v 
4 (4) =+ т 2. 
Е E 
5 р, ѕіпи = cos и D,u 
6 П, соѕи = —sin u Du 
7 Р, tan w= sec? и Du 
8 р, cot u = —csc? u Du 
9 р, sec u = sec u tan и ш 
10 D, esc u = —csc u cot u Du 


Even-Odd Identities 


Double-Angle Formulas 


Addition Formulas 


sin(—0) = —sin 68 D sin(a + B) = sin a cos B + sin B cos a 


cos( — 8) = cos 0 : оф соѕ(а + B) = cos a cos В — sin а sin B 


{ап(— 0) = —tan Ө 


21 tan(a + B) = 


cot(—0) = —cot 0 


sec(— 8) = sec 6 


Subtraction Formulas 


csc(— 6) = —csc 8 


tan a + tan B 
1 — tan a tan В 


22 sin(a — B) = sin a cos B — sin B cosa 


sin 20 = 2 sin 0 cos 6 24 
cos 20 = 2 cos? 0 — | 
= |—2 sin? 8 


= cos? 0 — sin? 0 


Product Formulas 


cos? 6 = 4(1 + cos 20) 


sin? 6 = 1 — cos 20) 


tan(a — B) = 


23 cos(a — B) = cos a cos B + sin a sin B 


tan a — tan B 


1 + tan o tan В 


25 sina cos В = {sin (a + В) + sin (а — B)] 


26 cosacos B= l[cos (a + В) + cos (a — B)] 


27 sinasin B = 3[cos (a — B) — cos (a + )] 


(see Appendix A, page 1015) 


11 D,sinh и = cosh u D,u 

12 D, cosh и = sinh u Du 

13 D, tanh и = sech? и Du 

14 D, coth и = —csch? u D,u 

15 р, sech и = —sech и tanh u Dyu 
16 D,csch и = —csch u coth u D,u 
17 Dye" = е“ Dyu 

18 D,a" = a" ina ши 


Du 
191 О [орн = sae 
ulna 


D 
КыЛ» 26 
ц 


21 


22 


23 


25 


27 


D. sin"! Du 
sin и = — 
Š МАГ C 
ANM -Du 
D, cos u= ur 
Ои 
Ютап oe i 
5 1 + и? 
-Dyu 
Decon t= EX 
Е 
D е, Du 
sec " = — 
ч ld va — 1 


-D. 
Р, сес" au = EN. 0 
lu vA = 1 


D; Í KO dt = Кюри 


Tables of Integrals (constants of integrations have been omitted to save space) 


Elementary forms 5 
un 
1 IE du = 43 (n # —1) 10 | co и du = In |sin u| 19 E u du = sinh u 
n 
du 11 | seo. и du = In |sec и + tan u| 20 | sech? и du = tanh и 
2 Es = In |u| 
и 
12 | csc и du = In |сѕс и — cot u| 21 | sch? u du = —coth u 
3 | sin udu = —cos и * 
13 | sin? u du = žu = i sin 2u 22 Í sech u tanh u du = —sech u 
4 | cos и du = sinu 
14 [ сог udu = lu de 1 sin 2u 23 f esen u coth u du = —csch u 
5 | sec? и du = tan u , 
и и 
15 30 = sin ! — 24 fa dv = uv — i v du 
6 IE u du = —cot u Va? — и? a 
ET 1 it 25 IE du = e" 
7 f see u tan u du = sec u 16 [52 = Lait 
GSC LEE a a a" 
{ 26 IE du = 
8 In a 
17 = |= 


csc u cot u du = —сѕс и du 1 и | 
——— = — sec 
иуи а a 


9 Г и du = —in |cos u| 
18 | sinh u du = cosh u 


Trigonometric Forms 


1 
27 Га и du = tan u — и 33 f sec” u du = 7 sec"? u tan u 
n— 
2 -— = i ni 
28 | co u du cot u— и 28 [ se oh 
sin! u cosu | n—1 g 
29 f sin u au = Poo oo == u du 1 
n 34 К u du = — | esc” 7 и cot u 
mE 
cos™! usinu n-1 
30 | cos" ude = == udu . i= 2 E- 
n n ы + csc" * u du 
nes | 
31 Га udu = =, lang ш | tan"? и du 35 ID sin и du = —u" cosu + n fur cos u du 


36 fe cos и du = u^ sinu — п fun sin u du 


32 | cor u du = — cot" ! u — КЕ и du 


Inverse Trigonometric Forms - 


Ж. -— y aem 24^ — 1 € uM] — и? 

37 sin ` u du = u sin uctVi-—wu 40 uasin NU da= mue e 
38 | cos udu-ucos ! u — VI — u? 202 — | ЖАКШЫЫ 
: : 41 j^ cos ! и du = Sa bi МЕ. 


1 
39 [TEUER TET | 
u 
42 IE tan! и du = + 1) хап! u — 


^? 
= 


SECOND EDITION 


CALCULUS 


with Analytic Geometry 


SECOND EDITION 


CALCULUS 


with Analytic Geometry 


M. A. Munem Macomb Community College 


D. J. Foulis University of Massachusetts 


Worth Publishers, Inc. 


Calculus with Analytic Geometry, second edition 


Copyright © 1984 by Worth Publishers, Inc. 
All rights reserved. 


Printed in the United States of America 
Library of Congress Catalog No. 83-50583 
ISBN: 0-87901-236-6 


First printing, January 1984 


EDITOR: Anne Vinnicombe 

PRODUCTION: George Touloumes and Pat Lawson 
DESIGNER: Malcolm Grear Designers 
ILLUSTRATOR: Mel Erikson Art Services 
TYPOGRAPHER: York Graphic Services, Inc. 


PRINTER AND BINDER: Kingsport Press 


COVER: Sinusoidal surface. Computer graphics by Thomas Banchoff, David Laidlaw, and 
David Margolis. 


Text figure and picture credits appear on page 1033, which constitutes a continuation of the 
copyright page. 


Worth Publishers, Inc. 
444 Park Avenue South 
New York, New York 10016 


CHAPTER 


ою 00 UAW AQ [у — - 


CHAPTER 


Ply POL HD лә ә JO [2 [9 
— COO соо м с nN tt — t2 


Ww [ә 


CHAPTER 3 
3.] 
3:2. 


CONTENTS 


Preface 
Introduction 


FUNCTIONS AND LIMITS 

Real Numbers, Inequalities, and Absolute Value 
The Cartesian Coordinate System 

Straight Lines and Their Slopes 

Functions 

Types of Functions 

Trigonometric Functions 

Limits of Functions 

Properties of Limits of Functions 

Continuous Functions 


THE DERIVATIVE 

Rates of Change and Slopes of Tangent Lines 
The Derivative of a Function 

Basic Algebraic Rules for Differentiation 
Tangent and Normal Lines 

Rules for Differentiating Trigonometric Functions 
Function Composition 

The Chain Rule 

Implicit Functions and Implicit Differentiation 
The Rational-Power Rule 

Higher-Order Derivatives 

Algebraic Signs and Zeros of Functions 


APPLICATIONS OF THE DERIVATIVE 
The Mean-Value Theorem 
Monotonicity and the First-Derivative Test 


CONTENTS 


CHAPTER 


CHAPTER 


CHAPTER 


CHAPTER 


Concavity and the Second-Derivative Test 
Absolute Extrema 

Asymptotes and Limits Involving Infinity 
Graph Sketching 

Applied Maximum and Minimum Problems 
Related Rates 

Applications to Economics and Business 


ANTIDIFFERENTIATION AND DIFFERENTIAL EQUATIONS 
Differentials and Linear Approximation 

Antiderivatives 

The Method of Substitution, or Change of Variable 

Differential Equations 

Applications of Differential Equations 

The Harmonic-Oscillator Equation 

Areas by the Method of Slicing 


THE DEFINITE INTEGRAL 

The Sigma Notation for Sums 

The Definite Integral 

Basic Properties of the Definite Integral 

The Fundamental Theorem of Calculus 

Approximation of Definite Integrals—The Trapezoidal Rule and 
Simpson’s Rule 

Areas of Regions in the Plane 


APPLICATIONS OF THE DEFINITE INTEGRAL 
Volumes of Solids of Revolution 

The Method of Cylindrical Shells 

Volumes by the Method of Slicing 

Are Length and Surface Area 

Work, Force, and Energy 

Applications to Economics and the Life Sciences 


TRANSCENDENTAL FUNCTIONS 

Inverse Functions 

Inverse Trigonometric Functions 

Derivatives of and Integrals Yielding Inverse Trigonometric Functions 
The Natural Logarithm Function 

Properties of the Natural Logarithms 

The Exponential Function 

Exponential and Logarithmic Functions with Base Other Than e 
Hyperbolic Functions 

Exponential Growth and Decay 

Mathematical Models for Biological Growth 

First-Order Linear Differential Equations 


CHAPTER 8 


CHAPTER 


CHAPTER 


CHAPTER 


CHAPTER 


8.1 
8.2 
8.3 
8.4 
8.5 
8.6 
8.7 
8.8 


10 


10.1 
10.2 
10.3 
10.4 
10.5 


CONTENTS 


TECHNIQUES OF INTEGRATION 

Integrals of Powers of Sines and Cosines 

Integrals of Powers of Other Trigonometric Functions 
Integration by Trigonometric Substitution 

Integration by Parts 

Integration by Partial Fractions—Linear Case 
Integration by Partial Fractions—Quadratic Case 
Integration by Special Substitutions 

Tables of Integrals and Reduction Formulas 


POLAR COORDINATES AND ANALYTIC GEOMETRY 
Polar Coordinates 

Sketching Polar Graphs 

Area and Arc Length in Polar Coordinates 

The Ellipse 

The Parabola 

The Hyperbola 

Rotation of Axes 

Eccentricity and Conics in Polar Form 


INDETERMINATE FORMS, IMPROPER INTEGRALS, AND 
TAYLOR’S FORMULA 
The Indeterminate Form 0/0 


Other Indeterminate Forms 

Improper integrals with Infinite Limits 
Improper Integrals with Unbounded Integrands 
Taylor Polynomials 


INFINITE SERIES 

Sequences 

Infinite Series 

Properties of Infinite Series 

Series of Nonnegative Terms 

Series Whose Terms Change Sign 

Power Series 

Differentiation and Integration of Power Series 
Taylor and Maclaurin Series 

Binomial Series 


VECTORS 1N THE PLANE 
Vectors 

The Dot Product 

Vector and Parametric Equations 
Vector-Valued Functions of a Scalar 
Velocity, Acceleration, and Are Length 
Normal Vectors and Curvature 


vii 


viii 


CONTENTS 


CHAPTER 


CHAPTER 


CHAPTER 


I4 
14.1 
14.2 
14.3 
14.4 
14.5 
14.6 
14.7 
14.8 
14.9 


I5 
1531 
1522 
9.3) 
15.4 
15.5 
15.6 
Sof 
15.8 
8,9) 


15.10 
TEST 
15.12 


APPENDIX 
APPENDIX 


APPENDIX 
APPENDIX 


A 
B 


Applications to Mechanics 


COORDINATE SYSTEMS IN THREE-DIMENSIONAL SPACE 
Cartesian Coordinates in Space 

Vectors in Three-Dimensional Space 

Cross and Box Products of Vectors in Space 

Equations of Lines and Planes in Space 

The Geometry of Lines and Planes in Space 

Curves in Space 

Spheres, Cylinders, and Surfaces of Revolution 

Quadric Surfaces 

Cylindrical and Spherical Coordinates 


PARTIAL DIFFERENTIATION 

Functions of Several Variables 

Limits and Continuity 

Partial Derivatives 

Linear Approximation and Differentiable Functions 

The Chain Rules 

Directional Derivatives, Gradients, Normal Lines, and Tangent Planes 
Higher-Order Partial Derivatives 

Extrema for Functions of More Than One Variable 

Lagrange Multipliers 


MULTIPLE INTEGRATION AND VECTOR CALCULUS 
Iterated Integrals 

The Double Integral 

Evaluation of Double Integrals by Iteration 

Double Integrals in Polar Coordinates 

Applications of Double Integrals 

Triple Integrals 

Triple Integrals in Cylindrical and Spherical Coordinates 
Applications of Triple Integrals 

Line Integrals and Green's Theorem 

Conservative Vector Fields 

Surface Area and Surface Integrals 

The Divergence Theorem and Stokes" Theorem 


FORMULAS FROM GEOMETRY 


PROOFS OF BASIC PROPERTIES OF LIMITS AND 
CONTINUOUS FUNCTIONS 


MATHEMATICAL INDUCTION 
TABLES 

ANSWERS TO SELECTED PROBLEMS 
ILLUSTRATION CREDITS 

INDEX 


PURPOSE 


PREREQUISITES 


OBJECTIVES 


SPECIAL FEATURES 


PREFACE 


The second edition of Calculus has been extensively rewritten and improved. Its 
basic purpose, however, remains the same—to provide the necessary background in 
calculus and analytic geometry for students of mathematics, engineering, physics. 
chemistry, economics, or the life sciences. 


Students who use this textbook should know the basic principles of algebra, geome- 
try, and trigonometry covered in the usual precalculus mathematics courses. No 
previous study of analytic geometry is required. 


This book was written and revised with two main objectives in mind: 

First, to provide the reader with a competent working knowledge of calculus. We 
have taken pains to insure adequate coverage of the traditional topics and tech- 
niques, especially those that will be needed in courses such as engineering, physics, 
chemistry, and other sciences. Furthermore, we have tried to attune the textbook to 
the two outstanding mathematical trends of our time—the computer revolution and 
the burgeoning use of mathematical models in the life sciences, the social sciences, 
economics, and business. 

Second. to complement and enhance effective classroom teaching and to allay 
students’ "math anxiety.” Our own classroom experience has shown that success- 
ful teaching is fostered by a textbook that provides clear and complete explanations, 
cogent illustrations, step-by-step procedures, pertinent examples and problems, and 
a multitude of topical, real-world applications. Such a textbook should build student 
confidence by beginning with familiar material, explaining new concepts in terms 
of ideas already well understood, offering worked-out examples that show in detail 
how problems are to be solved, and providing opportunities for students to reinforce 
and test their understanding via problem sets in which the level of difficulty in- 
creases gradually. 


Aspects of the book that have worked well have been carried over from the first 
edition and a number of new features, designed to enhance readability and stimulate 
student interest, have been introduced. 
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1 Examples and Figures lIn the numerous examples, we offer guidance to 
students in organizing their work and in deciding when a shortcut may be 
reasonable. The examples are worked in detail with all substitutions shown. 
Figures and graphs are used to enhance verbal explanations whenever possible. 
2 Problem Sets Problems at the end of each section progress from simple 
drill-type exercises, amply illustrated by worked-out examples, to more de- 
manding conceptual questions. To solve the odd-numbered problems requires a 
level of understanding sufficient for most purposes, whereas the even-num- 
bered problems toward the end of each problem set are more challenging and 
probe for deeper understanding. To generate student interest, the problems 
include applications to a wide variety of tields—not only to engineering, ge- 
ometry, and the physical sciences but also to biology, business, the earth 
sciences, ecology, economics, medicine, navigation, and the social sciences. 
Answers to odd-numbered problems are given in the back of the book and 
solutions to all problems are provided in a Solutions Manual for instructors. 
In each problem set, a group of problems that provide a good representa- 
tion of the main ideas of the section has been identified with numerals printed 
in color. This feature is helpful for students preparing for quizzes and exams, 
and it can be used by instructors in selecting problems for assignment. 
3 Review Problem Sets Тһе review problems at the end of each chapter can 
be used in a variety of ways: Instructors may wish to use them for supplemen- 
tary or extra-credit assignments or for quizzes and exams; students may wish to 
scan them to pinpoint areas where further study is needed. In some places, 
these problems purposely are not arranged by section so that students can gain 
experience in recognizing types of problems as well as in solving them. 
4 Use of Calculators ìn keeping with the recommendations of the National 
Council of Teachers of Mathematics (NCTM) and the Mathematical Associa- 
tion of America (MAA), we have de-emphasized the use of tables in favor of 
the use of scientific calculators. We feel obliged to prepare students to function 
outside the classroom, where virtually everyone using mathematics in a practi- 
cal way—from the actuary to the zoologist—routinely employs a calculator. 
In this book, we have tried to assign the calculator its rightful place—a tool, 
useful at times, unnecessary at other times. Problems and examples that call 
for the use of a calculator are marked with the special symbol [©]. 
5 Computer Graphics Тһе use of computers to generate graphs is fascinat- 
ing and illuminating to students and instructors alike. We have included a 
number of computer-generated graphs in Chapters 3, 13, and 14. 
6 SI (Metric) Units In the majority of physics and engineering problems we 
have employed the SI (Systeme International) system of units, which is rapidly 
replacing the customary British and U.S. systems in all applied work. 
7 Historical Notes and Portraits Brief historical notes and portraits of 
prominent mathematicians serve to remind the reader that mathematics is a 
һитап endeavor. 


8 Design ln this edition, a more open design is used for ease of reading and 
better comprehension. Newly defined terms are indicated in boldface type: 
important results and formulas are highlighted in color and set off by ruled 
boxes; and the symbol B is used to signal the end of a proof or the end of the 
solution to an example. 

9 Formulas Pertinent formulas (rom geometry. trigonometry, and calculus 
are listed in the appendix and inside the front and back covers of the book. 


ARRANGEMENT OF TOPICS 
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SUPPLEMENTARY MATERIALS 
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Although the table of contents clearly identifies the topics covered and their order of 
presentation, the following supplementary comments may be helpful. 


l Trigonometry Because deficiencies in trigonometry plague many calculus 
students, a substantial review of trigonometry precedes coverage of limits and 
continuity of the trigonometric functions in Chapter 1. At the request of many 
of our first-edition users, we have introduced early differentiation of the trigo- 
nometric functions in Chapter 2. This provides for more meaningful applica- 
tions of the chain rule and enlarges the scope of the applications of the deriva- 
tive in Chapter 3. 


2 Algebraic Signs and Zeros of Functions An expanded section emphasiz- 
ing the use of test values to determine algebraic signs of functions and present- 
ing both the bisection method and Newton’ s method for approximating zeros is 
placed in Chapter 2. This material is particularly well-adapted to the use of 
computers and calculators. 


3 Concepts Used in Physics and Engineering The tools and techniques that 
are needed by students of engineering and science are developed as early as 
possible in the text. The important idea of setting up and solving simple differ- 
ential equations is given suitable emphasis. 


4 Geometry Throughout the book, the reader is continually encouraged to 
visualize analytic relationships in geometric form. This is particularly true for 
the treatment of vectors—all concepts involving vectors are first introduced 
geometrically. 


5 New Material То reflect the current needs and interests of students taking 
calculus, new material has been added on the following topics: 


(a) Harmonic oscillators (Chapter 4) 

(b) Linear differential equations (Chapters 4 and 7) 

(c) Logistic growth model (Chapter 7) 

(d) Method of least squares (Chapter 14) 

(e) Jacobians (Chapter 15) 

(f) Conservative vector fields and potentials (Chapter 15) 


6 Optional Material Because a topic that one person regards as optional 
could be deemed essential by others, we have refrained from marking any of 
the material in this book as "*optional." However. material that could be con- 
sidered optional has been placed at the ends of sections or chapters, where it 
can be omitted without loss of continuity. 


With adequately prepared students, the entire book can be covered in three semes- 
ters or in five quarters. In general, chapters 1 through 5 include enough material for 
a first-semester course, chapters 6 through 11 are suitable for the second semester, 
and the remaining chapters can be covered in the third semester. The book is written 
for maximum flexibility; there are many Ways to arrange the material coherently to 
conform to a wide variety of teaching situations. 


Study Guide Ап accompanying Study Guide is available for students who require 
more drill or more assistance in any topic. The Study Guide conforms with the 
arrangement of topics in the book and contains many carefully graded fill-in state- 
ments and problems broken down into simple units. Study objectives and tests are 
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INTRODUCTION 


Mathematics has been developed, cultivated, and refined not only for its practical 
applications to science, commerce, and industry, but also because of its aesthetic 
attractions. The ancient Egyptians developed some of the fundamental ideas of 
trigonometry for the very practical purpose of relocating property lines after the 
periodic Nile floods; the early Greeks, however, studied the conic sections largely 
because they were intrigued with the beautiful geometry of these graceful curves. 
Nearly two thousand years later, the Renaissance astronomer Johannes Kepler 
(1571—1630) discovered that the paths of the planets as they orbit the sun are conic 
sections (ellipses). Thus, mathematical ideas, originally developed because their 
elegance appealed to the human mind, later found practical application in astron- 
omy and celestial mechanics. 

The italian mathematician, astronomer, and physicist Galileo Galilei (1564— 
1642), a contemporary of Kepler, showed that objects thrown into the air also 
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follow conic sections (parabolas). Galileo's experiments and meditation on the prin- 
ciples of mechanics moved him to declare that the Book of Nature is written in 
mathematical characters.” Within fifty years of this astonishing proclamation, Sir 
Isaac Newton (1642-1727) in England and Gottfried Leibniz (1646—1716) in Ger- 
many independently created calculus—the mathematical language with which 
many chapters of Galileo's Book of Маге’? have been and continue to he written. 
Fired with enthusiasm by this major intellectual triumph, generations of mathemati- 
cians and scientists over the next two centuries developed and perfected the subject 
of classical mechanics—the foundation of most branches of engineering. 

Two more chapters, relativity and quantum mechanics, were added to the **Book 
of Nature" in the twentieth century. As Galileo had foreseen, these chapters are 
also **written in mathematical characters,” among which the derivatives and inte- 
grals of Newton and Leibniz’ calculus are especially prominent. 

What accounts for the conspicuous role of calculus in Galileo's "Book of Na- 
ture"? The fundamental reason is that the world is full of change and calculus is the 
mathematics of change. For the same reason, calculus is profoundly involved in the 
burgeoning use of mathematical models in the life and social sciences, economics, 
and business. These mathematical models usually take the form of differential equa- 
tions that express relationships among the rates of change of variable quantities. 

In this book, we stress the idea of calculus as the mathematics of change and we 
emphasize the use of differential equations as mathematical models for real-world 
phenomena. We hope that our readers will be able to recapture some of the excite- 
ment felt by the architects of calculus when they first began to realize the immense 
power and beauty of their creation. Some of these readers, we like to think, may 
themselves help to write the next chapter in Galileo's "Book of Nature." 


Gottfried Leibniz 


Sir Isaac Newton 
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FUNCTIONS AND LIMITS 


We begin this chapter with a brief review of some precalculus mathematics, after 
which we introduce the two critical ideas upon which calculus is based—function 
and limit. Using the idea of a limit of a function, we formulate and study the 
important concept of continuity. 


Real Numbers, Inequalities, and 
Absolute Value 


The familiar idea of a number scale, number line, or coordinate axis makes it 
possible to visualize real numbers as points along an infinite straight line (Figure 1). 


Figure 1 origin 


'The real number corresponding to a point on the line is called the coordinate of the 
point. An arrowhead may be used to indicate the direction (to the right in Figure 1) 
in which the coordinates are increasing. The point with coordinate 0 is called the 
origin, and the point with coordinate 1 is called the unit point. The distance be- 
tween the origin and the unit point is called the unit distance on the number scale. 
On a horizontal number scale, points to the right of the origin have positive coordi- 
nates, and points to the left of the origin have negative coordinates. The set of all 
coordinates of points on the line is called the set of real numbers and is denoted by 
the special symbol R. 

Two real numbers x and у in R can be combined by the usual arithmetic opera- 
tions to yield new real numbers x + y, x — y, xy, and (provided у # 0) x/y. If y is 
positive, we can also raise y to the power x and obtain a definite real number у“; 
however, if y is negative, у* is not always defined as a real number. For instance, 
(— D)? = М1 is not defined as a real number. 


Figure 2 


Figure 4 
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The real numbers 1. 2, 3. 4. 5, and so on are called the natural numbers, or the 
positive integers (Figure 2). The integers consist of all the natural numbers, the 
negatives of the natural numbers, and zero (Figure 3). Real numbers that can be 


the natural numbers Figure 3 the integers 


e o ә —ә  @¢ + — e oe—eoe— eoe ooo 
| e 3 8 CE ome : жу ш DEUS 0 1 М & 4 B ure 


A 


written in the form a/b, where a and b are integers and b = 0, are called rational 
numbers. The irrational numbers are those real numbers that are not rational. A 
real number is irrational if and only if its decimal representation is nonterminating 
and nonrepeating. Examples of irrational numbers are 


V2 = 1.4142135+++ and  7-3.1415926 :-- 


Inequalities 


Two different real numbers x and y can always be compared to determine which is 
greater. If the point with coordinate x lies to the left of the point with coordinate y 
on the number line (Figure 4), we say that v is greater than x (or, equivalently, that 


n — À x is less than v), and we write 


a Er Or ® se 


Note that 


x > 0 means that x is positive. 


x « 0 means that x is negative. 


The integer О is neither positive nor negative. 
A statement of the form x € y (or v > x) is called an inequality. You may 
already be familiar with the following rules for handling inequalities. 
Let a, b, and c denote real numbers. 
1 Trichotomy One and only one of the following is true: 
a<b or b<a or a=b 


2 Transitivity 1f a < b and b «€ c. then a € c. 


3 Addition If a < b, then a * c « b * c. 


4 Subtraction lf a < b, then a — c € b — c. 
5 Multiplication If a < b and c > 0, then ac < be. 
b 


a 
6 Division If a « b and c > 0, then — < —. 
€ с 


According to the addition and subtraction rules, you can add or subtract the same 
quantity on both sides of an inequality. The multiplication and division rules permit 
you to multiply or divide both sides of an inequality by a positive number. Accord- 
ing to the following rule, if you multiply or divide both sides of an inequality by a 
negative number, you must reverse the inequality. 
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b 


- ; a 
7 Inequality reversing If a< b and c < 0, then ac > bc and — > —. 
c G 


For instance, if you multiply both sides of the inequality 2 < 5 by —3, you must 
reverse the inequality and write —6 > —15; that is, —15 < —6. Indeed, on a num- 
ber line, —15 lies to the left of —6. 

Sometimes we know only that a certain inequality does nor hold. If x < y does 
not hold, then by the trichotomy rule either x > y or x = y. In this case, we say that 
x is greater than or equal to v, and we write 


еу (or, equivalently, у = x) 


Statements of the form y < x (or x > y) are called strict inequalities; those of the 
form y = x (or x = y) are called nonstrict. 

If we write x < y < z, we mean that x < y and y < z. Likewise, x = y > z means 
that x = y and y > z. This notation for combined inequalities is used only when the 
inequalities run in the same direction. 

Statements analogous to Rules 2 through 7 can be made for nonstrict inequalities 
and for combined inequalities. For instance, if you know that 


X 
= seES——-«S 
2) 


you can multiply all members by —2, provided that you reverse the inequalities to 
obtain 


223 (zz =e 
Or = К CS? 

If you are asked to ‘‘solve’’ an equation, it’s usually clear what is wanted: 
namely, the value (or values) of the variable (or variables) that makes the equation 
true. Similarly, you solve an inequality by finding all values of the variable (or 
variables) that make the inequality true. The set of all such values is called the 
solution set of the inequality. 

EXAMPLE 1 Solve the inequality x + 3 < 5x — I. 

БОЛГ ОКИ LESE SET (Given) 
5 x abre (We subtracted x from both sides.) 
4 «4x (We added 1 to both sides.) 
iex: (We divided both sides by 4.) 


Thus, the solution set consists of all real numbers that are greater than ] (Figure 5). B 


Figure 5 I does not belong 
to the solution set 


\ solution set 


\ 


In Figure 5, the solution set consists of one connected piece. Such sets, called 
intervals, often arise as the solution sets of inequalities. 
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DEFINITION I 


DEFINITION 2 


Bounded Intervals 


Let a and b be fixed real numbers with а < b. 


(i) The open interval (a, b) with endpoints a and b is the set of all real 
numbers x such that a < x < b. 


а does not b does not 
belong to the interval belong to the interval 


a b 


(ii) The closed interval [a, b] with endpoints a and b is the set of all real 
numbers x such that a = х x b. 


a belongs b belongs 
to the interval to the interval 


a b 


(iii) The half-open interval [a, b) with endpoints a and b is the set of all 
real numbers x such that a = х < b. 


4 belongs b does not 
to the inlerval belong to the interval 


————À—— 


a b 


(iv) The half-open interval (a, b] with endpoints a and b is the set of all 
real numbers x such that a < x = b. 


а does not b belongs 
belong to the interval to the interval 
—— od 


ü b 


Notice that a closed interval contains its endpoints, but an open interval does not. A 
half-open interval (also called a half-closed interval) contains one of its endpoints, 
but not the other. 

Unbounded intervals, which extend indefinitely to the right or left, are written 
with the aid of the special symbols +оо and —®, called positive infinity and 
negative infinity, respectively. 


Unbounded Intervals 


Let a be a fixed real number. 
(i) (а, +œ) is the set of all real numbers x such that a < х. 


a does not 
belong to the interval 


-—- ңе c 


а 


(ii) (~œ, a) is the set of all real numbers x such that x < a. 


a does not 
belong to the interval 


9 a MH 


а 


(iii) [a, +œ) is the set of all real numbers x such that a = х. 


a belongs 
to the interval 


a 


(iv) (— 20, a] is the set of all real numbers x such that x < a. 


a belongs 
to the interval 


a 


Figure 6 


Figure 7 


(1 
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lt must be emphasized that +% and — are just convenient symbols—they are not 
real numbers and should not be treated as if they were. In the notation for un- 
bounded intervals, we usually write 2 rather than +œ. For instance, (5, ос) denotes 
the set of real numbers greater than 5. The notation (—~, оо) is often used to denote 
the set R of all real numbers. 


In Examples 2 and 3, solve the inequality and show the solution set on a number 
line. 
EXAMPLE ЕЕЕ ay 7 
SOLUTION We begin by adding 3 to all members to help isolate x in the middle: 
= Ez Des 10 
Then we divide all members by 2, to obtain 
-4zxx«5 


Therefore, the solution set is the half-open interval [—4, 5) (Figure 6). 


EXAMPLE 3 22 + 3x42z0 


SOLUTION We begin by factoring х2 + 3x + 2 = (x + 1) (x + 2) and rewriting 
the given inequality as 
@+ 1)(х + 2) 2 0 
Here, equality holds exactly when x = —1 or x = —2. Also, the strict inequality 
(x + Dx + 2)>0 


holds if and only if x + 1 and x + 2 have the same algebraic sign. First, let’s 
consider the case in which both x + 1 and x + 2 are positive. Then 


ese il 2 (0) and spar 2 10) 
that is, yac] and PL 
Note that if x > —1, then x > —2 automatically holds; hence, both x + 1 and x + 2 
will be positive precisely when 
кое Ji 
Next, we consider the case in which both x + 1 and x + 2 are negative. Then 
ser ESSO) and iur 2S 
that is, x«-] and x«-2 
Note that if x < —2, then x < —1 automatically holds; hence, both x + 1 and x + 2 
will be negative precisely when 
< m 
It follows that 
х2 + 3x+220 
holds if and only if 
хе 0 ог х= 


In other words, the solution set consists of the two intervals (—®, —2] and [~ 1, =) 
(Figure 7). 
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DEFINITION 3 


Absolute Value 


The idea of absolute value plays an important role in analytic geometry and calcu- 
lus, especially in expressions that involve the distance between two points on a 
number line. 


Absolute Value 


If x is a real number, then the absolute value of x, denoted |x|, is defined as 
follows: 


" з ifx=0 
x| = 
m ifx<0 


For example, |7| = 7 because 7 = 0, |0| = 0 because 0 = 0, and |-3| = —(—3) = 
3 because —3 < 0. Notice that the absolute value of a real number is always non- 
negative. 

Geometrically, the absolute value of the real number x is the distance between the 
point P whose coordinate is x and the origin O, regardless of whether P is to the 
right or left of O (Figure 8). More generally, 


|x — y| is the number of units of distance between the point with coordinate x and 


the point with coordinate y. 


This statement holds no matter which point is to the left of the other (Figure 9a 
and b), and, of course, it also holds when x = y. For simplicity, we refer to the dis- 
tance |x — y| as the distance between the numbers x and y. 


Figure 9 


PESE] |=" ned 


x y y x 


(a) (b) 


Notice that 


The absolute value of a product of two numbers is equal to the product of their 
absolute values; that is, 


lol = [lly 


The last rule can be derived as follows: 
lo] = Vay)? = Vey = МОМУ? = [allyl 


A similar rule applies to quotients; if y # 0, 
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Many of the properties of absolute value can be established by considering all 
possible cases in which the quantities involved are positive, negative, or zero. 


EXAMPLE 4 Show that —|x| = x = |x| holds for every real number x. 


SOLUTION If x = 0, then |x| = x, so x = |x| holds. Also, if x = 0. then —|x| = 


-х=0= 5х, so —-|x| = x holds. Thus, -|x| =x = |x| holds when x=0. On 
the other hand, if x « 0, then |x| = —x, so —|x| 2 x <0 < —х = |x|; hence, 
-|x| = x = |x| also holds when x < 0. E 


One of the most important properties of absolute value is the triangle inequality 
given in the following theorem. 


THEOREM 1 Triangle Inequality 


If a and b are real numbers, then |a + b| = |а| + [b]. 


PROOF Ву the preceding example, – |а| = a = |a| and —|b| = b = |b|. Adding these in- 
equalities, we obtain 


—([а| + |b) s a + b = |а| + [b 


If a+ b 20, then |a + b| = a + b = |a| + |b|. On the other hand, if a +b < 0, 
then |a + b| = —(a + b) = |а| + |b]. In either case, we have |a + b| = |а| + lb]. m 


In solving equations and inequalities involving absolute values, you will find the 
following rules useful. 


Let и and v be real numbers, and suppose a is a positive real number. Then 


(i) |u| = a if and only if u = a or u = —a. 


(ii) |e] = |v] if and only if u = v or u = =v. 


Gii) |u| < a if and only if ~a < u < a. 


(iv) |u| >a if and only if u < —a or u > a. 


Rules (i) and (ii) are obvious from the definition of absolute value. Rules (iii) and 
(iv) are easy to understand and remember if you keep in mind that |x| is the distance 
between н and 0. 
In Examples 5 to 7, solve each equation or inequality. 
EXAMPLE 5 |1 — 24| 2 7 
SOLUTION Ву Rule (i), |] — 2x| = 7 is true if and only if 

1 t) or l= 2S = 7 
that is, 

—2x = 6 or —?x = —8 


Therefore, the equation has two solutions, x — —3 and x — 4. In other words, the 
solution set consists of the numbers —3 and 4. a 
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EXAMPLE 6 


SOLUTION 


that ts, 


or 


[3x 


2| «4 


By Rule (iii), the inequality is true if and only if 


—4«3x—2«4 
=) cc з= 


—$«x«2 


Therefore, the solution set is the interval (—%, 2). 


EXAMPLE 7 


SOLUTION 


that 15, 


ly *2]25 


By Rule (iv), the inequality is true if and only if 


Hence, the inequality is true if and only if 


In other words, the solution set consists of the two intervals (—%, —$) and (1, ос). 8i 


har =5 Or amar 2I 
у= =7 ог 3y > 3 
y«-i Gee maj 


Problem Set 1.1 


\ 


«1 


Answer true or false. Use suitable rules for inequalities to justify 
the true statements, and give examples to show that the false 
statements really are false. 


(a) If x is a positive number, then 5x is a positive number. 
(b) If x < 3 and v > 3, then x < y. 

(c) If x = y, then —5х = —5у. 

(d) If x3? = 9, then x £ 3. 

(e) If x = 2 and y > x, then y > 0. 

Show that if x # 0, then x? > 0. (Hint: By the trichotomy rule, 


if x z 0, then either x > 0 or x < 0. Consider the two cases 
x > 0 and x < 0 separately.) 


Use the rules for inequalities to show that ж < 45. [Hint: Begin 
by showing that 3(233) < 28(25). Then use the division rule for 
inequalities.] 


Show that if 0 < х < y, then 1/x > I/y. (Hint: Use the division 
rule for inequalities twice.) 


(a) Under what conditions is —x > 0? Explain. (b) Under what 
conditions is —x < 0? Explain. (c) Under what conditions is 
—x = 0? Explain. 


(a) I£ 0 < x < у, show that x? < у^. (b) If 0 < x < у, show that 


Vx < Vy. 


If x7 = 9, is it necessarily true that x = 3? Explain. 


8 
9 


10 


If x > 0, is it necessarily true that 1/x > 0? Why? 

The following are solution sets for certain inequalities. Illustrate 
each solution set on a number line. 

(e) [2 2n 

(b) All numbers x such that —3 < x = 4 and also -6 E x < 2 


(c) All numbers belonging to [—2, 0] or to {—3, I] or to both of 
these intervals 


(d) All numbers belonging to (0, 2) or to (—~, 0) 

(e) All numbers x that belong to both intervals (0, 2) and (3, 2) 

(f) All numbers x that belong to both intervals (—%, —2] and 
(э 5» 


Use interval notation to represent each shaded set below. 


D $e 


0 2 5 6 8 
шее MT 
0 2 6 
б) $4 —— — 
1 0 2 4 7 

(d) ———— =—_ 
0 2 3 3 is excluded 7 
MO) ш шоны ——— 
t 0 2 
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In Problems 11 to 24, solve each inequality. Express the solution in 
interval notation, and illustrate it on a number line. 


11 10x < 18 + 4x 

jg ec т 

DE =DE sues ЛЛ 
14 3< 5x x 2x + 11 
15 3> —-4—4xz -8 
о ты, 
х xe 


17 2-9 


20 
3) x 


21 2x4 


BEL 
3; са 
ELT 
23 2° + 5x – 12<0 
ie 


aho 


24 0< = 2 


In Problems 25 to 30, solve each equation. 


Д 


25 x - 3|= 2 | 
26 |x — 5| = [3x — || 

27 By + 2] = 5 

28 |r 2] = [3 - 5] 

29 |51 23 - x 


30 |y? + y — 6| =0 


In Problems 31 to 39, solve each inequality. Express the solution in 
interval notation, and illustrate it on a number line. 


31 [2x — 5| <1 
32 |4y 6| =3 
33 |3r — 5» 2 
34 |3 — 55| 2 5 
35 |x- 2|<0.1 


36 |3u + 1| = 0.02 
37 |x + 3| >0.5 
38 |9 — 2z| = [7:] 


BOE ca? Es 


40 If x and y are real numbers, show that 
(ау | -bisix-» Ф blisi-» 


41 A rectangular solar collector is to have a height of 1.5 meters, 
but its length is still to be determined. What is the range of 
values for this length if the collector provides 400 watts per 
square meter, and if it must provide a total of between 2000 and 
3500 watts, inclusive. 


42 Suppose that a and b are real numbers with a < b. Show that 
every real number x that belongs to the interval [a, 5] can be 
expressed in the form x = ta + (1 — Db, where t is a real num- 
ber that belongs to the interval [O, 1]. 


43 An operator-assisted station-to-station phone call from Boston, 
MA, to Tucson, AZ, costs $2.25 plus $0.38 for each additional 
minute after the first 3 minutes. Several such calls were made, 
each costing between $6.05 and $8.71, inclusive. What is the 
range in minutes for the lengths of these calls? 


44 Suppose that families with an income, after deductions, of over 
$19,200 but not over $23,200 must pay an income tax of $3260 
plus 28 percent of the amount over $19,200. What is the range 
of possible values for the income, after deductions, of families 
whose income tax liability is between $3484 and $4044? 


45 A car can travel 220 miles on a full tank of gas. How many full 
tanks of gas would it need to travel at least 1314 miles? 


46 In each case, use the triangle inequality to show that the inequal- 
ity holds under the given hypotheses. 


(a) If |x — 2| < + and |y - 2| € 2, then |x - y| <#. 
(b) If |x + 2| < апа |y + 2| <3, then |x — y| <3. 
(cya к == and ЕБЕ 7] ча, 


47 A technician determines that an electronic circuit fails to operate 
because the resistance between points A and B, 1200 ohms, ex- 
ceeds the specifications, which call for a resistance of no less 
than 400 ohms and no greater than 900 ohms. The circuit can be 
made to satisfy the specifications by adding a shunt resistor 
R ohms, R > 0, as in Figure 10. After adding the shunt resistor, 
the resistance between points A and B will be 1200R/{ 1200 + R) 
ohms. What are the possible values of R? 


R 
^ 


roan 
П 1 
1 l 
І [ 
Bri AMA Hm 


A B 
1200 ohms 


Figure 10 


10 CHAPTER 1 FUNCTIONS AND LIMITS 


1.2 
СЕ 


US ncs mem АУРЕ. 


René Descartes 


Figure 2 У 


ordinate 


abscissa 


The Cartesian Coordinate System 


In Section 1.1, we saw that a point P on a number line can be specified by a real 
number x called its coordinate. Similarly, by using a Cartesian coordinate system, 
named in honor of.the French philosopher and mathematician René Descartes 
(1596—1650), we can specify a point P in the plane with two real numbers, also 
called coordinates. 

A Cartesian coordinate system consists of two perpendicular number lines, 
called coordinate axes, which meet at a common origin O (Figure 1). Ordinarily, 
one of the number lines, called the x axis, is horizontal, and the other, called the y 
axis, is vertical. Numerical coordinates increase to the right along the x axis and 
upward along the y axis. We usually use the same scale (that is, the same unit 
distance) on the two axes, although in some figures, space considerations make it 
convenient to use different scales. 


Figure 1 y axis 


X axis 


If P is a point in the plane, the coordinates of P are the coordinates x and y of 
the points where perpendiculars from P meet the two axes (Figure 2). The x coordi- 
nate is called the abscissa of P, and the y coordinate is called the ordinate of P. The 
coordinates of P are traditionally written as an ordered pair (x, v) enclosed in 
parentheses, with the abscissa first and the ordinate second. (Unfortunately, this is 
the same symbolism used for an open interval; however, it is always clear from the 
context what is intended.) 

To plot the point P with coordinates (x, y) means to draw Cartesian coordinate 
axes and to place a dot representing P at the point with abscissa x and ordinate y. 
You can think of the ordered pair (x, y) as the numerical '*address" of P. The 
correspondence between P and (x, y) seems so natural that in practice we identify 
the point P with its address (x, y) by writing P = (x, v). With this identification in 
mind, we call an ordered pair of real numbers (x, y) a point, and we refer to the set 
of all such ordered pairs as the Cartesian plane, or the xy plane. 

The x and y axes divide the plane into four regions called quadrants, denoted Qi, 
Qu. Om, and Оу and called the first, second, third, and fourth quadrants (Fig- 
ure 3). Notice that a point on a coordinate axis belongs to no quadrant. 


Y 


Figure 3 


Оц Q 
all (x, 1) with all €x, у) with 
x«0,y20 x20,v»0 


Ош Qiy 
all (x. r) with all (x, 1) with 
х<0,у<0 о 
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The Distance Formula 


One of the attractive features of the Cartesian coordinate system is that there is a 
simple formula that gives the distance between two points in terms of their coordi- 
nates. If P, and P are two points in the Cartesian plane, we denote the distance 
between P, and P; by |Р\Р»|. 


THEOREM 1 The Distance Formula 


lf P, = (xi. yi) and Р» = (x2, уз) are two points in the Cartesian plane, then the 
distance between Р; and P; is given by 


[2 = We Ep. POSSE 


Figure 4 The distance formula is a simple consequence of the Pythagorean theorem, as can 
, be seen in Figure 4. Notice that РР, is the hypotenuse of the right triangle Р,ОР›, 
where О = (x2, у). We have 


Ig = s xil. аай [QP4 = | — yal 
Hence, by the Pythagorean theorem, 
|PIP? = [e — xil? + (у — yal? 
= ps x3)" + А) 
Taking the square root on both sides of the last equation, we obtain the distance 
Е formula in Theorem 1. 


EXAMPLE 1 Find the distance |P,P | if P, = (—1, 2) and Р› = (3, —2). Plot P, 


апа Р». 
SOLUTION |Р = V[3 – (- DP + (-2 – 2)? 
= V4? + (4)? 
= V32 
= у? 
Figure 5 Thus, in Figure 5 the distance between P, and Р» is 4V/ units. 


т 20109) Sometimes а calculator may be useful for finding the distance between two points 
in the plane. However, in using a calculator, you must keep in mind that your 
РТР,\= 4/7 answer may be only an approximation of the true value. For instance, using an 


eight-digit calculator, we could write the distance |P;P | in Example 1 as 
Р.Р. = 4V2 = 5.6568542 units 


Note that we use a wiggly equals sign to mean approximately equal to. In this book, 
problems or examples for which the use of a calculator is recommended are marked 
with the symbol ©. 


PAGES) 


füEXAMPLE 2 Let P = (31.42, —17.04) and О = (13.75, 11.36). Find PQ by 
using a calculator. Round off your answer to two decimal places. 
SOLUTION  |PQ| = V(13.75 — 31.42} + [11.36 — (—17.04)]> 
== 33.45 units 
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Figure 6 
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graph of 


; х2+ү2= 9 
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Graphs in the Cartesian Plane 


Recall (from precalculus mathematics) the following definition of the graph of an 
equation. 


Graph of an Equation 


The graph of an equation involving the variables x and y is the set of all points 


(x, y) in the Cartesian plane, and only those points, whose coordinates x and y 
satisfy the equation. 


For instance, consider the equation 


2 +у2=9 
We can rewrite this equation as 
Very = V9 
or as Мх — 0X + (y - OF =3 


By the distance formula (Theorem 1), the last equation holds if and only if the point 
P = (x, y) is 3 units from the origin О = (0, 0). Therefore, the graph of x? + у? = 9 
is a circle of radius 3 units with its center at the origin (Figure 6). 

If we are given a curve in the Cartesian plane, we can ask whether there is an 
equation for which it is the graph. Such an equation is called an equation for the 
curve, or an equation of the curve. For instance, х + y? = 9 is an equation for the 
circle in Figure 6. Two equations in x and y are said to be equivalent if they have 
the same graph. For example, x? + y? = 9 is equivalent to Va? + у? = 3. We often 
use an equation for a curve to designate the curve; for instance, if we speak of ''the 
circle x? + 3? = 9," we mean ‘һе circle for which x? + y? = 9 is an equation.” 

If r > 0, then the circle of radius r with center (л, К) consists of all points (x, у) 
such that the distance between (x, y) and (A, &) is r units (Figure 7). Using the 
distance formula (Theorem 1), we can write an equation for this circle as 


or, equivalently, 


This last equation is called the standard form for an equation of a circle of radius r 
with center (Л, К). 


Figure 7 D 


Figure 8 


х? +y? + 2х +8у -8= 0 
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EXAMPLE 3 Find an equation for a circle of radius 5 with center (—2, 3). 


SOLUTION Here r = 5 and (й, k) = (—2, 3), so, in standard form, the equation 
of the circle is 


Пао: 
or 
(x + 2)? + (y — 3)? = 25 
If desired, we can expand the squares, 
х? + 4х + 4+ у” — Gy 49:25 
and combine the constant terms to obtain an equivalent equation in the form 
ra bano 
The last equation can be restored to standard form by *'completing the squares. '' 
The work is arranged as follows: 
xX + y + Ах— бу— 12= 0 
х2 + 4x + у? — бу = 12 
х + 4х + 4+ у*— 6у + 9= 12 + 4+ 9 
(х + 2)? + (у — 3) = 25 


Неге, we added 4 to both sides of the equation to change x? + 4x to the perfect 
square x^ + 4x + 4, and we added 9 to both sides to change y? — 6y to the perfect 
square y? — 6y + 9. Notice that, in general: 


2 


2 | [4 
An expression of the form x^ + kx becomes a perfect square if you add (5) 


to obtain 


The process of creating a perfect square from an expression of the form x^ + kx by 
adding the square of half the coefficient of x is called completing the square. Be 
careful, this particular procedure can be used only when the coefficient of х? is 1. 


EXAMPLE 4 Sketch the graph of x? + y? + 2x + 8y — 8 = 0. 


SOLUTION Completing the squares, we have 


x? 2x + у? + 8y = 8 

тоа er (0) в OG 
Ac 3p z + y + 8у + 3. =8+ =) ak D 
?+2х+ 1 +у°+8у+ 16 =8+1+4 16 


(OSEE (у + 4a = 25 


Therefore, the graph is a circle of radius V 25 = 5 units with center (—1, —4) 
(Figure 8). 
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EXAMPLE 5 Find an equation in the form x? + y? + Ax + By + C = 0 and an 
equation in the standard form of the circle containing the three points (—2, 5), 
(1, 4), and (—3, 6). 


SOLUTION We substitute the x and y coordinates of the three points into the 
equation x^ + y? + Ax + By + C = 0 and thus obtain the three simultaneous equa- 


tions 
—2A + 5B + C = —29 
A adis (ec —I 
—3A + 6B +С = —45 
Solving these simultaneous linear equations in the usual way, we get A = —2, 


B = —18, and C = 57. Thus, an equation of the circle is 


X T^ y [муз у=) 


Completing the squares, we have 


x!—2x + 1+ y? — 18у + 812 —57 1 + 81 


(х= 1)? + (y - 9)? = 25 


Thus, the circle has radius 5 units and center (1, 9). 


Problem Set 1.2 


1 Plot each point and indicate which quadrant or coordinate axis 


contains it. 


(a) (1, 6) (b) (— 2) 3) 
(c) (4, 1) (ON) Gn Ly 
ie) (=, =a (f) (0, 2) 

(g) (—3, 0) (h) (0, —4) 


0 2 Plot the four points А = (п, V2), B=(-V3, V2). 
С = (М5, — V2), and D = (3, - € ). 


In Problems 3 to 6, plot the point P and determine the coordinates of 
points Q, R, and S such that (a) the line segment PQ is perpendicular 
to the x axis and is bisected by it; (b) the linc segment PR is perpen- 
dicular to the v axis and is bisected by it; (c) the line segment PS 
passes through the origin and is bisected by it. 


3 P=(3,2) 4 P =(-4, -3) 
3 
5 P =(~1, 3) anm -i) 


In Problems 7 to 18, find the distance between the two points. 


7 (7, 10) and (1, 2) 8 (-1, 7) and (2, 11) 
9 (7, —1) and (7, 3) 
11 (—6, 3) and (3, —5) 


13 (0, 0) and (—8, —6) 


10 (—4, 7) and (0, —8) 
12 (0, 4) and (—4, 0) 
14 (г, 4) and (г, 8) 


15 (—3, —5) апа (-7, —8) 165%, =Зу and ЖЖ; 


їй (2 =) апа (57) 18 (a. b + 1) and (a + 1, b) 


(c) In Problems 19 and 20, use a calculator to find the distance be- 


tween the two points. Round off your answer to three decimal 
places. 


19 (—2.714, 7.111) and (3.135, 4.982) 

20 (т, 22) and (— V 17, °H) 

In Problems 21 to 24, (a) use the distance formula and the converse 
of the Pythagorean theorem to show that triangle ABC is a right 
triangle, and (b) find the area of triangle ABC. 

21 А = ШАБ = (Sl) te — 6, 7) 

20 А= (0) 8 ВЗЛЕТЕ КЕ) 

23 A = (0, 0), В = (-3, 3. C = (2, 2) 

24 A = (-2, -5, В = (9, 4), С = (4. V) 


25 Show that the points А = (—2, —3), В = (3, —1), C = (1, 4), 
and D = (—4, 2) аге the vertices of a square. 


26 Show that the distance between the points (x1, уу) and (x2, y2) is 
the same as the distance between the point (xj — хә. уу — уз) and 
the origin. 


27 If A2 (75, 1), В =(-6, 5), and C = (—2, 4), determine 
whether triangle ABC is isosceles. 


28 Check the derivation of the distance formula (Theorem 1) for the 
case in which one point is in the second quadrant and the other 
point is in the third quadrant. 


29 Find all values of 1 so that the distance between the points 
(—2, 3) and (1, t) is 5 units. 


30 1f P, P2, and Рз are points in the plane, then P; lies ou the line 
segment P,P; if and only if |P,P4| = [РР] + |P2P3|. Ilustrate 
this geometric fact with diagrams. 


In Problems 31 to 33, determine whether P» lies on the line segment 
P,P; by checking whether |Р\Рз| = [Р.Р + |P2P3| (see Prob- 
lem 30). 


31 Ру = (1, 2), P5 = (0. $), Ps = (71. 3) 
32 ру = (—$, 0), P = (-1, 5). Р; = (2. 11) 
ЭЗИР (РУЗ) DE (35) =з}, Pa el =) 


34 On a Cartesian coordinate grid, an aircraft carrier is detected by 
radar at point A = (52, 71) and a submarine is detected by sonar 
at point 5 = (47, 83). If distances are measured in nautical 
miles, how far is the carrier from a point on the surface of the 
water directly over the submarine? 


In Problems 35 and 36, find the equations in standard form for the 
circles in the Cartesian plane that satisfy the given conditions. 


35 (a) Radius 3 and center (0, 2) 
(b) Radius 2 and center (—1, 4) 
(c) Radius 5 and center (3, 4) 
36 (a) Center at (1, 6) and containing the point (—2. 2) 
(b) Radius 4 and containing the points (—3, 0) and (5, 0) 
(c) Points (3, 7) and (—3, —1) are the endpoints of a diameter 


In Problems 37 to 44, find the radius r and the coordinates (Л, А) of 
the center of the circle for each equation, and sketch a graph of the 
circle. 


37 (xv + 1P + (у – 202 29 
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38 (x + 3y + (у — 10) = 100 
39 2 +у + 25+ 4у+4= 0 
40 2 +у-х-у-1= 0 


B 


4l 40 + 4y? + 8x — Ay + 1 = 0 (Hint: Begin by dividing by 4.) 


4 
to 
Py 
hs 
4 
Uu 


y = 6х + 9у = 27 
43 402 + 4у + 40 - 4у+1= 0 


44 402 + 4y? + 12х + 20у + 25 = 0 


In Problems 45 to 47, find the equation іп the standard form of the 
circle or circles in the xy plane that satisfy the conditions given. 


45 Containing the points (—3, 1). (7, 1). and (—7, 5) 
46 Containing the points (1, 7). (8. 6), and (7. —1) 


47 Radius V/17, center on the x axis, and containing the point 
(0. 1). (There are rwo circles in this case.) 


48 A point P = (x, y) moves so that it is always twice as far from 
the point (6, 0) as it is from the point (0, 3). (a) Find the equation 
of the curve traced out by the point P. (b) Sketch a graph of this 
curve. 


49 Salesperson À is allowed to sell encyclopedias anywhere within 
the circle х2 + y^ = 100, while salesperson B is allowed to sell 
them within the circle (x — 20)? + у” = 144. Do their sales ter- 
ritories overlap? Explain. 


50 Find conditions on the constants a, b, c, d, r, and К so that 
the circle (x — а) + (y — b =r will intersect the circle 
(x—cy + (у 4) = К". 


51 Show that the equation of the circle in the standard form 
(х= л) + (y = Ky = P can always be rewritten in the 
alternative form x? + y? + Ax + By + C = 0. where A = —2h, 
В = —2k. and C = i? + К” — г”. (Hint: Expand the squares and 
collect the terms.) 


52 Show that the equation x^ + у? + Ax + By + C = 0 represents 
a circle with center at the point (Л, К) = (—A/2, —B/2) and ra- 
dius г = }VA~ + B^ — АС, provided that A? + В? > АС. 


1.3 Straight Lines and Their Slopes 


Perhaps the simplest curves in the plane are straight lines (called simply lines) and 
circles. In Section 1.2, we derived equations for circles by using the distance for- 
mula. In this section, we derive equations for lines by using the idea of s/ope. 

In ordinary language. the word ‘‘slope’’ refers to a steepness, an incline, or a 
deviation from the horizontal. For instance, we speak of a ski slope or the slope of 
a roof. In mathematics, the word *'slope"' has a precise meaning. 
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Figure 1 


>— гип 1 


Figure 3 


THEOREM 1 


Consider the inclined line segment AB in Figure |. The horizontal distance be- 
tween A and B is called the run, and the vertical distance between A and B is called 
the rise. The ratio of rise to run is called the slope of the line segment and is 
traditionally denoted by the symbol ;n. Thus, by definition, 


rise 


slope of AB = m = —— 
run 


If the line segment AB is turned so that it becomes more nearly vertical, then the rise 
increases, the run decreases, and the slope m = rise/run becomes very large. When 
the line segment becomes vertical, the slope ›н = rise/run becomes undefined since 
the denominator is zero. In this case, we sometimes say that the slope is infinite. 

If the line segment AB is horizontal, its rise is zero, so its slope m = rise/run is 
zero. If AB slants downward to the right as in Figure 2, its rise is considered 
negative; hence, its slope т = rise/run is negative. (The run is always regarded as 
being nonnegative.) 


Figure 2 "se 


negative 
rise 


aa X 13-1 


Now, set up a Cartesian coordinate system and consider the line segment AB, 
where A = (x1, y1) and B = (x, уз) (Figure 3). Here, the rise is ys — уу, the run is 
хә — ху, and so the slope m is given by 

E 
m= 
315 — At 
Of course, Figure 3 represents a special situation in which B lies above and to the 
right of A; however, you can check the other possible cases and see that the slope m 
of AB is always given by the preceding formula. Therefore, we have the following 
theorem. 


The Slope Formula 


Let A = (xi, yi) and B = (x3, уз) be any two points in the Cartesian plane. Then, 
provided that х; # x2, the slope т of the line segment AB is given by 


Yoga» 
l| —e— }. 
Xo N 


EXAMPLE 1 If A = (8, —2) and B = (3, 7), find the slope m of AB. 
TE EET 9 


SOLUTION EE 
a= fi 


т = 


Figure 6 


Figure 7 


y 


THEOREM 2 


SECTION 1.3 STRAIGHT LINES AND THEIR SLOPES 17 


Consideration of the similar triangles in Figure 4 shows that two parallel line 
segments AB and CD have the same slope. Similarly, if two line segments AB and 
CD lie on the same infinite line, as in Figure 5, they have the same slope. The 
common slope of all the segments of a line L is called the slope of L. 

From the fact that two parallel line segments have the same slope, it follows that 
two parallel lines have the same slope. Conversely, it is easy to sec that two distinct 
lines having the same slope must be parallel, and we have the following theorem. 


Figure 4 Figure 5 L 


Parallelism Condition 


Two distinct nonvertical lines are parallel if and only if they have the same slope. 


Now, consider a nonvertical line L with slope m and containing a point A = 
(х1. yı) (Figure 6). If P = (x, y) is any other point on L, then, by Theorem 1, 
m = (y = yy)y/(x = xı); hence, 


y = y = т(х — xj) 


Note that this equation holds even if P = A, when it simply reduces to 0 = 0. In 
fact, we claim that it is an equation of the line L in the sense that not only do all 
points (x, y) on L satisfy this equation, but, conversely, any point (x, y) that satisfies 
this equation lies on line L. (The converse follows from Theorem 2.) The equation 


Ж — yy = TAGS = oq 


is called the point-slope form for an equation of L. 


EXAMPLE 2 Let L be the line of slope 5 containing the point (3, 4). Write an 
equation of L in point-slope form, determine where L intersects the y axis, draw a 
diagram showing L and the coordinate axes, and decide whether the point (4, 9) 
belongs to L. 


SOLUTION Тһе point-slope form for an equation of the line L is y — 4 = 
5(x — 3). This equation can be rewritten as y — 5x — 11. If L intersects the y axis at 
the point (0, b), then b = 5(0) — 11 = — 11. Since both (0, — 11) and (3, 4) belong 
to L, it is easy to draw L by drawing the line through these two points (Figure 7). If 
we put x — 4, y — 9 in the equation for L, we obtain 9 — 5(4) — 11, which is true. 
Therefore, (4, 9) does belong to L. 
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Figure 8 Now suppose that L is any nonvertical line with slope т. Since L is not parallel to 

A. the v axis, it must intersect it at some point (0, b) (Figure 8). The ordinate b of this 
intersection point is called the y intercept of L. Since (0, 5) belongs to L, we can 
write the point-slope equation y — b — m(x — 0) for L. This equation simplifies to 


d у= тх tb 


which is called the slope-intercept form for an equation of L. 


EXAMPLE 3 In 1982 the Solar Electric Company showed a profit of $3.17 per 
share, and it expects this figure to increase by $0.24 per share per year. Counting 
the years so that 1982 corresponds to x = 0 and successive years correspond to 
x = ]. 2, 3, and so forth, find the equation у = mx + b of the line that will enable 
the company to predict its profit y per share during future years. Draw a graph 
showing this line, and find the predicted profit per share in 1990. 


SOLUTION When x = 0, y = 3.17: hence, 3.17 = (0) + b, and so b = 3.17. 
Thus, y = mx + 3.17. When x increases by 1, v increases by 0.24; hence, m = 
0.24. The equation, therefore, is у = 0.24x + 3.17. In 1990, x 2 8 and у= 
(0.24)(8) + 3.17 = 5.09. The predicted profit per share in 1990 is $5.09 (Figure 9). 


Figure 9 Figure 10 


y 


БЭЙ 0.245 + 3.17 


A horizontal line has slope zero; hence, such a line has the equation у = Olx) + b, 
or simply 


ED 
aom 1) in slope-intercept form (Figure 10). The equation y = b places no restriction what- 
soever on the abscissa x of a point (x, у) on the horizontal line, but requires that all 
the ordinates y have the same value b. 

Of course, a vertical line has an undefined slope. so its equation cannot be written 
in slope-intercept form at all. However, since all points on a vertical line must have 
the same abscissa, an equation of such a line can be written as 


1 


а 2 A are! 


where a is the common value of all these abscissas (Figure 11). 


Figure 12 » 


THEOREM 3 


PROOF 
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The equation of any line can be put into the form 


Ax + By C 50 


where A, В, and C are constants and not both A and B are zero. This is called the 
general form of an equation of a line. If B # 0, the equation Ax + By + C = 0 сап 
be rewritten 


A = 
See ge 
И В В 
and therefore represents а line with slope т = —A/B and у intercept b = —C/B. On 
the other hand, if B = 0, then A # 0 and the equation can be rewritten in the form 
x = —C/A, which represents a vertical line. 


Perpendicular Lines 


In Theorem 2 we have seen that two nonvertical lines are parallel if and only if they 
have the same slope. Theorem 3 gives a condition for two nonvertical lines to be 
perpendicular. 


Perpendicularity Condition 


Two nonvertical lines are perpendicular if and only if the slope of one of the lines 


is the negative of the reciprocal of the slope of the other line. 


Let the two lines be Lı and L>, and suppose that their slopes are т; and mz, 
respectively. The condition that the slope of either one of the lines be the negative of 
the reciprocal of the slope of the other can be written as 


mym = —1 


Neither the angle between the lines nor their slopes are affected if we place the 
origin О at the point where L; and L; intersect (Figure 12). Starting at О on L, we 
move | unit to the right and |m;| units vertically to arrive at the point A = (I. ту) on 
ТА. Likewise, the point В = (1, m2) is on line L5. By the Pythagorean theorem and 
its converse, triangle AOB is a right triangle if and only if 


[ABP = (одр + |oBP 

Using the distance formula (Theorem 1, Section 2), we find that 
АВ} = (1 — 1)? + (n, — т)? = mi — 2тут + m3 
JOA? = (1 — 0)? + (| – 0)? = 1 + т 

and 
[OBP = (1 — 0)2 + (т – 0) = 1 +m 

Therefore, the condition |AB|? = |OA|? + |OB[ is equivalent to 

mi-— 2mm; + т = 1 + ті + 1 + тд 


The last equation simplifies to mm. = —1, and the proof is complete. 
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EXAMPLE 4 If A = (—1, 2) and B = (4, —5), find the slope n, of a line that is 
perpendicular to the line segment AB. 


SOLUTION Тһе slope тә of the line containing the points A and В is given by 


m S Se ШШ | 
"o ae ч = ГЕУ 
FB ES 4—(—1) 5 
Therefore, by the perpendicularity condition (Theorem 3), 
|| 1 5 
ih = = == == 
| т» = 7 т 


EXAMPLE 5 Let L be the line 3x — y — 1 = 0. Find (a) an equation of the line L; 
that contains the point ( — 1, 2) and is parallel to L; (b) an equation of the line L5 that 
contains the point (—1, 2) and is perpendicular to L. Sketch the graphs of these 
lines. 


SOLUTION 


(a) In slope-intercept form, the equation of L is y = 3x — 1; hence, L has 
slope m = 3. Since L; is to be parallel to L, the slope of L, must Бету = m = 3. 
Because L, contains (— 1, 2), its equation is y — 2 = 3[x — (—1)] in point- 
slope form, or y = 3x + 5 in slope-intercept form. 


(b) Since / is to be perpendicular to L, it follows that the slope of £5 must 


be m = —1/т = —4. Therefore, because Lo contains (—1, 2), its equation 

in point-slope form is v — 2 = —á[x — (- D], or, in slope-intercept form, 

y = —4x + 3 (Figure 13). Oo 
Figure 13 3n 


If two different lines in the plane are not parallel, they will intersect in a single 
point. For instance, in Figure 13, the lines L; and Lz meet in the point (—1, 2). In 
order to find the point at which two nonparallel lines intersect, it is only necessary to 
solve the equations of the two lines simultaneously. 


om 
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Problem Set 1.3 


In Problems 1 to 6, find the slope of the line that contains the two 
points. 


1 (6, 2) and (3, 7) 
3 (14, 7) and (2, 1) 
5 (—5, 3) and (6, 8) 


DEG =) fine (Gy =o) 
4 (2, 2) and (-4, —1) 
enS and =) 
In Problems 7 to 18, find an equation in point-slope form of the line 
ihe 

7 L contains the point (5, 4) and has slope т = 2. 

8 L contains the point (6, 1) and has slope m = —4. 

9 L contains the point (3, 2) and has slope т = 1. 
10 L contains the point (—5, —1) and has slope m = 0. 

11 L contains the point (7, —2) and has slope m = —3. 
12 L contains the point (0, 2) and has slope m = —3. 

13 L contains the point (2, $) and has slope т = 0. 
14 L contains the points (7, 11) and (— 1, 1). 

15 L contains the points (3, 2) and (4, 8). 


16 L contains the point (7, 2) and is parallel to the line segment АВ, 
where A = (3, 1) and B = (—$, 3). 


17 L contains the points (—3, 4) and (—4. 4). 


18 L contains the point (—1, 2) and is perpendicular to the line 
segment AB, where A = (3, 3) and B = (—$, 3). 

19 Write an equation for each of the following lines. (a) The line 
containing the point (—2, 3) and perpendicular to the y axis. 
(b) The line containing the point (—2, 3) and perpendicular to 
the x axis. 


20 Show that if x, # x2, then an equation of the line containing the 
two points (xj, y1) and (x2, y2) is 


pa m X» X) 
y ЕУ + i 
o — Xi XI 55 


Xin Problems 21 to 24, rewrite each equation in slope-intercept form, 


find the slope m and the y intercept b, and sketch the graph. 


21 3x – 2y = 6 DOS NL en TORIO 


23 у+1=0 24 х= -9+5 


In Problems 25 to 32, find an equation of the line Z in (a) point-slope 
form, (b) slope-intercept form, and (c) general form. 


25 L has slope m — —3 and y intercept b — 5. 


26 L has slope m = $ and intersects the x axis at (—3, 0). 
27 L intersects the x and y axes at (3, 0) and (0, 5). 
28 L contains the points (3, 3) and (3, —6). 


29 L contains the point (4, —4) and is parallel to the line 
2x — Sy 433—107 


30 L contains the point (—3, $) and is perpendicular to the y axis. 


31 L contains the point (—3, 3) and is perpendicular to the line 
She ah) = 1 0) 


32 L is the perpendicular bisector of the line segment AB, where 
A = (3, —2) and B = (7, 6). 


33 Find a real number В so that the graph of 3x + By — 5 = Ohas у 
intercept b = —4. 


34 Suppose that the line L intersects the axes at (a, 0) and (0, b). If 
a з 0 and b 7 0, show that the equation of L can be written in 
intercept form 

om 
a b 

In Problems 35 to 38, suppose that т and mp are the slopes of the 

distinct lines / and L3, respectively. Indicate whether the lines аге 

(a) parallel, (b) perpendicular, or (c) neither parallel nor perpendicu- 

lar. Then, supposing that L, contains the point (3, 2) and L> contains 

the point (—2, 5), draw L, and / on the same diagram. 

3 


35 m, = $ and m = # 36 ту = $ and m = $ 


37 m, = $ and m = —$ 38 m, = —1 and т = 1 

39 If A = (-5, —2), B = (1, -1, C = (4, 4), and D = (—2, 3), 
show that the quadrilateral ABCD is a parallelogram. (Hint: 
Show that opposite sides have the same slope.) 


40 There are two circles of radius УЛО that are tangent to the line 
3x + y = 6 at the point (3, —3). Find the equations of these 
circles in standard form. (Hint: The tangent line to a circle is 
perpendicular to the radius at the point of tangency.) 


41 (a) Determine d so that the line containing A — (d, 3) and 
B = (—2, 1) is perpendicular to the line containing C = (5, —2) 
and D = (1, 4). (b) Determine К so that the line containing 
E — (k, 3) and B — (—2, 1) is parallel to the line containing 
C = (5, —2) and D = (1, 4). 


42 Prove that 


2 Spas) а x) 
ә i 2 


is the midpoint of the line segment between (x;. у) and (хә, y»). 


Dn 


44 


46 
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Use the midpoint formula in Problem 42 to find the midpoint of 
the line segment between each pair of points. 


(b) (9, 3) and (—5, 7) 
(d) (1, —3) and (5, 8) 


(a) (8, 1) and (7, 3) 
(c) (—1, 1) and (5, 3) 


If m, # т», show that the line y = mix + Бу intersects the line 
y = тх + bs at the point 


| by = by т — тфу ) 

my — my mm 

A car rental company leases automobiles for $22 per day plus 
$0.20 per mile. Write an equation for the cost y dollars in terms 
of the distance x miles driven if the car is leased for N days. If 
М = 3, sketch a graph of the equation. 


Find the distance (measured perpendicularly) between the point 
(—4. 3) and the line y = 3x — 5 by carrying out the following 
steps: (a) Find the equation of the line through (—4, 3) which is 
perpendicular to the line y = 3x — 5. (b) Find the point (x1, yi) 
at which the line obtained in part (a) meets the line y = 3x — 5. 
(c) Use the distance formula to find the distance between (—4, 3) 
and (xj, у). 


47 


48 


49 


If a piece of property is depreciated linearly over a period of n 
years, then its value y dollars at the end of x years is given by 
у= c1 — (x/n)], where c dollars is the original value of the 
property. An apartment building built in 1975 and originally 
worth $400,000 is being depreciated linearly over a period of 40 
years. Sketch a graph showing the value y dollars of the apart- 
ment building x years after it was built, and determine its value 
in the year 1995. 


Show that the line Ax + By + C = O is perpendicular to the line 
—Bx + Ay + D=0. 


In 1980, tests showed that water in a lake was polluted with 7 
milligrams of mercury compounds per 1000 liters of water. 
Cleaning up the lake became an immediate priority, and envi- 
ronmentalists determined that the pollution level would drop at 
the rate of 0.75 milligram of mercury compounds per 1000 liters 
of water per year if all their recommendations were followed. 1f 
1980 corresponds to x = 0 and successive years correspond to 
x = 1, 2, 3, and so on, find the equation y = mx + b of the line 
that allows the environmentalists to predict the pollution level y 
in future years if their recommendations are followed. Sketch 
the graph of the equation and determine when the lake will be 
free of mercury pollution according to this graph. 


1.4 


Functions 


Advances in our scientific understanding of the world often result from the discov- 
ery that things depend on one another in definite ways. For instance, the gravita- 
tional attraction between two material bodies depends on the distance between 
them, and the pitch of a guitar string depends on its tension. The idea that a quantity 
y depends upon another quantity x is nicely symbolized by the mapping notation 


ИЕ y 


This notation indicates that to each value of x there corresponds a uniquely deter- 
mined value of y; or, as mathematicians say, each value of x is ‘‘mapped onto”’ a 
corresponding value of y. Another name for a mapping is a function. 


DEFINITION 1 Function 
A function is a rule or correspondence 


bM 


that assigns to each real number x in a certain set X one and only one real 
number y. 


In Definition 1, the set X is called the domain of the function, and y is called the 
dependent variable since its value depends on the value of x. Because x is permitted 
to have any value in the domain X, we refer to x as the independent variable. The 
set of values assumed by y as x runs through all values in X is called the range of 
the function. If x —— y, we say that y is the image of x under the function. 
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Scientific calculators have special keys for some of the more important functions. 
By entering a number x and touching, for instance, the Ух key, you obtain a vivid 
demonstration of the mapping х +> Vx as the display changes from x to its image 
Vx under the square-root function. For instance, 


4 — 


N 


Dae 
2 У2 = 1.414 


Programmable calculators and microcomputers have “‘user-definable’’ keys that 
can be programmed for whatever function x ———» y may be required. The program 
for the required function is the actual rule whereby y is to be calculated from x. Each 
user-definable key is marked with a letter of the alphabet or other symbol, so that, 
after the key has been programmed for a particular function, the letter or symbol can 
be used as the ‘пате’? of the function. 

The use of letters of the alphabet to designate functions is not restricted exclu- 
sively to calculating machines. Although any letters of the alphabet can be used to 
designate functions, the letters f, g, and л as well as F, С, and Н are most common. 
(Letters of the Greek alphabet are also used.) For instance, if we wish to designate 
the square-root function x —— Vx by the letter f, we write | 


cues Му Or Шш” Vx 


If f:x —— vy is a function, it is customary to write the value of y that corresponds 
to x as f(x), read "f of x." In other words, f(x) is the image of x under the function f. 
For instance, if f:x +> Vx is the square-root function, then 


Ло 8-02 
JUS VS S 
Оа = 


and, in general, for any nonnegative value of х, 


Дх) = Vx 
If f:x —— y, then, for every value of x in the domain of f, we have 
у=) 


an equation relating the dependent variable у to the independent variable х. Con- 
versely, when an equation of the form 


y = an expression involving х 


determines a function f:x +—> у, we say that the function f is defined by, or given 
by, the equation. For instance, the equation 


у= 32-1 
defines a function f:x ———» y, so that 
у= №) = 30 -1 
or simply 
Дх) 3x —1 


When a function f is defined by an equation, you can determine, by substitution, 
the image f(a) corresponding to a particular value x = a. 
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EXAMPLE 1 Let f be the function defined by f(x) = 53? + 3x. Find the indicated 


values. " 
(a) f(2) (b) f(—2) (с) AP) 
(d) (= DP (e) fit +h) (O Ax) 
SOLUTION 


(a) f(2) = 5(2)? + 3(2) = 20 + 6 = 26 

(b) f(—2) = 5(—2)? + 3(—2) = 20— 6 = 14 

(c) AP) = spy + З) = 56 + 3P 

(d) W-D = [5(71? + 3. DP = (5 – 3} =2 = 4 

(e) f(t + h) = 5(t + hY + 3(t + h) = 52 + 10th + 5h? + 3t + ЗА 

(f) f(—x) = 5(—x)? + 3(—x) = зу — 3x п 


If a function f:x +—= y is defined by an equation, you may assume (unless 
otherwise stated) that its domain consists of all values of x for which the equation 
makes sense and determines a unique corresponding real number y. Then the range 
of the function is automatically determined, since it consists of the set of all values 
of y that correspond, by the equation that defines the function, to values of x in the 
domain. 


EXAMPLE 2 Find the domain of the function defined by 


NIE NE v RS 


se || 
SOLUTION 


(a) The domain of f is the set of all real numbers except 1. In other words, it 
consists of the interval (~œ, 1) together with the interval (1, 9). 


(b) The expression V4 — x represents a real number if and only if 4 — x = 0, 
that is, x = 4, Therefore, the domain of g is the interval (—%, 4]. 


(c) Since the expression 3x — 5 represents a real number for all real values of 
x, the domain of л is the set R of all real numbers. m 


Functions that arise in applied mathematics may have restrictions imposed on 
their domains by physical or geometric circumstances. For instance, the function 
x ——o mx? that expresses the correspondence between the radius x and the area zx? 
of a circle would have its domain restricted to the interval (0, =), since a circle must 
have a positive radius. 

The particular letters used to denote the dependent and independent variables are 
of no importance in themselves—the important thing is the rule by which a definite 
value of the dependent variable is assigned to each value of the independent vari- 
able. In applied work, variables other than x and y are often used because physical 
and geometric quantities are designated by conventional symbols. For instance, the 
radius of a circle is often designated by r and its area by A. Thus, the function 
f:r += A that assigns to each positive value of r the corresponding value of A is 
given by 


А = f(r) 2 ш 


Figure 1 у 


Figure 2 
y 


fie) = 1 +x 1 


P 


0.5 1.0 
seconds 
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In dealing with a function f, it is important to distinguish among the function itself 


Дх к— y 
which is a rule, the image 
y о f(x) 
which is a number depending on x, and the equation 
й = ш) 


which relates the dependent variable у to the independent variable x. Nevertheless, 
people tend to take shortcuts and speak, incorrectly, of ‘ће function f(x)’ or “ће 
function y = f(x)."' Similarly, in applied mathematics, people often say that “‘y is a 
function of x,” for instance, ''current is a function of voltage.” Although we avoid 
these practices when absolute precision is required, we indulge in them whenever it 
seems convenient and harmless. 


The Graph of a Function 


The graph of a function f is defined to be the graph of the corresponding equation 
y = f(x). In other words, the graph of f is the set of all points (x, y) in the Cartesian 
plane such that x is in the domain of f and y — f(x). 

For instance, if m and b are constants, then the graph of the function 


fx) = mx tb 
is the same as the graph of the equation 
у= тх + р 


а line with slope т and у intercept b. For this reason, a function of the form 
f(x) = mx + b is called a linear function. 


EXAMPLE 3 Sketch the graph of the function f(x) = $x + 2. 
SOLUTION Тһе graph of f is the same as the graph of the equation 


у= {+2 


a line with slope т = 3 and у intercept b = 2 (Figure 1). 


Graphs of functions that are not linear are often (but not always) smooth curves in 
the Cartesian plane. For instance, the graph of f(x) = 1 + Vx — 1 is shown in 
Figure 2. Sketching such a graph can be considerably more challenging than sketch- 
ing a straight line, although the use of a calculator to determine points on the graph 
will often give a good indication of its general shape. Incidentally, most of the 
microcomputers now on the market have graph-plotting capabilities. 

In scientific work, a graph showing the relationship between two variable quanti- 
ties is often obtained by actual measurement. For instance, Figure 3 shows the 
blood pressure p (in millimeters of mercury, abbreviated *‘mm of Hg") in an artery 
of a healthy person plotted against time г (in seconds). Such a curve may be re- 
garded as the graph of a function p = f(t), even though it may not be clear how to 
write a **mathematical formula’ giving p in terms of t. 
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Figure 4 


Y 


Figure 5 y 


t6, 36) 


lt is important to realize that not every curve in the Cartesian plane is the graph of 
a function. Indeed, the definition of a function (Definition 1) requires that there be 
one and only one value of y corresponding to each value of x in the domain. Thus, 
on the graph of a function, we cannot have two points (x, уу) and (x, y2) with the 
same abscissa x and different ordinates y, and уз. Hence, we have the following 
test. 


Vertical-Line Test 


A set of points in the Cartesian plane is the graph of a function if and only if no 


vertical straight line intersects the set more than once. 


EXAMPLE 4 Which of the curves in Figure 4 is the graph of a function? 


SOLUTION By the vertical-line test, the curve in Figure 4a is the graph of a 
function, but the curve in Figure 4b is not. 


Graph Sketching 


A basic graph-sketching procedure is the following. 


The Point-Plotting Method 


To sketch the graph of y — f(x), select several values of x in the domain of f, 
calculate the corresponding values of f(x). plot the resulting points, and connect 


the points with a smooth curve. The more points you plot, the more accurate your 
sketch will be. 


After you have learned some calculus, you'll find that you can sketch accurate 
graphs by plotting relatively few points. This is a case of substituting knowledge for 
tedious labor. 

EXAMPLE 5 Use the point-plotting method to sketch the graph of f(x) = x’, 
where the domain of f is restricted by the condition that x > 0. 


SOLUTION Тһе domain of f is the interval (0, ©), so we begin by selecting 
several values of x in this interval and calculating the corresponding values of 
f(x) = х2, as in the table in Figure 5. We then plot the points (x, f(x)) from the table 
and connect them with a smooth curve (Figure 5). Because the domain of f consists 
only of positive numbers, the point (0, 0) is excluded from 
the graph. This excluded point is indicated by a small open 
circle. Notice that we have used different scales on the x and 
y axes to obtain a figure with reasonable dimensions. 


The point-plotting method requires us to guess about the 
shape of the graph between or beyond known points, and so it 
must be used with caution (see Problems 45 and 46). If the 
function is fairly simple, the point-plotting method usually 

» works pretty well; however, more complicated functions may 
require more advanced methods that we study later. 
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Figure 6 y 


domain of f 


(a) (b) 


The domain and range of a function are easily found from its graph. Indeed, as 
Figure 6 illustrates, the domain of a function is the set of all abscissas of points on 
its graph (Figure 6a) and the range of a function is the set of all ordinates of points 
on its graph (Figure 6b). 


For each function in Examples 6 to 10, determine the domain, sketch the graph, and 
determine the range. 


EXAMPLE 6 f(x) = |x| 


SOLUTION The independent variable x can take on any value, so the domain is 
the set R of all real numbers. For x = 0, we have f(x) = x; hence, the portion of the 
graph corresponding to x = 0 is part of a line of slope 1 starting at the origin and 
extending upward into quadrant I. For х < 0, we have f(x) = —x, so the corre- 
sponding portion of the graph is part of a line of slope —1. The graph is sketched in 
Figure 7 y Figure 7. Evidently, f(x) cannot be negative but can take on any nonnegative value. 
Thus, the range of f is the interval [0, 2). We call f(x) = |x| the absolute-value 
function. pl 


2-4 


EXAMPLE 7 р(х) = 
MÀ х0) 


SOLUTION The fraction 


xcd 


r=? 


is defined for all values of x except x = 2 (which makes the denominator zero). 
Therefore, the domain of g consists of the two intervals (—®, 2) and (2, œ). Note 
that 
Fi 3 x — 4 = (х + 2)(х – 2) 
igure y 
hence, for x # 2, 
x!-4 + 2)(х—2 
шы prese О ра 
áp DE 2 
Therefore, provided that x = 2, 
g(x) =x+2 


It follows that the graph of g consists of all points on the line y = x + 2 except for 
the point (2, 4), which is excluded (Figure 8). Evidently, the range of g is all real 
numbers except 4; that is, the range consists of the two intervals (—%, 4) and (4, 2с). ш 
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Figure 9 


x | Ax) 
d vs 
-1 | 3.24 

0 | 3.00 

] Em 

2|241 

3 | 2.00 

4 | 1.00 


Figure 10 


y 


hool +\/4-x 


E EXAMPLE 10 G(x) = 


ÉIEXAMPLE8 A(x) = 1 + V4—4 


SOLUTION Since V4 — x is defined only when 4 — x 2 0, that is, when x = 4, 
the domain of Л is the interval (~~, 4]. We select several values of x in this interval 
and calculate the corresponding values of 


h(x) =1+V4-x 


as in the table in Figure 9. Here, we have used a calculator and rounded off values 
of A(x) to two decimal places. (If a calculator isn't available, the table of square 
roots in Appendix D may be used.) Using the information in this table and the 
point-plotting method, we sketch the graph as in Figure 9. Evidently, the range of h 
is the interval [1, 2). 


| Wiel = se if x «4 


EXAMPLE 9 ғо) = | mem. d 
mee к= 


SOLUTION A function such as F that is defined by using different equations in 
different intervals is called a piecewise-defined function. Here x can take on any 
value, so the domain of F is R. In sketching the graph, we must consider separately 
the portions to the right and to the left of the vertical line x = 4. To the right of 
x — 4, the graph is a portion of the line of slope —2, starting at the point (4, 1) and 
extending downward to the right. To the left of x — 4, the graph coincides with 
the curve sketched in Figure 9. These parts, taken together, form the graph of F 
(Figure 10). Evidently, the range of F is R. 


lx 

SOLUTION The domain of С consists of the two intervals (—%, 1) and (1, 2). If 
x is near 1 but a little smaller than 1, then | — x is small and positive, so G(x) = 
I/(1 — x) is very large and positive. Similarly, if x is near 1 but a little larger than 1, 
then 1 — x is negative and small in absolute value, so G(x) is negative and very 
large in absolute value. Also, if x is very large in absolute value, then so is 1 — x, 
and it follows that G(x) is very small in absolute value. Plotting a few points and 
keeping these facts in mind, we can sketch the graph of G (Figure 11). From this 
graph, we can see that the range of G consists of all real numbers except for 0; that 
is, it consists of the two intervals (—%, 0) and (0, =). 


Figure 11 t 
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Problem Set 1.4 


In Problems | to 14, let 18 Is the graph of the equation x? + y? = 9 the graph of a function? 
Why or why not? 

fo) =2x4+1 g(x) =x —3х – 4 h(x) = V3x +5 

In Problems 19 to 32, determine the domain, sketch the graph, and 


Gia) = Ve -4 HQ) = |2 — 55| 


BOS +7 determine the range of the given function. 


3x 
Find the indicated values. 19 f(x) = 4х — I 20 g(x) = 5 
1 f(—3) 2 FO) 3 h(—À 21 hix) = зл 29 Е) | Pa 3] 
L VETI = 2 ү? =l z 
ME до Ыш ишу с 24 Hix) 2 V9 - X 
7 g(0) 8 f(l/a) 9 H(c + 2) 3x — 2 
10 fix — 1)/2] 11 F(a/3) 12 G(Vb) 125 р(х) = Vx - 1 0а x 
А 
1113 2(4.718) [114 h(2.003) 
St ifxs3 
In Problems 15 and 16, find the domain of each function. STU) at) ш em we 
3 Е 
15 (a) fx) = 1 – 4c b) g(x) = (x + 2)! 
_ ae Vx J | 3 vs : тая 
с = Vx х) = — 3x 
i fs ur aec Em 
(е) Сх) = 7/(5 — бх) | ( K(x) = (4-59 1° : 
2 if x1 
, 1 
16 (a) g) Ox) ОО тагат з: i 
(a) g(x) = (9 +x) (b) hx) ET" 29 Qt) = i x | x<] 
o "E Vea npa 
E Я = - > d) A(x) = = = 
(c) F(x) = (d) Н(х) WES E30 RQ) = x^? 
17 Use the vertical-line test to determine which of the curves in 
Figure 12 are graphs of functions. 831 SQ) = 1 


РЯ 
+ 
N 


Figure 12 y 


132 T(x) = х + a 
х 
In Problems 33 and 34, for each function f. find and simplify the 
expression 
x x 
x ie ft 
И MLO 
h 

33 (a) f(x) = 4x— 1 (б) Дх) = 5 (c) f(x) = x! +3 


E 34 (а) Дхуу=^+х b Д) = ИМХ — (c) fo) = lx 


D 
[^) 
(b) 
y 
35 The function f: С к——> F given by the equation F = $C + 32 
converts the temperature C in degrees Celsius to the correspond- 
ing temperature F in degrees Fahrenheit. Find f(0). f(15). 
f(—10), and f(55); write the results, using both function and 
mapping notation. 
x AS 
0 36 For the function f given in Problem 35, solve the equation 
f(x) = x for x and interpret the result. 
37 An ecologist investigating the effect of air pollution on plant life 
(d) 


finds that the percentage, p(x) percent, of diseased trees and 


y 


(c) 


30 


38 


39 


40 


(cj41 
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shrubs at a distance x kilometers [rom an industrial city is given 
by p(x) = 32 — (3x/50) for 50 = x = 500. Sketch a graph of the 
function p, and find p(50), p(100), p(200), p(400), and p(500). 


A closed box with a square base x centimeters by x centimeters 
has a volume of 100 cubic centimeters. Express the total surface 
area A of the exterior of this box as a function of x. (Assume that 
the thickness of the walls is negligible.) 


An airline chart shows that the temperature T at an altitude of 
h = 15,000 feet is T = 5? Е. At an altitude of h = 20,000 feet, 
T = —15° Е. Supposing that T is a linear function of h, obtain an 
equation that defines this function, sketch its graph, and find the 
temperature at an altitude h = 30,000 feet. 


The speed v of a car is measured during a certain time interval 
and found to vary according to the equation 


= 60 forO=1<5 
"= (300 = for r= 5 


where v is measured in meters per minute and the elapsed time г 
is measured in seconds. If V is the speed measured in kilometers 
per hour and T is the elapsed time measured in minutes, find V 
as a function of T. 


In physics, the (absolute) pressure P in newtons* per square 
meter at a point // meters below the surface of a body of water is 


shown to be a linear function of h. When h=0, P= 
1.013 x 10° newtons per square meter. When А = 1 meter, 
P = 2.003 Хх 10? newtons per square meter. Obtain the equation 
that defines P as a function of h, and use it to find the pressure P 
at a depth of Л = 100 meters. 


1942 The period T(I) seconds of a simple pendulum of length / meters 


swinging along a small arc is given approximately by T(/) — 
25 V 1/9.807. Using a calculator and rounding off your answer 
to three decimal places, find 7(0.1), TU), 7(1.5), and 
T(0.2484). 


43 A baseball diamond is a square 90 feet on each side. A player is 


running from home plate to first base at a rate of 30 feet per 
second. Express the runner's distance s from second base as a 
function of the time z since he left home plate for 0 = t = 3. 


In Problem 43. suppose the runner continues around the bases at 
a constant speed of 30 feet per second. Express his distance s 
from second base as a function of t for 0 = г = 12. 


A person sketches the graph of f(x) = 4x* — 140 + 20€ — Sx 
for x = 0 by plotting five points and connecting them with а 
smooth curve, as shown in Figure 13. However, the graph is not 
correct as shown. Find the error. 


Figure 13 y 


[146 А person sketches the graph of f(x) = x? + 3X by plotting seven 


points and connecting them with a smooth curve, as shown in 
Figure 14. Criticize this person's work. 


Figure 14 У 


*See page 388 for a discussion of SI units. 
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Types of Functions 


Grouping, or classifving, is a familiar technique in the natural sciences for dealing 
with the immense diversity of things in the real world. For instance. in biology. 
plants and animals are divided into various phyla, classes, orders, families, genera, 
and species. In much the same way, functions can be grouped, or classified, by 
singling out important features possessed by some functions but not by others. In 
this section we describe certain types, or classes, of functions that are considered in 
calculus. Among these are even functions, odd functions, polynomial functions. 
rational functions, algebraic functions, and transcendental functions. 


Even and Odd Functions 


Consider the graphs in Figure 1. The graph of f (Figure la) is symmetric about the 
y axis; that is, the portion of the graph to the right of the y axis is the mirror image of 
the portion to the left of it. Specifically, if the point (x. v) belongs to the graph of 
У, then so does the point (—x, у). In other words. f(—x) = f(x). Similarly, the graph 
of g (Figure 1b) is symmetric about the origin because if the point (x. y) belongs to 
the graph, then so does the point (—x, —y); that is, g(—x) = —g(x). 


Figure 1 у 


fl x)= Лх) 


{a) 


A function whose graph is symmetric about the y axis is called an even function; a 
function whose graph is symmetric about the origin is called an odd function. This is 
stated more formally in the following definition. 


Even and Odd Functions 


(i) A function f is said to be even if, for every number x in the domain of 
f. —x is also in the domain of f and 


К-х) = feo 


(ii) A function f is said to be odd if, for every number x in the domain of 
f. ~x is also in the domain of f and 


Д\—х) = —/(х) 


Figure 2 
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EXAMPLE 1 Determine whether each of the functions whose graphs are shown in 
Figure 2 is even. odd, or neither. 


SOLUTION In Figure 2a, the graph of f is symmetric about the origin; thus, 
А-х) = —f(x) and f is an odd function. In Figure 2b, the graph of g is symmetric 
neither about the v axis nor about the origin, so g is neither even nor odd. In 
Figure 2c, the graph of Л is symmetric about the v axis; thus, A(—x) = h(x) and Л 
is an even function. 


EXAMPLE 2 Determine whether each function is even, odd, or neither. 


(a) f(x) = x* (b) gx) 2x— 1 
(с) AW) 222 3l — (d) FG) = 6 
SOLUTION 


(а) f(—x) = (—x)* = x7 = f(x), so f is an even function. 
(b) g(—x) = —x — 1, while g(x) 2 x — 1 and —g(x) = —х + 1. Since we 
have neither g(—x) = g(x) nor g(—x) = —8(x). g is neither even nor odd. 


(с) h(—x) = 2(—х)* — 3|-x]| = 22 — 3|x| = A(x), so А is an even function. 
(d) F(—x) = (~x) = — = —F(x), so F is an odd function. 
There are many functions that are neither even nor odd; however, if a function is 


found to be either even or odd, the job of sketching its graph becomes easier 
because of the symmetry involved. 


EXAMPLE 3 Sketch the graph of F(x) = х2. 
SOLUTION The domain of F is the set R. Because 
Е(—х) = (—х)” = v = F(x) 


the function F is even and its graph is symmetric about the у axis. We already 
sketched the portion of this graph for x > 0 in Section 1.4 (Figure 5, page 26). The 
full graph includes the mirror image of this portion on the other side of the y axis 
and the point (0, 0) (Figure 3). 


Figure 3 


Figure 4 


Figure 5 у 
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Polynomial Functions 
A function f of the form 
f(x) = ах” + а, qx + rb aux) + ax + ag 
where л is a nonnegative integer and the coefficients 
Nar ees e 053 di, o 


are constant real numbers, is called a polynomial function. If a, ~ 0, we say that 
this polynomial function has degree n. For instance, 


iO) = Rr Зе 5x 7 
is a polynomial function of degree 3 with coefficients 
a,=8 a, = —3 a,=5 a=7 
A polynomial function of the form 
fx) =b 


is called a constant function; its graph is a line of slope zero with y intercept Р 
(Figure 4). If b # 0, the polynomial function f(x) = b has degree zero. The constant 
polynomial function f(x) — 0, all of whose values are zero, is not assigned any 
degree. 

As we mentioned in Section 1.4, a polynomial function of the form 


f(x) = тх +b 


is called a linear function because its graph is a line with slope m and y intercept b. 
Therefore, nonconstant linear functions are the same as polynomial functions of 
degree 1. A particularly important linear function is the identity function 


Co ex 


The graph of the identity function is a line of slope 1 passing through the origin 
(Figure 5). Notice that the graph consists of all points for which the abscissa equals 
the ordinate. 

A polynomial function of degree 2 is called a quadratic function. Thus, a quad- 
ratic function has the form 


fx) = ax + bx +c 


where a, b, and c are constants and а = 0. By completing the square, such a 
quadratic function can be rewritten in the alternative form shown in the following 
theorem. 


Quadratic Function Theorem 


The quadratic function 


f(x) = ax) + bx tc 


can be rewritten in the form 


fix) = а(х = h} +k 


and k= fth) 
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We leave the proof of this theorem as an exercise (Problem 42). Example 4 shows 
how the theorem works. 


EXAMPLE 4 Rewrite the quadratic function f(x) = Зх? 12x + 1 in the form 
Figure 6 fix) = 3(x — А)? + k by completing the square. 


SOLUTION To prepare for completing the square, we factor the coefficient 3 of 
flxicut # + К x? out of the first two terms: 


а> 0 


fxy= 302 + Ах) + 1 


By adding 


to x? + 4x, we obtain the perfect square 

х + 4х +4 = (х + 2)? 
"T Therefore we have 
a 


PESE WES. SE REIS 


И Р where we have subtracted 3(4) to compensate for the addition of 4 to х2 + 4x. 
а<0 [Notice that the 4 we added will be multiplied by 3, which is why we subtracted 
3(4).] It follows that 


Лх) = 3x + 2y — 11 
Thus, we have rewritten f(x) in the form 
Дх) = 3(х – А) +k 
with h = —2 and k = – 11. a 


Once a quadratic function is written in the form 
fix) = а(х — А> +k 


it’s fairly easy to sketch the graph. Indeed, the graph will have the same general 
shape as the graph of F(x) = x? in Figure 3, although it may be ‘‘shifted,"* it may be 
"stretched" or ‘flattened’ vertically, and it may be turned upside down (Figure 6). 
The graph of f(x) = а(х — h)? + k, a type of curve called a parabola, always has 
either a “ом рош?” (Figure ба) or a “‘high рош” (Figure 6b) called its vertex. 
The graph ‘“орепѕ upward" (Figure ба) if a > 0, and it "opens downward”’ (Figure 
6b) if a < 0. In either case, the vertex is (Л, К). 


Figure 7 
3 vertex 
Д 


0835) 


EXAMPLE 5 Sketch the graph of 

Дх) = —2(x — 3)? +5 
SOLUTION Те function has the form 

f(x) = atx — hy К 


with a = —2, h = 3, and k = 5; hence, its graph is a parabola, opening downward, 
with vertex (“highest point") (3, 5). This information indicates the general appear- 
ance of the graph. By plotting a few points, we can obtain a reasonably accurate 
sketch of the parabola (Figure 7). a 


(6, -13) 


UL Sr tà We study parabolas and other related curves in more detail in Chapter 9. 


Illuminated fountain, St. Louis, Missouri, 
showing parabolic jets of water 


Figure 8 


(a) 
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Algebra of Functions 


Sometimes functions are classified by the way in which they are formed from 
simpler functions. For instance, new functions can be formed from old ones by 
addition, subtraction, multiplication, or division. Thus, if f(x) — x? —2 and 
g(x) = —2x + 1, we can form the new function h(x) = f(x) + g(x) = x-—ix-1 
simply by adding f(x) and g(x). Naturally. we refer to the function Л as the sum of 
the functions f and g and write h = f + g (Figure 8). Notice that the graph of л is 
obtained from the graphs of f and g by adding corresponding ordinates; for instance, 
(G2) — 2E 2 Ga). 

It should be clear that any two functions with intersecting domains can be added 
as shown.* In a similar way, subtraction, multiplication, and division of functions 
can be accomplished. The following definition shows exactly how this is done. 


(х) = 1х +1 
AC) = SO) + geo) 


=х?= Шу ж | 


*This idea is crucial in applied mathematics, since the functions that describe natural phe- 
nomena (for example, light waves or sound waves) often add when the phenomena are 
combined. 
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DEFINITION 2 Sum, Difference, Product, and Quotient of Functions 


Let f and g be two functions with domains that intersect. We define functions 
+, = 2, fg, and f/g by the following equations: 


Uf + gx) = f(x) + g(x) 
(f — g)(x) = f(x) — g(x) 
(/° gx) = f(x) > g(x) 


Do- 


In each case, the domain of the defined function consists of all values of x common 
to the domains of f and g, except that in the fourth case the values of x for which 
g(x) = 0 are excluded. 

Geometrically, the graph of the sum, difference, product, or quotient of f and g 
has at each point an ordinate that is the sum, difference, product, or quotient, 
respectively, of the ordinates of the graphs of f and g at the corresponding points. 
For sums or differences, this is usually relatively easy to visualize. 


EXAMPLE 6 Let f(x) = x? + 3 and g(x) = 2x — 1. Evaluate: 
(а) (fF + g)(x) (b) (f— g)(x) (с) CF: g)(x) (d) (Ho 


SOLUTION 
(a) (+ 2G) = Л) + р(х) = G^ 3) (9x — 1) 2 x 230009 
(b) F- gx) =f) - а(х) = 0? + 3) – (2х – 1) = х2 – 2х +4 
(с) (f+ вх) = Кх) g(x) = (02 + 30x — 1) 220 – х? + 6x – 3 
ут inre 2+3 


(ш F a(x) ^ 2x-1 


Rational and Algebraic Functions 


The sum, difference, or product of two polynomials is again a polynomial, but the 
quotient of two polynomials is generally not a polynomial. For instance, 


37 —x+1 
qoc E 


is not a polynomial. This observation suggests the following definition. 


DEFINITION 3 Rational Function 


A function f defined by an equation of the form f(x) = p(x)/q(x), where p and q 


are polynomial functions and q is not the constant zero function, is called a 
rational function. 


The domain of the rational function defined by f(x) = p(x)/q(x) consists of all 
values of x for which g(x) # 0. The graphs of rational functions, which can take on 
a variety of geometric shapes, are discussed later. Note that polynomial functions 


Figure 9 


DEFINITION 4 


10 15 20 25 30 35 40 
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themselves are special kinds of rational functions—just let the denominator g(x) in 
Definition 3 be the constant function g(x) = 1. Some examples of rational functions 
are 

xs] 


g(x) = 2х МЮМ(х\у=х +2х+1 F(x)5x Ha) =—— 
sear || 3c em jl 


TUE 


lt is easy to see that: 


The sum, product, difference, or quotient of rational functions is again a rational 


function. 


The class of rational functions is not large enough to include many of the func- 
tions that we encounter in calculus; for instance, it is possible to obtain functions 
that are not rational simply by extracting roots of rational functions. A case in point 
is the absolute-value function. 


HOO [к= Ve 


which is лог a rational function. Thus, we are led to the following definition. 


Elementary Algebraic Function 


An elementary algebraic function is a function that can be formed by a finite 
number of algebraic operations (these operations being addition, subtraction. 
multiplication, division, and extraction of positive integer roots), starting with 
the identity function and constant functions. 


Some examples of elementary algebraic functions are 


CE Мх +1 + 
fx) = 1 g(x) = VS F(x) == c E 
x 5 
N Dp 2 


Note that any rational function is automatically an elementary algebraic function. 
Using the methods already discussed, you can sketch the graphs of some of the 
simpler algebraic functions. 


EXAMPLE 7 Sketch the graph of the square-root function f(x) = Vx. 


SOLUTION Because the square root of a negative number is undefined (as a real 
number), the domain of f is the interval [0, ©). Using the point-plotting method, we 
obtain the graph in Figure 9. 


In advanced courses, a more inclusive class of functions, 
called algebraic functions (without the adjective "'elemen- 
tary’), is defined. Broadly speaking, these are the functions 
that are accessible by algebraic means. The remaining func- 
tions. those that are not algebraic, are called transcendental 
functions, since they transcend purely algebraic methods. 
For instance, the trigonometric functions, which we review 
in Section 1.6, are transcendental functions; so are the expo- 

x nential. logarithmic, and hyperbolic functions, which we 
study in Chapter 7. 
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DEFINITION 5 


Discontinuous Functions 


Many functions considered in elementary calculus have graphs that are *‘con- 
nected'' in the sense that they consist of one continuous piece. Such functions, 
which are said to be continuous, are discussed in detail in Section 1.9. In order to 
fully understand and appreciate the nature of continuous functions, it is sometimes 
useful to examine specific functions that are not continuous. One of the more inter- 
esting discontinuous functions is the greatest-integer function, which, like the abso- 
lute-value function, has its own special symbol. 


Greatest-Integer Function 


If x is a real number, the symbol [[x]] denotes the greatest integer not exceeding x; 


that 15, [[xI] is the integer that is nearest to x but is less than or equal to x. The 
greatest-integer function is the function f defined by f(x) = [x]. 


Note that [[x]| is the unique integer satisfying the condition 
[x S x < [x] + 1 


For instance, (13.71 = 3, 1 = 0, [3.234334] = 3. [-2.7] = -3, 
[2.34334] = –3, [-4 = –1, [731 = 1, 121 = 2. and [-2] = -2. А 
table of values of [[x]] for —3 = x < 4 follows, and the corresponding graph of 
f(x) = [kx] is shown in Figure 10: 


=» for -3 =x < —2 
=? їюг—2=х<—] 
=| їг—1=х<0 
i] = 0 forO=x< 1 
1 fep оу с» 
p fo2zx«3 
3 for 3 =sx<4 


In Figure 10, we use small dots to emphasize that the left-hand endpoints of the 
horizontal line segments belong to the graph, and we use small open circles to 
indicate that the right-hand endpoints do not belong to the graph. The discontinuous 
nature of the greatest-integer function is apparent from its graph. 


Figure 10 n 


— o fi = |x] 
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Problem Set 1.5 


1 For each function in Figure 11, find the domain and range and 
determine whether the function is even, odd, or neither. 


Figure 11 


y 
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2 Is there any function that is borh even and odd? If not, why not? 
If so, give an example. 


In Problems 3 to 11, decide whether the function is even, odd, or 
neither. 


3 fa) = а +3 4 g(x) = -x + 2741 
§ fe) E x! ar di 6 g(t) = ? ES |r| 
7 F(x) = 58 + 7х 8 fi)=—P +71 
= VT 
9 h(x) = V8xr +x 10 Ду) = m 
U fo) = x+1 
f com) 


12 (a) Show that the function F(x) = V |х] is even. (b) Using the 
symmetry implied by the fact that F is even, and Figure 9, 
sketch the graph of F. 


In Problems 13 to 20, decide whether the function is a polynomial 
function. If it is a polynomial function, indicate the degree (if any) 
and identify the coefficients. 


13 f(x) = 6x2 — 38 — 8 

15 g(x) = (х 33x - 2) - л? 
17 F(x) = V2x! - 5710 + 20 
19 g(x) = 0 

20 h(x) = М5 6€ + 12x - 8 


14 f(x) = x ? + 2x 
16 f()-2! 
18 f(x) = 2100!” — 11x — 40 


21 Explain in your own words the distinction between the constant 
function f defined by the equation f(x) = 2 and the real num- 
ber 2. 


22 Is the function f(x) = x^! + [(x — 1)/х] a constant function? 


In Problems 23 to 26, determine a linear function f that satisfies the 
condition. 


23 f(2) = 5 and f(-3) = 7 
25 f(3x) = 5/(х) 


24 f(2x + 3) = 2f(x) + 3 
26 f(x + 7) = fix) + /(7) 
27 A number r is called a zero of a function f if f(r) = 0. Prove that 
every nonconstant linear function has a zero. 
28 Let f be a function with domain R. Prove that 
Дис + (1 — 04d) = (с) + (1 — Of d) 
holds for every three numbers c, d, and t if and only if f is linear. 


29 Sketch the graph of f(x) = a for (a) a = 3, (b) a= —3, 
(c) a = 4, and (d) а = —4. 


30 Sketch the graph of f(x) = 2x^ + k for (a) k = 0, (b) k = l, and 
(c) k= - I. 


In Problems 31 to 36, rewrite each function f in the form f(x) — 
a(x — hY + k by completing the square. 

32 рх) = х2 – 12x45 

34 f(x) = 2x3 3x — 1 

36 fx) = $e - 6x -7 


31 f) 2 xà -2x-4 
33 fix) = 3x7 – 10x — 2 
35 f(x) = -27 + 6x + 3 


In Problems 37 to 40, sketch the graph of each function. 


38 A(x) = х + 1} - 4 
40 р(х) = lx + 1? - 1 


37 fay SIC D^ +3 

39 g(x) = -2(x + 2 — 3 

41 Let f(x) = —38 — 12x — 1. (a) By completing the square, 
rewrite f in the form f(x) = а(х — А) + К. (b) Sketch the 
graph of f. 

42 Prove Theorem 1. [Hint: Begin by rewriting 


fx) = ac + Ьх+с 
үй 
fix) = (г ar == ) ap (2 


Then complete the square.} 


43 In each case, evaluate (f + g)(x), (f — g)(x), Uf: g)(x), and 
(f/g)(x). 
(a) f(x) = 2x — 5 and g(x) = х? + 1 
(b) Дх) = Vx and g(x) = 2 + 4 
(c) f(x) = 3x + 5 and g(x) = 7 — 4x 
(d) f(x) = Vx + 3 and g(x) = Их 
(е) Дх) = |x| and g(x) = |x - 2] 
(f) f(x) = ax + b and g(x) = ex + d 


44 Suppose that f and g are even functions. Show that f + g, f — g, 
f-g, and f/g are also even functions. 


45 Specify whether the algebraic function is a rational function. 


(a) fe) = —— (b sts ee 
Jdem ST asus 

5 — Q 

(c) fQ)H=xt+2x4+) (d) Д) = SEG 
6r 
46 Show that 
xX 1 
Ros “ше 


is a rational function by rewriting it as a ratio of polynomial 
functions. What is the domain of f? 


Ы 


In Problems 47 to 53, sketch the graph of the function and specify its 
domain and its range. 


47 H(x) = |x + 1| - |x| 


49 fix) = [3x] 
51 f(x) = [lix] 
53 g(x) = LET 


54 Let f be any function with domain R. (a) Define a function g by 


48 h(x) = —3|x| + x 
50 A(x) = [х] + x 
52 G(x) = ХП 
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(a) Find sgn (—2). sgn (—3), sgn 0, sgn 2, sgn 3, and sgn 151. 
(b) Prove that |x| = x sgn x is true for all values of x. (c) Prove 
that sgn (ab) = (sgn а)(ѕрп Б) is true for all values of a and b. 
(d) Sketch the graph of the signum function. (e) Find the domain 
and the range of the signum function. (f) Sketch the graph of the 
function f defined by f(x) = sgn (x — 1). (g) Explain why the 
sgn function is discontinuous. 


[56 In economics, the profit function P from the sale of goods is 
related to the revenue function R from the sale and the cost C of 
producing the goods by the equation P — R — C. Suppose that 


the equation g(x) = [f(x) + f(—x)]/2. Prove that g is even. 
(b) Define a function Л by the equation A(x) = [f(x) — f(—2)]/2. 
Prove that л is odd. (c) Prove that f(x) = g(x) + A(x) holds for 
all x. Thus, conclude that any function with domain R is the sum 
of an even function and an odd function. (d) Suppose that G is an 
even function with domain R, that H is an odd function with 
domain R, and that f(x) = G(x) + H(x) holds for all x. Prove 
that G(x) = g(x) and that H(x) = h(x) for all values of x. 
(e) Show that f is even if and only if f(x) = g(x) holds for all x. 
(f) Show that f is odd if and only if f(x) = A(x) holds for all x. 


57 


the revenue function А (in dollars) and the cost function С (in 
dollars) for a product are given by R(x) = 25x + (x7/250) 
and C(x) = 100 + 3x + (12/30), where x is the number of units 
of the. product manufactured and sold. Find the equation that 
describes the profit function P; also find P(350), P(375), and 
P(400). Sketch the graph of P, and find the smallest and largest 
values of the production level x for which the profit is positive. 
Also find the production level for which the profit is maximum. 


The sum of all expenses, such as insurance, rent, and salaries, 
incurred by a manufacturer even when no items are produced is 


$5 The signum function (abbreviated sgn) is defined by 


0 


x 
x 


if x #0 


ifx=0 


known as the fixed cost F. The part of the total cost of production 
C that varies with the level of production x is called the variable 
cost V. (a) Write an equation for C in terms of F and V. (b) If 
F = 500 dollars and V (in dollars) is given by V(x) = x? + 4x, 
find a formula for C(x) and sketch the graph of C. 


Figure 1 


Figure 2 


A 


1.6 


arc length = ғ 


Trigonometric Functions 


This section is intended as a concise review of the basic trigonometry that you will 
need in the rest of the book. To facilitate your review, much of the material is 
presented in somewhat condensed, ‘‘outline’’ form. 


Radian Measure of Angles 


Although the degree measure of angles is used in most elementary applications of 
trigonometry, more advanced applications (especially those that involve calculus) 
require radian measure. One radian is the measure of an angle that has its vertex at 
the center of a circle (that is, a central angle) and intercepts an arc on the circle 
equal in length to the radius r (Figure 1). 

A central angle of 2 radians in a circle of radius r intercepts an arc of length 2r on 
the circle, a central angle of ? radian intercepts an arc of length 3r, and so forth. 
More generally, if a central angle AOB of 0 radians (0 is the Greek letter theta) 
intercepts an arc AB of length s on a circle of radius r (Figure 2), then we have 


42 


Figure 3 
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s-2mnr 


It follows that the radian measure 0 of angle AOB is given by the formula 


For instance, if a central angle in a circle of radius r = 27 meters intercepts an arc of 
length s = 9 meters, then the measure of the angle in radians is given by 0 = s/r = 
37 = 4 radian. 
A central angle of 360° corresponds to 1 revolution: hence it intercepts an arc 
s = 27r equal to the entire circumference of the circle (Figure 3). Therefore, if @ is 
the radian measure of the 360° angle, 
5 2ar 


0 = — = = 27 radians 
г г 


that is, 360° = 27 radians, or 


180° = л radians 


You can use this relationship to convert degrees to radians and vice versa. In partic- 
ular, 
T 


1° = 180 radian and ] radian = ( 


180 jt 


so we have the following rule: 


Multiply degrees by 7/180? to convert to radians, and multiply radians by 


180°/ т to convert to degrees. 


For instance, 


60° = —— (60°) radians = — radi 
= radians = — radians 
180° 3 
13 180° [13 
апа sce radians = =; = 234° 
10 Т 10 


Note that when radian measures are expressed as rational multiples of 7, we may 
leave them in that form rather than write them as decimals. Also, when angles are 
measured in radians, the word *'radian'' is often omitted. For instance, rather than 
writing 60° = 7/3 radians, we write 60° = 1/3. Therefore, when no unit of angular 
measure is indicated, it is always understood that radian measure is intended. 

Table 1 gives the corresponding degree and radian measures of certain special 
angles. 


Table 1 


Degree measure 


Radian measure 2T 
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Figure 4 A sector OPQ of a circle is the region inside the circle bounded by the are PQ and 
the radial segments OP and OQ (Figure 4). If the central angle POQ has a measure 
of 0 radians and r is the radius of the circle. then the area A of the sector is given by 

Q the formula 


Indeed, the area of the circle is 777. and the sector occupies a fraction 8/2) of this 


area, so 
O a O 
А = жол = 
2т 2 
The Trigonometric Functions 
Figure 5 у In order to define the six trigonometric functions, we begin with any real number г 


terminal And measure out an angle of |4 radians. starting at the positive x axis and turning 
side of counterclockwise about the origin if t = 0 and clockwise if т < 0 (Figure 5). Then 
els we choose any positive number r and draw the circle х2 + y? = г” of radius r with 
center at the origin. Let (x, y) be the point at which the terminal side of the angle 
meets the circle. Now the values at ғ of the six trigonometric functions are de- 
A fined by 


The domain of both the sine and cosine functions is the set R of all real numbers. 
For each of the remaining four functions, the domain is the set of values of : for 
which the denominator of the defining fraction is nonzero. By using similar trian- 
gles, you can see that the values of the six trigonometric functions depend only on 
the real number t, and not on the choice of the radius r of the circle x? + y? = r”. If 
you look at the ratios that define the six trigonometric functions, you will also see 
that 


Therefore, if you know the values of sin г and cos г, you can easily calculate the 
values of tan г, cot г, sec г, and csc г. 


44 


CHAPTER 1 FUNCTIONS AND LIMITS 


By using a little geometry, you can find the exact values of the trigonometric 
functions at the special values of t shown in Table 2. (Dashes in the table indicate 
that the function is undefined at the corresponding value of r.) 


Table 2 
Value of t 


Corresponding 
degrees 


sin t 
cos Г 
tan f 
sec г 
cse f 


cot f 


A scientific calculator can be used to find approximate values of the trigonomet- 
ric functions for values of the independent variable other than those shown in 
Table 2. (1f a calculator isn't available, Table 1 in Appendix D can be used instead.) 


EXAMPLE 1 Use a calculator to evaluate the following: 
(a) sin (22/7) (b) sec 1.098 
SOLUTION 


(a) We set the calculator in radian mode, press the т key (or enter 
3.141392654). multiply by 2, divide by 7. and press the SIN key to obtain 


27 
sin > = 0.781831483 


(For most practical purposes, this value would be rounded off to three or four 
decimal places.) 


(b) Most calculators have trigonometric keys only for SIN, COS, and TAN. 
To find sec 1.098, we use the fact that 1/cos1.098 = sec 1.098. Thus, we set 
the calculator in radian mode, enter 1.098. press the COS key. and then press 
the I/x key to obtain 


sec 1.098 = 2.195979642 


On most calculators, the number in the display register is denoted by x. Pressing 
the 1/x key gives you the reciprocal of x, pressing the x^ key gives you the square of 
x, and, likewise, pressing the SIN, COS, or TAN key gives you sin x, cos x, or 
tan x. This notation is consistent with the custom of denoting the independent vari- 
able of a function by x (unless there are good reasons for doing otherwise). But be 
careful — note that x, used in this way as the independent variable for a trigonomet- 
ric function, must not be confused with the abscissa of the point (x, v) in Figure 5. 

Figure 6 shows the graphs of the six trigonometric functions. Notice the **wave- 
like” periodic appearance of these graphs. When the graphs are sketched over 
larger intervals, the geometric shapes shown in Figure 6 repeat themselves 
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Figure 6 
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(b) 


y=tanx 
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indefinitely. It is precisely the wavelike nature of the sine and cosine functions that 
makes them so useful in applied mathematics. Indeed, many natural phenomena, 
from electromagnetic waves to the ebb and flow of the tides, are periodic, and so 
these functions are indispensable in the construction of mathematical descriptions or 
models for such phenomena. 
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Figure 8 
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Trigonometric Identities 


The six trigonometric functions satisfy certain identities that are routinely derived in 
precalculus mathematics courses. For your convenience, these standard identities 
are listed on the inside front cover of this textbook. 


In Examples 2 and 3, use the standard trigonometric identities to simplify the given 
expression. 
EXAMPLE 2 (sin x + cos x)? — sin 2x 
SOLUTION We use the Pythagorean identity 
sin? x + cos? x = 1 
and the double-angle identity 


sin 2x — 2 sin x cos x 


Thus, 


sin? x + 2 sin x cos x + cos? x — sin 2: 
= sin? x + cos? x + 2 sin x cos x — sin 2: 
1 + sin 2x — sin 2x 

=] 


(sin x + cos x)? — sin 2x 


EXAMPLE 3 sin (x + 7) 
SOLUTION We use the addition formula 
sin (x + y) = sin x cos y + sin y cos x 


with y = 7. Recall that 


cos 7 = —] and sin 7-0 
Thus, sin (x + т) = sin x cos m + sin 7 COS X 
= (sin 3x)(— 1) + (0)(соѕ x) 
= —sinx 


Right-Triangle Trigonometry 


If we denote one of the two acute angles in a right triangle by 6, we can abbreviate 
the lengths of the side opposite 0, the hypotenuse, and the side adjacent to 0 as opp. 
hyp, and adj, respectively (Figure 7). Then 


Figure 7. ! 


To see that these relationships hold, just let 
opp = y hyp =r adj = х 


and place the right triangle in the Cartesian plane as in Figure 8. 
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Figure 9 EXAMPLE 4 Find the values of the six trigonometric functions of the acute angle @ 
in Figure 9. 


SOLUTION For angle Ө, we have 


adj = 5 and hyp = 13 


but opp isn’t given. However, by the Pythagorean theorem, 
adj? + opp” = hyp” 


Figure 10 
3 so that 


opp” = hyp? — adj? = 13? — 52 = 144 


Therefore, 


It follows that 


12 h 13 
3 sin ө= 2РР == Scu Bea 
u hyp 13 opp 12 
dj 5 h 13 
sa ТЕР, cosi = з= тг с = 
À hyp 13 adj 5 
(b) 
12 dj 5 
t ogni = = шы а ee 
adj 5 opp 12 


Figure 11 5 
EXAMPLE 5 lf 0< 0 « 7/2 and и = 3 sin Ө, find tan 0 in terms of и. 


SOLUTION Let Ө be the angle shown in Figure 10a. so that 


sin 0 = and и = 3 5іп Ө 


о |= 


Using the Pythagorean theorem, we have 
adj = Уур = opp? = М9 — if 
(Figure 10b). Therefore, 


ma opp u 
an = ——— = —— n 
adj — Vo= 


If a line L in the Cartesian plane is not parallel to the x axis, then the smallest 
counterclockwise angle 0 from the positive x axis to L is called the inclination of L. 
Figure 11a shows a case in which 0 < 0 < z/2. and Figure 11b shows a case in 
which 7/2 < 0 < я. If L is parallel to the x axis, we define 0 = 0. If L is not 
perpendicular to the x axis, the slope m of L is given by 


Figure 12 


Indeed, if O < 0 < 7/2, the right triangle in Figure 12 shows that 


rise орр 
m = —— = —— = tan 0 
run adj 
We leave it as an exercise for you to show that т = tan 8 also holds in the remain- 
ing cases, where 0 = 0 and where 7/2 < 0 < m (Problem 43). 
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Figure 13 у Trigonometric Inequalities 


Consider Figure 13, in which z is the radian measure of the angle from the positive x 
axis to the line segment OP from the center of the circle х2 + у? = r? to the point 
P = (x, y). Because 


x Р У 
cos f = — and sin ¢ = — 
r r 
it follows that 
x=rcost and y=rsint 


Figure 14 y | А И ' : 
An important special case is obtained by using the unit circle, that is, the circle of 


ше dn D radius r = | with center at the origin (Figure 14). In this case we obtain 


X = cost and y=sint 


so that P = (cos t, sin 1). This result can be used to help confirm the inequalities in 
the following theorem. 


THEOREM 1 Comparison of sin t and t 


т 
IfO<1<—, then 0 < sin t <r. 


Pigge ia A Let's make a geometric argument for the plausibility of Theorem 1. Consider the 


point A whose coordinates are (cos г, sin г) in Figure 15. Point A lies in quadrant | 
because 0 « 1 < 7/2. If B = (cos t, —sin t), then the length of the chord AB is 
given by |AB| = 2 sin г. Since г is measured in radians and since the circle in 
Figure 15 has radius 1, the arc between A and B has length 2r. The geometrically 
obvious fact that the chord AB has positive length and is shorter than the circular arc 
between A and B implies that 0 < 2 sin t € 2t. or 0 < sin t € t, as claimed in 
Theorem 1. Because 51п(—1) = —sin t, Theorem | implies that 


O«|sinr «|| holds whenever 0< || < = 


In Section 1.8, we need the following two theorems. 
THEOREM 2 Fundamental Trigonometric Inequalities 


sin f 


If 0 << C, then 0 < cos 1< 


- 


Again, we give a geometric argument to support this theorem. Since 0 < r < 7/2, 
the point P = (cos г, sin 1) lies in quadrant I (Figure 16); hence, cos г > 0 and 
sin t — 0. The area Ac of the circular sector РОО is given by 


п2 pP? 
2 


N 
N 


Figure 16 


THEOREM 3 


PROOF 
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(see Figure 4). In right triangle OOS, we have 


so that 


[05| = tan t 
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Therefore, the area A; of right triangle ООЗ (one-half height times base) is given by 


OS} |ОО| = 3 (tan (1) = 3 tant 


Evidently, the area Ac of the circular sector РОО is smaller than the area Ат of 


triangle OQS; that is, 


or 


Therefore, 


It follows that 


or 


that is, 


The inequality 


Ac < Аг 


17 < 1 (апу 


г< tan t 


sin t 


COS f 


t cos t < sin t 


sin Г 
t 


follows from Theorem 1. Combining the inequalities we have obtained, we have 


as claimed in Theorem 2. 


sin t 
0«cosr« ——«] 
t 


Comparison of 1 — cos t and £^/2 


E 


В 
If 0 < || < т, then |1 — cos «| с: 


From the half-angle formula 


(see inside front cover), we have 


1 — 
a 


Ш = сз = 


о |— 


(1 — cos 1) 


t 
PES | 
2 


50 


CHAPTER 1 FUNCTIONS AND LIMITS 


If 0 < |4 < я, then 0 < |t/2| < 7/2: hence, by the remark following Theorem 1, 


Therefore, 


and it follows that 


Problem Set 1.6 


In Problems 1 to 6, s denotes the length of the arc intercepted on a 
circle of radius r by a central angle of @ radians. Find the missing 
quantity. 


[С] 


1 r = 2 meters, Ө = 1.65 radians, s = ? 


to 


r = 1.8 centimeters, 0 = 8 radians, s = ? 


„ы 


r = 9 feet, s = 12 feet, Ө = ? 


s = 47 kilometers, Ө = 7/2 radians, r = ? 


n ë da 


r = 12 inches, 0 = 57/18 radian 07 


= 


ғ = 5 meters, s = 137 meters, 0 = ? 


7 Convert each degree measure to radians. Do not use а calculator. 
Write your answers as rational multiples of 7. 


(a) 30° (b) 45° (c) 90° (d) 120° 
(е)—150° (f) 520° (g) 72° (һ) 67.5° 
(i) = (j) 450° (К) 21° (1) —360° 


8 Use a calculator to convert each degree measure to an approxi- 
mate radian measure expressed as a decimal. Round off all an- 
swers to four decimal places. 

(a) 7° (b) 33.333? 


(c) 1229° 


(e). SM eee 


(d) 571° (f) 0.0425° 


9 Convert each radian measure to degrees. Do nor use a calculator. 


T T 
(a) E (b) 3 (c) d (d) 6 

2 , Зп Sa 
(e) El (LO) err (g) a (h) ~ E 
‚ шол : 7 
(1) E (1) (К) 7a (1) 1 


i t 


sin > < 5. 

"m | J fie e 
sin” — ai < |=] — 
2 2 2 4 

J a 

[ fa Та 
1 = cos 1 = 2|sin? — 212) -5 
| | 2 4 2 


10 Use a calculator to convert each radian measure to ап арргохі- 


11 


i212 


14 


mate degree measure. Round off all answers to four decimal 
places. 


(a) 3 (б) =2 

(c) 200 (d) 77/12 

(608297959 (f) 1.5708 

Indicate both the degree measure and the radian measure of the 


angle formed by (а) ё of a clockwise revolution, (b) 4 counter- 
clockwise revolutions, and (c) the hands of a clock at 4:00. 


A nautical mile may be defined as the arc length intercepted on 
the surface of the earth by a central angle of measure | minute 
(55 of a degree). The radius of the earth is 2.09 x 10’ feet. How 
many feet are there in a nautical mile? 


Use the formula A = 072/2 to find the area A of a circular sector 
of radius r with central angle Ө radians if (a) г = 7 centimeters 
and Ө = 37/14, (b) г = 9 inches and 0 = 137/9. 


A radar beam has an effective range of 70 kilometers and sweeps 
through an angle of 135°. What is the effective area (in square 
kilometers) swept by the radar beam? 


(€ ]n Problems 15 to 22, use a calculator to find the approximate values 


of 
in 


© 24 


the six trigonometric functions. Be sure that the calculator is set 
degree or radian mode, as the case may be. 


2т/7 16 57/2) 

ANT 18 7° 

1.7764 20) —231.4? 

48° 22 16.19? 

How could you check to make sure that a calculator is set in 


degree mode? (Hint: We know that sin 30° = 3.) 


Using a calculator, verify the entries in Table 2. 


25 Use the standard identities (inside front cover) to simplify each 
expression. 


(a) (1 — cos (1 + cos /) 
(c) sec? / (csc? г — 1)(sin £ + 1) — esc t 


(b) 2 sint cost csc Г 


1 + cot? f 
sec! : 


26 Show that 


(a) cos (= = ) = 5іпг (Ы) sin (2 = ) 


cos 1 — 1 


(е) 
Secu ji 


(9) 


M 


cos f 


(c) tan (f + 7) = tans (d) tan ( ES т) —cott 


27 (a) Use the fact that 45° + 30° = 75° to find the exact values of 
sin 75° and cos 75°. (b) Find the exact values of tan 75°, 
cot 75°, sec 75°, and csc 75°. 


28 Using the standard trigonometric identities, prove that 
cos 31 = 4 cos? г — 3 cos t. Then use this to show that 
cos (7/9) is a solution of the equation 80 — 6x — 1 = 0. 

29 Simplify. 

sin? 2t 
————— 1 b 
ч) (1 + cos 2)7 (0) 


(c) cos? 21 — sin? t 


cos* г — sin? t 
sin 2t 
(d) tan / — ese t (1 — 2 cos? г) sect 
(e) cos (s — t) cos t — sin (s — t) sin t 
30 Suppose that sin г = 13 and cos s = — 2, where 7/2 < 1 «m 
and 7/2 < s <7. Find the exact values of 


(a) sin (s — 1) (b) cos (s + D (c) cot (s — t) 


In Problems 31 to 38, find the values of the six trigonometric func- 
tions of the acute angle Ө. 
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37 


38 


ral 3 


39 If 0 < 0 < 7/2 and x = 2 sin Ө, find sec 0 in terms of x. 
40 If 0 « 0 < 7/2 and x = 3 tan 0, find csc 6 in terms of x. 
41 If 0 « 0 « 7/2 and z = 5 sec Ө, find cos 0 in terms of z. 
42 If 0 « 0 < 7/2 and 3u = 2 tan Ө, find sin Ө in terms of u. 


43 If L is a line with inclination 0 and slope m, show that т = tan 6 
in the cases where 0 = 0 and where 7/2 < 6 < s. 


44 An irrigation ditch has a cross section in the shape of an isosce- 
les trapezoid that is wider at the top than at the bottom (Fig- 
ure 17). The bottom and equal sides of the trapezoid are each 2 
meters long. If 0 is the acute angle between the horizontal and 
the side of the ditch, show that the cross-sectional area A of the 
ditch is given by A = 4 sin 0 (1 + cos 6). 


Figure 17 


(45 From a point on level ground 75 meters from the base of a 
television transmitting tower, the angle of elevation of the top of 
the tower is 68.17°. Find the height л of the tower (Figure 18). 
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(46 A high-altitude military reconnaissance jet photographs a missile 


silo under construction near a small town. The jet is at an alti- 
tude of 57,000 feet, and the angles of depression of the town and 
silo are 60° and 30°. respectively (Figure 19). Assuming that the 
jet, the silo, and the town lie in the same vertical plane, find the 
distance between the town and the silo. 


(148 


panel and the ground be equal to the latitude of its location. 
Assuming that this recommendation has been followed, find the 
surface area of the panel. (Round off your answer to three deci- 
mal places.) 


Biologists studying the migration of birds are following a mi- 


grating flock in a light plane. The birds are flying at a constant 
altitude of 1200 feet, and the plane is following at a constant 
altitude of 1700 feet. The biologists must maintain a distance of 
at least 600 feet between the plane and the flock to avoid disturb- 
ing the birds; therefore, they must monitor the angle of depres- 
sion of the flock from the plane. Find the maximum allowable 
angle of depression, rounded off to the nearest degree. 


Figure 19 


J horizontal line 


jel 


49 (a) Use the half-angle formulas 
57,000 feet 
weal d 2 и 
sin mm Ый cos x) and cos р + 5 ( cos x) 


to help show that 


sin? = < cos? 2 for (0) «de ee F 
(b) Using the result of part (a), show that 0 < sin t < cos 1 holds 
for O < t < m/4. (Hint: Let x = 21.) (c) Use the result of part (b) 
to show that 0 < tan г < I holds for 0 < t < 7/4. 


(£47 A rectangular panel to collect solar energy rests on flat ground 
and is tilted toward the sun. The edge resting on the ground is 
3.217 meters long, and the upper edge is 1.574 meters above the 
ground. The panel is located near Chicago, and its latitude is 
41.8°. Solar engineers recommend that the angle between the 


50 For small values of /, sin t = tan t. Prove this by establishing 


the inequality [sin г — tan 4 < 2/2 for 0 < | < 2/4. 


1.7 


Limits of Functions 


The basic concept upon which calculus depends is the limit of a function. The idea 
of a limit is easy to grasp intuitively. For instance, imagine a square metal plate that 
is expanding uniformly because it is being heated. If x is the length of an edge, the 
area of the plate is given by A = x^. Evidently, if x comes closer and closer to 3 
centimeters, the area A comes closer and closer to 9 square centimeters. We express 
this by saying that 


as x approaches 3, x? approaches 9 as a limit. 
Figure l > 


In symbols, we write 
PRIS se 4 
[її —2 


х3 


where the notation ‘tx — 3° indicates that x comes closer and closer to 3 and 
*‘lim’’ stands for ‘е limit of.” 


EXAMPLE 1 If f(x) = х2, show graphically that lim f(x) = 9. 


SOLUTION From Figure J we can see clearly that as x approaches 3, the function 
values f(x) approach 9 as a limit. 
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More generally, if f is a function and a is a number, we understand the notation 


lim f(x) = L 


which is read ‘ће limit of f(x) as x approaches а is L,"' to mean that f(x) comes 
closer and closer to the number L as x comes closer and closer to the number a. 
Although we give a more formal definition at the end of this section, you can 
acquire a working understanding of limits by considering further examples and 
geometric illustrations. 


EXAMPLE 2 Determine lim (Soc Dy 
- AEN — E áp 


SOLUTION As x comes closer and closer to 4, 5x comes closer and closer to 20, 
and 5x + 7 comes closer and closer to 27. Therefore, lim (Sx + 7) = 27. 
Hes 


Unfortunately, it isn’t always possible to determine the limit of a function by 
simple arithmetic considerations as in the preceding example. In the first place, the 
function values may jump around so erratically that they never settle down and 
approach a limit, in which case we say that the limit does not exist. (Later we give 
some examples in which limits do not exist; however, in the present section, our 
examples are chosen so that all required limits exist.) In the second place, the 
function may be so complicated that the limit, even though it exists, is not evident 
by superficial inspection. 

For instance, let 


ПАСЕ ПЕ 


f(x) = =) 


and consider the problem of determining lim f(x). Here, it is not immediately clear 


just how f(x) behaves as x approaches 2; however, we can gain some insight into 
this behavior by using a calculator to find some values of f(x) as x gets closer and 
closer to 2 but stays less than 2. These values are shown in the following table: 


Similarly, the following table shows some values of f(x) as x gets closer and closer 
to 2 but stays greater than 2: 


Evidently, as x gets closer and closer to 2, f(x) gets closer and closer to 8. We are 
tempted to guess that 
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This guess can be verified by some elementary algebra, as in the following 


example. 
. . 8g-4x-4 
EXAMPLE 3 Determine lim E 
= r—+2 qo 
SOLUTION Let 
aye du = 


Then the domain of f consists of all real numbers x except for x = 2 (which makes 
the denominator zero). We are only concerned with the values of f(x) as x ap- 
proaches 2—what happens when x reaches 2 is not in question here. For x # 2, 


342 — 4x — 4 = СХ ое 2] 


= = 3 
fa Ape 2 go E 
Therefore, as x comes closer and closer to 2, f(x) comes closer and closer to 8; that 
is, 
mme гын 
ОПЕ р = 
Jm | dp х- 2 БО, ү ) 


The limit found in the preceding example can be illustrated geometrically by 
sketching a graph of the function 


О esed 
—2 


Дх) = 


тшшш (Figure 2). Since f(x) = 3x + 2 holds for x # 2, this graph is a line with the point 


(2, 8) excluded. Figure 2 makes it clear that the value of f(x) can be made to come 


E fix) = 3x + 2. as close to 8 as we please simply by choosing x to be sufficiently close to 2 (but not 
NU equal to 2). 
| | We see from Figure 2 that: 
8H- -Ai point (2,8) 
| M А In finding the limit of f(x) as x approaches a, it does not matter how f is defined 


at a (or even whether it is defined there at all). The only thing that does matter is 
how f is defined for values of x near a. 


Sometimes, you can use special algebraic tricks to simplify an expression so that 
its limit becomes apparent. 


— duel з 
© EXAMPLE 4 Find lim E uS and check your result numerically with a cal- 


ish aw 
culator. 
SOLUTION The desired limit, if it exists at all, is certainly not clear as things 
stand. But, by multiplying both the numerator and the denominator of the fraction 
by Vx + 1, we “rationalize the numerator” and obtain 


Vx-1. (Vx- (Vs tM) _ x-1 І 


I zs Gears) (СЕ SEDE 
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Now, as x comes closer and closer to 1, V/x comes closer and closer to ils мх + 1 
comes closer and closer to 2, and 1/( Vx + 1) comes closer and closer to 5. There- 
fore, 


1 
kmo == limn ае 
x1 x—] xl Мх +] 2 


Using a calculator, we find several values of (Vx — 1)/(x — 1) for values of x less 
than 1, but approaching 1. Thus, 


0.9 


0.51317 0.50126 


0.49999 


After you have decided, on the basis of one argument or another, that 


lim f(x) = L 


ia 


you can always use a calculator to check your result. The calculator is also a 
marvelous tool for guessing limits that you may not be able to obtain by other 
means. However, no finite amount of numerical information—no matter how per- 
suasive it may seem—can conclusively establish the exact value of a limit. 

For instance, suppose that a friend, who has stored a ^ mystery function” f in a 
programmable calculator, challenges you to use the calculator and find lim f(x). 
Let's say the results of your calculations are as follows: 56 


2] 2.0011 2.00001 


fix) 


So, you say, ““There’s really no mystery at all—it's clear that lim f(x) =2.” 
“Аһ,” says your friend, ‘Ыш the function | stored in the calculator was 
f(x) = 11002 + 1.999999 


and its limit as x — 0 isn't 2 as you guessed; it's really 1.999999.” 
In calculus, there's an infamous **mystery function’’ that has puzzled generations 
of students: It’s the function 
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Consider, for instance, the problem of finding 


sin x 


lim 
x0 X 


It’s difficult to think of any algebraic trick that will simplify (sin x)/x so that its limit 
as х — 0 will become apparent. Using a calculator (in radian mode), you can verify 
the entries in the following table: 


0.99998 0.999999833 


You may be tempted to conclude from this table that 


. sinx 
lim =] 
x0 BE 


but, remember, this is only a guess. In this case, however, it turns out that the guess 
is correct! As we prove in Section 1.8, it really is true that the limit is 1. 

Until now, we have treated the idea of limit intuitively; however, in order to 
make conclusive arguments, a more formal definition of limit is required. To say, 
**f(x) comes closer and closer to L as x comes closer and closer to a" simply lacks 
precision. How close is f(x) to L? How close is x to a? 

In careful arguments about limits, mathematicians customarily use the Greek 
letters e and 6 (called epsilon and delta) to denote positive real numbers that indicate 
how close f(x) is to L and how close x is to a. Evidently, to say that f(x) is close to 
L is equivalent to saying that |f(x) — L| is small. Similarly, x is close to а when 
|x — al is small. Thus, to claim that lim f(x) = L is to claim that if we take any 


ia 


positive number e, no matter how small, we can always find a sufficiently small 
positive number 6 such that |f(x) — L| < є holds whenever 0 < |x — a| < 6. In 
most cases, the value of ó will depend on the value of e, and the smaller the e we 
take, the smaller the 6 that will be required. 

In the above discussion, the condition 0 < |x — a| means that x # a and reflects 
our statement that in finding the limit of f(x) as x approaches a, the value of f(x) 
when x = а does not matter. As Figure 3 shows, the condition 0 < [x — a| < б 
means that x lies in the open interval (a — 6, a + 6), but x # a. Similarly, the 
condition |f(x) — L| < є means that f(x) lies in the open interval (L — є, L + €). 


Figure 3 y 


| да+) 
then | 
f(x) 
is 
here 
LU ee и Е Е я 


LpeM-----------— 


if x is here 


DEFINITION 1 


Augustin Louis Cauchy 
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Geometrically, lim f(x) — L means that, for x a, we can guarantee that f(x) is in 
b 
any given small open interval around L if we make sure that x is in a suitably small 
open interval around a. 
Now, we summarize these considerations in a formal definition of limit. 


Limit 
Let f be a function defined on some open interval containing a, except possibly at 
the number a itself. The statement lim f(x) — L means that, for each positive 


ха, 


number e, there exists a positive number 6 such that |f(x) — L| < є holds when- 
ever 0 < |х — al < à. 


EXAMPLE 5 Given є = 0.03, determine a positive 5 so that |(3х + 7) — 1| < € 
whenever 0 < |x — (—2)| < 6. 


SOLUTION We have 
\(3x + 7) — 1| = Bx + 6| = Be + 2)| 23x +2] and | — (—2)| = |x + 2| 
hence, we must find a positive 6 such that 

3x 2| «0.03 holds whenever 0< |x + 2| < 6 


The condition 3|x + 2| < 0.03 is equivalent to |x + 2| < 0.03/3 = 0.01; hence, we 
must determine a positive 6 such that 


[к + 2] < 0.01 holds whenever 0< |x + 2| <6 


Obviously, 6 = 0.01 works. So does any smaller positive value of 6. 
EXAMPLE 6 Use Definition | to prove that Am. Gxe@ 7) 3 E 


SOLUTION Let € 0. We must find 5 > 0 such that |(3x + 7) — 1| < є holds 
whenever 0 « |x — (—2)| < 6, that is, whenever 0 < |x + 2| « à. Just as in Exam- 
ple 5, we have 

\(3x + 7) — 1| = 3|x + 2] 


Therefore, the condition |(3x + 7) — 1| < e is equivalent to 3|x + 2| < e, that is, 
|x + 2| < є/3. Hence, we must determine a positive 5 such that 


€ 
lx + 2| < = holds whenever 0<|r + 2|<6 
Obviously, ô = є/3 works. So does any smaller positive value of б. This proves 
that 
lim. (3х+7)=1 

In the seventeenth and eighteenth centuries, the creators of calculus had to man- 
age with something like the intuitive idea of limit that we first introduced—and they 
had no electronic calculators with which they could quickly check their results. In 
finding limits, they had to depend on geometric and numerical insights that were 
developed and sharpened by laborious calculations. It wasn't until 1821 that the 
great French mathematician Augustin Louis Cauchy (1789—1857) proposed a more 
precise definition of limit. Definition 1 is a somewhat refined and perfected version 
of Cauchy's idea of the meaning of limit. 
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Problem Set 1.7 


In Problems ! to 6, determine the limit and sketch a graph of each 01991 || —(0) 539) 


function to illustrate the limit involved. 


1 lim 3x 2 lim (3x — 6) 
5 i xd 
3 lim (2 — 30) 4 lim — 10 m езү t 2 
r-9 = —5) 
5 lim = 6 lim |1 — 2x 2-00 | Ышы 
хз 3v — х—1/2 


In Problems 7 to 14, use elementary algebra to simplify each expres- 
sion so that its limit becomes apparent. Then [©] check your result 
numerically by using a calculator to fill in the blanks in the accom- 
panying table. 


—:1:9991| 150009 


x;-—5x-46 Vi-2 


: Sa MN 5 t P. 
mS 11 lim 


3:0.0001 


= dh 
h—1 ] — (Vh) 


13 lim 


— 1.001 | —1.0001 


T 


1 А 3 
14 lim a i [Hint: Multiply numerator and denominator by 
Seed A cm 


(Vx + Vx + 1.] 


0.9999 


15 Suppose that a is a positive constant. By rationalizing the nu- 
merator, make an informal argument to show that 


А NAI ECT m 1 
lim = 
x x 2a 


16 In Problem 15, take a = 1000. Using a calculator, find values of 
(Ма? + x — a)/x for x = 1, 0.1, 0.01, and 0.001. How do you 
explain your result for x = 0.001 in view of the fact that the 
limit as x — 0 should be 1/(2a) = 0.0005? 


[С][п Problems 17 to 20, use a calculator to make a guess about the 
value of the indicated limit. (Remember, there's no guarantee that 
your guess has any validity.) 


2o = a .  sin2x 
П а 18 lim — 
x0 X x0 sin 3x 
tan £ ПЕ 0 
19 lim 20 lum зашла 
10 t 60 07 


21 If f is a function and lim f(x) — L, then exactly one of these 


cases holds: (1) f is defined at a and f(a) = L, (ii) f is defined at 
a and f(a) # L, or (iii) f is not defined at a. Ilustrate these three 
possibilities for the specific functions given below by determin- 
ing lim f(x) and sketching a graph for each case. 


(a) fx) =x+2 


Sear 3 if x2 
зз d 
god 

(©) fe) - ——7 


22 In medicine, it is often assumed that the reaction R(x) to a dose 
of size x of a drug is given by R(x) = Ax'(B — x), where А and 
B are certain positive constants depending on the specific drug 
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being administered and the particular patient being treated. The 
sensitivity S(x) of the patient to a dose of size x is defined by 
Rx + h) — R(x 
yem a L 
h>0 h 
where, in taking the limit as A — 0, the dose size x is to be held 


constant. Use elementary algebra to simplify the fraction so that 
its limit becomes apparent, and thus obtain a formula for S(x). 


In Problems 23 to 28, for the given e, determine a positive 6 so that 
|f) — Ц < € holds whenever 0 < [x — al < à. 


23 f(x) = 4x - l, L= 11, a = 3, є = 0.01, lim (4x — 1) = 11 


24 f(x) = 3 – 4x, L=7, a = —1, є = 0.02, lim, (3 — 4х) =7 


х — 25 02-2 
бй кус о ао. d оо тр =, 
== С) x5 х—5 


26 fx) =x+1,L=0,a=—-1, €=0.), lim (x + 1)=0 


х+1' x+ 
: 3,a=5,€=0.1, lim ~~ =3 


2 x5 


27 f(x) = 


~ 
ll 


28 f(x) = X, L=4,a = 2, €=0.), limi = 


x2 


In Problems 29 to 34, establish that each limit is correct by di- 
rect use of Definition 1. That is, for e > 0, find ô > 0 so that 
[f(x) — Д < є holds whenever 0 < |x — al < à. 


29 lim (2x — 5) 2 3 30 ia G-A 
x4 x0) 

31 lima4y = 1) = 1I Ош = ae 
x3 x74 x—4 


33 lim а = а, where a is constant 34 lim lx — 2) =0 
X3 X^ 


35 Use Definition 1 to establish the following properties of 
limits: (a) If f is a constant function given by f(x) = c, then 
lim f(x) = c; that is, lim c = c. (b) If fis the identity function 
given by f(x) = x, then lim f(x) = a; that is, lim x = a. 

36 When we speak of the limit as x approaches a of f(x) and use the 
notation lim f(x) — L, we tacitly assume that there can be at 


most one number L such that, for each є > 0, there exists 6 > 0 
such that [f(x) — L| < e holds whenever 0 < |x — al < à. Prove 
that this tacit assumption is justified. (Hint: Suppose that there 
were two different values of L, say Lı and L», satisfying the 
given condition, and let e = 4, — L;|.) 
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1.8 


Properties of Limits of Functions 


С 


Although graphs, ‘‘hunches,’’ and numerical evidence generated by a calculator 
can provide means for guessing the value of a limit, such a value must be viewed 
with suspicion until it is confirmed. The formal e, 6 definition (Definition 1, Sec- 
tion 1.7) is a reliable means for confirming the true value of a limit, but it provides 
few clues for finding such a value in the first place. Furthermore, direct use of the 
definition can be difficult —it may not be easy to find a 6 that works for a given e. 

In practical work, limits are often determined by using certain properties that can 
be shown to follow deductively from the e, 6 definition. If you have managed a 
good intuitive grasp of the idea of a limit, most of these properties should seem 
quite reasonable, if not obvious. We recommend that you become familiar with 
these properties and their use before studying their proofs (in Appendix B). At first, 
in order to show you how the limit properties work, we have deliberately chosen 
some very simple examples in which the limits themselves are more or less appar- 
ent. Later in this section we use these properties to help prove some important 
theorems about limits of trigonometric functions. 


The Constant and Identity Properties 


1 limc-c (c is any constant) 
xa 


2 limx=a 


x—a 


EXAMPLE 1 Find: 


(a) lim 5 (b) lim x 
x——7 x——T7 
SOLUTION 
(a) lim, 525 (Property 1) 


(b) lim, cS — (Property 2) 


The Constant-Multiplier Property 


Suppose that lim f(x) = L, and let c be a constant. Then 


3 lim [cf(x)] = ст f(x)] = cL 


EXAMPLE 2 Find lim 5x. 
s ОАА GE x——7 


SOLUTION lim, Sx = 5( lim, x) (Property 3) 


SC 2) (Property 2) 
=35 
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The Addition, Subtraction, Multiplication, and Division Properties 
Suppose that lim f(x) = L and lim g(x) ^ M. Then 
4 lim [fœ + g0] = lim fix) + lim g(x) = L +M 
5 lim Uo) — 269] = lim о) = lim gX)^L—M 
6 lim [f() * $60] = [lim Јо іт Q0] = LM 


К "umb 
Dm тне ЭЖ са 


ra g(x) lim g(x) provided that M = 0 


L 
M 


EXAMPLE 3 Find: 


se аг Il 


(a) lim (x + 1) (b) lim (x — 1) (c) lim (+ D(x = 1) (d) lim 
a3 vas x—>3 x53 x = 


SOLUTION 
(a) lim (x 1) = lim dar lim 1 (Property 4) 


=3 +1 (Properties 2 and 1) 
=4 

(b) lim (x — 1) = lim x — lim | (Property 5) 
-3-1 (Properties 2 and 1) 


(c) lim @ + Di - 1) = [lim (x * От (x = D] (Property 6) 


= (4)(2) 
=8 
w lim (Ge ae Л) 


d) lim = 
do esa ~ tim = 1 


(Property 7) 


The Power, Root, and Absolute-Value Properties 


Suppose that lim f(x) = L, and let n be a positive integer. Then 


8 lim [fG)]" = [lim fœ)" = £^ 
9 lim Vf(x) = Vlim f(x) = VL — ifL-O0andnisa positive 


integer or if L = 0 and n 
is an odd positive integer 


10 lim [fœ] = [lim fG)| = |L] 
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EXAMPLE 4 Find: 

(a) lim (3 = х)2 (b) lim V3 х — (e) lim [3 — «| 

x—4 red x—4 

SOLUTION 

(a) lim (3 = х)? = [Jim (3—.0] (Property 8) 
= (3—4)? (Properties 5, 2, and 1) 
= | 
(Б) lim V3-x-V lim (GERD (Property 9) 

X— T ка д 


= 
= —1 
(c) lim Bos |lim (Si (Property 10) 


=|-1 
=] 


The addition and multiplication properties (Properties 4 and 6) can be extended to 
three or more functions. By using Properties 1 through 10 in combination, you can 
evaluate limits of a wide variety of algebraic functions. 

EXAMPLE 5 Find lim (42 + 5t — 7). 

€ 1—2 

SOLUTION 

lim (42 + 5t — 7) = lim 42 + lim 51 + lim (—7) (Property 4) 
t— n t—2 t—2 


=4 lim 2+5 імг + lim (—7) (Property 3) 
t= t—2 t2 


edi lim 2 + 5(2) + lim (-7) (Property 2) 
= 4 lim P+ 10+ (-7) (Property 1) 
= 4(lim 2 +3 (Property 8) 
= 4(2) +3 = 19 (Property 2) 


Е 
_ 
ys zl 


EXAMPLE 6 Find lim 
EAAMPLE 6 Ru 


SOLUTION Proceeding as in Example 5, we have 
lim (y? + 5у + 3) = 3° + 5(3) + 3 = 27 
MÁS 


and lado" I) = Е 
уз? 


Hence, by Property 7, 


Figure 1 
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Therefore, using Property 9. we obtain 


| dS ES OT M E 
im SS — = Jf) SS 
к=з. wo] Nc 9 =1 
_ XE 
NES 


As you may have noticed, for all examples given so far in this section, lim Дх) 
turns out to be the same as f(a). Although this is true for a large class of “well- 
behaved”’ functions, it isn't always true (see Problem 21b, Section 1.7). In general, 
the value of lim f(x) is independent of the value of f(a); in fact, f(a) need not even 
be defined. A more precise statement of this independence is provided by the fol- 
lowing property. 


The Independence Property 


Suppose that f(x) = g(x) holds for all values of x in an open interval containing 
a, except possibly for x = a. Then, if lim g(x) = L. it follows that 


П lim f(x) = lim ga) =L 
л эа х-эа 


Л ‚ ?*—49 
EXAMPLE 7 Find lim ————. 
оше =ош a in L 
SOLUTION In Section 1.7, we found limits such as this informally by simplify- 
ing the fraction so that the limit became apparent. The independence property justi- 
fies such an argument. Let’s see how. First, note that we cannot use the division 
property (Property 7) because the limit of the denominator is zero. However, 


holds for all values of x except x = 7. Therefore, by using Property 11 with 
fx) = Q8 — 49)/(x — 7) and g(x) = x + 7. we have 
а _ 
lim —— = lim (x + 7) = 14 
x7 x—7 x7 


where we used Properties 4. 1, and 2 to evaluate the last limit. 


The next property involves the situation shown in Figure | in which the graph of 
a function fis **squeezed,"' or “‘pinched,’’ between the graphs of functions g and A. 


The Squeezing Property 


Suppose that g(x) = f(x) = A(x) holds for all values of х іп an open interval 
containing a, except possibly for x = a. Then 


12 If lim g(x) = L and lim h(x) = L, then it follows that lim f(x) = L. 


Wü 


64 CHAPTER 1 FUNCTIONS AND LIMITS 


B ors 1 
EXAMPLE 8 Find lim де (Чо ==. 
SSS аса x—0 Ag 


SOLUTION Because values of the cosine always lie between — I and 1 inclusive, 
we have 


1 1 
x cos —| = |x| |соѕ —{ x |x]- 1 = [x] 
X ie 
for all values of x other than 0. Therefore, 
1 
—|х| = x cos — = |x| 
A 
holds for all values of x other than 0. By Properties 10, 3, and 2, 
lim |x] =0 а lim (—|x|) = 0 


Hence, by Property 12, 


lim x cos — = 0 
х0 X 


The following properties can be used to rewrite limits in equivalent alternative 
forms. 


The Alternative-Form Properties 


13 lim fœ&)=L if and only if lim |f) - L] = 0 


14 lim fa) =L if and only if jim fla +hy=L 


EXAMPLE 9 Find lim sin x. 
X 


SOLUTION Ву the remark following Theorem 1 in Section 1.6, 
0 < [sin x| < hx] 


holds for every value of x in the open interval (— 7/2, 7/2), except for x = 0. By 
Properties 1, 10, and 2, 


lim 0 — 0 and т К = [lim x| = |0] = 0 


x0 


Therefore, by the squeezing property (Property 12), 


lim |sin x| = 0 
m0 


Now, we can use Property 13 (with L — 0) to conclude that 


lim sin x = 0 
x—0 


EXAMPLE 10 Find lim cos x. 
uU *ÁsÀ a—0 
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SOLUTION By Theorem 3 in Section 1.6, 
0-5 (вор 1| cd 


holds for every value of x in the open interval (— 7, 7) except for x = 0. By 
Properties 1, 3, 8, and 2, we have both 


and 


Therefore, by the squeezing property (Property 12). 


lim [cos x — 1| 2 0 
x—0 


Hence. by Property 13, it follows that 


lim cos x = 1 


CD 


THEOREM 1 Limits of sin x and cos x 


lim sin x = sina and lim cos x = cos a 


X—ua ata 


PROOF We prove the first statement and leave the second as an exercise (Problem 71). By 
Property 14, we can find lim sin x by finding jim sin (a + h). Using the addition 


Kae 


formula for the sine, Properties 4 and 3, and the results of Examples 9 and 10, we 
have 


jim sin (а + h) = lim (sin a cos h + cos a sin h) 


= lim (sin a cos A) + lim (cos a sin h) 
h—0 h—0 


(sin a) lim cos й + (cos a) lim sin А 
h—0 h—0 


(sin a): 1 + (cos a) - 0 


sina 


Therefore, by Property 14, 


lim sin x = sina 


xa 


EXAMPLE 11 Find lim tan x. 


хэл . . 
з lim sin x 
А „_ SINX хот 
SOLUTION lim tan x = lim = = Propeny 7) 
хәл rr COS X lim COS X 
" х-э т 
_ Sing 
COS т 
0 
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In Section 1.7, our calculator work suggested that 


sinx _ 


lim 
ree X 


Now we can prove this important fact. 


THEOREM 2 Limit of (sin x)/x 


МИХ 
lim = | 
xO Хх 
PROOF By Theorem 2 in Section 1.6, 
sin x 
cos X — «1 


holds for 0 < x < z/2. If —7/2 < x < 0, then 0 < —x < z/2, and we have 


sin (~x) 
cos (—x) < SOR < 


Because cos (—x) = cos x and sin (—x) = —sin x, it follows that 


sin x 


COS X — «1 


also holds for — 7/2 < x < 0. Therefore, it holds for every value of x in the open 
interval (— 7/2, 7/2), except for x = 0. Hence, by the squeezing property (Property 
12) together with the facts that 


lim cosx— I and lim 1 = 1 
сәх 


we can conclude that 


sin 5x 


EXAMPLE 12 Evaluate lim 
Hie a parou 


SOLUTION Let y = 5х, and note that y — О when x — 0. Because x = y/5, we 


have 
lim ——~ = tim ШУ. lim (s zu, ) 
x—0 x у=+0 У, y-0 y 
пу 
= 5 lim j (Property 3) 
= 5(1) (Theorem 2) 
= $ a 


The method used in Example 12— substituting y for 5x—is generalized and made 
more precise by the following property. 
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The Substitution Property* 


Suppose that lim f(y) exists and that lim g(x) = c. Then, provided that f(g(x)) 
ус х-әа 


is defined and g(x) » c for all values of x in an open interval containing a, except 
possibly for x — a, it follows that 


15 lim f(g(x)) = lim Ду) 


MIR 


Е S т 
EXAMPLE 13 Find lim cos (e — vut 
SS -— d X 


SOLUTION Here, the idea is to make the substitution y = x? — (7/3), so that 
cos [22 — (2/3)] = cos У. Informally, we would proceed by noting that as x — 0, 
y = —m/3; hence, 


lim cos (e = a = Jim _ созу cos (- =) (Theorem 1) 


+0 a e 


Ш 
о |– 


This procedure is justified by taking f(y) = cos у, g(x) = х2 — (7/3). a = 0, and 


c = —(7/3) in Property 15. E 
THEOREM 3 Limit of (1 — cos x)/x 
PROOF By the half-angle formula, 
z3% lecak 
sin eT 5 
Therefore, 


l= cosx — 2sin? (x/2) _ sin? (4/2) 
X x we 


Now we use the substitution property (Property 15) with y = x/2. Note that ELI 
when x — 0. Therefore, 


есл —.. sine G72) no Sin^y Б 
EM Ro ya A) Propeny 15) 
= lim (sin en zl (Property 6) 
У y 
. . . Sny 
— (lim sin y (lim : ) 
y—0 w—0 ўў 
= (0)01) = 0 (Theorems | and 2) a 


*The function h(x) = f(g(x)) obtained by evaluating f at g(x) is called the composition of f 
and g. The composition of functions is studied in detail in Section 2.7. 
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Problem Set 1.8 


In Problems 1 1o 66, find the limit by using the properties and theo- Е (ИМ) — 1 42 та Pu sp 3) 
rems of this section. vl ]-x "za zol 
ESI 
| lim 5 2 lim 5 emit ut —SEANIS T PE 
dosi pm > 14 1-4 1—0 lel А 
3 lim 7 4 lim zx 1 Ve Уб 
т ES 45 lim x sin — 46 lim == 
x0 x бсо ed 
§ lim x 6 lim cos т 
<r кет 1 
47 lim cos x 48 lim sin t cos — 
7 lim 7x 8 lim. [x + cos (7/3)] cct Gum 1 
x2 t—-2 
i 49 lim = akala 
9 lim (x 3) 10 Jun (v — 6) л п/6 sin x 8 |cos 0 
H dim (27+ 0) 12 lim (x + D(x 0) Sm eu БОРТ 
t3 vl r-a П з x пу: З Ё 
pm web Bs sig) 53 Jim sin [(7/3) + А 54 lim w ese w 
h— (poe 
44 : 
15 lim «20+ DU- 1) 16 lim и SiN бх 5 
a аре w lm x = ш, sin 3x 
z si A А у= 1 apie) — ВЭБ 
17 lim 18 lim = "ED "ig с052/ 
їсс ded zo RS Sur sin 5x m sin 1 
19 lim G^ —2y + 1) 20 lim (37 – 2P + 4) sin? 8 dnx dE 
an а 59 lim —5 60 lim —— ——3— — 
а 3 H 3 bl 60 0 1—0 aS 
2j Wan (5 = 35 =) 22 lim Ibi? ae 3e Sie = [| 
Be fe E g =з 
| А ты ас 62 lim = 
a 8F ape ae i p [P 5 u—0 ц x3 sin (x — 3) 
zs) DM) es ee — 24 lim 
и=2 и? + 2и С cos x/2 tan 4t 
4 3 63 lim (/2) — (0/2) 64 him 21 
— y“ хәт Es Ya 
25 lim Vy + 1 (2y = 3) 26 lim — —— 
es es tan 20 і + cos v 
= 65 lim — 66 p ————s 
| = [5 p ox — 64 00 sin 0 von (m—vy 
27 lim ГИ 28 lim, Ес 
с ‘i a 3 In Problems 67 to 70, find 
:-4 
29 lim 3 fa ae 20) = fx) 
ps Gr +2 [и h 
7 2 + 1 2m De = 52+ 2 for the given function f. (In calculating the limit as # — 0, treat x as 
3 s 1+ Vor 8 3 lim go à constant.) 
2 a 
a. i ori Se : ipte S 67 f(x) = х *1 68 f(x)  — 
ч Men Mn ec Vx 
D zi ; 1 
сш = = Kine e | 69 fix) = Vx 1 = 
15/2 2x — 5 x—-3 Har 3 2 
. G-Apy-9 ШО vo 71 Complete the proof of Theorem ] by showing that lim cos x = 
37 lim ———À &R ig —$—$——— Swag 
h—0 h x0 x cos а. 
39 lim 2 EP dom. Pe- qaa: 72 Use mathematical induction to prove that Property 8 follows 


у—0 y v4 v—4 from Property 6. 


SECTION 1.9 CONTINUOUS FUNCTIONS 69 


73 Prove that Property 3 follows from Properties 6 and 1. sold. The marginal profit at production level x is defined by 
74 Prove that Property 11 follows from Property 12. "EE Р(х +h) — Р(х) 

75 Prove that Property 5 follows from Properties 4 and 3. (go h 

76 Suppose lim fix) = 0 and that there exists a constant B such that where, in taking the limit as Л — 0, x is to be held constant. 
ý Suppose that the profit in dollars from the manufacture and sale 


Е E Р a | 
\g(x)| = B for all values of x in some open interval containing а, of x quartz travel alarm clocks is 


except possibly for x = a. Use the squeezing property (Property 


12) to prove that lim [f(x)g(x)] = 0. A x 
—a х) = 20x — 50, = 
x P(x) Ox 0.000 1000 


> 


77 ln economics, the profit function P gives the profit P(x) dollars 
to the manufacturer if x units of a commodity are produced and Find the marginal profit P'(x). 


1.9 Continuous Functions 


As we mentioned, there are many functions f for which lim f(x) is the same as f(a). 
For such a well-behaved function, there's no problem in finding lim f(x)—all you 


have to do is evaluate f(a). A function that has this useful property is said to be 
continuous at the number a. 
DEFINITION 1 Continuous Function at a Number 


A function f is continuous at the number a if the following conditions hold: 


(i) f(a) is defined 


(ii) lim f(x) exists 


(iii) lim F(x) = fla) 


Figure 1 у EXAMPLE I 15 the absolute-value function f(x) = |x| (Figure 1) continuous at 0? 
SOLUTION 


(i) Here, f(0) = |0| = 0, so f(0) is defined. 
(ii) By Property 10 in Section 1.8, 


Кх) = |x| 


lim f(x) = lim |x| = [0| = 0 
so lim f(x) exists. 


(iii) By (i) and (ii) above, 
lim f(x) = 0 = f0) 


so f is continuous at 0. 


EXAMPLE 2 Show that the absolute-value function f(x) = |x| is actually continu- 
ous at every number a. 


70 


Figure 2 


Figure 3 
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SOLUTION Here, f(a) = |а| is defined. Also, just as in Example 1. 
lim f(x) = lim |x| = lal = fla) 
„аы i—a 
so f is continuous at every number a. 
If any of conditions (i), (ii), or (iii) of Definition 1 fail, we say that fis discon- 
tinuous at the number a. Condition (iii), 
lim f(x) = Да) 
ха 


means that f(x) comes closer and closer to f(a) as x comes closer and closer to a. 
This condition will fail if the function value takes a sudden "jump" ' when x = a. 


EXAMPLE 3 Is the function 
280 + 3x4 1 
fax) = x 
3 il aem =} 


if xx -li 


continuous at —1? 
SOLUTION Here, f(—1) = 3. so f(—1) is defined. For x # —1. 


2x + 3х + 1] 2v чь jae sb n 
(UE kc ee ы 
fear di ap il 


Hence, by Property 11 of Section 1.8. 


lim Дх) = lim, (2x * 1) = –1 
so lim f(x) exists. However, because lim f(x) = —1 and f(—1) = 3, we have 


lim fe) zf(-1) 


and it follows that f is discontinuous at —1. The graph of f (Figure 2) is the line 
y = 2x + 1 everywhere except at x = —1, where a “‘hole’’ appears. The defined 
value of f at —1 produces a point (— 1. 3) on the graph of f but above this hole. 


Another example of a discontinuous function is provided by 


STILL illi de cm 9 
Sse ifx=3 


шу = | 


The graph of f (Figure 3) visually indicates a discontinuity at the number x = 3. In 
order to study this apparent discontinuity, it is convenient to introduce the idea of a 
one-sided limit, that is, a limit of f(x) as x approaches 3 through values entirely on 
one side of 3. Figure 3 clearly shows that the numerical value f(x) approaches 7 as 
x approaches 3 through values that are always less than 3. We write this fact sym- 
bolically as 


lim Дх) = 7 


the condition that x approaches 3 from the left being denoted by x — 37. 


Figure 4 


THEOREM 1 
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Likewise, the condition that x approaches 3 through values that are always greater 
than 3. so that x approaches 3 from the right, is denoted by x — 3°. From Figure 3 
we see that 

lim. f(x) = 2 
x—>3 


Because the two one-sided limits of f(x) as x > 37 and as x — 3* are not the same. 
it follows that lim f(x) cannot exist. Therefore (as we have already guessed from 
XE 


our inspection of Figure 3), f is discontinuous at the number 3. 
A formal definition of one-sided limits can be patterned after Definition | in 
Section 1.7 (Problem 44). The basic idea is simple. Indeed, lim f(x) = L just 


means that we can make |f(x) — L| as small as we please by taking x close enough to 
a but less than a. Likewise, lim, f(x) = R means that we can make [00 — R| as 


small as we please by taking x close enough to a but greater than a. lf L 5 R (as in 
Figure 3), then lim f(x) cannot exist. More generally, we have the following 
theorem. ^. 


Limits and One-Sided Limits 


The limit lim f(x) exists and equals L if and only if both of the one-sided limits 


X—ul 


lim f(x) and lim f(x) exist and have the common value L. 


We leave the proof of this theorem as an exercise (Problems 47 to 50). 
One-sided limits satisfy appropriate analogs of the properties in Section 1.8. For 
instance. if lim. f(x) = L and lim, g(x) = М. then 


lim. [f(x) + е0] - L- M 
lim, [f(x) G0] = LM 
and so forth. 


In Examples 4 and 5, (a) sketch the graph of the function, (b) find the one-sided 
limits of the function as x > a^ and as x — a^, (c) determine the limit of the 
function as x — a (if this limit exists), and (d) decide whether the function is 
continuous at the number a. 


3- x ita sem || 


5 Г a=] 
552 ifx> 1] 


EXAMPLE 4 g(x) = { 


SOLUTION 


(a) A sketch of the graph is shown in Figure 4. 
(b) lim. gx) = lim. (аср 


lim, g(x) = lim, (l+x)=2 


(c) Because both of the one-sided limits exist and have the same value, 2. it 
follows that lim a(x) = 2. 
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(d) Here, g(1) = 3 — I? = 2, so g is defined at 1. Also, lim g(x) exists and 
lim gx) = 2= gil) 
hence, e is continuous at 1, 


vi Te 23 


EXAMPLE 5 f(x) = A ; 
EXAMPLES у ifx=2 


SOLUTION 


(a) A sketch of the graph of f is shown in Figure 5. 


Figure 5 y 


(b) By Property 11 of Section 1.8, 
lim f(x) = lim |x — 2| 
hence, by Property 10 of Section 1.8, 
lim f(x) = |lim (x — 2)| = |0| = 0 
It follows from Theorem 1 that 
lim. f(x) = lim, feo = lim Дх) = 0 
(с) We have already seen in part (b) that lim f(x) = 0. 


(d) f(2) = 1, lim fix) = 0 # 1; hence, f is discontinuous at 2. 


Properties of Continuous Functions 


Suppose that f and g are two functions that are continuous at the number a. Then 
Ќа) and g(a) are both defined, so that (f + 2)(a) = f(a) + g(a) is defined. More- 
over, by Property 4 of Section 1.8, 


lim (f + g)(x) = lim [fG) + gG0] = lim Дх) + lim a(x) 


= Қа) + g(a) = (f + @)(а) 
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We conclude that f + g is continuous at a. Similar reasoning yields analogous re- 
sults for the difference, product, and quotient (see Appendix B for some of the 
details), and we have the following. 


Basic Algebraic Properties of Continuous Functions 


1 If f and g are continuous at a, then so are f + g, f— g, and f° g. 
2 If f and g are continuous at a and g(a) # 0, then f/g is continuous at a. 


ШОВ 3 A polynomial function is continuous at every number. 


4 A rational function is continuous at every number for which it is defined. 


In Examples 6 and 7, use the properties of continuous functions to determine the 
numbers at which the given function is continuous. 


Қх) = Ixl* x 


EXAMPLE 6 f(x) = |x| + x 


SOLUTION Notice that = g + h, where g(x) = |x| and A(x) = x. In Example 2. 
we saw that the absolute-value function g(x) = |x| is continuous at every number. 
By Property 3, the polynomial function h(x) = x is also continuous at every num- 
ber. Hence, by Property 1, f = g + h is continuous at every number. The graph of 


f(x) = |x| + x shows no holes or sudden jumps (Figure 6). а 
2 
Figure7 > EXAMPLE 7 f(x) = =a; 


SOLUTION Here, fis a rational function that is defined at every number x except 
x = l. By Property 4, f is continuous at every number x, except for x = I. The 
graph of f (Figure 7) clearly shows the discontinuity at x = 1. L| 


The following property of continuous functions is related to the substitution prop- 
erty for limits (Property 15 in Section 1.8). 


The Substitution Property for Continuous Functions" 


5 If g is continuous at a and f is continuous at g(a), then the function л 


defined by h(x) = f(g(x)) is continuous at a. 


EXAMPLE 8 Show that the function A(x) = |х|? is continuous at every number a. 
SOLUTION If we let g(x) = |x| and f(x) = x9, we see that 
A(x) = | = А) = f(g) 


p We have already shown that the absolute-value function g(x) = |x| is continuous at 
every number a. Because f(x) — x? is a polynomial function, it is continuous at the 
number g(a) by Property 3. Hence, h is continuous at every number a by the 
substitution property (Property 5). The graph of A(x) = |x|? shows no holes or sud- 
den jumps (Figure 8). [| 


Figure 8 


hix) = |x13 


*See page 123 for a restatement of this property in terms of the idea of function composition. 
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The following continuity properties of the trigonometric functions follow from 
Theorem | in Section 1.8 (Problem 46). 


Continuity Properties of the Trigonometric Functions 


6 The sine and cosine functions are continuous at every number. 


7 The tangent, cotangent, secant, and cosecant functions are continuous at 
every number for which they are defined. 


In Examples 9 and 10, use the properties of continuous functions to determine the 
numbers at which the given function is continuous. 


EXAMPLE 9 f(x) tan x 


SOLUTION Because 
sin x 


f(x) = tan x = 
cos x 


f(x) is undefined when cos x = 0; that is, when 


т т dV 
NC ee ae 
2 2 2 


and so on. Therefore, by Property 7, f is continuous at all real numbers except for 
odd integer multiples of 7/2. The graph in Figure 9 clearly shows the periodic 
discontinuities of the tangent function. 


Figure 9 y 


fix) = tan x 


EXAMPLE 10 F(t) = 2 cos (m = =) 


SOLUTION The polynomial function 
(= т – 2 
(D) = п = 
6 
is continuous at every number by Property 3, and the cosine function is continuous 


at every number by Property 6; hence, by the substitution property (Property 5), the 
function 


т 
A(t) = cos (m = =) = cos g(t) 


Figure 11 


„л 
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is also continuous at every number. The constant function 
ft) =2 


is continuous at every number by Property 3; hence, by Property 1. 


А \ 


F(t) = 2 cos (s - E = fü) - ha) 


is continuous at every number. (See Figure 10 for the graph of F.) 


Figure 10 р 


Fir) 2 соѕ[ тг = 


Continuity оп an Interval 


To say that a function f is continuous on an open interval means, by definition, 
that f is continuous at every number in the interval. For instance, the function 


К) = М9 – к 


is continuous on the open interval (—3, 3) (Figure 11). 

Similarly, to say that a function f is continuous on a closed interval [a, 5] 
means, by definition, that f is continuous on the open interval (a, b) and that f 
satisfies the following '*one-sided'' continuity conditions at the endpoints a and b: 


lim, f(x) = fla) апа lim Дх) = f(b) 


For instance, the function f(x) = V9 — x? is actually continuous on the closed 
interval [—3, 3] (Figure 11). 


EXAMPLE t1 Determine whether the rational function 


Ata 
doo п 
is continuous on the following intervals: (—2c, —6), [—6, 6], (—6, 6). and (6, =). 
SOLUTION Here, f(x) is defined for all real numbers x except for the values 
x = —6and x = 6 (which make the denominator zero). Thus, the rational function f 


is continuous on (—7, —6), (—6, 6). and (6, >) by Property 4. Since —6 and 6 do 
not belong to the domain of f, it follows that f is not continuous on the closed 
interval [—6, 6]. 
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Problem Set 1.9 


In Problems 1 to 14, (a) sketch a graph of the function; (b) find the 
one-sided limits of the function as x approaches a from the right and 
from the left; (c) determine the limit of the function as x approaches 
a (if this limit exists); and (d) using the definition of continuity, 
decide whether the function is continuous at the number a. 


1 w= tt EG 
"o nc 
d ifx<0 
2 F(x) = 740 ifx=0;a=0 
1 ifx>0 
34x ifx=l 
sats) m cmd 
Phe || piece 
асо = [^ Hs ТЕУ 
XG ial 
ls = 5] fxs 
e= ja m 3 
=p 
zc үш? 
оное ie пое 
1 И х= 2 
2 ifx >] 
т 
Дх) ie fral 
l 
ifx#2 
8 О(х) = = а= 2 
0 Их = 
Е 
рави ЕЗ 
2 if x = 3 
34x iue 
10 R(x) = 10 ifx=—-2:a=-2 
ll-x ifx>-2 


11 S(x) = 5 + |6x — 3). а= і 
12 g(x) = [x] + [5 ^ x]. a = 4 


^ 
Spo ZR cg 


13 f(x) = 
fe хы 


,a=—-] 

14 Tix) = [1 — x] + ix- 1]; а = 1 

In Problems 15 to 34, use the properties of continuous functions to 
determine the numbers at which the function is continuous. 


15 f(x) = 2| 16 g(x) = |1 — х] 


ds fl 
17 A(x) = x — 20| 18 Fix) = | 
pem 
19 G(x) 20 f(x) НЧ 
=== ape mE 
E fe x 
x 4x 3 [s if x x0 
NL = a 22 A(x) = |, 
go) zoc эш; ie ifx>0 
v— 44 +3 x — 2x -3 
23 F() = Е -> + 
0 i80 || Sel 
24 G(x) 25 H(x) | 2 m 
X = Ee = 
Ix] + 1 S — 


27 f(x) = cot x 


1 
26 T(x) = а 
Ac ue |) 


28 fix) = sec E 29 g(x) = csc x 


30 A(t) = tan || 31 fl) = ising 
cos f 
dm 2 
EE OD 
32 f(x) = x 
1 Их= 0 
tan x if x = 7/4 
33 A(x) = { 
V2sinx if x > m4 
ЧАЙ [ 
sin— ifx#0 
34 f(x) = X 
0 Их= 0 


In Problems 35 to 40, determine whether each function is continu- 
ous or discontinuous on each interval. 


85 fx) = V4 — xc on [—2, 2]. (2.13), (= 27 2) апа (Б) 


36 g(x) = eue en (—=, 1), (=3, =1). (= SI), ЕЕЕ 


[= су sandals 2:92] 


4 ipae 
EA m опао Ol sp (—6, x). [—6, 9], and 
dee), 
i. 
38 Дх) = — —- on [-Ы C71. D. (75, ЖЕ 5) аш 
[-8. 6] 
ay — 
39 Gay = 0-3 on [-4, 0]. о (71.5. i ИШ 
Neto = © 
(=I, = 


40 f(x) = cot x on (- Я E ==, zs (0, л), and [0, 7] 


Е 


41 Тһе weight of an object is given by 
ax if x zR 
СЕ 
Z 


where x is the distance of the object from the center of the earth, 
R is the radius of the earth, and а and b are constants. What 
relation must exist between these constants if w' is to be a contin- 
uous function? Assuming that w is continuous, sketch its graph. 


ifx>R 


42 If a hollow sphere of radius a is charged with one unit of static 
electricity, the field intensity E at a point P depends as follows 
on the distance x from the center of the sphere to P: 


0 if0cx«a 
== Rag 
КО = 4, Zar 
] 
= ifx>a 
z 


(a) Sketch a graph of E. (b) Discuss the continuity of E. 


43 1f g is defined by the equation 


9-1 
£9) =\ 221 
a ifx= 1 


determine the value of a so that g will be continuous at 1. 


if xl 
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44 Give a formal definition of (a) lim f() = L and (b) 


lim, f(x) = R patterned after Definition | in Section 1.7. (Hint: 


Note, for instance, that 0 < |x — a| < ó and x < a if and only if 
=O re 0) 


45 Find lim, Vx — 2 and explain why lim Vx — 2 does not exist. 
emu ce 
46 Use Theorem 1 in Section 1.8 and Properties 2 and 3 of continu- 


ous functions to prove the continuity Properties 6 and 7 of the 
trigonometric functions. 


47 Suppose that lim f(x) = L. Give an informal argument to ex- 


plain why it should follow that lim, f(x) = L. 


48 Suppose that lim f(x) — L. Use the formal definition in Prob- 


lem 44 to prove that lim, f(x) = L. 
xa 


49 Suppose that lim, f(x) = lim f(x) = L. Give an informal argu- 


ment to explain why it should follow that lim f(x) = L. 


50 Suppose that lim, f(x) = lim f(x) = L. Use the formal defini- 
xX—a xa 
tions to prove that lim f(x) = L. 
51 State the analog of Property 11 of Section 1.8 for limits from the 
right. 


52 State the analog of Property 12 of Section 1.8 for limits from the 
left. 


Review Problem Set, Chapter 1 


1 Assume that a and Р are real numbers such that a < b. Which 
of the following are necessarily true and which could be false? 
(a) a < Sb (i) eem = 
(c) 5a < —(—Sb) (al) erae e 
(е) la > Ib (D) a= Edo 


In Problems 2 to 13, solve the inequality and illustrate the solution 
on the number line. 


= SES 7 a) She Ge 2 8 


й = ERU ар д &) S = ау SEE 


7r+x-20<0 


9 22+9<5 


ea? de = || 
10 — и р 
gear 3 = 
one [| p= 
= 1 > 
1 x= X ! Сб жс 3 


14 State the conditions under which each inequality is true. 


AINE Т ай Nes 
zem пка ES. Gd ^ 1000 
(d —x«x (e) -L <x 


15 Give two different examples of real numbers a, b, c, and d with 
a € b and c < d but ac > bd. 


16 For positive real numbers a and b, show that 


2ab : d pee ug 
a+b | ан 2 
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17 A student on academic probation must earn a С in his calculus 
course to avoid being expelled from college. Sinee he is lazy 
and has no interest in earning a grade any higher than neces- 
sary, he wants his final numerical grade for calculus to lie in 
the interval [70, 80). This grade will be determined by taking 
three-fifths of his classroom average, which is 68, plus two- 
fifths of his score on the final exam. Since he has always had 
trouble with inequalities, he can't figure out the range in which 
his score on the final exam should fall to allow him to stay in 
school. Can you help him? 


18 A runner leaves a starting point and runs along a straight road at 
a steady speed of 8.8 miles per hour. After a while, she turns 
around and begins to run back to the starting point. How fast 
must she run on the way back so that her average speed for the 
entire run will be greater than 8 miles per hour but no greater 
than 8.5 miles per hour? (Caution: The average speed for her 
entire run cannot be found by adding 8.8 miles per hour to her 
return speed and dividing by 2.) 


19 Find the distance between the numbers in each pair and illus- 
trate your answer on a number line. 


(a) —3 and 4 
(b) O and —5 

(с) —2.735 and —7 
(d) —3.2 and 4.1 


(e) —§ and 2 
E(f) 1.42 and V2 


20 Use the absolute-value notation to write an expression for the 
distance between the two given numbers. Simplify your an- 


swer. 
l 
a) —6 and 5 b) — and 
(a) a (Qr, on sear || 
3 4 x Xl 
(c) 13 and T (d) BERI and 


In Problems 21 to 26, solve the absolute-value equation. 


21 x + 1| 73 22 |x- 3| = 5 
23 Dy + |= 5 24 [20 + 3| = |r + 2] 
== Al =o 26 [5 — 32| = 2: 


In Problems 27 to 34, solve the absolute-value inequality and show 
your solution on a number line. 


2er 5| = 6 28 [3x + 4| <2 
29 |] — x| < 0.01 30 ]1—-4x| <x 
31 Px- 6| > х yp med — 
[к — 1 
1 l 1 
33 = — —— 
555329 EE -G s 


35 Determine which equations or inequalities are true for all val- 
ues of the variables. 
(a) là — 4| = [x | + 2] 
(с) |-aP =x 


(e) |x? + 3x| < x7 + [3a 


(b |É- 3| 2 2 +4 
(d) К — 34 = |y ^ xl 
(f) |x - X = Id + Hy] 


36 It is predicted that the number N of cars to be produced by an 
automobile industry in the coming year will satisfy the inequal- 
ity |N — 4,000,000| < 500.000. Describe the anticipated pro- 
duction as an interval of real numbers. 


In Problems 37 to 42, plot each pair of points and find the distance 
between them by using the distance formula. 


37 (1, 1) and (4. 5) 

38 (le) пако 7) 

39 (—3, 2) and (2, 14) 

40 (4.71, —3.22) and (0, л) 
11.:(—2-—3)'andt(- 2999) 


— 1+ V2 
42 (Ут. т) and [ML 2) 


| 43 What is the perimeter of the triangle with vertices (—1, 5), 


(8, —7), and (4, 1)? Round off your answer to two decimal 
places. 


44 Are the points (—5, 4). (7, —11), (12, —11), and (0, 4) the 
vertices of a parallelogram? Justify your answer. 


In Problems 45 to 48, find the radius r and the coordinates (h, k) of 
the center of each circle, and sketch a graph of the circle. 


45 (x — 2)? + (y + 3)? = 25 

46 х2 + 20+ y+ 2y +1 =0 
47 x+y -—3rt4yt+4=0 
48 40 + 4у + 4x — dy + 1 =0 


In Problems 49 to 52, find the slope of the line segment AB and an 
equation in point-slope form of the line containing A and B. 


49 A = (3, —5). B = (2, 2) 
50 A = (0, 7). B = (5, 0) 
5А = (GTE SE) 
PASU I йш. =й 
In Problems 53 and 54, sketch the line L that contains the point P 
and has slope т, and find an equation in point-slope form for L. 
53 P = (5, 2), m = —3 
54 P-(-$,D.m- 3 


In Problems 55 and 56, (a) find an equation of the line that contains 
the point P and is parallel to the line segment AB. and (b) find an 
equation of the line that contains the point P and is perpendicular to 
line segment AB. 


55 Р = (7, —5), А = (1.8. B = (-3. 2) 
PS e h AS e h Ва) 


In Problems 57 and 58, rewrite each equation in slope-intercept 
form, find the slope m and the y intercept b of the graph, and sketch 
the graph. 


57 4x — 3y +2 =0 


58 Ex sy + 3 —0 


In Problems 59 to 62, find an equation of the line L in (a) point- 
slope form, (b) slope-intercept form, and (c) general form. 


59 L contains the point (—7, 1) and has slope m = 3. 
60 L contains the points (2, 5) and (1, —3). 


61 L contains the point (1, —2) and is parallel to the line 
ПА Зу S DAE [UR 


62 L contains the point (3, —4) and is perpendicular to the line 
Dee = By se al = (0), 


63 1f (a, b) is a point on the circle (x — Л)” + (у — kY = r°, find 
an equation of the line that is tangent to the circle at (а, b). 
(Hint: The tangent line to a circle at a point is perpendicular to 
the radius drawn from the center to the point.) 


64 An advertising agency claims that a furniture store's revenue 
will increase by $20 per month for each additional dollar spent 
on advertising. The current average monthly sales revenue is 
$140,000 with an expenditure of $100 per month for advertis- 
ing. Find the equation that relates the store's expected average 
monthly sales revenue y to the total expenditure x for advertis- 
ing. Find the value of y if x — $400. 


In Problems 65 to 76, let f(x) = 333 — 4, g(x) = 6 — 5х, and 
h(x) = 1/x. Find the indicated values. 


65 f(—3) 66 hG) 

67 2(8) 68 h[h(x)] 

69 f(x) — f(2) 70 fix + k) — f(x) 
71 flaw] 72 (=) 

73 р(х) + g(—x) 74 V/fi-|xp 

75 h(x + k) — h(x) 1 


le  —— 
k h(4 + k) 
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In Problems 77 to 82, find the domain of each function. 


1 
hig 
де == | 


1 
79 (ullo) === 
à VA = 2 


79 А(х) = МІ + x 


80 F(x) = L 


81 С(х) = (8 — 1)? 


82 Н(х) = ——— 
et 


kl 


83 Which of the graphs in Figure 1 are graphs of functions? 


Figure 1 у 


79 
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84 Which of the graphs in Figure 2 are graphs of functions? 


Figure 2 Y 


(a) 


(b) 


In Problems 85 to 90, find the domain of the function, sketch its 
graph, and find the range of the function. E! 1f you wish, use a 
calculator to help sketch more accurate graphs. 


X 


85 f(x) = 5x - 3 86 g(x) 2 3— 5 
87 F(x) = 2Vx - 2 88 Gia = al 
"D ts if x0 
89 AW =] _ 2 Pe <9 
x х= О 
90 Hix) = 4 2x fOsx=1 
Зд — 1 ie > 1 


© 9] The power delivered by a wind-powered generator is given by 
P(x) = ke horsepower 


where x is the speed of the wind in miles per hour and & is a 
constant depending on the size of the generator and its effi- 


ciency. For a certain wind-powered generator, the constant 
k = 3.38 x 107“. Sketch the graph of the function P for this 
generator, and deiermine how many horsepower are generated 
when the wind speed is 35 miles per hour. 


92 In economics, it is often assumed that the demand for a com- 
modity is a function of selling price, that is, q = f(p), where p 
dollars is the selling price per unit of the commodity and q is 
the number of units that will sell at that price. (a) If p increases, 
would you expect д to increase or decrease? What does this 
mean about the graph of f? (b) Write an equation for the total 
amount of money F(p) in dollars spent by consumers for the 
commodity if the selling price per nnit is p dollars. (c) What 
would it mean to say that there is a value po dollars for which 


Хро) = 0? 


93 1n economics, it is often assumed that the number of units s of 
a commodity that producers will supply to the marketplace is a 
function of the selling price p dollars per unit, that is, s = (p). 
(a) If p increases, would you expect s to increase or decrease? 
What does this mean about the graph of 2? (b) Write an equa- 
tion for the total amount of money (in dollars) G(p) spent by 
consumers for the commodity if the selling price per unit is p 
dollars and all supplied units are purchased. (c) What would it 
mean to say that there is a value ру dollars for which (ру) = 
0? 


94 A manufacturer finds that 100,000 electronic calculators are 
sold per month at a price of $50 each, but that only 60,000 are 
sold per month if the price is $75 each. Suppose that the graph 
of the demand function f for these calculators is a straight line 
in the pq plane (see Problem 92). (a) Find a formula for f(p), 
where p dollars is the selling price per calculator and q — f(p) 
is the number per month that will sell at that price. (b) Find the 
selling price per calculator if the monthly demand is 80,000 
calculators. (c) What price would be so high that no calculators 
would be sold? 


In Problems 95 to 100, determine without drawing a graph whether 
the function is even, odd, or neither, and discuss any symmetry of 
the graph. 


95 f(x) = 5 + 38 + x 96 р(х) = (x! + х2 10)! 
97 A(x) = (x + D^! 98 F(x) = Ај 
99 G(x) = x8 — 5x6 + 9 100 H(x) = 

(| se ge 


In Problems 101 to 110, find 
(а) (f + g)(x) (b) (f — g)(x) (c) f° 2)(х) (d) (/g)00 


101 f(x) =x + 2, g(x) = 3x — 4 


102 f(x) = х2 + 2x, g(x) = x3 — 2x 


103 fix) = 


a(x) = 


x-1’ x+l 


X ^)— 
peg sw - -2 


104 fix) = 


105 fx) = x*, gx) = Vx +1 
106 f(x) = x, gx) = |x - 2| х 
107 f(x) = |x|, 2%) = —х 
108 f(x) = VI + 22, р(х) = arl 
109 f(x) = x32 + 1, go) = Vx 
|x| = 
х 


110 Д) = —-, g(x) = THE 


In Problems 111 to 122, find the vertex of the graph of the quadratic 
function, determine whether the graph opens upward or downward, 
sketch the graph, and find the domain and range of the function. 


111 f(x) = 4 

113 h(x) = ic 

115 G(x) = 3x - 20 +1 
117 fi) =x- 3х + 2 

119 h(x) = –602 — 7х + 20 
121 Fx) = 10x – 25 – х2 


112 р(х) = 1° 

114 FQ) = 32 + 2 

116 Н(х) = iG + 3) + 2] 
118 g(x) = 6x + 13x — 5 

120 G(x) = —22 + x + 10 
122 H(x) = 7х + 252 — 39 


123 Suppose a manufacturer of sports trophies knows that the total 
cost C (in dollars) of making x thousand trophies is given by 
C = 600 + 60x, and the corresponding sales revenue R (in dol- 
lars) is given by R = 300x — 4x°. Let P(x) be the manufactur- 
er’s profit if x thousand trophies are manufactured and sold. 
(a) Find a formula for P(x). (b) Find P(10) and P(35). (c) Find 
the largest and smallest values of the production level x, 
rounded off to the nearest trophy, for which the profit is posi- 
tive. 


124 Suppose that f is a quadratic function and that f(x) = 
f(x) = 0. Show that the x coordinate of the vertex of the graph 
of f is 30x, + x). 


In Problems 125 to 130, s denotes the length of the arc intercepted 
on a circle of radius r by a central angle of 6 radians. Find the 


missing quantity. 


125 r = 5 meters, 0 = 0.57 radian, s = ? 
126 r — 40 centimeters, s — 4 centimeters, 0 — ? 


127 s = 3a feet, 0 = m radians, r =? 

Д She а 
128 r = 13 kilometers, 0 = pr radians, s — ? 
129 r = 2 meters, s = m meters, 0 = ? 


4 Sm 
130 s = 173 micrometers, 0 = — radians, r = ? 
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131 Convert each degree measure to radian measure. Do not use a 
calculator. Write your answer as a rational multiple of т. 


(a) 80* (b) 570* (с) —355° 
(4) —810° (9) 310° (f) 765° 


[c] 132. Use a calculator to convert each degree measure to an approxi- 
mate radian measure, rounded off to four decimal places. 


(а) 5° (b) 27.7533° (©) = ДО? (4) 35.2819° 
133 Convert each radian measure to degree measure. Do not use а 
calculator. 
Ол 137 TT 
(a) e = O- 
35m Sla 187 
FEL da 5 


[€ 134 Use a calculator to convert each radian measure to an approxi- 
mate degree measure, rounded off to four decimal places. 


(a) 5 (b) 3.9 (c) —7.63 (d) —21.403 


In Problems 135 and 136, find the area A = 2720 of a sector of a 

circle of radius r with central angle Ө. 

135 r = 25 centimeters, 0 = 7/6 136 г = 3.5 meters, 0 = 60° 

137 The minute hand on a tower clock is 0.6 meter long. How far 
does the tip of the hand travel in 4 minutes? 


138 In Problem 137, what is the area of the sector swept out by the 
minute hand in 4 minutes? 


139 Find the approximate diameter of the moon if its disk subtends 
an angle of 0.5? at a point on the earth 240,000 miles away 
(Figure 3). (Hint: Approximate the diameter |DE| by the length 
of the arc BC.) 


Figure 3 BD 


і 
240,000 miles А 
CE 


[01140 A satellite in a circular orbit above the earth is known to have a 
speed of 9.92 kilometers per second. In 10 seconds it moves 
along an arc that subtends an angle of 0.75° at the center of the 
earth. If the radius of the earth is 6371 kilometers, how high is 
the satellite above the surface of the earth? 


moon 


Eln Problems 141 to 158, use a calculator to find the approximate 
values of the trigonometric functions. 


141 sin 27.33° 
143 cos 53.47° 


142 sin 421.25° 
144 cos(—113.81°) 
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145 tan( —117.2583) 146 tan( —281.5236) 
147 sec 16.43? 148 sec( — 248.2?) 
4 
149 de i 150 csc 5.132 
151 cot( 3.18) 152 соб —7.167) 
153 cos(— 19.213) 184 csc 18.113 
155 sin 5.015 156 cot V3 
v2 
157 cos ra 158 sin|tan(—71.32)] 


In Problems 159 to 178, simplify each expression. 


sin(— 0) 
cos( — 0) 


—sin(—« 

160 espe 

COS (csset) 

161 csc x — cos x cot x 162 sec 0 — sin Ө tan 0 

163 csc? г tan? г — 1 164 (cot x + 1)? — esc? x 

sec? u + 2 tan u 
| + tanu 


sec B 


165 SS 
cot B + tan B 


ѕіп20 + 2 cos?0 
ey) ———————-- шй!) 
sin 0 cos @ 
1 1 
csc y + cot y 
170 tan(27 — B) 


172 cos(270? — œ) 


168 


cse y — cot y 
169 cos(360^ — 6) 
171 sin(270? + a) 


E 
173 sin(27 + 1) 174 co(27. + x) 


175 sin 37° cos 23° + cos 37° sin 23° 


tan( 7/5) + tan(7/20) 
[Ui esse 
] — tan(7/5) tan( 7/20) 


а + T H 
177 sin x cos y — AE ap m) sin(—y) 


178 cos(a — 1) — tant cos( = = ) 


179 Use the fact that 77/12 = (7/4) + (7/3) to find the exact 


numerical value of 


NET 
(a) sin тә 


(b) NET 
12 


(c) t Tu 
>) tan — 
c A 12 


180 


Assume that a is in quadrant IV, cos а = $, B is in quadrant 1, 
sinB=%%, y is in quadrant ll. cos y= —#, @ is in 
quadrant 11, and sin Ө = үң. Find the exact numerical value of 
each expression. 
(a) sin(a + B) 
(d) sin(a — y) 
(g) tan(B — y) 
(j) cos(B — 0) 


(b) cos(y + 0) 
(e) cos(B — y) 
(h) sec(B — y) 


(c) sin(B + 0) 
(f) sin(B — y) 
(i) sin(0 — y) 


In Problems 18] to 188, simplify each expression. 


181 cos? 2x — sin? 2x 182 1 — 2 sin? = 
t t 
183 2 sin — cos сз 184 cos* 20 — sin* 20 
Ean T n 
2 4 sin лї cos mt 
187 tan EN 188 сов%и2) = cos v 
] — tan” wt sin(v/2) 
189 If 0 < 0 < 7/2 and x = V7 sin 6, find cot Ө in terms of x. 
190 If 0< t< 7/2 and x = УІ tan t, find cos t in terms of x. 
[©] 191 A broadcasting antenna tower 200 meters high is to be held 
vertical by three cables running from a point 10 meters below 
the top of the tower to concrete anchors sunk in the ground 
(Figure 4). If the cables are to make angles of 60° with the 
horizontal, how many meters of cable will be required? 
Figure 4 


[91192 An electronic echo locator on a commercial fishing boat indi- 


cates a school of fish at a slant distance of 575 meters from the 
boat with an angle of depression of 33.60. What is the depth of 
the school of fish? 


In Problems 193 and 194, use elementary algebra to simplify each 
expression so that its limit becomes apparent. Then check your re- 
sults numerically by using a calculator to fill in the blanks in the 
accompanying table. 


xr-8 
i (2278) 


$-8 
1 — (2/x) 


DA mM 


tel Nor ap PES) 


In Problems 195 to 200, determine a positive number 6 for the given 
€ so that |f(x) — L| < є holds whenever 0 < |x — al < ô. 


195 f(x) 22x — 7, а= -1, L= 9, e = 0.01 


196 f(x) = 1 — 5x, а = 3, L = —14, є = 0.02 
197 f(x) = 5x + 1, a = -2, L = —9, є = 0.002 
42-9 3 
198 f(x) = сс = = 0. 
f(x) pec die zk 6, € = 0.001 
Boxe = І 
IE) Оаа ое 05 
ies E 5:1 ‚ є = 0.01 
200 f(x) = 2x — 7.a = – 1,1 = —9, e an arbitrarily small positive 
number 


In Problems 201 to 222, use the properties of limits to evaluate each 
limit. 


201 lim (612 + 1 — 4) 202 lim aA 
t5 ae 4y? + 5у — 
ПЕЕ . 42-25 
2 o wo os 
3 ] 6+h 1 1 
205 | ESI = 2) йй == | = | 
hood i v3 2h ш boa hi | (x + 1) 
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ЛЕТ 
207 lim 
I1 2+1 
| 3- Vi -h-9 
208 lm, ОИ 
l- V6 +r- V6 
aio [їп = 210 lim 
wol 2j SGT aut) к? t 
fm WELT UA 
= 3 WAS te i c WS 
Au = а е 
x9 x—9 10 t 
213 lim tsintcost 214 lim ysin* y 
1— 7/2 y m/A 
215 lim, sin?x cos?x 216 lim (w? — cos zw) 
aT wl 
sin 137 
ЮП їй um 218 lim — 
1—0 t x0 sin 47x 
sin 1 in Vy 
Soa nue 220 lim 22 
4-0 sin 7u $30 — WAS 
tan x ] — cos(sin x) 
22] i 322) jmd Se) 
sw Sao i ae | х0 sin x 


223 Let f(x) = 3x — 1. We know that lim (3x — 1) = За – 1. 


(a) How closc to a must you choose x so that f(x) is within 
€ > 0 of За — 1? (b) If e = 0.01, how close to a must you 
choose x? Would x in the interval a — 0.1 < x < a + 0.1 be 
close enough? Explain. 


224 Show that if 


lim Јо) =L and b#0 
х=” ү 
їһеп 
Шу = op 
x—0 E 
In Problems 225 to 228, evaluate each one-sided limit. 
225 lim 23 226 lim, E 
gu g^ — —4 
2327 lim € 228 Jim. (3 + [[2x — 4] 
= NEUE Е 


In Problems 229 to 232, sketch the graph of the given function, and 
find the indicated limit if it exists. If the limit does not exist, give the 
reason. 


x-3 Их>=ў NE „к 
229 f(x) = b EN pec ; dim. fe». , lim,, fex). lim, fo) 


m al x << 
230 ney = f ШП. 


MEC udi im h(x), lim, ho), lim h(x) 
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х—4 if 
—— ifx 
231 g(x) =4 x-2 
1 if x 
BE PAY ue 
Р if x 
232 0) -| lx + 1 
0 if x 


“TIONS AND LIMITS 


#2... А З А 
2 lim g(x), lim g(x), lim g(x) 
12 ї—2 1—2 
3 


z a lim Кх), lim , f(x), lim, f(x) 


In Problems 233 to 236, sketch the graph of the given function and 
indicate whether the function is continuous at x — a. 


x ~-9 pees 

233 fix) 24 х—3 p 

6 ifx= 

gen Y fx 

234 g(x) =4 x- 1 xe al 
А ifx=1 

235 fix) = ee = 
х=] 
Q2 f 5 

236 TEE MS de = 2 
l if x = 2 


237 Taxi fare is 90 cents plus 50 cents for each quarter-mile or 


portion thereof. If we let f(x) denote the fare for a ride of 
x miles, sketch the graph of f and indicate where it is discon- 
tinuous. 


238 Assume that it takes 0.5 calorie of heat to raise the temperature 


of 1 gram of ice | degree Celsius, that it takes 80 calories to 
melt the ice at 0°C, and that it takes 1 calorie to raise the 
temperature of 1 gram of water 1 degree Celsius. Suppose that 
—40 = x = 20, and let Q(x) be the number of calories of heat 
required to raise 1 gram of water from —40°C to x^C. Sketch 
the graph of Q, and indicate where Q is discontinuous. 


239 The air freight charge for shipping merchandise between two 


240 


241 


242 


243 


cities is given by the equation 


0.5x if 0 — x « 10 
C(x) = 3 0.4x if 10 - x < 30 
0.3x if 30 = x 


where x is the number of pounds being shipped and C(x) is the 
charge in dollars. Sketch the graph of C, and find those values 
of x for which C is discontinuous. 


A function f is delined by the equation 


Дх) = 


х= 0 
МО<х=1 
Г1<х<=<2 
ae 


(a) Sketch the graph of f, and discuss the continuity of f at 0, 1. 
and 2. (b) Determine the constants A, B, C, D, and E so that 


ПСО адыны ЕО] 


Determine the values of the constants А and В so that the func- 
tion f is continuous at every real number and sketch the graph 
of the resulting function. 


3x We cess 
Дох) = < Ах +В и = S 
(57 if v=) 


Let [х] denote the greatest integer not exceeding x, and con- 
sider the function f(x) = [| l/x]] for x > 0. Sketch a graph of f, 
and indicate where f is discontinuous. 


Determine whether each function is continnous or discontinu- 
ous on each of the indicated intervals. 


(a) fo) = =: 1-0 1], [=], CD. 
3-2 үп 
(b) во) [87 РНЕ 


THE DERIVATIVE 


The limit concept, introduced in Chapter 1, is used in this chapter to define a 
mathematical procedure called differentiation. A variety of problems that cannot be 
handled by strictly algebraic techniques—including problems involving the rate of 
change of a variable quantity—can be solved by this procedure. From a geometric 
point of view, such problems can be interpreted as questions involving a tangent 
line to the graph of a function. 


2.1 


Figure 1 


position of automobile 
З at time / 
city A 
Ф ——————— 


== 


Rates of Change and Slopes of Tangent Lines 


In this section we use the concept of limit to solve two apparently unrelated prob- 
lems; later, we see that they are really the same problem. The first problem is to find 
the rate of change of a variable quantity, for instance, the time rate of change of 
distance (speed). The second problem is to find the s/ope of the tangent line to the 
graph of a function at a given point. 


Speed of an Automobile 


Suppose you are driving along a straight road from city A to city B, perhaps at a 
variable rate of speed r. The distance d of your automobile from city A depends on 
the elapsed time t since the start of the journey (Figure 1). Suppose that the func- 
tions f and g give the distance d and the speed r at time t, so that 


а= fit) and = g(t) 


For instance, if the rate of speed r is constant, say r = 55 
miles per hour, we have the familiar formula 


city B distance = rate X time 
or d=rt = 551 
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Figure 2 


at time уц nary pat time 


——À, th 
n 
 ——— 


o--—o 
— rn 
þu жар 


— 


Hence, in this case, f and g are given by 


Fa) = 55t and g(t) = 55 


In the more general case in which your speed is variable. the functions f and g are 
more complicated. 

We now find a relationship between the distance function f and the speed function 
g. Let's choose and (temporarily) fix a value г of the time variable. Thus, at time 7, 
your automobile is d = f(t) miles from city A. and the speedometer reads r = g(t) 
miles per hour. Suppose a short additional interval of time л passes. At time г + h, 
your automobile is at a distance f(t + h) miles from city A (Figure 2), and its speed 
is g(t + Л) miles per hour. Evidently, the automobile has gone fir + h) — f(r) miles 
during the time interval A; hence its average speed (distance divided by time) 
during the time interval л is 
ш аш fr FER 

h 


average speed — miles per hour 

If the time interval Л is very short, the speedometer reading g(t) at time 1 will not 
differ much from the speedometer reading g(t + h) at the slightly later time ¢ + h. 
Furthermore, during this short interval of time, the speedometer readings should be 
approximately the same as the average rate of speed. 


ун + А) mJ 


ol) = 
^ " 


As the time interval л becomes shorter and shorter, this approximation will become 
more and more accurate. In other words, the speedometer reading at the instant / is 
given by a 7 
= : Ле А) fin 

ау — Күп е =—— 

h—u h 

This equation expresses the promised relationship between the distance function f 
and the speed function g. In fact, it shows that you can calculate or derive the 
instantaneous speed g(t) from the distance function f by evaluating a suitable limit. 


Instantaneous Rate of Change in General 


The above considerations concerning the rate of change of distance with respect to 
time can be generalized to any variable quantities whatsoever. Indeed, let x and у 
denote variable quantities, and suppose that y depends on x, so that y = f(x), where 
fis a suitable function. 

To find the rate of change of v per unit change in x, we naturally begin by 
considering a change in x, say from the value x, to the value x. Now. let 


уз = HT and уз = f) 


so that as x changes from x, to x2, у undergoes a corresponding change from 
yı 10 y». 

It is traditional to denote the change in x by the symbol Ax (read "*delta x" ),* so 
that 


AX = х N 


*The expression Ax must be regarded as a single symbol representing a change in the 
variable x; it must пог be thought of as a product of A and x. 


DEFINITION I 


DEFINITION 2 
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Similarly, the resulting change in y is denoted by the symbol Ay (read "delta у у 
so that 


ВАЗ Лы) — Д) 


The ratio of the change in y to the change in x that produced it is called the average 
rate of change of y per unit change in x (or with respect to x). More formally, we 
have the following definition. 


Average Rate of Change 
If y = f(x), then the ratio 
ees 3x; ^ (65) yon 


Ax Xe = 48) = Hh 


is called the average rate of change of y with respect to x as x changes from x, 
10 X». 


Since Ах = x; — ху, then хә = x, + Ax. and we can also write 


ay (05 БЗ ion 
Ах Ax 


If the average rate of change of y with respect to x approaches a limiting value as Ax 
approaches 0, it seems reasonable to refer to this limiting value as the instantaneous 
rate of change of y with respect to x; hence, we make the following definition. 


Instantaneous Rate of Change 


If y = f(x). we define the instantaneous rate of change of y with respect to x 
at the instant when x = ху to be 


li Ay Los Fe TANS И) 
a Ma E Ax 


E EXAMPLE І A metal cube with an edge length x is expanding uniformly as a 
consequence of being heated. Find (a) the average rate of change of its volume with 
respect to edge length as x increases from 2 to 2.01 centimeters; (b) the instantane- 
ous rate of change of its volume with respect to edge length at the instant when 
X — 2 centimeters. 


SOLUTION Let y denote the volume of the cube. so that y = X? cubic 
centimeters. 


(a) When x — 2 centimeters, y — 2? — 8 cubic centimeters. If x increases by 
Ax = 0.01 centimeter to 2.01 centimeters, then y increases to (2.01)? cubic 
centimeters. Thus, a change in x of Ax = 0.01 centimeter produces a corre- 
sponding change in y of 


Ay = (2.01)? — 2? = 0.120601 cubic centimeter 
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Figure 3 
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Hence, the average rate of change of y with respect to x over the interval Ax is 
given by 
Ay 0.120601 


= = 12.0601 cubic centimeters per centimeter of edge length 
Ax 0.01 


(b) More generally, if x changes by an amount Ах from 2 to 2 + Ax centime- 
ters, then y changes by a corresponding amount 
Ay = (2 + Ах) —2* = 8 + 12 Ax + б(\х)* + (Ах)? – 8 
= 12 Av + 6(Ax)? + (Ax? cubic centimeters 


Therefore, the required instantaneous rate of change of y with respect to x is 


given by 
Ay 12 Ах + of + (As 2 
TREE MA вал жасанта 
Ax—0 Ay Ax—Ü0 AX Ax—Ü0 


12 cubic centimeters per centimeter of edge length 


In calculating the rate of change of one variable with respect to another, it is not 
necessary to use the symbols y and x. For instance, suppose that a particle P is 
moving away from a starting point A along a straight line (Figure 3). lt is traditional 
to denote the distance between A and P at time г by the letter s. If s = f(r), the 
speed* of the particle at the instant when : = t; is given by 

As - CH a OND) T A 
DW CN I AS 


lm — = |i 
м—0] At м—0 Àz 


EXAMPLE 2 A particle is moving along a straight line in such a way that at the 
end of t seconds, its distance s in meters from the starting point is given by s = 
21° t, Find (a) the average speed As/At of the particle during the interval of time 
from t = 3 to t= 5 seconds and (b) the instantaneous speed of the particle when 
t = 3 seconds. 


SOLUTION Here s = f(t) = 27 + t. 


(a) When t = 3 seconds. s = 2(3) + 3 = 21 meters. As t increases by Ar = 2 
to 3 + 2 = 5 seconds, s increases to s + As = 2(5)* + 5 = 55 meters. Thus, 
during these 2 seconds, the particle moves through a distance 


As = 55 — 21 = 34 meters 


Its average speed during the interval of time from t = 3 to г = 5 seconds is 
therefore 


en m net d 

= ос = s sec 

F 5 meters per secon 
(b) The change in s as the value of г changes (by an amount Ar) from 3 to 
3 + At seconds is given by 


As = f(3 + At) — fB) = [2 + Ae? + (3 + ND] — [2(Y? + 3] meters 


*Actually, there is a difference between speed and velocity; however, for the simple cases 
considered in this section, it isn't necessary to distinguish between the two. (See page 143.) 
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The average speed during the interval of time X between 3 and 3 + X seconds 
is 


As _ f(3 + AD — f(3) 
— s meters per second 


At Ar 
Hence, the instantaneous speed of the particle when t = 3 seconds is, by Defi- 
nition 2. 
we WAS ow 9 JO 
Num At Е io Аг 
2 2:2 ази) ta 
Figure 4 220 t um арр 
Aro м 
ig 
..— [18 12 Ar + 2(Ar)? + 3 +] – 21 
= Ша M —M————M——— 
Ar—0 At 
mu ox Ere? 
tangent line = lg —————————— 
atP Ar—0 At 


lim (13 + 2 Ar) = 13 meters per second 
Ar—0 
P= (Хх. үү) 


Slope of a Tangent Line to a Graph 


Suppose you want to draw the tangent line to the graph of a function f at a point P 
(Figure 4). Since the tangent line is the line that contains Р and ‘*best approxi- 
mates"' the graph of f near P, it’s easy to sketch it roughly “Бу eye." However, 
secant line suppose you need to draw the tangent line accurately. Since a straight line in the 


Figure 5 


plane is completely determined once you know its slope and one point P on it, you 

guum oz. О=(ху + 5х, уу + ду) Only need to find the slope т of the tangent line. 
Figure 5 shows a point Q = (x, + Ax, y, + Ay) on the graph of f near the point 
аке Р = (xj, yj). Thus, Ах and Ay are the differences between the coordinates of О and 


at P the corresponding coordinates of P. A line segment such as PQ joining two points of 
a curve is called a secant, and the line containing P and Q is called a secant line. 


Because both P and Q lie on the graph of f, 


yi = f(x) and у Ay =f, + AX) 


Therefore, 
Ay = f(x + Ax) — f(x) 
Figure 6 By the slope formula, the slope of the secant line through P = (xi, f(x;)) and 
y О = (x1 + Ax, f(x, + Ax)) is given by 
eu flo + Ax) = fü) _ Ay 
the tangent Ropar ave = dm Ax 


line 


Now, if we let Ах approach 0, the point О will move along the curve y = f(x) and 
approach the point P; furthermore, the secant line will pivot about the point P and 
approach the tangent line (Figure 6). Thus as Ax approaches 0. the slope Ay/Ax of 
the secant line approaches the slope m of the tangent line; that is, 

x Ay m dits au = mes 
pi Se ду, 


m= lim —e= li 
Ax—0 Ar Ax—0 Ax 
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DEFINITION 3 


Figure 7 


ШЕ 


tangent line 
at C, 1) 


Figure 8 
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tangent line 
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The preceding considerations lead us to the following formal definition. 


Tangent Line to a Graph 


Let / be a function defined at least in some open interval containing the number 
ху, and let v; = f(x). If the limit 


fils ae We) = Gr 


lim 
Axo Ах 


exists, we say that the line in the xy plane containing the point (ху. уу) and having 
slope mis the tangent line to the graph of f at (ху. Ур). 


In Examples 3 and 4, find the slope m of the tangent line to the graph of the given 
function f at the indicated point P. Sketch a graph of f showing the tangent line 
at P. 


EXAMPLE 3 f(x) = 2, P = (1, 1) 
JO + Ax) -f0 


SOLUTION imn Shh 
Ax—>0 Ax 
Е MEA Е 
n Дл 0 Ах 
+2 Ах + (Ax - 1 
= lim 
Ax—0 "x 
= lim (2 + Ax) 22 (Figure 7) 
Ai 0 
1 
EXAMPLE 4 f(x) = ———,, Р = (2, 1) 
Exec cw gane t: ae = 2 
ә drm 
SOLUTION m= lim TOASTY 
Ах-э0 Ах 
Sel а _ „м РДБ 
м 3X9 ap A) = 2 a = y 
= lim 
Ах-э0 Ax 
1 1 
Дк av 4 
= lon = 
Ал 0 Ax 
4 — (4+ 3 Ax) 
Я (4 +3 Ax)(4) 
= ke Å= 
x Ax —0 ^x 
ч SSM 1 
=з ШО соо з= 
Ai—0 16+ 12 Ах Ах 
aun m 
ли o F ТО 


(Figure 8) 
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Problem Set 2.1 


1 At a certain instant the speedometer of an automobile reads г 
miles per hour. During the next 4 second the automobile travels 
20 feet. Estimate r from this information. 


2 Explain why the answer in Problem 1 is only an estimate for r 
and need not be exactly the same as r. 


In Problems 3 and 4, assume that y = f(x) as given. (a) Find the 
average rate of change of y with respect to x as x changes from x; to 
x5. (b) Find the instantaneous rate of change of y with respect to x 
at the instant when x = xj. 


GP ecu eu sieur flag =й шке SS 
4 

UE LU LEE EUIS 
X 


In Problems 5 to 8. a particle is moving along a straight line accord- 
ing to the equation given, where s is the distance in meters of the 
particle from its starting point at the end of г seconds. Find (a) the 
average speed As/Ar of the particle during the interval of time from 
t = tj tof = f» and (b) the instantaneous speed of the particle when 
= 


л 


8 =F, ih = 2, ые ® 6 6 P. geli 


t 


e =з pet Bice 


In Problems 9 to 18, find the slope m of the tangent line to the graph 
of each function at the indicated point, sketch the graph, and show 
the tangent line at that point. 


9 f(x) = 2x — x? at (1, 1) 10 f(x) = (x — 2Y at (—2, 16) 
П f(x) = xà — 4x at (3, —3) 
12 f(x) = x? at (71, —1) 


13 f(x) = 3 2x — xà at (0, 3) 


16 f(x) = Vx За (7, 2) 
17 f(x) = Vx + 1 at (3, 2) 
18 f(x) = V9 — Ax at (—4, 5) 


19 An object falls from rest according to the equation s = 162, 
where s is the number of feet through which it falls during the 
first t seconds after being released. Find (a) the average speed 
during the first 5 seconds of fall and (b) the instantaneous speed 
at the end of this 5-second interval. 


22 


ә 
ы 


24 


26 


27 


A projectile is fired vertically upward and is s feet above the 
ground z seconds after being fired, where s = 256r — 16r. Find 
(a) the speed of the projectile 4 seconds after being fired, (b) the 
time in seconds required for the projectile to reach its maximum 
height (at which point its speed 1s 0 feet per second), and (c) the 
maximum height to which the projectile ascends. 


An equilateral triangle made of sheet metal is expanding because 
it is being heated. Its area A is given by A = (V 3/4)? square 
centimeters, where x is the length of one side in centimeters. 
Find the instantaneous rate of change of A with respect to x at the 
instant when x = 10 centimeters. 


A spherical balloon of radius А meters has volume V = атк? 
cubic meters. Find the instantaneous rate of change of V with 
respect to R at the moment when А = 5 meters. 


The pressure P of a gas depends on its volume V according to 
Boyle’s law, P = C/V, where C is a constant. Suppose that 
C = 2000, that P is measured in pounds per square inch, and 
that V is measured in cubic inches. Find (a) the average rate of 
change of P with respect to V as V increases from 100 to 125 
cubic inches and (b) the instantaneous rate of change of P with 
respect to V at the instant when V = 100 cubic inches. 


Ecologists studying acid rain determine that the concentration C 
of sulfur dioxide in parts per million at a distance x kilometers 
from a coal-burning power plant is given by C = 800/x°. Find 
the instantaneous rate of change of sulfur dioxide concentration 
in parts per million per kilometer at х = 10 kilometers. 


In respiratory physiology it has been found that a person's respi- 
ration rate К in breaths per minute 15 related to the partial pres- 
sure P in newtons per square meter of carbon dioxide in the 
lungs by an equation of the form R = AP — B, where A and B 
are constants depending on the particular individual involved. If 
A — 0.0044 and B — 10.4 for a certain person, what is the in- 
stantaneous rate of change of R with respect to P when P = 
8000 newtons per square meter? 


Respiratory physiologists sometimes use the simplified mathe- 
matical model p — a — b sin ct for the air pressure p (in new- 
tons per square meter) in the lungs of a person t seconds after 
inspiration begins. Here a denotes ambient atmospheric pres- 
sure, 1.013 x 10? newtons per square meter at sea level, and 5 
and c are constants depending on the particular individual in- 
volved. 1f b = 100 and c = 1.26, find the instantaneous rate 
of change of p with respect to time г at the instant when ; = 0 
(the beginning of inspiration). [Hint: Use the fact that 
lim (sin x)/x = 1.] 


The current / in amperes in a certain electric circuit is given by 
the formula / = 100/R., where R is the resistance in ohms. Find 
the instantaneous rate of change of / with respect to К when 
R = 10 ohms. 
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2.2 


DEFINITION 1 


The Derivative of a Function 


In Section 2.1 we found that if x and y are two variables related by an equation 
y = fix), then the instantaneous rate of change of y with respect to x when x has the 
value x, is given by 

im S e oo 

Ar>o Ay Sro Ax 
We also found that the slope m of the tangent line to the graph of f at the point 
(x, fi) is given by the same limit т = Jim, (Ay/Ax). Therefore, the problem of 


finding the rate of change of one variable with respect to another and the problem of 
finding the slope of the tangent line to a graph are both solved by calculating the 
same limit. 

Limits of the form Jim, Av/Ax arise so often in calculus that it is useful to 
introduce some special notation and terminology for them. If y = f(x), then a quo- 
tient of the form 

Ay AANE н) 

Ax Ax 
is called a difference quotient. The limit of such a difference quotient as Ax 
approaches 0 defines a new function f', read *‘f prime," by the equation 


а FG e A) ih 
Е лл 0 Ax 


Since the function f' is derived from the original function f, it is called the derivative 
of f. Thus, we have the following definition. 


The Derivative 


Given a function f, the function f' defined by 


[улг А9) = ARP _ } Ay 


| (OS 


Aa 0 Ах Av—0 Ax 


is called the derivative of f. 


In the definition it is understood that the domain of the derivative function f" is the 
set of all nunbers x in the domain of f for which the limit of the difference quotient 
exists. In calculating this limit, you must be careful to treat x as a constant while 
letting Ax approach zero. 


In Examples 1 and 2, find f'(x) for the given function by direct use of Definition 1. 


EXAMPLE t f(x) = 


х + Ax) — fi xt Ау) 
ХВ лано II 


кш Ах 
йш, [3х? + 3x Ах + (Axy] = 3C 
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EXAMPLE 2 f(x) = Vx 


SOLUTION For x > 0, we have 
f(x + Ax) — f(x) зу ЕД NE 
oS = рр ы —. 


NS | 
i (0 E. 0 Ах Ax—0 Ax 
| (Wx + Ax — Vx) Vx + Ах + Vx) И (x + Ах) = x 
= lim Ер рр) ee — E 
Ax>0 Ax(Vx + Ax V3) Ax—0 Ax(V/x + Ax + Vx) 
li Ax i 1 
= IN e Ssn = ОИ —— n 
Ax>0 Ax(Vx+ Ах + Vx) A50 Vx c Ax Vx 
1 1 


RI cU ТЕУ 


The Derivative Notations 


The derivative was invented independently by Isaac Newton and Gottfried Leibniz 

in the seventeenth century. Newton used the notation å to denote the time rate of 

change Jim, (As/At) of a variable quantity s, where s = f(t). Thus, Newton wrote $ 
тз 


for what we write as f’(t), the value of the derivative f" at the time t. Newton's 
notation 1s still used in many physics textbooks. 

Leibniz, on the other hand, realizing that the numerical value of a derivative is 
the limit of Ay/Ax, wrote this limit as dy/dx; that is, 


dy я Ay 7 


dx моо Ax 


Henceforth, we make extensive use of the Leibniz notation; however, until the 
**differentials"" dy and dx are given separate meanings (in Section 4.1), we do not 
regard dy/dx as a fraction, only as a convenient symbol for the value of a derivative. 

In the eighteenth century, the French mathematician Joseph Louis Lagrange 
(1736—1813) introduced the notation f" for the derivative of the function f. Lagrange 
is perhaps best known for his book Mécanique analytique, which not only summa- 
rized all previous work in mechanics since the time of Newton, but also contained 
many of Lagrange's own highly original and important contributions to the field. 
The Lagrange notation f" is the preferred notation for the derivative whenever preci- 
sion and absolute clarity are demanded. Indeed, using this notation, you can easily 
distinguish between the derivative f” (which is a function) and the numerical value 
f' (X) of the derivative function at the number x. 

The operation of finding the derivative f' of a function f or of finding the value 
f' (x) is called differentiation. Thus, the incomplete symbol 


E 
dx 


Joseph Louis Lagrange 


can be regarded as an instruction to differentiate whatever follows. For instance, the 
result of Example 1 can be written in the Leibniz notation as 
d 


А 
—r=3r 


dx 
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Popular alternative notation for the symbol d/dx is the simpler symbol D, (or 
sometimes just D if the independent variable is understood), whieh is called the 
differentiation operator. Thus, if y — x^, then 


Dy = Dye = Зх? 


In Example 2, we showed that if f(x) = Vx, then f’(x) = 1/(2 Vx). This useful 
result can be rewritten in Leibniz and operator notation as follows: 


Preference for one notation over another is often just a matter of taste and conven- 
тепсе. In the remainder of this book, we use whichever symbolism seems appropri- 
ate to the problem at hand. Also, as the following example shows, we can use 
symbols other than y and x to denote the dependent and independent variables. 


EXAMPLE 3 А body dropped from rest will fall 5 meters in г seconds according 
to the equation s = 4.9. Find the speed ds/dt of the falling body at the end of 
t seconds. 
SOLUTION 
ds . As 
lim == 
dt aro At 
4.90: + At)? — 4.9° 
eo At 
4.9[P + 2t Ar + (Ary*] - 4.9 
Aro At 
2 9.81 M + 4.9(Аг)” 
м—о At 
lim (9.81 + 4.9 Ar) 
ES 


И 
= 
—_ 


li 


li 


9.8t 


Up to this point, we have taken саге to distinguish between the derivative f" of a 
function f and the value f'(x) of this derivative function at the number x. In practice, 
however, it is customary to use the word "'derivative"' to refer to both the derived 
function f’ and the value f'(x) of this function at x. 

In summary, if 


y=f@) 


then the instantaneous rate of change of y with respect to x, or, what is the same 
thing, the s/ope of the tangent line to the graph of f at the point (x, y). is given by 


dy fa tAn- S Av 


— = Dw = D fx) = f'x) = lim eh), = 
dx T Ji f Aren AX A0 Ay 


Figure 1 


Figure 2 
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Differentiability and Continuity 
Consider the function f defined by the equation 


m-L^ Wi aee 5%) 

EU Fires 

(See Figure 1.) Since lim f(x) = —1 = f(3), it follows that f is continuous at the 
number 3. However, if we form the difference quotient 


JO аг ave) = HG _ iS AP ava) ae ol] 
Ax Ax 


and calculate its limits as Ax approaches zero both from the right and from the left,* 
we obtain 


ч fG + Ax) — f(3) 1 [4(3 + Ax) — 13] + 1 : 4 Ax 
lim, ———— —— —- — lim — ————————— = im =4 
Ax—0* Ax Ax—0* Ax Ax—0* Ax 
whereas 
i JACI Ax) — AG) = [5 —2(3Е ЖА Ү УКН Bc =) fV m 
NIE Ax L Ax—07 Ax Е Ax-—0- Ax a | 


Since the right and left limits of the difference quotient are not equal, the limit of the 
difference quotient cannot exist; that is, the derivative f’(3) cannot exist. The non- 
existence of the derivative of f at 3 might have been anticipated from the graph in 
Figure 1, since this graph has no tangent line at (3, —1). 

In general, we define the derivative from the right of a function f by 


Jte e fare) = Je) 


Similarly, the derivative from the left of f is defined by 


fix + Ax) = Дх) 
3 Ax 


EE e 


Thus, for the function graphed in Figure 1, f'}(3) = 4 and /' (3) = —2; hence, 
f' (3) cannot exist. More generally, the derivative f'(x) exists and has the value A if 
and only if both of the one-sided derivatives f',(x) and f'-(x) exist and have the 
common value A. 


EXAMPLE 4 Let the function f be defined by 


5 


"m le ifx< 1 
DUREE" ЕЁ 


(Figure 2). Find the one-sided derivatives f’,(1) and f" (1), and determine f'(1), if 
it exists. 


*Note that the definition of f(3 + Ax) depends on whether Ax is positive or negative. 
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SOLUTION Here, 


; _ ы Жїз Л = 
Peu 3m ao E 


x0" Ax 
I Ой 2) = IE Ws. i 2Ar_, 
mE Ax Б 50 Ae - 
Also, 
, — f + Ax) = f(1) 
00 Е «ЛШ. Ах 
7 (1 + Ax – 1 - 
mum Ax Aus [oe ey 


Since f', (1) = f'-(1) = 2, we conclude that f'(1) exists and equals 2. This example 
shows that a function defined “‘piecewise’’ сап have a derivative at the boundary 
number between the ‘‘pieces.”’ | 


DEFINITION 2 Differentiable Function 


A function f is said to be differentiable at the number x if f is defined at least on 


some open interval containing x and f'(x) exists. 


Evidently, fis differentiable at x if and only if both of the one-sided derivatives 
Г.б) and f". (x) exist and are equal. A function f is said to be differentiable on the 
open interval (a, b) if it is differentiable at each number in this interval. If a 
function is differentiable at each number in its domain, it is called a differentiable 
function. 

Geometrically, to say that a function fis differentiable at a number x is to say that 
the graph of f has a tangent line with slope f'(x) at the point (x, f(x)). Obviously, if 
a graph has a tangent line at a point, it cannot have a discontinuity at that point. 
Theorem | confirms this analytically. 


THEOREM 1 Continuity of a Differentiable Function 


If a function f is differentiable at the number x, then it is continuous at x. 


PROOF Assume that fis differentiable at the number x. By Property 14 on page 64, f will be 
continuous at x if Jim, f(x + Ax) = f(x). Since the limit of a product is the product 


of the limits, we have 


| f(x + Ax) — fo) as] 


NUN Lf@ + Ax) — fQd] lim 


Ax 
= | lim ЗОВОО ша Ча Л | ( lim ax) 
Ax—0 Ax Ax—Ü0 
= ['(х):0 = 0 


Therefore, since the limit of a sum is the sum of the limits, we have 
Jim. fat Ах) = Jim, [f(x + Ax) — fa) + fG)] 


= im, Lf + Ax) — f(x)] + Jim, f(x) = 0 + fa) = f(x) L| 


Figure 3 
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Although, as Theorem 1 shows, a differentiable function is automatically contin- 
uous, there are continuous functions that are not differentiable. The simplest exam- 
ple is the function f defined by f(x) = |x| (Figure 3). Note that f is continuous at the 
number 0, but it is not differentiable at 0 since f',(0) = 1 and f (0) = —1 
similar example is provided by the function graphed in Figure 1. 


‚ А 


Approximating Derivatives with a Calculator 


A calculator or computer may be used to find the approximate value of a derivative 


by using the fact that 


fe teeing 


fuo ANS 


holds for smal! values of Ax. Up to a point, the approximation becomes more and 
more accurate as Ax is chosen to be smaller and smaller. However, if Ax is chosen 
to be too small, the calculator may not be able to resolve the difference between 
f(x + Ax) and f(x), and the result of the calculation is useless. For most practical 
purposes, the value Ax — x/10* will provide a good approximation. 


С EXAMPLE 5 


Use a calculator to find the approximate value of f'(7/3) if f(x) = 


sin x. Use Ax = (7/3)/10*. 


SOLUTION 


With the calculator in radian mode, we find that 


) J sin [(7/3) + Ax] — sin (7/3) 


TE 


= 0.499956 
Ax 


[The exact value of f'(7/3) happens to be 0.5.] 


Problem Set 2.2 


In Problems 1 to 10, find f'(x) by direct use of Definition 1. 


1 f(x) = 4x +7 2 f(x) = 13 — 7х 
3 fa) = 4 fo) =3 + Vx 
5 f(x) = xà + 4x 6 х) 2280 – 1 
7 0) = 205 — 4x 8 Дх) = = + x 
9 fix) = 4 10 fx) = Рег (8 

x 43 


In Problems 11 to 16. find the required derivative by direct use of 
Definition 1. 


3 ds t 


ll s= St 
: f=” ak gae fl 


.D,s-? 


ТОБЕ ОБ 14 E (МІ — 902) =? 


у= „Бу 5 0 16 h(t) = 


] 
== dg. 
aee Й wf se Jl (a. 


In Problems 17 to 20, find f’(x,) for the given value of x, by direct 
calculation of 


lim f(x, + Av) — f(x) 
Ax—0 Ax 


п Ее 18 f(x) = sin x; xy = 0 


(Use Theorem 2. page 66.) 


19 f(x) = 7x, =3 20 f(x) = cos x; ху = 0 


gie | 

(Use Theorem 3, page 67.) 
In Problems 21 to 23, find the value of the derivative for each func- 
tion at the number indicated. 


2 gr EDIT) = 


ашы l 


22 Овагт=31їз=М/ 2л +3 
5 


eae || 


dy 
ncs ax-2ify- 
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24 Find D,P if P = PR and R is a constant. 


25 Rewrite your answers to odd-numbered Problems | to 15 in both 
Leibniz and operator notation. 


26 Given that s = f(1), write the value of the derivative f'U) in as 
many different ways às you can. 


In Problems 27 and 28, find the indicated derivative. 
27 D,s if s = 161° + 307 + 10 


28 cu if u = 167 + 30v + 10 
dv 


In Problems 29 to 36, (a) sketch the graph of f, (b) determine 
whether f is continuous at the number x;, and (c) determine whether 
f is differentiable at x, by finding f^. (ху) and f" (xi). 


29 Wü eue = Wey = 2 


) |х+2| их=-2 
34 f(x = | оу -2 
ELS et ү; eae 
(х= 1)" ifx>0 
5 f(x) 2 3, 9 3 x, =0 
35 fis) c -- M Um 


36 f(x) = 1 — |x 735; = 3 


37 (a) Explain, in your own words, why it is geometrically reason- 
able that a differentiable function must be continuous. (b) 15 it 
geometrically reasonable to believe that every continuous func- 
tion is differentiable? Why or why not? 

38 Suppose that 


es (ч іх < -l1 
i ax + b if x z [| 


Find values of the constants a and b so that f'(— 1) exists. 


In Problems 39 and 40, sketch the graph of the function and indicate 
where the function is not differentiable. 
39 f(x) = |3x — 1| 40 fix) = |? — 1| 


In Problems 41 to 44, use a calculator to find the approximate value 
of the indicated derivative. 


41 f' (7/3) for f(x) = cos x 
43 f'(10) for Дх) = Vx — 1 


42 f'(7/4) for f(x) = tan x 
44 f'(7/6) for f(x) = Vsin x 


23 


Basic Algebraic Rules for Differentiation 


In Section 2.2 we differentiated functions by direct use of the definition of the 
derivative as a limit of a difference quotient. Direct calculation of derivatives in this 
way can be tedious, even for the relatively simple functions considered up to now. 
Relief from this tedium is forthcoming—there are general rules for differentiation 
which permit straightforward calculation of derivatives. In this section, we present 
rules for differentiating sums, products, powers, quotients, and square roots. At 
first, we simply state these rules informally and illustrate their applications in exam- 
ples. Later in the section, we state them precisely and give rigorous proofs. 


RULE t Constant Rule 


The derivative of a constant function is the zero function. In symbols, if c is a 


constant, then 


de 


dx 
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In using the constant rule, it is often convenient to deliberately confuse a constant 
number such as 7 and the constant function f which it determines according to the 
equation f(x) = 7. Thus, we often write '*D,(7) = 0" or ‘‘d7/dx = 0° instead of 
writing `f” is the function defined by the equation f'(x) = 0."' Since you can differ- 
entiate only functions —never numbers—an expression of the form D,(7) = 0 could 
only be interpreted sensibly as above. 


EXAMPLE 1 Let f be the constant function defined by the equation f(x) = 5 + 7. 
Find f’. 


SOLUTION By the constant rule, f’ is the constant function defined by the equa- 
tion f'(x) = 0. ы 


EXAMPLE 2 Find D,(5 + V3). 


SOLUTION Ву the constant rule, 205 + V3) = 0. = 


RULE 2 Identity Rule 


The derivative of the identity function is the constant function 1. In symbols, 


dx 
Da = 1 or — = 
dx 


EXAMPLE 3 If f is the function defined by f(x) = x, find f". 


SOLUTION Ву the identity rule, f" is the constant function defined by f'(x) = 1. m 


RULE 3 Power Rule 
The derivative of a positive integer power of x is the exponent of x times x raised 
to the next lower power. In symbols, if н is a fixed positive integer, then 


nol ПИ ni 


or — y ny 
dx 


D,x" = nx 


EXAMPLE 4 Differentiate the function f(x) = x’. 


SOLUTION Ву the power rule, f’(x) = 7x77! = 7x°. ш 
di 
EXAMPLE 5 lf u = t", find m 
By th Ще т и 
SOLUTION e power rule, — = —r = ]3г!?. 
SOLUTION y the p mE 


RULE 4 Homogeneous Rule 


The derivative of a constant times a function is the constant times the derivative 
of the function. In symbols, if c is a constant and и is a differentiable function of 
x, then 


du 


Dcu) = cDyu EC = eS 
dx dx 


100 


CHAPTER 2 THE DERIVATIVE 


RULE 5 


EXAMPLE 6 Differentiate the function f(x) = Sx*. 


SOLUTION Using both the homogeneous rule and the power rule, we have 


ПСЕ DIS = 5D 56415) = Эй 


2x 
EXAMPLE 7 Find p,(=). 


SOLUTtON Ву the homogeneous and power rules, 


2j £o M 2 2 14 14° 
DIES = D; E pue quc = 
ANS 1c ac <a 3 


З з Ме! 4 
EXAMPLE 8 If ¢ is a constant and a is a positive integer, find put 
— ——— dx 


d d ME E 
SOLUTION (EX) Se Sa Ex qt к= ee 
dx dx 


One important consequence of the homogeneous rule is that 
D,(—u) = —Dyu 


This follows from putting c = —1 in Rule 4. 

Many functions encountered in practice are (or can be rewritten as) sums of 
simpler functions. For instance, the polynomial function f(x) = 2x? + 5x — I is a 
sum of 2x7, 5x, and —1. Thus, one of the most useful differentiation rules is the 
following. 


Sum Rule, or Addition Rule 


The derivative of a sum is the sum of the derivatives. In symbols, if u and v are 
differentiable functions of x, then 


du dv 


d 
D. + ү) = D. = D,v = + vy) = — + 
u t м) и EY x (и + v) a a. 


EXAMPLE 9 Find D,(3x° + 11x?). 
SOLUTION We have 
Daan? ле у =") Gx DIS) (sum rule) 


= 3D, + ID (homogeneous rule) 
= 3(5x*) + 11(8х7) (power rule) 
= 15x74 + 88x’ 


If и, v, and w are three differentiable functions of x, then. by the sum rule, 
Dy( + v + зу) = Ddu + (v + w)] 
= Du t D,(v + м) 
= Du t Dw + Dw 


More generally, the derivative of the sum of three or more differentiable functions 
is the sum of their derivatives. This rule is also called the sum rule. 


RULE 6 
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Using the sum, homogeneous, power, identity, and constant rules, you can dif- 
ferentiate any polynomial function term by term. This is illustrated by the following 
examples. 


EXAMPLE 10 Given f(x) = 3x!? — 24? + 7x? — x — 2, find f'(x). 
SOLUTION 


Ро) = D,Gx! = 248 + 702 — x — 2) 
= D,Gx9) + D,(-249) + р,(7х2) + Р„(—х) + р,(-2) 
= 30059 — 72x? + 14x 1 


„аду. ut 
EXAMPLE 11 Find вії у = Миё – WU Si! +и + ar. 
н 


ау 1 3 
SOLUTION = Sve = qe) + 15и2 +1+0 
H 


Foam т КЫ M 


The rule for differentiating the product of two functions is more complicated than 
the rule for differentiating their sum. Early in the development of calculus, Leibniz 
found that, in general, the derivative of a product is not the product of the deriva- 
tives. He did manage to find the correct rule, which is the following. 


Product Rule, or Multiplication Rule 


The derivative of the product of two functions is the first function times the 
derivative of the second function plus the derivative of the first function times the 
second function. In symbols. if м and v are differentiable functions of x, then 


Y du 


d d 
D, d = D, $ ui р, А FE ; = E: | 
xtv) = (Dv) + (Diui or ES jo sii qu 


EXAMPLE 12 Find D,[(3x? + D(7x?  x)] by using the multiplication rule. 
SOLUTION 


D,[(x? + 0x3 + х)] = (3х2 + DID,OX? + х)] + [0,032 + DO + x) 
(3х2 + D? + 1) + (6х)(7х° + x) 

= (63х* + 24x? + 1) + (42x47 + 6x?) 

105x* + 30x? + 1 


li 


EXAMPLE 13 Suppose that f and g are differentiable functions at the number 2 and 
that f(2) = 1, g(2) = 10, f'(2) = 3, and g'(2) = 3. If h = f- g, find A'(2). 


SOLUTION By the multiplication rule, 

A' (x) = f@) ee EI gx) 
so that 

А Оу) ЕР В) 202) 
or 


h'(2) = (1)(3) + 3900) = 8 
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RULE 7 Reciprocal Rule 


The derivative of the reciprocal of a function is the negative of the derivative of 
the function divided by the square of the function. In symbols, if v is a differen- 
tiable function of x, then 


ed БЕ ' d л. dv/ dx 
т ; 


> 
к^ 


EXAMPLE 14 Find А | 


X 


SOLUTION By the reciprocal rule, 


RULE 8 Quotient Rule 


The derivative of a quotient of two functions is the denominator times the deriva- 
tive of the numerator minus the numerator times the derivative of the denomina- 
tor, all divided by the square of the denominator. In symbols. if 4 and v are 
differentiable functions of x. then 


du 


и н UD 
py% ) сила 
\ 


W^ 


ES | 
x x74 


SOLUTION By the quotient rule, 


EXAMPLE 15 Find "i 


ә 


e (x? + 7)D,x? — DG + 7) 
D3 3 = 3 2 
ie ч (Ge че ЙЕ 
(x? + 7)(2x) — x7(3x7) 
(х5 + 7)? 
14х — x* 


т (x^ + 7)? 


EXAMPLE 16 Suppose that f and g are differentiable functions at the number 3 and 
that /(3) = —2, g(3) = —5. f'(3) = 3. and g'(3) = 1. If h = f/g, find the slope of — - 
the tangent line to the graph of л at the point (3, $). 


SOLUTION By the quotient rule, 


h'(x) = B 
is Leo 


a 


so the required slope is given by 


OO -SORO _ (—5у3)—(—2001) 13 | 


h'(3) = 3 2 
[g(3)]7 (=S) 25 
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Since a rational function is a quotient of polynomial functions and you can now 
differentiate any polynomial function, you can use the quotient rule to differentiate 
any rational function. Example 15 above illustrates the technique. 

In Example 2 in Section 2.2 (page 93), we obtained the following result. 


RULE 9 Square-Root Rule 


The derivative of the square root of x is the reciprocal of twice the square root of 
X. In symbols, 


И ] 
EXAMPLE 17 Find D,——. 


Vx 
SOLUTION By the reciprocal and square-root rules, 
f= 2) а — 
pel. NOB. ollie, NI]. п 
Ve (Vx)? x 2хУх 


It’s interesting to note that because 


1 
2N/x 


мх = 012 and Lami = 


the square-root rule is just an extension of the power rule (Rule 3) to the case n = 4. 
The power rule can also be generalized to arbitrary integer powers as follows. 


RULE 10 Power Rule for Integer Exponents 


If n is any integer, then 


Da” = пх? 1 


For n = 1, this formula gives dx/dx = 1+ x° = 1. in conformity with the identity 
rule, except when x = 0, since 0? is undefined. It is traditional to overlook this 
slight difficulty and simply interpret 0° to be 1 for purposes of this rule only. Rule 
10 permits you to use the same formula as in Rule 3, even when n is a negative 
integer or zero. 


EXAMPLE 18 Given f(x) = —2/x°. find f'(x). 
SOLUTION Using the homogeneous rule and the power rule for integer expo- 
nents, we have 


=e 


Го) = р, = == ООО (=з = с а 


1 d V5 m 
EXAMPLE 19 Bud ae A аР = | 3 
— X 
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THEOREM I 


PROOF 


THEOREM 2 


PROOF 


THEOREM 3 


PROOF 


5 


V5 КЕ E 
5 =| = (QUEE №5572 — qx 5) 
á x 


de 


= 2x — 2V5x73 + 5тх © 


d 9: 
SOLUTION me s we 


dx D a 


Later we show that the power rule О," = nx"! actually works for any constant 
real number л. 


Proofs of the Basic Differentiation Rules 


We now give precise statements and rigorous proofs of the basic differentiation 
rules. It is convenient to prove the theorems in an order other than that in which the 
rules were stated. 


Constaut Rule 


If c is a constant and f is the constant function defined by f(x) = c. then f is 


differentiable at every number x and f’ is the function defined by f'(x) = 0. 


х + Ах) — Дх = 
TANTAD tim C m _. 
Ax Ax—0 Ax Ax—0 


OVS d m 


Identity Rute 


If f is the function defined by f(x) = х, then fis differentiable at every number x 


and f' is the constant function defined by f'(x) = 1. 


Йе ат NO) = JG) а ase Ae = se 
ПЕ a -- i —————— 


Я К 
x)= lim 
i ( ) Ax! Ax Ax—0 Ax Ax—0 


Sum Rule 


Let f and g be functions both of which are differentiable at the number ху, and let 
h = f + g. Then A is also differentiable at ху and 


h'(xy) = Ре) + g'G 


ху + Ax) — AC 
й'(ху) = lim. о шы a Ja) 


Ax 

= фи ЕЛУ ae Sa + бш 
3:0 Ах 

= f(x, + Ax) — к) + g@1 + Ax gha) 
Ax—0 Ax 

E pu ae OY = ks) g(x, + Ax) — g(x) | 

= lim |L——————————— +4 ———————— 
Ax—0 Ax Ax 

= foi + Ax) = fe) "Ou me Rmi 

= hq а 4e Jg === — 
Ax—0 Ax Ax—Ü0 Ax 


HAG) + 1B s 


THEOREM 4 


PROOF 


THEOREM 5 


PROOF 
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Product Rule 


Let fand g be functions both of which are differentiable at the number ху, and let 
А = f+ g. Then Л is also differentiable at X, and 


А'(х\) = fi) +g") +F) ga) 


h(x, + Ax) — h(x) 

TS ie =< 

m J| + Ах) gy + Ax) — fou) gin) 
Je + Ах) g( + Ax) — fo) Qi) 


= lim 
Ax—Ü0 Ax 


А'(ху) = Jim. 


We now use a curious but effective algebraic  trick—the expression 
fO + Ax) * 205) is subtracted from the numerator and then added back again 
(which, of course, leaves the value of the numerator unchanged). The result is 


А) = Jim, fé + Ax): g(x, + Ax) = (х, +) das + f(x + Ах) р(х) = fi) gi) 


а Т. B(x) + Ах) — ga) fly + Ax) — Да) 
= m, |^ UN шш ge a cce дсн, a C 


ga | 


= En Ser + àv] d [ jim. Ах 


fe + Ed = fey) | | 


als; ж 
| im, AE) 


[mtn 30] eo ffe КҮТ | 


Since f is differentiable at Ху. itis continuous at xj (Theorem 1, Section 2.2); hence. 
Jim, JA) ъс) f&a) 
Also, since g(x;) is a constant. 
im, (3) = (х) 


It follows that 
h'(x) = ау) En) E (Ey) > g(x) 


Homogeneous Rule 


Let g be a function that is differentiable at the number ху, and let c be a constant. 
Let the function л be defined by h(x) = cg(x). Then A is differentiable at x, and 


й'(х\) = cg'(x,) 


Let f be the constant function defined by f(x) = c. By Theorem 1, f'(x) = 0. Evi- 
dently, 


ha) = cg(x) = f(x): g(x) 
Therefore, by Theorem 4, 
Ор) = fon): g E)  f'G gu) = с8'(х\) + 0+ е(ху) = cg'(n) 
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THEOREM 6 Power Rule 


Let n be an integer greater than 1, and let f be the function defined by f(x) = x^. 
Then f is differentiable at every number x, and f’ is the function defined by 


ГО) пх 


PROOF The proof proceeds by mathematical induction,* starting with n = 2. For n = 2 we 
have, by the product and identity rules, 


fi) = Dye = D,iU-x) = (0,0) + (Dx 
= yb ya De et 
Hence, the theorem holds when n = 2. Now, if we assume that is greater than 2 
and that the theorem holds tor exponents less than n, Theorems 4 and 2 imply that 
Ji Gave Dk? = (DO Logg) = ay UD e 
ТЕ) S stra + (п — роо 


ny" jl 


THEOREM 7 Reciprocal Rule 


Let g be a function that is differentiable at ху. and suppose that g(x,) = 0. Let A 
be the function defined by A(x) = 1/g(x). Then A is differentiable at x, and 


8 КЕЯ ) 
[gy ур 


h'(x) = — 


PROOF Since g is differentiable аху. it is defined in some open interval about x, and it is 
continuous at ху. Therefore, for values of x close to ху, the numerical values of g(x) 
come close to а(х). Since g(v,) # 0. the numerical values g(x) must differ from 
zero for values of x sufficiently close to ху. This shows that A(x) = 1/g(x) is defined 
at least in a small open interval around ху. We have 


1 1 
| ғ ls а) em e E a(t) +Ж\\) giu) 
Uv) LD ee соот 
TATUS АШ | gu) _ gutay | 
Axo Ax і g(xi): gQr + M) (х1): go t Ах) 


Axo LAr (х) gQ + Ах) 


Р | a(x, + Ax) = g(x) | | 
= lim (—1)|2————————— ——————— 
Axr—0 Ах а(х) go + Ax) 
= | онеш Ш. || lim —— —— | 
A0 Ax aro g(x). g(x, + Ax) 


1 


= (1) а а о КТК 
ы g(x) lim gG + Ax) 
Aa—0 


*See Appendix C for a review of mathematical induction. 
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Since g is continuous at x,. 
li Xi + Ax) = li X) = gt. 
Жыз ial U ES вс) shri) 
Thus. 


I g'(x) 
EC) De Nu E eg 
1 ү) )g 1 gu) 263) [g))0]* 


THEOREM 8 Quotient Rule 


Let f and g be functions both of which are differentiable at the number ху, and 
suppose that g(xi) = 0. Then. if Л = f/g. it follows that Л is differentiable at x, 
and 


eso Co) eU (ху) 


ip s) = z 
ү, Hons 


PROOF Note that Л = f- (1/g); hence, by the product and reciprocal rules, 
-8 Qu) e E LN 
TTE gin) 
=) SECO a: gon o) 
EED [ee] 
ED - fi) з ы) 
[вк]? 


ПОЕ Gane 


THEOREM 9 Power Rule for Integer Exponents 


If the function f is defined by f(x) = x", where n is any fixed integer, then f is 
differentiable and 


fo) =n"! 
Here we understand that 


(i) If n = 0, then x can be any number except 0. 


(ii) If n = 1, we interpret 0° as being the number 1 (for purposes of this 
theorem only). 


PROOF Theorem 6 takes care of the case n = 2, while Theorem 2 takes care of the case 
R= IL Form =O), == | (except for x = 0); hence, for x = 0 and n = 0, 
JEU D.-—0-20:x-—0- 395 mia asdesiradetEinallsa sup- 
pose that л < 0 and that x # 0. Note that —n is a positive integer; hence, by what 
was already proved for positive exponents and by Theorem 7. 


1 | _ _ Dx" 


x^" (х7 л y 


го = Dax" = р, 
Е = 


—2n 


AG 


SO EA — m= 


= =N 
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Problem Set 2.3 


In Problems | to 40, differentiate each funetion by applying the 


basie rules, Rules 1 through 10. 


1 Дх) = 36 

3 A(x) = -5x! 
sea) = os 
К МА Я 
7 HB = = 7 


9 fi) х5 - 3x7 +1 


„10 .5 


X X 
11 N= та 


ОЕ = чк a a 


3 4 
15 F(x) ке ЕБ] pue 

те 3х 

5 25 
17 ДУ) = y у 


19 g(x) = 3072 – 7х7! 


20 С(х) = "na = Le 
3 2 
2 УЗ 1 
2 (у= E 
f 5x SS Vx 


23 F(x) = х(3х* — 1) 
25 G(x) = (x? + 3х)(х® — 9x) 


27 fly) = МУ(4у? + 7) 


29 f(x) = (х? — ю(2 - 1) 


] 
M g(x) = ( E 
rum 


32 giu) = G ar - (i = f 


PCIE 
33 f(x) = 
3 f(x) SEES 
х= + ү ESI 
ны зү? 
247 
37 Еа) = 3 


G9 


B 
2 g(x) = E v 
8 
4 биу=——!!! 
(= Tm 
уб 
1 = Е С 
6 Hv) = 30 


8 Gow) = V3(7 – 8w) 


10 fix) = xe - 9x4 


3 
12 F(x) = s: 


x 
4 
14 f(t) = 300 + 7t +17 


1 
zl 


AX 


16 f(t) eue 


1 3 
[SC ere ce 
4 г 


22 fix) = Vx? — x) 


24 f(x) = (x? + 12x + 5) 
26 g(x) = (3x — x23? — 4) 


28 f(t) = (67 + 7)? 


30 fix) = (+ + 3) (2 + 7) 


5 


т ee 
34 f(x) = = 


3 


t 
36 Git) = "TUN 
38 fix) = РЕА 


39 


41 


43 


44 


46 


47 


48 


49 


itae d 
40 p(x) = === 
| Vx 


ake ar || 
C m (x + 7) 
da K 


Find f'(2) in each case. 


(a) f(x) = Axe — 1 (b) fix) = (0/0) — 1 


(d) fe) = (+ + 2) (> = 1) 


7,2 


(e) Дх) = (x? + DG — x) 


x A 
(е) x)= LONE (f) f(x) Е 


Suppose that f, g, and л are differentiable functions. Let k be a 
function defined by k(x) = f(x) * g(x) * h(x). Use the product rule 
to show that 

Кх) = fx) 20) А (х) + Д) g'Go* һ(х) + (х) + а(х) AQ 
Use the result of Problem 42 to differentiate the following func- 
tions. 

(a) fx) = Qx — 5)x + 20? = 1) 

(b) f(x) = (1 — 30*2x + 5) 


] 5 
(О EF EE 1) эх = — 389) 
(d) f(x) = (2x? + 7)2 


Using the sum and the homogeneous rules, show that the deriva- 
tive of a difference is the difference of the derivatives; that is, 
D(a — v) = Du — Dyw. 


Let f and g be differentiable functions at the number 1, and let 
К) = 1, f (0) = 2, g(1) = $, and g'(1) = —3. Use the differ- 
entiation rules to find 


(а) (f 90) (6) (7 8) 01) Ce) (27 + 3g)'0) 
m a 

(e) 1) aD) WS} (QU 
ar ; 


Suppose that f. g, and л are differentiable functions at the num- 
ber 2. and let Д2) = —2, f'(2) = 3, 9(2) = —5, g'(2) = 1, 
h(2) = 2, and h'(2) = 4. Use the differentiation rules to find 


(a) (f-g-AhYQ) (b Qf—g-3hyQ) 
(d) (2) (2) 


Find the slope of the tangent line to the graph of the funetion f 
at the point whose x coordinate is 4. 


(d) (fg) 


(c) (fgh)'(2) 


(a) fx) = а? = 4x7 - 1 (Ы) Д) = 


Aye? 

Determine the rate of change of volume with respeet to the ra- 
dius (a) of a sphere and (b) of a right circular cylinder with fixed 
height A. 


Find the slope of the tangent line to the graph of f(x) = 
х/х? = 2) at the point (1, —1). 


50 For a thin lens of constant focal length p, the object distance x 


Figure 1 


and the image distance y are related by (1/x) + (1/y) = 1/p 
(Figure 1). (a) Solve for y in terms of x and p. (b) Find the rate of 
change of y with respect to x. 


image 


Criticize the following erroneous argument: We wish to compute 
the value of the derivative of f(x) = 2x^ + 3x — | at x = 2. To 
this end, we put x = 2 and we have f(2) = 2(2)? + 32) – 1 = 
13. But D,13 = 0, so f'(2) = 0. 


Show that the reciprocal rule is a special case of the quotient rule 
when the numerator is the constant function f(x) = 1. 


An object is moving along a straight line in such a way that at the 
end of г seconds its distance s in feet from the starting point is 
given by s = 8t + (2/1), with г > 0. Find the speed of the object 
at the instant when ? = 2 seconds. 


In a certain electric circuit, the electric power P (in watts) is 
related to the load resistance R (in ohms) by the equation P = 
100R(0.5 + А)? for А = 0. Find the rate of change dP/dR of 
the power P with respect to the resistance R when R = 10 ohms. 


Wildlife biologists predict that the population N of a certain en- 
dangered species after г years will be given by the equation 
N = (3t + 150X50 — г) for 0 = г; 50 years. If this prediction 
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is correct. find the rate of change dN/dt of the population 20 
years from now. (Note: Неге № really isn't а continuous varia- 
ble, but we treat it as if it were, in order to obtain an approxima- 
tion to the rate at which the population will be declining in 20 
years.) 


The cost C (in dollars) to a refinery for refining x million 
gallons of gasoline in 1 month is given by the equation 
C = 120.000 + 200,000x — 16,000x°. Find the rate of change 
dC/dx of C with respect to x when x — 4.5 million gallons. 


Environmentalists determine that if untreated sewage is dis- 
charged into a lake, it will decrease the amount A of dissolved 
oxygen in moles per cubic meter of water in such a way that 


г+ 8 ) 


А наци +65) 


where 1 is the number of days the sewage has been flowing into 
the lake. Find the rate of change dA/dt of dissolved oxygen per 
day when г = 4 days. 


Figure 1 y 


2.4 


Tangent and Normal Lines 


Suppose that the function f is differentiable at xı, so that f'(x,) is the slope of the 
tangent line to the graph of f at the point (x; , f(x1)). If v, = f(x1), an equation of this 


EXAMPLE 1 


SOLUTION 
line is 


(See Figure 1.) 


—3 


tangent line in point-slope form is 


Find an equation of the tangent line to the graph of f(x) = 4 — x^ at 
the point (1. 3). Sketch the graph. 


Here, f'(x) = —2x. so that f'(1) = —2. An equation of the tangent 


—J2 = il) or = ears) 


110 
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The normal line to the graph of f at the point (xj, уу) is defined to be the line 
through (xi, у) that is perpendicular to the tangent line at (ху, уу) (Figure 2). Since 
f'(x) ts the slope of the tangent line to the graph of f at (ху. vj) it follows from 
Theorem 3 in Section 1.3 that —1/f’(x,) is the slope of the normal line at (ху. ут). 
Consequently, an equation of the normal line in point-slope form is 


Yo WM = —— e CEU 


fy) 


Figure 2 Y 


normal line 


tangent line: 


Ур = Гу Mr хр) 


EXAMPLE 2 Find the equations of the tangent and normal lines to the graph of 
f(x) = 1/x at the point (2, 2). Illustrate graphically. 


SOLUTION Here, f'(x) = —1/x^, so that f'(4) = —1/(4)? = —4. Therefore, an 
equation of the tangent line is 


Nae = =) or y= -4x+4 
Since the tangent line at (2, 2) has slope —4, the normal line at this point has slope 


— 1/(—4) = 1. Hence, an equation of the normal line is 


р ы, 3) s 
уна |ва — or ia 
" 2 een eiie 


(See Figure 3.) 
Figure 3 


normal line: 

raul ls) 
+ 

4 8 


y= 


tangent line’ 
^y =—Чх +4 
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It is sometimes useful to be able to find the point (or points) (x1, f(x1)) on the 
graph of a differentiable function f at which the tangent line has a prescribed direc- 
tion. If the slope of a line in this direction is m, it is only necessary to solve the 
equation (ху) = m for x, in order to find the desired value (or values) of ху. This 
technique is illustrated by the following example. 


EXAMPLE 3 |f f(x) = 2x? — x, find the point on the graph of f where the tangent 
line is parallel to the line 3x — y — 4 = O, find an equation of the tangent line at this 
point, and sketch the graph. 


SOLUTION Неге, f'(x) = 4х — 1. The line 3x — y — 4 = 0 has slope 3; hence, 
the x coordinate x, of the desired point must satisfy the equation f’(x,) = 3; that is, 
4x, — I = 3. Н follows that x; = 1; hence, the desired point on the graph of f is 
given by (x, fGx)) = (1. f(D) = (1, D. An equation of the tangent line at (1, 1) is 


у= xe D or y=3 2 


(See Figure 4.) 


Figure 4 


Horizontal Tangents 
A tangent line with slope zero is called a horizontal tangent. 
EXAMPLE 4 Find all points on the graph of f(x) = 2? — 3x7 + 5 at which the 
tangent line is horizontal. 
SOLUTION Тһе slope of the tangent line at (x, f(x)) is given by 
OS 6х 
The tangent line at the point (x, f(x)) is horizontal if and only if f'(x) = 0; that is, if 
3x7 — 6x = 0 or 3x(x = 2) = 0 

The solutions of the last equation are x = 0 and x = 2. Since 

ЛО) = 0° – 30) + 5 = 5 
and JUL IDA 30)? 3-5 = | 


the graph of f has horizontal tangents at the two points (0, 5) and (2, I). 
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In Figure 5, we have sketched the graph of f(x) = х? — 3x? + 5 and drawn the 
horizontal tangents at (0, 5) and (2, 1). Notice that the point (0, 5) is at the ''crest of 
a hill,” and the point (2, 1) is at the "bottom of a valley" on this graph. Thus, the 
point (0, 5) is higher than all its immediate neighboring points on the graph, al- 
though the graph eventually climbs even higher. A point such as (0, 5) is called a 
relative maximum point of the graph of f. Similarly, a point such as (2, 1) that is 
lower than all its immediate neighboring points on the graph is called a relative 
minimum point of the graph of f (Figure 6). The following definitions apply to the 
X coordinates (abscissas) of such points. 


Figure 5 › Figure 6 e Y 
Aims J relative 

ft (Gps ulin) 5 95 maximum E 
point 


honzontal 
tangenl 


relative 
minimum 
point 


horizontal 
tangent 


DEFINITION t Relative Maximum 


A function f is said to have a relative maximum (or a local maximum) at a 
number c if there is an open interval / containing c such that f is defined on / and 
f(c) = f(x) holds for every number x in /. 


А DEFINITION 2 Relative Minimum 
Figure 7 EE x cci 


у A function f is said to have a relative minimum (ог a local minimum) at a 


number c if there is an open interval / containing c such that f is defined on / and 


LO, angent: ‘y=0 ry . 
порта lg f(c) = f(x) holds for every number x in /. 


If a function f has either a relative maximum or a relative minimum at a number c, 
we say that f has a relative extremum at c. It is geometrically clear that if a function 
f has a relative extremum at a number c and if the graph of f has a nonvertical 
tangent line at (c, f(c)), then this tangent line must be horizontal; that is, f'(c) = 0 
(Figure 7). This important result is proved in the following theorem. 


THEOREM 1 Necessary Condition for Relative Extrema 


If the function f has a relative extremum at the number c and if fis differentiable 


at c, then f'(c) = 0. 


PROOF We consider the case in which f has a relative maximum at c. The case of a relative 
minimum can be handled similarly (Problem 36). Because f is differentiable at c, 


ee m el 
fio а, Ax 


Problem Set 2.4 


In Problems 1 to 14, find the equations of the tangent and normal П нх) = 
lines to the graph of the function at the indicated point. Illustrate 


graphically in Problems | to 5. 


І f(x) = 202 - 7 at (2, 1) 

2 F(x) = 5 + 2x 22 at (0, 5) 
3 g(x) =x? xc 1 а1(1, 3) 
4 GG) = (x — 0 at (1, 0) 


S ie at (3, 1) 


áe— Jl 


7 p(x) = х — 802 + 9x + 20 at (4, —8) 


GAGs) = sear = at (4. 5) 


9 а(х) = 4x4 – A) — 25€ + x + 6 at (3, 0) 


1 
10 О(х) = puro at (0, 1) 
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Using Property 14 on page 64, we can rewrite this limit in the alternative form 


Pos ж 
хәс KS Te: 

We must prove f'(c) = 0. If we prove that f’(c) can be neither positive nor negative, 
then it must be zero, and our argument will be complete. We prove that f'(c) is not 
negative by showing that if it were, then, contrary to hypothesis, f could not have a 
relative maximum at c. [That f'(c) is not positive can be shown similarly.] Thus, 
suppose f'(c) is negative. Since we can make [f(x) — f(c)]/(x — c) as close as we 
please to the negative number f '(c) by taking x sufficiently close to c (but not equal 
to c), there is a small open interval / containing c such that [f(x) — f(c)]/(x — c) is 
negative if x is different from c and belongs to /. 

If x belongs to J and x < c, then x — c < 0 and 


ds fte) E 
Б ae e 


But, if a fraction and its denominator are both negative, then the numerator must be 
positive; hence, 


if x belongs to / and x < c then f(x) > fle) 


The last statement contradicts the hypothesis that f has a relative maximum at c, 
since it says that the function values f(x) are larger than f(c) for values of x slightly 
to the left of c. This is the promised contradiction, and the proof is complete. 


We study relative extrema in more detail in Sections 3.2 and 3.3. As you can see, 
horizontal tangents will have an important role to play in this connection. 


fear || 


К (ays) 
жые! ө) 

fl sp x ae or 
12 R(x) = at (A, 1) 
3 50) = a) 


14 S(x) = ax? + bx + c at (0, c) 


15 Find the point where the tangent line to the graph of f(x) = 2Vx 


6 H(x) = x Vx at (9, 27) at (1, 2) crosses (a) the x axis and (b) the y axis. 


16 Find the point where the normal line to the graph of f(x) = 2/x at 
(1, 2) crosses (a) the x axis and (b) the y axis. 


17 At what point on the curve y = x? + 8 is the slope of the tangent 
line 16? Write an equation for this tangent line. 


18 Suppose that the function f is differentiable at a and that 
f (a) 5 0. Show that the tangent line to the graph of f at the 
point (a, f(a)) intersects the x axis at the point with x coordinate 


a — [f(aV/f (a)]. 
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In Problems 19 to 24, find a point on the graph of the given function 
where the tangent or normal line satisfies the indicated condition, 
and then write an equation for this line. 


19 The tangent line to f(x) = x — x^ is parallel to the line 
хт »—2=0. 

20 The tangent line to Дх) = 2x? — x? is parallel to the line 
át-y*3-20. 

21 The normal line to f(x) = SEC parallel to the line 
40 +у-4 = 0). 

22 The normal line to f(x) = x — (1/x) is parallel to the line 
тыге сз = 


23 The tangent line to f(x) = 5 + x? intersects the x axis at the point 
(2-10): 


24 The normal line to f(x) = 3x7 + 2x + 1 contains the point 
(955) 


In Problems 25 to 34, find all points on the graph of the function at 
which the tangent line is horizontal. 


25 f(x) = (x — 3x — 2) 26 р(х) 2x t x^! 


27 F(x) = З + 5х +6 


3 
M 


олор ас. e 208552 | 


28 С(х) = х = 6° + Ox + 4 


30 Н(х) = х7 + х7? 


М giv) 22Vx-x^*1 


5 
МЕ кү mo [| 


32 О(х)=- E 


E 


S (Ac) = a 


34 R(x) = a + b + ex + d 
35 Determine a value of the constant b so that the graph of 
y= X^ + bx + 17 has a horizontal tangent at (2, 21 + 25). 


36 Complete the proof of Theorem | by considering the case in 
which f has a relative minimum at c. 


37 Let f(x) = xX. (a) Show that the graph of f has a horizontal tan- 
gent at (0, 0). (b) Show that f has neither a relative maximum nor 
a relative minimum at 0. (c) Explain why the results in (a) and 
(b) do not contradict Theorem 1. 


38 In Section 1.5, we showed that the vertex of the parabola 
f(x) = ax + bx + с is 


Derive this same result by using Theorem 1. 


39 If the graph of a function f has a horizontal tangent at the point 
(c, f(c)), what is the equation of the normal line at this point? 


228 


Rules for Differentiating 


Trigonometric Functions 


In Section 1.8, we showed that 


sin x Р l — cos x 
= | апа ime = (i 
X x—0 ү 


(See Theorem 2, page 66, and Theorem 3, page 67.) Using these two special limits, 
we can prove the following theorem, which provides a rule for the derivative of the 


sine function. 


THEOREM 1 


Derivative of the Sine Function 


The sine function is differentiable at each real number, and the derivative of the 
sine function is the cosine function. In symbols, 


D, sin x = cos x or 


@ 
— sin x = cos x 
dx 
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ч 3 sin (x + Ax) — sin x 
PROOF D, sin x = lim —— —— — —————— 
Ax—0 Ax 


We have sin (x + Ax) = sin x cos Ax + sin Ax cos x by the addition formula for 
sine; hence, 


н А sin x cos Ах + sin Ax cos x — sin x 
D, sinx = lim 
Ar—0 Nx 
| sin x(cos Ax — 1) E sin Ax cos 4 
Ex NI 


Ш 
E 


А Р 1 — cos Ax sin Ax 
= lim |(~sin x)— — + cos x ——— 
Ax0 Ax x 

. k il = cos Nr | sin Ах 
= (sin x) Jim —————— 4 eos x lim ——— 
Ar—0 Ax Ax—0 Ar 


= (—sin x)(0) + (cos x)(1) = cos x 


EXAMPLE I Differentiate f(x) = x? sin x. 
SOLUTION Ву the product rule, the power rule, and Theorem 1, 
Ре) = D.C sin x) = (Daa) (sin x) + x*(D, sin x) 


= 2x sin x + x cos x 


Figure 1 shows the graph of the sine function and its derivative, the cosine 
function, on the same coordinate system. Because 


ЕЙ 


> 4 
cos x = sin (s dF ) 


the graph of y = cos x “‘lags Беһїпа`` the graph of у = sin x by 7/2 units, although 
both graphs have exactly the same shape. The fact that the cosine function is the 
derivative (rate of change) of the sine function is nicely illustrated by Figure 1. For 
instance, notice that when the sine function is increasing most rapidly—namely at 
x=0, +27, +47. and so on—its derivative, the cosine function, takes on its 
maximum value 1. Likewise, when the sine function is decreasing most rapidly — 
namely at x = +7, +37, +57, and so on—its derivative, the cosine function, 
takes on its minimum value —1. 


Figure 1 y 
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According to Theorem | in Section 2.4, when the sine function takes on maxi- 
mum or minimum values, its derivative, the cosine function, should have the value 
0. This is also confirmed by the graphs in Figure 1. Indeed, when x = +7/2, 
+37/2, * 53/2, and so on, sin x takes on maximum or minimum values +1, and 
cos X = 0. 

The rule for the derivative of the cosine is established in Theorem 2, whose proof 
is similar to the proof of Theorem 1. 


THEOREM 2 Derivative of the Cosine Function 


The cosine function is differentiable at each real number, and the derivative of 
the cosine function is the negative of the sine function. In symbols, 


D, cos x = —sin x or —— cos x = —sin x 
dx 


И cos (х + Ах) — cos x 
PROOF /D. cos = hoy SS кеа 
Ax——0 Ax 


We have cos (x + Ах) = cos x cos Av — sin x sin Ax by the addition formula for 
cosine; hence, 


cos X cos Ax — sin x sin Ах — cos x 


о оа E Ax 
| | cos x (cos Ax — 1) sin x sin =| 
= lim |———— — ——— - —————— 
Ax—0 Ax Ax 
i f | — cos Ax | sin | 
= lim |(—cos x) ————— — sin x 
ca ; Ax Ax 
; ] — cos Ax | | sin Ax 
= (ies dg SS = Si Dum 
Ax—0 Ax моо Ax 
= (—cos х)(0) — (sin x)(1) 
= —sinx 
cos f 


EXAMPLE 2 Differentiate g(1) = — : 
neca sel r+4 


SOLUTION By the quotient rule and Theorem 2, 

cost — (12 + 4)(D, cos t) — (cos 1)[D, (2 + 4)] 
Tuam сце" = "ШШШ 
_ (C + 4)(—зїп г) — (cos /)(2/) 
Ки Е г р 
07 л\ш? фы! 
E (2 + 4)? 


a(t) = 1D), 


Now the derivatives of the remaining trigonometric functions are easily obtained 
by using the derivatives of the sine and cosine functions together with the differenti- 
ation rules for quotients and reciprocals. 


THEOREM 3 


PROOF 
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Derivatives of Tan, Cot, Sec, and Csc Functions 


(0 D, tan x = sec? x (ii) D, cot x = —csc x 


(iii) D, sec x = sec x tan x (iv) (Dy csc = сс x cot x 


hold for all values of x in the domains of the respective functions. 


We prove (i) and (iii), leaving (ii) and (iv) as exercises (Problem 45). 


. sin x cos x D, sin x — sin x D, cos x 
(i) D, tan x = D, 5 =m 
cos X cos“ X 


. + ? . 2 
cos X COS X — sin x(—sin x) COSs де аг СЙ 


2 D 
cos” X cos” X 
1 3) 
= = ae ес 
cos” X 
M. 1 FONOS =(Ssi ©) 
(iii) D, sec x = D, = -—————— 
COS X со” x cos” X 
i sin x 
= 5 = sec x tan x 


COS X  COS.Y 


EXAMPLE 3 Find D,(2x tan x). 


SOLUTION D,(2x tan x) = (D, 2x)(tan x) + 2x(D, tan x) 
2 tan x + 2x sec? x 


h dy . 1 
EXAMPLE 4 Find — if y = ——-——_. 
= m gn ` Сес]! 

а 
-—— (sae ar I) 

dy d 1 dt —sec tan t 
SOLUTION а a S = Е E 

dt Дай Мес т (ise Hs Ie (wee ise П) 


EXAMPLE 5 Find equations for the tangent and normal lines to the graph of 
f(x) = 2 cot x at the point (7/6, 2V3). 


SOLUTION Неге, 


d 1 2 2 
ГО) = —(Q cot x) 2 c. cot x = 2(—csc™ x) = —2 сс” x 
dx dx 
T T 
that = 2— = —2(2? = -8 
so tha jf 6 = (2) 


Thus, an equation of the tangent line at (7/6, 2/8) is 
4 
y-2V3- -s(x- 2) or y= Боса С 
апа an equation of the normal line at the same point is 


1 
y=2V3=2(r-2) or к= lars L| 
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EXAMPLE 6 Find all values of x with — л < x = т that are x coordinates of points 
where the graph of у = sin x — cos x has a horizontal tangent. 
SOLUTION Here, 

dy d d d 


~ (sinx > COS 0) == соз = созд ЕО) 
dx dx _ ах dx 


= cos x + sin x 
The condition for a horizontal tangent is dy/dx = 0; that is, 
cos x + sin x = 0 Or sin x — —cos x 


Squaring both sides of the last equation, we obtain 


soc 2 x У 5 70 
sin” x = cos“ x or sin^ x = 1 — sin“ x 
that 15, 
2 sm де = | or Sin x =4 

Therefore, 

| 1 v2 

sin x = +—— = ж 

v2 p 


Because we squared both sides of an equation, we may have introduced extraneous 
roots, so we must check each of these possible values of x in the original equation 
cos x + sin x = 0. Doing so, we find that the only solutions are 


T 37 
= Si and c= — 
4 4 
The functions sin x and cos x are said to be cofunctions of each other. The same 
terminology is applied to tan x and cot x as well as to sec x and сѕс x. As you can 
see from Theorems 1, 2. and 3, the rule for differentiating a cofunction is obtained 
from the rule for differentiating the corresponding function by changing function to 
cofunction and introducing a negative sign. Thus, if you learn only the three rules 


D, sin x = cos x 


E 
D, tan x = see" x 


D, see x = sec x tan x 


you can easily recall the corresponding cofunction rules 


D, cos x = —sin x 


> 
D, cot x = —esc x 


О се = ссох 


whenever you need them. 
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Problem Set 2.5 


In Problems 1 to 30, differentiate the function. 


1 fix) =7 sinx 

3 h(r) = Asint—tcost 
5 g(x) 2 3tan x + sec x 

7 H(y) =8 sec y — 4y® 

9 g(r) = гї sinr + 4cscr 


11 fiz) = cot z + Vz tan z 


12 fi) = гут sint — cott + т 


13 p(x) = sin x cos x 
15 g(v) = —7 cot y esc y 


17 A(x) = 3 sec x(1 — tan x) 


2 sin 0 
19 ДӨ) = 
Ae 9+5 
ae cos x — 1 
ns 3 tant 
4 е к 
3 + cos y 
ME) DM Mc. еа 
SECOS! 
CSC 2 
ae.) == —— 
A 1 + tan z 
3 sec 0 
10 О SS 
Жо) 2 cos 0 — sin 0 
Vi 
30 git) = 


sint— 2 cost 


In Problems 31 to 36, find equations for the tangent and normal lines 


2 g(x) = —x cos x 

4 F(r) Vr cosr 

6 О(г) = 17 — Scott 

8 f(z) = 4 ese z — 3 sec z 


10 Hu) = (Vu + 5)(соѕ u) 


14 F(v) = 2 sin (1 — tan v) 
16 f(8) = cos? 0 — sin? 0 


18 h(x) = sin x cos x tan x 


7 cos y 
20 G(y) = : 
= Vy 
cos X 
22 P(x)——————— 
ju ККИ 
1— шн 
24 = 
00) 2+ sinu 
П cot v 
AE ОР 
np l +cotv 
B 
28 SQ) = 
w COS w 


to the graph of each function at the given point. 


31 f(x) = 2 sin x at (z, 1) 
32 g(x) =4 cos x at (=. 2) 


33 A(x) — 3 tan x at (z, 3) 


34 F(x) = —3 cot x at le ms 3v3) 


35 g(x) = 2x — 5 sin x at (т, 27) 


36 Н(х) = х — tan x at (7, 17) 


In Problems 37 and 38, find all values of x with —7 < x = т that 
are x coordinates of points where the tangent to the graph of the 
given equation is horizontal. 


37 у= sin x + cos x 
38 y = cos x + 2 sin x 


39 If air resistance is neglected, it can be shown that a projectile 
shot into the air at an angle @ with the horizontal will reach a 
maximum height л given by 

v? sin? 0 
28 


= 


where v is the muzzle velocity of the projectile and g is the 
acceleration of gravity (Figure 2). Assuming that v and g are 
constant, find a formula for the rate of change dh/d@ of maxi- 
mum height with respect to the angle Ө. (Hint: Because 
sin? Ө = sin 0 sin Ө, you can use the multiplication rule to help 
find the derivative of sin? 0.) 


Figure 2 


А 


40 А 2-meter fence stands 3 meters from a high wall (Figure 3). 
The length L of the shortest ladder that can reach the wall from 
outside the fence and that makes an angle 6 with the horizontal is 
given by L = 3 sec 0 + 2 csc 0. Find the rate of change of L 
with respect to 0 at 0 — 7/6. 


Figure 3 


41 An object is oscillating abont the origin on the x axis in such a 
way that its x coordinate at time 1 seconds is given by х = 
2 sin t. Find the rate of change dx/dt of x with respect to t at the 
instant when the object, moving to the right, passes through the 
origin. 


12 
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Suppose that a is a constant. (a) Using the substitution property 
for limits, show that 
sin (a Ax) 1 = cos (a Ax) 


im = wy =a and jim, EDU =0 


(b) Using the results of part (a) and arguments similar to those in 
Theorems 1 and 2, show that 


D, sin ax = a cos ax and D, cos ax = ~a sin ax 


A tractor is pulling a heavy sledge weighing W newtons with a 
cable making an angle 0 with the horizontal (Figure 4). If u is 
the coellicient of sliding friction between the sledge and the 
ground, then the tension T newtons in the cable is given by 


pw 
cos 0+ p sin 0 


Assuming that and W are constants, find a formula for the rate 
of change 7/40 of the tension T with respect to the angle Ө. 


Figure 4 


1144 


45 


Because of seasonal variations in demand, the revenue А to а 

swimsuit manufacturer on the ath day of the year, starting with 
x = 1 on January 1, is given by 

= 

2T 

X dollars 


R — 3800 — 1800 cos 


Find the rate of change dR/dx of revenue per day on June 1 when 
x = 152. (Him: Use the result in Problem 42b.) 


Complete the proof of Theorem 3 by proving parts (ii) and (iv). 


2.6 


Function Composition 


We now introduce the idea of function composition; in Section 2.7 we use this idea 
to develop an important differentiation rule called the chain rule. 

Suppose we have three variable quantities y. u, and x. If y depends on u and if 
u, in turn, depends on x, then clearly y depends on x. In other words, if v is a 
function of апа и is a function of x, then y is a function of x. For instance, suppose 


that 


> 
Ў = це 


апа и = 3х 1 


Then, substituting the value of и from the second equation into the first equation, 


we find that 


More generally, if 


у = (3x — 1)? 


y — fu) and u = g(x) 


then, substituting и from the second equation into the first equation, we find that 


NEGO) 


To avoid a pileup of parentheses, we often replace the outside parentheses in the last 
equation by square brackets and write 


y flee) 


If f and g are functions, the equation y = ff g(x)] defines а new function A: 


A(x) = fl gQ)] 


The function л obtained by “‘chaining’’ f and g together in this way is called the 
composition of f and g and is written Л = f° g. The idea of function composition is 
made precise in the following definition. 


DEFINITION 1 
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Composition of Functions 


Let fand g be two functions satisfying the condition that at least one number in 
the range of g belongs to the domain of f. Then the composition of f and g. in 
symbols f° g, is the function defined by the equation 


(f° gx) = feo] 


Evidently, the domain of the composite function f? g is the set of all values of x 
in the domain of g such that g(x) belongs to the domain of f. The range of f» g is 
just the set of all numbers of the form f| g(x)] as x runs through the domain of fog. 


EXAMPLE 1 Let f(x) = 3x — 1 and g(x) = x. Find 


(a) (7° g)(2) (b) (ge f)(2) 


(с) (/° gx) (d) (2° f)(x) 
(e) f° Na) Ef) (f° g)(3.007) 
SOLUTION 


(а) (f° 9)(2) = f[g(2)] = (25) = f8) = 3(8) — 1 = 23 

(b) (g°f)(2) = g[A2)] = 9[3(2) — 1] = (5) = 53 = 125 

(с) (fe g(x) = fl ә(х)] = fi?) = 38 — 1 

(d) (8°) = gf] = g(3x- 1) = (3х — 13 

(е) (Р у(х) =F] = f(3x — 1) = 33x — 1)-1=9x-4 
(f) Ye 2)(3.007) = f[ 9(3.007)] = 3(3.007)3 — 1 80.57 


EXAMPLE 2 Let f(x) = 3x — 1, g(x) = д>, and h(x) = Vix. Find [f° (g « А) (х). 
SOLUTION 


Lfe (g* PIW = fig eA] = /{ efhol} = fLe V9] = ИСУ] 
= fir?) = 343/2 — | 


EXAMPLE 3 Let f(x) = 3x — 1, g(x) = х5, and P(x)  $(x + 1). Show that 
f°(g + p) is not the same function as (fog) + (ғор). 
SOLUTION On the one hand, 


[/°(# + pw = /[(# + р)(х)] = fl a(x) + р(х)] = Дх? + Fx + 1)] 
=3 dx D]—- 1 2 328 9 x 


On the other hand. 
[fe в) + GF» p)lG) = (Fe gia) + Fe pi) = fleG2] + fLpCo] 
= + (Gey) 


= 305 -1 +3[i& + 1) 1 
=3c4%-1 


Therefore, the functions f° (g + p) and (f? 2) + (ғор) are not the same. 
Although the symbolism f° g for the composition of f and g looks vaguely like 


some kind of a **product," you must not confuse it with the actual product f* g 
of f and g. Whereas /- о — g-f,. note (in Example 1) that fog # gof. 


Figure 1 


X 
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gix) 


ШКЕ 


Whereas f*(g + p) = (+8) + (ftp), note (in Example 3) that fo(g +p)# 
(feg) + (ep). It does turn out, however, that function composition is associative; 
that is, 


fo(goh)-t(feg)oh 


(Problem 12). Because of the associative property of composition, parentheses 
aren't really necessary when three or more functions are to be composed. Thus we 
simply write fe оол, f° g° he p, and so forth. Composing a function f with itself is 
called iteration. The successive iterates of f are fof, f^ fof, f^ f ^f^ ў, and so forth. 
For an interesting account of the use of function iteration in building mathematical 
models for phenomena in physics, engineering, economics, and the life sciences, 
see Douglas R. Hofstadter, "Strange attractors: Mathematical patterns delicately 
poised between order and chaos." Scientific American, Vol. 245, No. 5, pp. 22- 
43. November 1981. 

Using a programmable calculator, you can see a vivid demonstration of function 
composition. Suppose that the f and g keys are programmed with functions of your 
choice. If you enter a number x and touch the g key, you see the mapping 


apod (x) 

take place, and the number g(x) appears in the display. Now, if you touch the f key, 
the mapping 

g(x) + = 71200] 
will take place. Theretore, after you enter the number x, you can perform the 
composite mapping 

Se qe c 
by touching first the 9 kev, then the f kev. This fact 1s represented by the diagram in 
Figure |. 

In using a programmable calculator or a computer, it is important to be able to tell 


when a complicated function can be obtained as a composition of simpler functions. 
The same skill is essential in calculus. If 


h(x) = (Ро 2) = flgQ)] 


let’s agree to call g the inside function and f the outside function because of the 
positions they occupy in the expression f[ 2(x)]. In order to see that Л can be ob- 
tained as a composition й = f° g. you must be able to recognize the inside function 
g and the outside function f in the equation that defines Л. 


EXAMPLE 4 Express the function A(x) = (3x + 2)? as a composition л = f° g of 
two functions f and g. 


SOLUTION Here we can take the inside function to be g(x) = 3x + 2 and the 
outside function to be f(x) = x, so that 


(У 2)(х) = fl e@)] = f(3x + 2) = (3x + 2)° = Aly) 


The substitution property for limits (page 67) and the substitution property for 
continuous functions (page 73) can be restated in terms of function composition. 
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For instance. the substitution property for continuous functions can be restated as 


follows: 


If f and g are functions, g is continuous at a, and fis continuous at g(a), then f° g 


is continuous at a. 


We leave it as an exercise for you to restate the substitution property for limits in 
terms of function composition (Problem 44). 


Problem Set 2.6 


In Problems 1 to 10. let f(x) = x — 3 and g(x) = x? + 4. Find the 
indicated value. 


1 (fo g\(4) 2 (fe gX V2) 

3 (gof)4.73) (€ 4 (g»f)(—2.08) 
5 (fef)(3) 6 (g9g)(—3) 

7 (7° (ер) 8 [07° е)° 02) 
9 (fe р)(х) 10 (g°f)(x) 


11 Let f(x) = sin x, g(x) = X^, and A(x) = cos x. Find a formula 
for the given function. 


(a) fog (b) gf 

(d) ge(f* А) (е) gotf/h) 

(а) POOH) (Бу (feg)e k 
12 Show that function composition is associative; that is, show that 


fo(goh) = (fog)? А for any three functions f, g, and A (pro- 
vided, of course, that either side of the equation is defined). 


(c) g°g 
(Г) Gh) ° h/f) 


In Problems 13 to 24, find (a) (fe g). (b) (g° Pix), and (c) 
(fe f)G0. 

ВО) = Vt 

14 fix) = х5 4+ 1, а(х) = УТ 

15 f(x) = tan x, g(x) = Vx 

16 fix) =x x, gy) = Мх Г 

17 f(x) = |x], 200) = ese x 

18 f(x) = 1/x, g(x) = 1/х 

19 f(x) = с — 1, р(х) = 1 + cos x 

20 f(x) = ax + b. р(х) = ex + d 


1 
21 f(x) = DENS o AGO) m Ar Д 
Ax + B ax + b 
гус се: а 


= [| Ta l 
x oo 3—x 


23 f(x) = 


24 f(x) = 2, р(х) = 7 


In Problems 25 to 32, let f(x) = 4x, g(x) = x? — 3, and h(x) = V x. 
Express each function as a composition of functions chosen from f. 
g, and h. 


25 Б) = Ve —3 
27 HG) = Ух 

29 Q(x) = 4Vx 

31 r(x) = Vx 


26 GG) = (УХ) - 3 
28 K(x) = Ac - 12 
30 g(x) = 168 — 3 


32 s(x) = х — 6x7 + 6 


In Problems 33 to 40, express each function л as a composition 
h = f° g of two simpler functions f and g. 


33 h(x) = cos! x 34 h(x) = sin ( + 1) 


35 A(x) = 1 — tan? x 36 A(x) = 5 csc |А] 


sear Ml 1 
a dni = SS) = Hm 
a) tem 38 M0 — Tee 
x+ — 
39 A(x) = Je up 40 ha) = V1— Мх I 


seat 


41 Suppose that user-definable keys f and g on a programmable 
calculator are programmed so that f:x ——9 3x? — 2 and 
g:x —— 5х — 3. Draw a mapping diagram (see Figure 1) to 
show the effect of entering a number x and touching (a) first the 
g key. then the f key: (b) first the f key. then the g key. 


42 Give examples of (a) a function f for which f» f is not the same 
as f*f and (b) a function g for which go g is the same as g* о. 


43 Explain why the function f(x) = sin |x| is continuous at x = 0. 


44 Restate the substitution property for limits (page 67) in terms of 
function composition. 


45 Explain why the function g(x) = sin(sin x) is continuous on R. 
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46 А baseball diamond is a square 90 feet on each side. Suppose а 


47 


ball is hit directly toward third base at the rate of SO feet per 
second. Let y denote the distance in feet of the ball from first 
base, let x denote its distance from home plate, and let г denote 
the elapsed time in seconds since the ball was hit. Here v is a 
function of x, say у = f(x). and x is a function of 1, say x = g(r). 
(a) Find formulas tor f(x) and (т). (b) Find a formula tor 
(Ре gX). (с) Explain why у = (fo gy). 


Show that (f° g)(x) can be obtained graphically as follows: Start 
at the point (x, 0) on the А axis. Move vertically to the graph of 
g. then horizontally to the graph of y = x, then vertically to the 
graph of f, and finally horizontally to the point (0, y) on the 
y axis (Figure 2). Conelude that y = (f° g)(x). 


Figure 2 y 


(fo 8YXx) 


48 


(49 


(c150 


Show how to modify the procedure in Problem 47 to find the 
values f(x), Ue Pix), (fo f» foo, (Fo fof» f(x), and so on of 
the successive iterates of f at x. The set consisting of x and these 
values is called the orbit of x under the iterates ot f. (See 
Douglas R. Hofstadter's article, referred to on page 122.) 


In the life sciences, a simple recursive mode) for population 
growth is a function f that predicts the population f(p) of an 
organism 1 unit of time later if the current population is p. (For 
instance, the unit of time might be the gestation period of the 
organism.) Thus, according to this model, if p is the current 
population, then f(p) is the population | unit of time later, 
Лр) = GfXp) is the population 2 units of time later, 
fIG o Ap) = (Gf? Рр) is the population 3 units of time later, 
and so forth. One of the most popular simple recursive growth 
models is the discrete logistic madel f( p) = Bp = Ap*, where 
A and B are nonnegative constants depending on the birth and 
death rates of the organism. Suppose that В = 2.6 and A = 0.08 
for a certain organism in a particular habitat. Starting with p = 4 
organisms, use the discrete logistic model to predict the popula- 
tion 1, 2, 3, 4, 5, and 6 units of time later according to the 
discrete logistic model. 


> 


Draw an accurate graph of the function f(p) = 2.6p — 0.08p* 
for 0 = p = 32.5. (Use a calculator to help plot points.) (a) Use 
the graphical procedure obtained in Problem 48 to work Problem 
49, (b) Use the same graphical procedure, starting with several 
different values of the initial population p. Can you draw any 
(tentative) conclusions? 


227, 


The Chain Rule 


Suppose that y = (a? + 5x)? and we wish to find dy/dx. One approach is to expand 
(х2 + 5х)? and then differentiate the resulting polynomial. Thus, 


and so 


dy 


y= (x? + 5х)? = о ar 15° ар qe аг 125x° 


= 60 + 75х* + 300 + 375 


dx 


Another approach is to let 


so that 


Then, 


li 


у= и 


du @ 
and S буз aS 
dx dx 


from which we might conclude that 


dx 


du 


dy 


і > 2 2 
P smi ar Sy e BG ae SHORE SP 5) 
in 


= 635 756 + 3008 + 3755? 
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The second approach produced the correct result, but there’s a catch to it! The 
expressions dy/du and du/dx are just symbols for derivatives in which the **numera- 
tors" and *‘denominators’’ have not yet been given any separate meanings, so we 
weren't really justified in supposing that 

dy dy du 


dx du dx 


In fact, the legitimacy of this calculation is guaranteed by one of the most important 
differentiation rules in calculus—the chain rule. Although we give a precise state- 
ment and proof of the chain rule later (see Theorem 1). we begin with the following 
informal version. 


The Chain Rule 


If y is a differentiable function of u and u is a differentiable function of x, then у 
is a differentiable function of x and 


ay dy du 
dx du dx 


EXAMPLE 1 If y = u* and и = 2x? + 3x — 1, find dy/dx. 
dy dy du 


oe б: ee AO st NH US 
SOLUTION FR T w (Ax ) (2x X y (4x ) 


Perhaps the best way to understand the meaning of the chain rule is to think of it 
in terms of rates of change. The equation 
dy — dy du 
dx du dx 


just says that the rate of change of y per unit change in x is equal to the rate of 
change of y per unit change in и times the rate of change of и per unit change in x. 
For instance, if y is increasing twice as fast as н and и is increasing three times as 
fast as x, then y is increasing six times as fast as x. 

Of course, the chain rule can be written in operator notation as 


Р,у = (Day Dyu) 


If we let y = f(u), then D,y = f'(u). and the chain rule takes the form 


D flu) = f'(u)D,u 


This is probably the most practical form of the chain rule for routine calculation of 
derivatives. 


EXAMPLE 2 Use the chain rule to find D, V.x^ + 1. 


SOLUTION If we let Йи) = Vu and и= х2 + 1, then f(u) = Vx^ +1, 
(и) = 10У), and D,u = D(x? + 1) = 2x. Therefore. 


Жы ус к = Буш] = /'(и)Ри = 


l 
(2x) = ——— 
2Vu C 1 
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The following crude but effective memory device shows the basic pattern of the 


chain rule: 


D f(whatever) = f'(whatever) - D(whatever) 


For instance, using this device with f as the square-root function, we would have 


Thus, the calculation in Example 2 could have been abbreviated as follows: 


1 
D N whatever = —————7—— : D(whatever) 
2N' whatever 


1 
IB. Уз чы = 000), 
уан || 

1 
SS) 
gw ap fl 


x 


Vax? + 1 


а a 


The chain rule is often used to calculate derivatives of the form Эи", where u is 
a differentiable function of x and л is an integer. Thus, letting f(z) = u”, so that 
Гад = nu" !, we obtain the important formula 


Быш" =н"! и 


In other words, we have the pattern 


D(whatever)" = n(whatever)"~ ! D(whatever) 


In Examples 3 to 6, find the derivative of each function with the aid of the chain 


rule. 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


fx) = (Ge E Sign 


f») == DIGE y S 
= 100(x* + 53)? Dra? + 5x) 
="100Ge 45x)? (DRESS) 


eGo) = Di = DG 


(Зх — 1)" 
—4(Qx = 1) **  D,Gx — 1) 
ER IU 0) 

—12(3x — 1)? 


li 


g(x) = sin*x 


g'(x) = D,(sin x? = 3(sin x)7(D, sin x) 
= 3 sin? x cos x 
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EXAMPLE 6 G(t) = (t? + 61)!91 — 31) 
SOLUTION 


G'(t) = рд? + 60)!9(1 — 30°] 
= [D + 6г)!9%](1 — 30)? + (? + 60)190,01 — 30] 
10g? + 61) {0,12 + 6D — 30* + (02  60!m[4(0. — 30? DIO 7 230] 
10012 + 62)°(2¢ OU — 30* + (г2 + 6n'[4(1 — 39(-3)] 
= 10?  60?Q: + 6)(1 — 3)* — 12( + 60!*(1 — 30? 
= 2(7 + 60(1 — 32)°[5(2t + 6)(1 — 31) — 6002  61)] 
= t + 6D*(1-— 31)°(—361r? — 116 + 30) 
= —4(7 + 61)9(1 — 30 (18? + 58; — 15) 


Sometimes in calculating derivatives, you have to use the chain rule repeatedly. 


EXAMPLE 7 Find D,( V. — 1)°. 
SOLUTION А first use of the chain rule gives 
DAV = 1B 25(V8 = DiD, V5 1 
Now, to work out D, V) — 1, we use the chain rule again. Thus, 


DVX = 1 = (Vi? = ID, Vr - 1 


1 
Е ууата ш ш o UN 
= (Үл - 1)3(3х2) 
Soa бук = 


If и is a differentiable function of x, we can combine the chain rule with the rules 
for differentiating the sine. tangent, and secant functions to obtain the following: 


D, sin и = cos u Duu 


D, tan и = sec? и Duu 
D, sec u = sec u tan н Du 


Similar rules hold for the corresponding cofunctions: 


= —sin u Duu 


5 
—esc~ и Dau 
—cse и cot u Dau 


In Examples 8 to 10, find the derivative of each function with the aid of the chain 
rule. 


EXAMPLE 8 f(x) = sin (5х2) 


SOLUTION (х) = D, sin (5x?) = cos (5х2) D, 5х2 
= [cos ($x2)]( 10x) 
= 10x cos (5x2) 
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EXAMPLE 9 F(t) = esc V4r + 3 


SOLUTION 


F'(t) = D, esc V4? + 3 = —с<с V4? + 3 cot VA + 3 D, V4P + 3 


1 
= —csc V4? + 3 cot V4t? + 3 ————— D (4 + 3 
2V4 +3 A | 
1 
= —csc V4? + 3 cot VAC + 3 — (8t 
2V4 + 3 
(|. —A4t csc V4t^ + 3 cot VA + 3 
V4t? + 3 п 


EXAMPLE 10 2(0) = [3 + tan (20 — я)]* 
SOLUTION 
2'(0) = Do[3 + tan (20 — л)]* = 4[3 + tan (20 — 7)]?0,[3 + tan (20 — я)] 
= 4[3 + tan (20 — z)]/D, tan (20 — 7) 
= 4[3 + tan (20 — c)? ѕес2(20 — п) 2.020 — т) 
= 4[3 + tan (20 — т)р ѕес2(20 — 72) 
= 8[3 + tan (20 — т)]° sec(20 — п) и 


The chain rule is actually а rule for differentiating the composition f° g of two 
functions. To see this, let 


y = fü) and u = р(х) 


so that 
y = f(u) = fle] = (Р gx) 
Thus, 
NOM GM ETE o 
og) CUL e open GU C) MEI Um 


and we have the chain rule expressed as 


(f° g)'(x) = f'Lecole'Co 


This statement of the chain rule can be recalled when needed by using the following 
memory device: 


The derivative of the composite of two functions is the derivative of the outside | 


function taken at the value of the inside function times the derivative of the inside 
function. 


EXAMPLE 11 If f and g are functions such that f'(4) = 6, g(3) = 4, and g'(3) = 
5. find (f° g)'(3). 


SOLUTION By the chain rule, 
(eg = к= Oen B 


THEOREM 1 


PROOF 
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Now, using function composition, we can give a formal statement and proof of 
the chain rule. 


The Chain Rule 


If g is a differentiable function at the number x; and fis a differentiable function 
at the number g(x,), then fo 8 is a differentiable function at the number x, and 


(f° g)'() = /'{ е(х\)]8”(х) 


Using the substitution property for limits (page 67) with x = x, + Ax, we have 


Б а, зу о 0) .. 8G) — а(х) 
— = lim ———————— 


7 З 
8 (1) = lim 
А-0 кү rau d$ 


Let u, = g(x,). Then we also have 
f'LaG)] = fü) = im. LO — 
uty = н] 
Likewise, 


(f° gx) — (f° g(x) n Jle) — /[ г(ху)] 
ho п ====ш ^ш 


(estem 
xX) X Xi XxX—x1 ү == X1 


provided that the limit exists. Now define a function Q by 


Ди) — fa) 


Q(u) = и = ц 
f) Wr m omm 


if и з ці 


Ки) — faa) = f'(a) = figa) 
1 


lim Q(«) = lim 
ии uui Wt 
Also, for u = m, 
Ди) – faa) = QaoQ — и) 
Note that the last equation holds even if u = иу, when it simply reduces to 0 = 0. 


Now, we substitute и = 2(x) in the last equation and divide both sides by x — x; to 
obtain 


Meo LT = olg] gto) — g(x) 
x X XX 


for x з xı. Therefore, by the multiplication property for limits, 


иш EO Лаб) lim Ole) lim £27 sev 
xy v= ay x—u xX) Ba YT 


or 


(f° в) (ху) = jim Q[260] g'a) 


provided that lim Q[2(x)] exists. The proof will be complete if we can show that 
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this limit is equal to f'[2(x,)]. Because о is differentiable at x,, it follows from 
Theorem 1 on page 96 that g is continuous at ху. Therefore, 


lim g(x) = g1) 5 m 


and it follows from the substitution property for limits that 


Problem Set 2.7 


In Problems 1 to 4, find the required derivative by using the chain 
rule. 

у= Vu. u =x + x l, find dy/dx. 

2 у= и? — 2u'?, u = x? + 2y, find dy/dx. 

3y=u ^, и =x + l, find dy/dx. 

4vHu,u=(7- x°)(7 + x?) !, find Day 


In Problems 5 to 62, find the derivative of each function with the aid 
of the chain rule. 


5 f(x) = (5 — Quy 
6 f(x) = (2x — 3)8 


І 
Tfo = ae үк 


8 Fit) =(2° —1+ 1) ^" 
9 g(x) = (3x7  7)(5 — За)? 
10 G(r) = (5? + 1°" + 2) 


f(y = E 7 Le = f 
А 

12 К) = (3: 1) 27 + 5)? 

13 e(y) = (7y + 3) 70y — 1)? 


1 Comi 
14 f(u) = (6u aR E (2и — 2)! 
и 


- х?+х\ =, 
15 fix) = ( eg usque s 
3n+1¥ 16x a 
17 F( -( = 18 fl = ( E ) 
(х) E ) sina = 
Ту 5% "E M s—. 8 
— VI | um 


21 р(х) = Мх? + 2x 1 
23 fü) = Vr -r + УЗ 
25 F(x) = (x — Vx)" 

27 f(x) = 5 sin 7x 

29 e(x) = 4 sin бх? 

31 h(x) = sin Vx 

33 g(r) = sin? 3r 

35 H(x) = cos (sin x) 


37 f(x) = V'cos 5x 


39 Ha = 
| ч GOS S 
3) 
41 H(t) = 27 жЕ 35 


sin 2t cos 2t 


43 e(t) = cot (31°) 


45 F(u) 2 cse Vue + 1 


47 h(x) = V1 + sec 5x 


49 A(t) = sec? 71 — tan? 71 
50 g(x) = csc? 15x — cot? 15x 


51 H(s) = sec? 13s — tan? 13s 


53 
g(x) = x? quat 2х 
25 
88 H(x) = ————— 
1 + sec 5x 


57 f(x) = 4X? — соб 2x 


pr E ui 


22 fly = VVx = x 
24 gy) = Vy -у+ Vy 
26 O(s) = МЕНЫ 

$ 
28 f(x) = 8 cos (3x + 5) 
30 g(t) = 3 sin (512 + г) 
32 Hís) = s? sin sî 
34 g(x) = cos? Sx — sin? 5x 
36 f(t) = (1 — 2 sin 3r? 


4 — cos 3 
38 GG) = IDEM 


sin x — x cos x 


40 р(х) = 
о Vcos x 
42 fal) = tan 5r 

44 hír) = sec (Vr = 5) 


7 
46 g(s) = соса 


48 g(t) = tàn7—7 > 


52 g(x) = (tan x + sec ae 


cot 31 
r+i 


54 Ќо) = 
56 g(t) = tan 3t sec 3t 


58 Gir) = ir? cse? ar 


sec? 31 
59 еп) = pos 


g № 

60 00) = (—— 
2 | їап al 

61 fix) = sin (tan 5x?) 


62 g(x) = sec (esc? 7x) 


In Problems 63 to 70, use the information in the table and the chain 
rule (Theorem 1) to evaluate the given quantity. 


63 (fe g)'(2) 

64 (fo 8)'(5) 

65 (gef)'(5) 

66 (2° 2)'(5) 

67 h'(5) where h(x) = tical 

68 H'(2) where H(x) = (f° 9)(6x — 7) 

69 F'(2) where F(x) = [80 Дх) 

70 G'(5) where G(x) = g(x) Vf) 

71 Show that the chain mile can be expressed by the formula 
EE = pg. 

72 Explain the distinction between D,[f(7x + 3)] and f'(7x + 3). 


73 Let f and g be functions such that f(5) = —3, f'(5) = 10, 
ГО) = 20, g(5) = 7. g'(5) = 4, and g'(7) = $. Find (fe g)'(5). 
i ou need.) 


74 A 50-kilohertz radio frequency oscillation with the equation 
yi = 10 sin (10°71) is amplitude-modulated by an audio fre- 
quency tone with the equation у» = sin (2710*r) to produce a 
signal with the equation у = узуу. Find a formula for the rate of 
change dv/dt of y with respect to time г. 


175 An alternating-current generator provides a current / amperes 
according to the equation / = 30 sin 12071, where r is the time 
in seconds. Find the rate of change dI/dt of the current with 
respect to time at г = 0.97 second. Round off your answer to the 
nearest whole number of amperes per second. 


[C176 А space shuttle in orbit is a distance v kilometers from the plane 
of the equator г minutes after orbital insertion in accordance with 
the equation y = 8000 cos [(71/40) — (22/9)]. Find the rate of 
change dv/dt of y with respect to r at the instant when г = 10 
minutes. Round off your answer to the nearest tenth of a kilome- 
ter per minute. 
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(177 Because of predation by wolves, the moose population № in a 
certain region fluctuates in accordance with the equation N = 
5000 + 1000 sin 0.257, where г is the time in years since wild- 
life biologists began making observations. Find the rate of 
change dN/dt of the number of moose with respect to time when 
t= 10 years. Round off your answer to the nearest integer. 


(278 An industrial plant is dumping A thousand gallons of waste per 
day into a nearby stream according to the equation A = 
24 + 18 sin (21/4). where 1 is the number of months that the 
plant has been in operation. Find the rate of change of A with 
respect to г when г = 9 months. Round off your answer to the 
nearest integer. 


79 The labor force F(x) persons required by a certain industry to 
manufacture x units of a product is given by F(x) = 6V x. At 
present, there is a demand for 40,000 units of the product, and 
this demand is increasing at a constant rate of 10.000 units per 
year. (a) Write an equation for the function u(r) that gives 
the number of units that will be demanded г years from now. 
(b) Write a formula for (Р u)(1) and interpret the resulting ex- 
pression. (c) Find (F ° u)'(r) and interpret the resulting expres- 
sion. (d) Find (F ° u)'(5). 
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2.8 


Implicit Functions and 
Implicit Differentiation 
An equation such as 

у = 3x? — 5х + 12 


that is already solved for y in terms of x is said to give v explicitly as a function of 


x. On the other hand, an equation such as 


xyt122x—y 


which can be solved for y in terms of x but is not solved for y as it stands, is said 
to give y implicitly as a function of x. (Shortly, we shall give a more precise 
definition of an implicit function.) In this section we introduce a technique called 
implicit differentiation which allows us to calculate the derivative dy/dx of an im- 
plicitly given function without bothering to solve explicitly for y in terms of x. 


Implicit Differentiation 


The equation 2x + 3y = 1 can be solved for y in terms of x to give y = 4 — 3x, and 
so we have dy/dx = —3. The same result can be obtained directly from the original 
equation 2x + 3y = ] simply by differentiating both sides, term by term, to get 
2 + 3(dy/dx) = 0 and then solving for dy/dx = —3. The latter technique is called 


implicit differentiation. More generally, we have the following. 


Procedure for Implicit Differentiation 


Given an equation that determines y implicitly as a differentiable function of x, 
calculate dy/dx as follows: 


Step 1 Differentiate both sides of the equation with respect to x; that is, apply 
d/dx to both sides of the equation, term by term. In so doing, keep in mind that 
y is regarded as a function of x, and use the chain rule when necessary to 
differentiate expressions involving y. 


Step 2 The result of step | will be an equation involving not only x and y but 
also dy/dx. Solve this equation for the desired derivative dy/dx. 


When the procedure for implicit differentiation is executed, the result is often an 
equation that gives dy/dx in terms of both x and y. In this case, in order to calculate 
the numerical valne of dy/dx, it is necessary to know not only the numerical value 
of x but also the numerical value of y. 

The procedure for implicit differentiation can be used legitimately only if it is 
known that the equation in question really does determine y implicitly as a differen- 
tiable function of x. However, in what follows we routinely apply the procedure and 
simply assume that this requirement is fulfilled. 


In Examples 1 to 5, use implicit differentiation to solve each problem. 


EXAMPLE t If x? — 3x?y* + 4y? = 6x + 1, find dy/dx. 
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SOLUTION We begin by differentiating both sides of the given equation, term by 
term, with respect to x: 


UN а, а а а 

— x — —3x?y! + —4y3 = —— 6x + —] 

DOMO. sx ж = ig етт 
dy , dy 

30-3 = 3) (ay —] +12? —=6+0 

ta (2x)y* х“\ 4y- 2) we E 


dy dy 
Зх? — 69* — 12x99 —— + 12y? = = 6 
s z ve dx : dx 


This ы step 1 of the procedure for implicit differentiation. To carry out 
step 2 . we must solve the last equation for dy/dx in terms of x and y. Subtracting 
3x7 = Go from both sides of the equation, we obtain 


dy dy 


—12х?у% — + 12y? —— = —3х? + бху? + 6 
x dx 


Now, factoring dy/dx out of the left side and multiplying both sides of the equation 
by —1, we have 


2 2 ау 2 
(12x2y3 — 12у?) F^ = 3x2 — 6g" — 6 
X 


Пу В. ЗСО а uc 


Непсе — = > = ——— 
dx 12x? — 12у? Ay?(x?y — 1) 


EXAMPLE 2 If (2x + y)! — (3x — yy! = y9, find dy/dx. 


SOLUTION Differentiating the equation term by term with respect to x, we ob- 
tain 


B hey 2x + y) — 33x — y? Gr- у) = 5y4 a 


dy ay 
3Qx + = =ў == E 
or (xan dx (Эх = y) dx dx 
Thus, 
à a dy 
6(2x + yy + 3(2 2x + yy? 2 IGB = уу + Gr ур & = = 5y F^ 
x 
Rewriting the last equation so that the terms involving dy/dx are on the left, we have 
dy dy 
3Qx + yy — + 3(3x — yy — — б = = TD 
(2x + y) zm (3x — у) E. Sy? 2 = en == ур) G )2 
or 25е se yy? + 3(3x — yy = si — = 9(3x — yy — 6(2x + у) 
Therefore, 
ау Que y? ~ 6Qx + у)? 


dx 3(2 2x + у)? + 3(3x — у)? — Sy? 
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EXAMPLE 3. If x cos y + y sin x = 5, find dy/dx. 


SOLUTION 


See nues un а= 06 
ах ы dU oT dx 


ura ont S as * E uk 0 
Er — dni = = 
à | 3 І А 


eoa vd» o 
сову —xsiny 47 t naty cos =O 


(sin x — x sin y) 2 - —y cos x — COS y 


Multiplying both sides of the last equation by — 1 and solving for dy/dx, we obtain 


dy  ycosx + cosy 


в 
ах x sin y — sin x 


EXAMPLE 4 Find the equations of the tangent and normal lines to the graph of 


ee у 
— + — = 6 at the point (2, 1). 
E a point (2, 1) 
SOLUTION Differentiating the given equation term by term with respect to x, we 
obtain 
d (3) d (=) d 
= a 
dx \y dx \ y? dx 
dy 2 5 274 2 
NIS es eee 
2 4 = 0 
ў: y 
d = 2 NEU; 
yx ШЕ, y (2x) – e(z =) 
dx dx 
2 P a =0 
ул y 
у= х 2p 2xy — 2 dy 
dx 
3 + 3 = 0 
y y 
To clear fractions, we multiply both sides of the last equation by y*: 
› dy dy 
a =S 4 а — = () 
y хус + Day — 20 h 
dy 
Hence, Qx xy) = у + 2xy 
dy у? + 2ху 
а — = m 
SR ах 2х?+ху 


Therefore, when x = 2 and y = 1, we have 
йу 74200 5 _} 


ах MP+) 10 2 


Figure 1 
y 


DEFINITION I 


graph of the equation 


graph of an 
implicit function f 
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Consequently, the slope of the tangent line at (2, 1) is 2, the slope of the normal line 
is —1/3 = —2, and the corresponding equations аге 


Tangent line: y — 1 = $(x — 2) or у= 3х 
Normal line: y — 1 = —2(x — 2) or VS 2у0ы5 


EXAMPLE 5 Given the equation х? + xy + y? = 2, consider x to be a differentia- 
ble function of y and find dx/dy. 


SOLUTION Applying d/dy to both sides of x? + xy + y? = 2, we obtain 


june зу 
айй у ж. б® у з= 
dir mU US 


Solving this equation for dx/dy, we have 
ETE 
dy Зх? + у 


The idea of an implicit function is made more precise by the following definition. 


Implicit Function 


A continuous function f, defined at least on an open interval, is said to be 
implicit in an equation involving the variables x and y provided that when y is 


replaced by f(x) in this equation, the resulting equation is true for all values of x 
in the domain of f. 


Thus, a continuous function f is implicit in an equation if and only if the graph of f 
is contained in the graph of the equation (Figure 1). 


In Examples 6 to 8, if possible, find the functions implicit in the given equation by 
solving for y in terms of x. 
EXAMPLE 6 7+ x= у? – 3y 


SOLUTION Ме have y? — 3y + (—7 — x) = 0. Using the quadratic formula, we 
obtain 


_ 3+ VC3! - 4DCT- 9 
y 20) 
Bee та 
2 


The last equation does not give y as an explicit function of x because of the ambigu- 
ous + sign. However, the function f defined by 
3+ V4x + 37 


fe = Б 


is implicit in the given equation. But so is the function Л defined by 


3— V4x + 37 


h(x) = 2 
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Figure 2 Figure 2 shows us geometrically just what’s happening here. Indeed, the graph of 

y 7 + x = y? — Зу is a parabola with a horizontal axis of symmetry. By the vertical- 
line test (page 26), this parabola is not the graph of a function. However, it can be 
broken up into two pieces, each of which is the graph of a function. The graph of 
the implicit function fis the top half of the parabola, and the graph of A is the bottom 
half. a 


7+х=у?-3у 


EXAMPLE 7 х + y?+1=0 

SOLUTION This equation has no (real) solution, so it cannot define y implicitly 

as a function of x. 18 
37 
4у+7 


EXAMPLE 8 


SOLUTION Clearing the fraction, we have 
2y — 3 = (4у + 7) — x) = 4y — 4y + 7 — 7х 
Bringing the terms involving y to the left, we have 
2y — 4xy = 7x — 10 Or (2 — 4x)y = 7x — 10 


It follows that 


_ di d 
um UND 
Figure 3 so the function 
d: = NO) 
Ju йу == © 


is implicit in the given equation. Here, the graph of the original equation (Figure 3) 
satisfies the vertical-line test; hence, it is the graph of a function, namely, the 
implicit function f. Notice that fis essentially the only implicit function for the given 
equation; other implicit functions can be obtained only by restricting the domain 
of f. п 


As these examples show, given an equation involving x and у, апу one of the 
following can happen: 


1 There are two or more functions implicit in the equation (Example 6). 

2 There is no function implicit in the equation (Example 7). 
Figure 4 3 There is (essentially) only one function implicit in the equation (Example 8). 
y Furthermore, even if there is a function f implicit in the equation, it may or may not 


be possible to find a practical mathematical formula for f(x). For instance, the graph 
of the equation 


S ys 13 


=) 3 
S m 600 > 


y " IN 
LOS Каа У 
40 600) 


(Figure 4) satisfies the vertical-line test, and so it is the graph of a function f. 
Although the implicit function f is a perfectly definite function, whose graph ap- 
pears in Figure 4, it isn't possible to find an elementary algebraic formula for f(x). 


Problem Set 2.8 
In Problems 1 to 26, find dy/dx by using implicit differentiation. 


1 9x? + 4y? = 36 2 4xy?  330y = 2 


3 xy- ҳу? + х? = 4 ху + +у? = 5 

5 х2 — 3xy + y? = 3х – 4 6 ху? + 2у? = x7 — 4y? 

ТҮ + ут = 8у 8x!- Мху- у= 0 

9 x4y + Vay = 5 10 уух + Vy = 9 

1 у(х2 – у2) = х 12 (4x — 1)? = 5у + 2 
х? j 4 к 

13 —-y=2-— 14 (5х2у + 4y! = х? 
» 2 у 

185 Vx 4 y4 Ve-y=6 TL P ДН 


п о: 
17 у= зіп (2х + у) 18 x cos y = (х + yy 
19 tan xy + xy = 2 20 tan? x + tan? y = 4 
2] sin? x + co?y 21 
22 sec (x + v) + csc (x + у) = 5 
23 cos xy + y? = 2 24 sin x tan y = y? 


25 cot (3x + y) = 5xy 26 sec (x? + y?) = 5x3 


In Problems 27 to 32, find the equations of the tangent and normal 
lines to the graph of the implicit function determined by each of the 
following equations at the given point. 

27 x? + xy + 2y? = 28 at (2, 3) 

28 х? — Зху + y? = 1 at (2, —1) 

29 V2x + V3y = 5 at (2, 3) 

30 x? - 2 Vxy — у? = 52 at (8, 2) 

31 sin xy = y at (7/2, 1) 

32 (5 + tan ху)” = 36 at (7/12, 3) 

In Problems 33 to 36, consider x to be a function of y and find dx/dy 
by implicit differentiation. 
33 3? + Sxy = 2 


35 y)2y-y 


34 sey? = x? ES y? 


36 Vxy + ху? = 5 


In Problems 37 to 46, find all functions implicit in each equation by 
solving for y in terms of x. 


37 5x — 4y = 6 
38 5x? — 4y? =6 
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41 x 


42 
43 
44 
45 


46 


47 


48 


49 


50 


51 


52 
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Зху2 + 4y +x =0 


By = || 
ay ar | 


х? = ху + у? = у? 
х= 

VOU m 

y- Ss + Зу = 3(х +1) 


" 
+2=2 


= |x 


Show that the function f(x) = łV 16 — x^ is implicit in the equa- 
tion (x7/16) + (y2/9) = 1. What does this imply about 
the relationship between the graph of f and the graph of the 
equation (x?/16) + (y?/9) = 1? 


Show that the function g(x) = —łV16—x° is implicit 
in the equation (х2/16) + (y?/9) = 1. What does this imply 
about the relationship between the graph of g and the graph 
of the equation (x?/16) + (у2/9) = 1? How is the graph of g 
related to the graph of the function f of Problem 47? 


Both of the functions f and g defined by f(x) = 2 V6 — x? 
and g(x) = —2V16-— x^ are implicit in the equation 
(x?/16) + (y?/9) = 1. (a) Calenlate f'(x) directly from f(x) = 
ЗМ16 —x^. (b) Calculate g'(x) directly from g(x) = 
—3V16 = x°. (c) Calculate dy/dx from the equation 
(02/16) + (2/9) = 1 by implicit differentiation. (d) Show that 
the answer to part (c) is compatible with the answer to part (a). 
(e) Show that the answer to part (c) is also compatible with the 
answer to part (b). 


Interpret the answers to parts (a), (b), and (c) of Problem 49 in 
terms of the slopes of tangent lines to the graphs of the function 
f. the function g, and the equation (x?/16) + (y?/9) = 1, re- 
spectively. Thus, explain the **compatibility" found in the an- 
swers to parts (d) and (e) of Problem 49. 


Find the slope of the tangent line to the graph of the implicit 
function determined by the equation (22/30) — (у2/20) = 1 at 
the point (6, —2) (a) by implicit differentiation and (b) by solv- 
ing the given equation to obtain y explicitly as a function f of x 
and then finding the value of f'(x) when x — 6. 


In a certain tropical habitat, the predator-prey relationship be- 
tween the population x of boa constrictors (the predator) and the 
population y of wild pigs (the prey) is given by the equation 
70x? + y? — 2000x — 150y + 18,600 = 0. Find ihe rate of 
change dy/dx of pigs with respect to boas when x = 10 and 
y — 80. 
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53 A civil engineer is designing a curved access road leading from a 
point O on a state highway to a point P on an interstate high- 
way. She sets up a Cartesian coordinate system with O as the 
origin and the state highway along the x axis (Figure 5). With 
distances in meters, P — (150, 100). The access road is to be 
tangent to the state highway at O and tangent to the interstate 
highway at P. To provide for acceleration up to interstate high- 
way speeds, the curvature of the access road is to decrease 
uniformly from O to P. To meet these conditions, the access 
road is designed to follow the graph of the equation 
4x? + 3(у — 200) = 120,000. Find the x coordinate of the 
point / where the interstate highway intersects the state highway. 


Figure 5 


interstale 
highway 


P = (150, 100) 


state highway 


E O 


2.9 


Figure 1 


y 


у= Wx, n even 


(a) 


y = Wx. n odd 


(b) 


The Rational-Power Rule 
In Theorem 9 of Section 2.3, we established the power rule 


d -1 
= rind 
dx 
for integer exponents. In this section, we show that the same rule works for rational 
exponents. We begin by considering the case in which the exponent is the reciprocal 
of a positive integer. 
Recall that if n is a positive integer, then 


xn = Vx 


where Vx denotes the principal nth root of x. Thus, if n is even and x is nonnega- 
tive, V/x denotes the nonnegative number whose nth power is x. Similarly. if n is 
odd, \/x denotes the real number whose nth power is x, but there is no restriction on 
the algebraic sign of x. 

If the positive integer л is even, then the graph of y = Vx has the general appear- 
ance shown in Figure 1а; but if лп is odd, the graph looks like the curve in Figure 1b. 
In either case, it is visually apparent that the graph of y — Vx has a definite tangent 
line at every point, except perhaps at (0, 0).* If x # 0 and there is a tangent line at 
the point (x, V/x), then its slope must be given by the derivative dV x/dx. Thus, 
Figure 1 provides graphical evidence that dV x/dx exists, provided that Vx is de- 
fined and x = 0. In what follows, we shall assume this. A more formal argument 
can be given by using Theorem | on page 406. 

Now, suppose that n is a positive integer, and let 


у= Vx 
Then. 
y^ =y 


*In fact, for n odd, the graph does have a tangent line at (0, 0), namely, the y axis (see page 
201). 
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Applying the implicit differentiation procedure to the last equation and assuming 
that x = 0, we have 


dq d 
T CEU. 
or Di 
Therefore, 
LN T Ж ЫРУ АН 
dx пу! пу 


Because у = Vx and y" — x, the last equation can be rewritten as 


dit — NX 
— Vx = — 
dx nx 


Using the alternative notation х!/" for Vx, we can rewrite this equation as 


d gin 


— yn = 


1 = 
= Xavi 
n 


dx nx 


or 


provided x + 0. 


EXAMPLE 1 If f(x) = x'®, find f'(x). 


SOLUTION For x = 0, 


un M ue cl umi | вә 
dice ИЛА ТС 9* 
If desired, the same result can be written as 
ye. x 
Viens 
dx 9x 
It's interesting to notice that if n = 2, the differentiation rule 
d ам == 1 m-i 
п 
а а 1 1 
: Мұ. “А с. А 
ca О ДЕ Оо Vx 


which is in conformity with the square-root rule obtained by other means in Sec- 
tion 2.3. 


140 CHAPTER 2 THE DERIVATIVE 


Now we can prove the following theorem, which shows that the rule for differen- 
tiating rational powers of x follows the same pattern as the rule for differentiating 
integer powers of x. 


THEOREM 1 Power Rule for Rational Exponents 


Let r = m/n be a rational number, reduced to lowest terms so that n is a positive 
integer and the integers тл and п have no common factors. Then 


holds for all values of x for which x” = (x'/^)" is defined, except possibly for 
x = 0. It also holds for x = 0, provided that л is odd and m > n. 


PROOF Suppose that x^ is defined and that x # 0. Then, using the chain rule, the rule for 
differentiating integer powers, and the rule obtained above for differentiating x!/", 
we have 


d d ( ] ) 
Eum Dum Туп E .l/mym— 1 a (m—1)/n{ — (170-1 
v= 5 = mx") ag E дү X 
dx dx uy) ( dx n 


- т хот n+ 0) 1 E 


n 
—x 


n n 


(m/m—-1 — Рх"! 


To complete the proof, assume that т > n and n is odd. Let f(x) = x’, noting that 
r > 1. Thus, when x = 0, кх"! = 0, and so we must prove that f'(0) = 0. We have 
Pee ОА) AC TR 
i Ws m, Ax = Дш, Ax 

[(Ax)/^ ]" 


= li AE LH. т. ЛЕ 1/пүт-—п — 
du [(Ах)!/"]" үш, К : 


If we combine the power rule for rational exponents in Theorem 1 with the chain 
rule, we obtain the following important result: 


If r is a rational number and x is a differentiable function of x, then 


du 


Ри” = ги” 1 Du 


Of course, if u = 0, this rule may not apply, unless r = m/n, where m and n have 
no common factors, m > п > 0, and л is odd. 


In Examples 2 to 7, find the derivative. 
EXAMPLE 2 f(x) = x3” 
SOLUTION For x > 0, 


t T. d mM 3 (3/2)-1 — 
bd. a ta + 


ю|ч 


31-29 
ы? - VA 
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EXAMPLE 3 g(t) =2 7? 
SOLUTION For t 0, 


d ; 7 7 р 
(Lr eg mme .,—10/3 ш 
EN 3 3 


EXAMPLE 4 h(x) = V2x2 + 3 


t d уа а 4 1/3 
SOLUTION In (G1) ene we dp e SSS ar 3e 
dx dx 


1 d 
= — (2x? 309-1! 243 
z Cy ст СЫ) 


= 4(2x $ 3)-?P(4x) a Ax(2x* du 3)? н 
EXAMPLE 5 F(x) = (1 — x)*5(] + x2)? 


SOLUTION 


Oto ey) е 
dx 


d f: 0) / d 3—3 
= [Za - la ut (0 -Za it) | 


= [БШ == celles ob ae (че EO] 

= (i = o russia DI 

us (loo O ae Ез) B 
This calculation illustrates a useful rule: To factor an algebraic sum in which each 
term contains a rational power of the same expression, take as a common factor the 
smallest rational power to which the expression is raised. For instance, in the 
third line of the calculation, the expressions (1 — x)~!/> and (1 — x) occur. 
Since —} < &. we factor out (1 — x) 1^. Likewise, since —3 < —32, we factor out 
(Up e 


EXAMPLE 6 G(x) = sin Мх? + 5 


d 3 3 d зт 
SOLUTION Сх) = qm Мх + 5 = cos Vx! +5 ын Т +5 
х х 
3 d 
= cos Vxt + 5 — (x^ + 5)? 
dx 


3 1 d 

= As eres Lees 

cos Vx E (x ) "m (x ) 
= cos Vx? + 5 [а(х + S)? (4x?)] 
7 4x3 cos Vx^ + 5 

Б) 
Ax? Vx* + 5 cos Vx^ + 5 
3(x* + 5) 


In the last step, we rationalized the denominator by multiplying numerator and 
denominator of the fraction by (х? + 5)! = Ух? + 5. m 
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Problem Set 2.9 


EXAMPLE 7 


SOLUTION 


In Problems 1 to 30, find the derivative of each function. 


ао = 

2 ко = МЕ 

3 g(x) = 36x” 
4 f(x) = 21a? 


5 hz (0-077 
6 ft) = = 

мх" 

; 353A 
7 ћи) = (1 + = 
8 g(s) = рете 


оозе 
10 fix) = Vx + Vx Vx 


1 = Ме = Nr 


12 ely) = Vy Byer Vy 


as Mos 
13 gtx) PEN, 
14 fo) = (х + Vix — 2 VA) 


15 AQ) = (1 + x) x + 1)! 


16 fit) = 


\ 3б = 12 

17 fi) = Vr-2Vt« 5 
18 g(x) = Vs + 2Vx) 
19 fü) = Visin t 

20 g(x) = V/cos 3x 
РТС = eae G 

22 A(t) = sin" = 1) 
23 F(t) = sec" (4r? + 1) 


24 G(s) = 3 cot VETE 


Ha) = (1 + tan u? $ 


If tan i? z —1, 


H'(u) 


D 


27 


—$(1 + tan и?) 5/9 ! L(sec?u2)(2u)] 


=5и(1 + tan u?) P sec? u? 


26 К(0) = ( 


Н(у) = tan Vy ese Уу ———— 
. cos 0 


РИ) г cR 28 Оф) = ( 


29 f(0) = V3 + cos? 30 


30 


Heh) = (7) = eae oes = 


In Problems 31 to 36, find equations of the tangent and normal lines 
to the graph of each equation at the indicated point. 


3M 


33 


34 


39 


40 


у = V4c + 23 at (1, 3) 


l —Xx 1/5 

NC e=] at (1, 0) 
DEL 
38 60 y 

y- (==) ato 


e 3/2 

>= |= at (3, а 
- ===) at (3, вз) 
2x! — y — y at (1, 1) 


y VIS £2 sin xy = $ at (2/3. 1) 


Find О, (МА) (a) by writing Wx = VV and using the chain 
rule and (b) by writing Vx = x!“ and using the power rule for 
rational exponents. 


In the last part of the proof of Theorem 1, (a) where did we use 
the assumption that n is odd. and (b) where did we use the 
assumption that т > n? 


During a flu epidemic, public health officials develop the mathe- 
matical model № = 1200r^"? to predict the number of people in a 
certain region who will have contracted the flu ¢ days after the 
beginning of the epidemic, 0 = г = 30. Find the rate dN/dr at 
which the (lu will be spreading 25 days after the beginning of the 
epidemic. 

Suppose that the population P of a certain culture of bacteria is 
given by the equation P = 1000 V r^ + 10/7 + 9, where / is the 
time in hours since the culture was started. Find the rate dP/dt of 
bacterial population growth when г = 2 hours. 
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2.10 


Figure 1 
P —— 
иии СЕЕ ———M 
О 5 


Higher-Order Derivatives 


As we have seen, a derivative can be interpreted as a rate of change. For instance, 
the derivative dP/dt of the consumer price index P with respect to time ft can be 
taken as a measure of monetary inflation. When government economists say that the 
rate of inflation is decreasing, they are talking about a rate of change of a rate of 
change—a derivative of a derivative. 

The idea of a *'second derivative’’ also arises in the study of the motion of a 
particle P along a linear scale (Figure 1). Call the scale the 5 axis, and denote the 
variable coordinate of P by s, so that 


SSI) 


where fis a function determining the location of P at time г. The equation s = f(t) is 
called the law of motion, or the equation of motion, of the particle. 

The velocity v of the particle P is defined to be the instantaneous rate of change of 
its position coordinate s with respect to time: 


The absolute value of the velocity is called the speed of the particle: 


speed = |} 


In physics, the instantaneous rate of change of velocity with respect to time is 
called the acceleration a of P: 


d d ( ds 
Therefore, Ga |= 
dt dt 5 dt 


so the acceleration is the derivative of the derivative, or, as we say, the second 
derivative of the position coordinate s with respect to time. If distances along the s 
axis are given in meters and time / is measured in seconds, then the velocity v is 
given in meters per second (m/s). Consequently, the acceleration a is given in 
meters per second per second read '**meters per second squared" (m/s?). 


EXAMPLE 1 Suppose that a particle is moving along the s axis according to the 


law of motion s = 100/2 + 10¢+ 5, with s in meters and ż in seconds. Find the 
values of v and a when ż = 0.5 second. 


SOLUTION Here, 


ds d S 
yv = — = — (100r + I0 + 5) = 200r + 10 
dt dt 
dv d 
d = — = — (2007 + 10) = 200 
x ч dt Ta | 
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Hence, when / = 0.5 second, 
v= 110 m/s and a = 200 m/s? 


EXAMPLE 2 Suppose that a particle is oscillating about the origin on the s axis 
according to the law of motion s = 10 cos [(7/12)t — (7/3)], with s in centimeters 
and 7 in seconds. Find the values of v and a when / = 6 seconds. 


SOLUTION Here, 


ds d D (ы A 107 . к z 
y-— = — os [1] = — — sin | —1 – — 
рта Р Tw Иш Sie z 
5m e: 2) 
~ — sin | —r - — 
6 Ie 3 
and 


dv d | Sa ( T a ( =i T ) | T z) 
a = — = —] = — sin (= | | = | - — || —] cos |— r = — 
dt dt 6 12 3, Ge КО 12 3 


51 ( т z) 
— cos | —1— — 


mess E 2 __ St T Е 57 
Ва ШЕЕ 5 =~ 
and " е 
Sa T T Sa T 
M 7. cos (4 - £)- - 72 ere: 
5л? V3 ` 5m V3 А 
m abge! m 


Derivatives of Order n 


More generally, if f is any function that is differentiable on some open interval, then 
the derivative f’ is again a function defined on this open interval, and we can ask 
whether f" is differentiable on the interval. If it is, then its derivative (f")' is written 
for simplicity as 


4 (read *‘f double- prime") 


We call f" the second-order derivative, or simply the second derivative, of the 
function f. For instance, if a particle moves along a linear scale according to the law 
of motion s = f(t), then 


у= f'(t) and а= f'"(t) 


There is nothing to prevent us from successively taking derivatives of a function 
as many times as we please, provided that the derived functions remain differentia- 
ble at each stage. Thus, if fis a function and if f, f', and f” are differentiable on an 
open interval, we can form the third-order derivative, or third derivative, 
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If f can be successively differentiated п times in this way, we say that fis n times 
differentiable, and we write its nth-order derivative, or nth derivative, as 


The parentheses around the п are to prevent its being confused with an exponent. 
For instance, 


=” апа "= 


EXAMPLE 3 Find all the higher-order derivatives of the polynomial function 
(Sie Ен 3x? — 2x + 4. 
SOLUTION — f'(x) = f(x) = 608 — 240° + 6x - 2 

f") = fx) = 1808 = 48x + 6 

f" (x) = f?) = 360x — 48 

е л; = 360 

(б) = fx) = 0 
Since f is a constant function, all subsequent derivatives are zero; that is. 


f(x) = 0 for п 2 5 
Just as with first derivatives, we often deliberately ignore the distinction between 
the nth-order derived function f‘” and the value f(x) of this function at the num- 


ber x; both are referred to as "the nth derivative." 
Operator notation for higher-order derivatives is self-explanatory: 


р" fx) mU 


The corresponding Leibniz notation is developed as follows: If 


yf) 

o that dy Ac) 
S == 
ах : 


then the second derivative is given by 


MM e ji ARES ишк) 
= D2 f(x) = f"(x 
dx 8 : 


x) 


The symbolism 


dx 
for the second derivative is cumbersome. Formal algebraic manipulation, as if ac- 
tual fractions were involved, converts this to 

Фу 

(ах) 
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In practice, the parentheses in the “‘denominator’’ are usually dropped, and the 
second derivative is written as d^y/dx?. Similar notation is used for higher-order 
derivatives (assuming these exist), as shown in Table 1. 


Table 1 


Leibniz 


rm : а = Т жы = dy E di 
1 First derivative y! — f'Q) DIE OW) 2 L 
З E : tye n ” S А Фу d 
мшш» ш еу ш D\(Dyy) = Diy = Dif) ie) a 
3 Thi d d x ti ( "y эт IN ) D (D А D? Dif ) Фу d р ; 
n, П ve у = wW = 4 4 i ү = M üt = : 
ird derivative У У x OW) y з 


n nth derivative (97 PA ems afe em лет, БО y) = Оу = EGS) 


Tra 
EXAMPLE 4 lf y = 2x7 + —, find 
A 


(a) Dy (b) Diy (c) Diy 


SOLUTION 
2 ] 2 
(a) Dy = p,(20 +— ) = 4r - — 
d ГЕ 
а) 2) 6 
(b) Diy = р(х = =, =4+— 
г iv 
3 6 24 
(с) Diy = D4 + —) = - > 
A ho 


EXAMPLE 5 Let y = Vx. Find d"y/dx" for all values of n. 


SOLUTION Here, y = Vx = x'?. Using direct calculation, we have 
2 e 


ty dag 
dx 2 


dy 4 ( 1 2a) 1 ( 
ү =] = || — 
ghe Ghee s 2 
dy _ S Den] к WE ү 3 es 
di dx 12 Q4 2 2 P 
dy 3 
a Sul i ER 2. 
di д6 2 2 2 2 2; 2 


The pattern is now emerging; in fact, 


"у 
=] ntl 
ах" ( ) 2^ 


| 93 997 0c o (2 — 3 
Rumes c me A 


.—(2n—1)2 


apparently holds for n = 2. (A formal proof of this fact can be made by using 
mathematical induction.) a 
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EXAMPLE 6 Let f(x) = x cos 2x. Find 


(a) f'(x) (b) f"(x) (c) f"(x) 
(d) f(O) (е) f'xr/6) (Р) f"(—/4) 
SOLUTION 
(a) f'(x) = cos 2x — 2х sin 2x 
(b) f"(x) = —2 sin 2x — 2 sin 2x — 4x cos 2x 
= =o) Bem т оу 
(c) f"(x) = —8 cos 2x — 4 cos 2x + 8x sin 2x 


= —]2 cos 2x + 8x sin 2х 
(d) By (a). f'(0) = cos [2(0)] — 240) sin [2(0)] 
—cos0—0-— | 


(e) By ©). "(= == ш [2(2)] = (=) ш ES] 


КЕР En D 
3 E 3 
V3\ 2 
To e T TEN 
To o 
3 
(f) By 97-2) = —]2 cos 2(-2)| + s(-=) sin [633] 
= —]2 cos (-2) == Mer cito Lx 
= 140 = Е) 
= 27 a 


Many of the differentiation rules developed earlier have generalizations for 
higher-order derivatives. (Most of these are proved by mathematical induction оп л, 
the order of the derivative involved.) For instance, the addition rule and the homo- 
geneous rule work for the nth-order derivative: that is, 


Р) + g(x)] = D} f(x) + D'g(x) 


Di[cf(x)] = ср! f(x) с constant 


The product (or Leibniz) rule for higher-order derivatives (f+ 2)'? is more compli- 
cated. For example, if n = 2, we have 


QE quy cf IN ey meh 
muc m Do ч E + in 


gy = р" + 2f' « g' 1r fr^ Bee 


As Example 7 illustrates, higher-order derivatives can be found by implicit differ- 
entiation. 


Hence. 
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EXAMPLE 7 Il x? — 2y? = 4, find D,y and D2y by implicit differentiation. 


SOLUTION Differentiating both sides of x? — 2y? = 4 with respect to x, we have 
2v — 4yD,y = 0 
25 x 
hence, 12749 = de = EM 


Differentiating both sides of the last equation with respect to x and using the quo- 


tient rule, we obtain 
WD ae EMO) ^ Pig BODEN у= agn 


руу = 2 
Ё (2y)? 4y? 20 


Substituting D,y = x/(2y) into the last equation and simplifying, we find that 


> 


yc OLI ж 
de 4v 


Finally, since х2 — 2y? = 4, we can rewrite this result as 


—4 
D2y = 
x 4y3 
or Dya == 
à " 


Problem Set 2.10 


In Problems | to 6, a particle is moving along the s axis according to 13 G(x) = (8 – 3)6* 332 + 9) 14 fu) = G8 + 1)? 
the given law of motion s = f(r). Find v = ds/dt and a = dv/dt. 3 

15 e(r) = PVI- Sr 16 f(x) = х = — 
1 з= г 208 31 — 5, s in meters, t in seconds x 
] 


2 5 = (12 + 1)7!, s in centimeters, г in seconds 17 fw = 2 
Ds 


18 g(x) = (x + a 
X 


3 s= 3 sin тї — 2 cos 27t, s in meters, t in seconds 


4 s=1Vr +4, s in miles, гіп hours 


ropa 


5 s = 50/2 + 53/2, s in kilometers, t in hours 


6 з= 102 + ум + jh m 4l Sweet 
s = 017 + vol + so, where g, vo, and so are constants 


7 1а Problems 1, 3, and 5, find v and a at the instant when / = 1 
unit. 


8 If air resistance is neglected, a dropped object will fall through 
s = 4.97 meters during a time interval of t seconds. (a) Find the 
acceleration of the falling object. (b) Find a formula for the 
velocity of the objeci after it has dropped through s meters. 


In Problems 9 to 36, lind the first and second derivatives of the 
function. 


9 fix) = 55 + 4c +2 10. g(x) = (a7 + 7) 


П 9) = 72 – 232 9:149 12 F(x) = x*(x + 27 


19 fiu) 2и 
in) e === 
Du үй) 
21 f(r) 2 VP +1 
23 F(r) = (1 — Vr? 
25 f(x) = 7 cos Ilx 
27 F(0) = sin 20 + cos 30 


29 H(t) = 2 cse 7t 


31 Q(0) = Ө cot 36 


x 
sear Ml 


33 G(x) = sin 


35 v = —4 sec 5х 


] 

20 Fv) = Vv + — 

Му 
Ap. FAS) = WWE 3- || 
24 h(x) = —— 
26 f(t) = —6 sin (5 — 2n 
28 hix) = (x + sin х) 
30 p(y) = 5 tan? 4y 
32 S(x) = VI + sin 5x 


34 у= УІ + secx 


2 > M 
36 у= x sin — 
х 


37 In Problem 17, find f'(—1) and f"(—1) 
38 In Problem 24, find A'( V2) and A"( V2). 
39 In Problem 27, find F'(7/6) and F"(z/6). 


40 In Problem 34, find the value of dy/dx and of d^y/dx^ when 
x = т/4. 


41 Find all higher-order derivatives of е 
f(x) = 7x7 — 58 + 88 — 3x + 81. 


42 If f(t) = (Vt + 1), find fO%%). 
43 If y= Vx — 1, find dy/dx, d^v/dX^, and d^y/dx. 
44 Develop a formula for D'(V/x), х 0. 


function 


45 Develop a formula for D'(1/x). x # 0. 
46 Find D? sin x. 
47 If y=3x°+ 2х, evaluate and simplify the expression 

xX (dy/dx?) — 2x(dv/dx) + 2y. 
48 Assume the Leibniz rule 

OP gl e er BPO pfo 
for second derivatives. (a) Derive the Leibniz rule 
(fe mr =f- g" + aH dos + E cd чы OR 


for third derivatives. (b) Assuming that f(1) = —3, e(l) EIS 
f()2-1, g(1 4, f'(1 = 16, and g'1)-3, find 
(f: g)"(1). 


49 Let g be a twice-differentiable function such that g(2) = 3, 
g'(2) = 3, and g"(2) = 5. Define the function f by the equation 
f(x) = x'g(x). Find the numerical value of f"(2). 


50 Find formulas for f'(x) and f"(x) if 


ie ifxzl 
ало iod 

- о 
6) fto] ^: 

хо ifx<0 


51 A particle is moving along a linear scale according to the given 
equation of motion, where s is the distance in feet from the 
origin at the end of t seconds. Find the time when the instantane- 
ous acceleration is zero if 


(а) = 2 = 62 + 121+ 1,12 0 


(D == МІ +7, г2 0 


(с) 5 = 51 + „t20 


t+1 
52 Let f be a twice-differentiable function. A particle Q moves 
along the graph of f in such a way that the x coordinate of Q at 
time t is x = g(t), where g is a twice-differentiable function. A 
particle P moves along the y axis in such a way that the y coordi- 
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nate of P is always the same as the y coordinate of Q. Find a 
formula for the acceleration of P at time 1. 


53 Explain why the nth derivative of a rational function is again a 
rational function. 


54 Let f and g be twice-differentiable functions. Suppose that 
g(-1) = 27, g'(-1) = –1, g'(-1) = i. (27) = 2, f'(27) = 
—4, and f"(27) = 1. Find the numerical value of (f° g)'(—1). 


In Problems 55 to 58, find d^y/dx^ in terms of x and/or y. 


ЗЗА 56 ё +y = 16 


57 xX sin 3y = 4 58 xcoty =y 


59 During the early years of the U.S. space program, experiments 
were conducted on human volunteers riding rocket-driven sleds 
to determine the physiological effects of large accelerations. 
One such sled, moving in accordance with an equation of the 
form s = kt’, where k is a constant, was able to attain a velocity 
of 500 meters per second in 2 seconds. What distance (in meters) 
did the sled travel in these 2 seconds? 


WT 


uoc СД - 4 


60 If a and v are the acceleration and velocity of a particle moving 
on the s axis, show that a = v (dv/ds). 


61 If N is the number of people who have contracted a disease r 
days after the beginning of an epidemic, then the rate R at which 
the disease is spreading is given by R = dN/dt. Public health 
officials often feel that the epidemic is “under control" when 
dR/dt = 0. Suppose that epidemiologists use the mathematical 
model № = 500(207 + 1802 — P) to predict the number N of 
people who will have contracted a certain virulent new form of 
flu t days after the beginning of an epidemic. If the model is 
correct, after how many days will the epidemic be brought under 
control? 
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2.11 


THEOREM 1 


Algebraic Signs and Zeros of Functions 


If a function f satisfies the condition f(x) > 0 for all values of x in an interval, we 
say that f is positive on the interval. Likewise, we say that f is negative on an 
interval if f(x) < 0 for all values of x in the interval. To say that f is positive (or 
negative) on an interval means that, over this interval, the graph of f lies entirely 
above (or entirely below) the x axis. The x coordinates of points where the graph of 
f touches or crosses the x axis are called the x intercepts of the graph. In other 
words, the x intercepts of the graph of f are the solutions, or roots, of the equation 


JE E 


For this reason, an x intercept of the graph of f is also called a zero of f. 
For instance, from the graph shown in Figure 1 of the function 


fix) = 4x — 4° — 2502 + x 6 


you can see that f(x) is positive on the intervals (—®, —2), (—3, 2), and (3, ©) and 
negative on the intervals (—2, —2) and (2, 3). Evidently, the x intercepts of the 
graph of f are —2, —2, 2, and 3. Notice that the intervals on which f is positive are 
separated by zeros of f from the intervals on which f is negative. 


Figure 1 У 


Лх) = 4x4 -4x3 25x? +x +6 


In this section, we use the ideas of continuity and the derivative to study the 
algebraic signs and zeros of a function. One of our basic tools is the following 
important theorem about continuous functions. 


The Intermediate-Value Theorem 


Suppose that the function f is continuous on the closed interval [a, b]. Then if k 


is any number between f(a) and f(b), there is at least one number c in the interval 
la, b] such that f(c) = К. 
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Although the formal proof of this theorem is best left to more advanced courses, 
Figure 2 should make it seem plausible. Indeed, since f is continuous, its graph 
consists of one connected piece with no holes and no sudden jumps. The points 
(a, f(a)) and (b. f(b)) lie on this graph, one below and the other above the horizontal 
line у = k. It seems clear that the graph of f must intersect the line у = k, say, at the 
point (c, k). Therefore, f(c) = k. Note that the intermediate-value theorem just 
guarantees the existence of such a number c, but it doesn't tell us how to actually 
find such a number. 


Figure 2 Y 
ЖЬ)р----------------------------ь , (b, f(b) 


1 (e. f(c)) 
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EXAMPLE 1 Show that there is a number c between 1 and 2 such that 
= — Юр e 
с 2c = 9. 


SOLUTION The polynomial function 
о 2? 


is continuous on the interval [1, 2]. Also, /(1) = —1 and f(2) = 16. Because 9 is 
between —] and 16, Theorem 1 guarantees the existence of at least one number с 
between ] and 2 such that f(c) — 9; that is, 

Coe — 9 


A function fis said to change sign on an interval / if there are numbers a and 5 
in J such that f(a) and f(b) have opposite algebraic signs. As a consequence of 
Theorem 1, we can state the following useful property of continuous functions. 


Change-of-Sign Property 


A continuous function cannot change sign on an interval unless it has a zero in 


that interval. 


To see how the change-of-sign property follows from Theorem 1, let f be a 
continuous function on an interval /, and suppose that а and b are numbers in / for 
which f(a) and f(b) have opposite algebraic signs. It follows that 0 is between f(a) 
and f(b); hence, by Theorem 1, there is at least one number c between a and b such 
that f(c) — 0. 


EXAMPLE 2 Show that the function f(x) = x? + x — 1 has a zero in the interval 
[0, 1]. 


SOLUTION Тһе polynomial function f is continuous on the interval [0, I], and 
because f(0) = —1 and f(1) = 1, it changes its sign on this interval. Therefore, by 
the change-of-sign property, f has a zero on the interval [O, 1]. 
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The change-of-sign property justifies the following simple procedure. 


Procedure for Finding the Intervals on Which a Function f is 
Positive or Negative 


Step 1 Find all the numbers at which f is undefined or discontinuous or takes 


the value 0, and arrange these numbers in increasing order: xy. X2, X3, . . . , 
Xn. These numbers will divide the x axis into n + 1 open intervals: (—%, xi), 
(хө) Gos ХУ... e (ху, ху), апа sae» 


Step 2 By the change-of-sign property, you may conclude that f cannot 
change sign on any of the intervals (xi, x2), (xo, д3), . . - s (Х„—1, Xn). There- 
fore, fis either positive or negative on each of these intervals. The same is true 
for the unbounded intervals (— 2, ху) and (x,, %), provided that they are con- 
tained in the domain of f. 


Step 3 Select any convenient ''test number" from each interval considered in 
step 2, and evaluate the function f at each test number. The algebraic sign of f 
at each test number determines the algebraic sign of f on the entire interval 
containing that test number. 


In Examples 3 and 4, determine the intervals on which the function is positive or 


negative. 
EXAMPLE 3 f(x) = 412 + 8x — 5 


SOLUTION Ме follow the steps in the procedure above. 


Step 1 The polynomial function fis defined and continuous at every real num- 
ber x. The zeros of f are the roots of the quadratic equation 


40 + 8r-5=0 
Factoring the left side of this equation, we have 
(2х + 5)(2x — 1) = 0 


so the roots are 


tole 


x=-3 and x= 
These two numbers divide the x axis into the three open intervals 
(== —$) (-3. 3) (2, ©) 


Step 2 The function f is either positive or negative on each of the intervals 
obtained in step 1. 


Step 3 From the interval (—2», —3) we select, say, the test number —3. Be- 
cause 
f(-3324(-3» + 8(-3) -5 =7>0 


we conclude that f is positive on the entire interval (—%, —3). From the interval 
(—3. 2) we select, say, the test number 0. Because 


РО) = 4(0)? + 8(0) – 5 = —5«0 


we conclude that f is negative on the entire interval (—3, 3). Finally. from the 
interval (5, 2с) we select, say, the test number 1. Because 


fa) = 401) + 811) -5 =7>0 
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we conclude that f is positive on the entire interval (5, 2с). Figure 3 summarizes 


our findings. [| 
Figure 3 algebraic sign of Дх) = 4х2 + 8x 5 
value is value is 
Zero zero 
{ й 
| 
soo tt+ttt++ € t +++4++4+44++. 
———————————— x 
5 1 
Е 2 
(sae Ss 2) 


EXAMPLE 4 f(x) = ENT 


SOLUTION Here, f(x) is undefined when the denominator of the fraction 


(GeaP SiGe = 2) 

(Gv se Jes — 10) 
is zero, that is, when x = —1 and x = 1. Also, f(x) = 0 when the numerator is zero, 
that is, when x — —3 and when x — 2. We arrange these four numbers in the order 


—3, —1, 1, 2 to determine the five open intervals 
(=e) = 85 = 1), Kile Ny (Uo 2) (2> 5) 


on which the function f is either positive or negative. Selecting a convenient test 
number from each interval, say —4, —2, 0, 2, and 3, and evaluating f(x) at each test 
number, we obtain 


fs Sf zi fuo Gas E 


The algebraic signs of f(x) at these test numbers determine 


Figure 4 algebraic sign of mos BE) the algebraic signs of f on the corresponding intervals, as 

shown in Figure 4. E 
undefined undefined 
95 value ts The change-of-sign property can also be used to help locate 
zero zero А . . + 
the zeros of a continuous function f by the following bisec- 
эй не = аа ада tion method: By sketching a rough graph, ог by trial апа 
M EE ea mw Se ; d 
= m 1 ә error, find a closed interval [a, b] for which f(a) and f(b) have 


opposite algebraic signs. By the change-of-sign property. 

f must have a zero in this interval. Using the midpoint 
c = (а + b), divide the interval [a, b] into two subintervals [a, c] and [c. b]. 1f 
f(a) and f(c) have opposite algebraic signs, then f must have a zero in the interval 
l[a, c]. If fc) = 0, then c itself is a zero of f. The only other possibility is that f(a) 
and f(c) have the same algebraic sign, in which case f(c) and f(b) must have 
opposite algebraic signs (why?) and f must have a zero in the interval [c, b]. Con- 
tinuing in this way, you can locate a zero of f as accurately as you wish by confining 
it in successively shorter and shorter intervals. 


Ml EXAMPLE 5 In Example 2, we used the change-of-sign property to show that the 
continuous function 
fax)2x-c-x-1 


has a zero between О and 1. Starting with the interval [0, 1], use the bisection 
method twice in succession to locate a zero of f with more accuracy. 
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tangent line at 


SOLUTION The midpoint of the interval [0, 1] is «(0 + 1) = 0.5. A simple cal- 
culation reveals that 


f0)=—-1 and /0.5) = –0.375 


so f(0) and f(0.5) have-the same algebraic sign. It follows that f(0.5) and f(1) must 
have opposite algebraic signs. Indeed, they do: 


LOSS -0375 and — ШЕ 


so f has a zero between 0.5 and |. Now, for our second application of the bisec- 
tion method, we start with the interval [0.5, 1]. The midpoint of this interval is 
1(0.5 + 1) = 0.75. Here we have 


f(0.5) = —0.375 and f(0.75) = 0.171875 


so f(0.5) and f(0.75) have opposite algebraic signs. lt follows that f has a zero 
between 0.5 and 0.75. 


Newton's Method 


In the seventeenth century, Isaac Newton discovered an elegant method, using 
derivatives, for estimating the zeros of functions. This method, which is usually 
much more efficient than the bisection method, is especially well suited to modern 
electronic calculators and computers. The basic idea of Newton's method is illus- 
trated in Figure 5. Suppose that z is a zero of the differentiable function f and that a 
is an approximation to z. lf we start at the point (a, f(a)) and follow the graph of f 
to the point where it intersects the x axis, we obtain the exact value of z. If, instead, 
we start at the point (a, f(a)) and follow the tangent line to the point (5, 0) where it 
intersects the x axis, we obtain an approximation b to the zero z. In many cases, b 
is a better approximation to z than a was. 

In Figure 5, an equation of the tangent line to the graph of f at (a, f(a)) is 


у— fla) = /['(а)(х— a) 
Because the point (b, 0) is on this line, we must have 
0 — fla) = f'(aylb — a) 


If f'(a) 4 0, we can rewrite the last equation as 


= = {у= 
f (a) ; 
or 
Да) 
eae = 
fila 


Thus, the basic idea of Newton’s method is to replace an approximation a to a zero 
of f by what we presume is a better approximation b given by the equation above. 
But then we сап take this **better"" approximation b and substitute it back for a in 
the equation to obtain, we presume, an even better approximation: 


f(b) 
f(b) 


c=b- 


л 
л 
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This process сап be repeated as often as we wish to obtain (we hope!) better and 
better approximations to a zero of f. 
The discussion above is summarized as follows. 


Newton's Method 


Let x, be a first approximation to a zero of the differentiable function f. Then 
successive approximations 


AE c sens Satie = © 


are given by repeated use of the equation 


Е 08 
го) 


Xn] = Xn 


which gives the (n + 1)st approximation in terms of the nth approximation. 


In using Newton's method, the first approximation x, can be obtained by an "'edu- 
cated guess," by sketching a rough graph of f, or by using the bisection method. 

In more advanced courses in numerical analysis, conditions are developed to 
guarantee that Newton’s method **works"' in the sense that the successive approxi- 
mations x1, X», хз, . . . really do come closer and closer to a zero of f. Roughly, 
these conditions are that |f’(x)| is not too small and |f "(x)| is not too large for values 
of x close to x. However, rather than bothering to check these conditions, it's 
usually easier just to use a calculator and see what happens. When the method 
works, you'll soon see the successive approximations "settling down"' and coming 
closer and closer to the desired number. When the number in the display of the 
calculator stops changing as you repeat the calculation, you have found an approxi- 
mation to a zero of the function within the limits of accuracy of the calculator. 
When the method fails, you'll soon see the successive "approximations" behaving 
erratically and not "settling down’’ (see Problems 53 to 56). 


EEXAMPLE 6 In Example 5, we used the bisection method to show that the func- 
tion 
f@=e4+x-1 


has a zero between 0.5 and 0.75. Using a calculator and Newton's method, fir. this 
zero to as many decimal places as possible. 


SOLUTION Here, 


Ро) =3e 4+ 1 
and the formula 
‚= Ж oem ҖЫ) 
DNE X 
(5) +x, = 1 
becomes озы = PS aee 
3Q,)° + 1 


We're looking for a zero on the interval [0.5, 0.75]. so let's take the midpoint 
xı = 50.5 + 0.75) = 0.625 
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as our first approximation. Then, using a 10-digit calculator, we find that 


(0.625)? + 0.625 — 1 
x = 0.625 — ——— — —À— = 0.685251799 
sa 3(0.625! + 1 


Repeating the process with the value of x; just obtained, we have 


(хэ)? dr No — 1 
= Use 


X3— X 
E 2 3(х„)” 3e Ji 

Note that in the passage from x» to x3 the first two decimal places haven't changed. 
This is an indication that the successive approximations are settling down as de- 
sired. Let's continue the process: 


(Ей ae àv ш 1 
Wa = = ы а 7804 
Emm 
xti Т 
"NM Б. ш EUN C 
3(x4)* ap || 


Because x4 — xs, we have found the desired zero z to within the limits of accuracy 
of the 10-digit calculator: 


z == 0.682327804 L| 
You can use Newton's method to find approximate solutions to equations that you 
cannot solve by the usual algebraic techniques. 
Figure 6 EIEXAMPLE 7 Find an (approximate) solution of the equation x? = cos x. 


SOLUTION A rough sketch of the graphs of y = x? and y = cos x on the same 
coordinate system (Figure 6) shows that they intersect at a point whose abscissa is 
approximately 0.8. In order to use Newton's method, we rewrite the given equation 
in the form 


x — cosx=0 
Thus, we are looking for a zero of the function 


f(x) = х — cos x 


and we know that x, = 0.8 is a reasonable first approximation. Here, 
f'(x) = 3x7 + sin x 

and we have 

(Xn)? — cos x, 


Xn] 7 Xn 7 F 2 
2) se Sia) 35; 


Using the last formula and a 10-digit calculator, we obtain the following successive 
approximations to the desired zero: 


ху = 0.8 X4 = 0.865474034 
X» = 0.870034801 Xs = 0.865474033 
X3 — 0.865494102 Xe = 0.865474033 


Thus, to within the limits of accuracy of the 10-digit calculator, the solution of the 
equation x? = cos x is х = 0.865474033. а 


[С] 
[©] 


[©] 
Ici 


[С] 
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Problem Set 2.11 


In Problems 1 to 12, use the intermediate-value theorem (Theo- 
rem 1) to show that there is a number c between the two given 
numbers that satisfies the equation. 


1 c between 0 and 1, 4с — 2 = 2 


2 c between 1 and 2, 2c* — 4c? + 8c = 7.07 


3 c between 2 and 3, с? + 3c — 9c = 10 


—_-—— 


wee = dS 
С 


4 c between 2 and 3, 


ec$ 
Vc41 


6 c between 2.5 and 2.6, à — 8 +c = -6 


5 c between 0 and 1, 


7 c between —2 and –1. 28 — 38 — [2с = 1 


1 
t .4 and 1.5, ———=——; = МЗ 
8 c between 1.4 ап LU Nep 


9 c between 37/4 and т, sinc + 2 cos 2c = I 
10 c between 7/6 and 7/3, 2 csc c + cotc = 4 
11 c between 0 and 7/6, c + sinc = 1 


si 1 
12 c between 7/6 and 7/2, pn m - yu 


In Problems 13 to 18, show that the function has a zero in the 
interval by using the change-of-sign property. (You need not try to 
find the value of the zero.) 


13 f(x) = — 28 — 1 in [1, 2] 

14 g(x) = х + 62 — 18x? in [2.1, 2.2] 

15 f(x) = х5 — 2:8 — 1 in [1.5, 1.6] 

16 g(x) = x! + 6x — 1852 in [-8.2, -8.1] 
17 h(x) = sin x + 2 cos 2x in [7/4, 7/3] 
18 F(x) = sin? x + 2 cos x in [1.9, 2 

In Problems 19 to 34, determine the intervals on which each func- 
tion is positive or negative. 

19 f(x) 232 — 6x 8 

20 g(x) = 25 — 20x + 4 

21 F(x) = 2x(x — 3)(х + 5) 

22 Gay—x Ер 

23 h(x) = (2х + DGx — (х - 2) 


24 A(x) = Vx — l(x 2)|х — 3| 


25 g(x) = E ; 

26 O(x) = ae 

27 r(x) = се в: 

28 Rix) = NIBLAR 

29 s(x) = сез 
30 S(x) = mes 


ЗД) s dps 


32 F(x) = (x — 1) 2x7? 


X-i ifx= l 
28) ues = B 
e" |> PEN 
Обу 21 W 
34 Ge = 2 = hoc 
=з ifx>4 


(9135 In Problem 15, use the bisection method twice in succession. 
starting with the interval [1.5, 1.6], to locate a zero of f(x) = 
х? — 2 — ] with greater accuracy. 


[6136 In Problem 16, use the bisection method twice in succession. 
starting with the interval [—8.2, —8.1], to locate a zero of 
g(x) = x! + бх? — 186 with greater accuracy. 


(237 In Problem 17. use the bisection method twice in succession, 
starting with the interval [7/4, 7/3], to locate a zero of h(x) = 
sin x + 2 cos 2x with greater accuracy. 


[6138 In Problem 18, use the bisection method four times in succes- 
sion, starting with the interval [1.9. 2]. to locate a zero of 
F(x) = sin? x + 2 cos x with greater accuracy. 


ElIn Problems 39 to 44. use a calculator and Newton's method to find 
a zero of the function to as many decimal places as possible. Start 
with the value of x, as a first approximation. 


39 The function f(x) =? — 2x? — 1 of Problems 15 and 35; x, = 
midpoint of the interval [1.5, 1.6] 


40 The function g(x) = x* + 6x? — 18x? of Problems 16 and 36; 
xı = midpoint of the interval [- 8.2. —8.1] 
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42 


43 
44 
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The function A(x) = sin x + 2 cos 2x of Problems 17 and 37; 
x, = midpoint of the interval (7/4, 7/3] 


The function F(x) = sin? x + 2 cos x of Problems 18 and 38; 
x, = midpoint of the interval [1.9. 2] 


Gw =r- ata x = —3.5 


Hix)2x-A8-2x 4x = 4.5 


Ein Problems 45 to 48, use Newton's method to solve the equation. 


45 


47 


£49 


© 52 


„л 
өө 


Figure 7 


205-40 + 5x =7 46 15° + 130 = 1 


х= pns 48 tral- 201/2 
х 
The ancient Babylonians discovered the following rule for ap- 


proximating the square root of a positive number А: Begin by 
making a reasonable estimate a of VE. Then b = [а  (K/a)] 
will be an even better estimate. Repeat the process to get better 
and better estimates. (a) Use this method to obtain V2 to as 
many decimal places as you can, starting with | as a first ap- 
proximation. (b) Show that this method of estimating square 
roots is just a special case of Newton’s method. 


The function G(x) = x? — 7x + 7 of Problem 43 has two zeros 
on the interval [1.3, 1.7]. Find these two zeros to as many deci- 
mal places as you can. 


Using Newton's method, derive a rule for obtaining successively 
better and better approximations for the nth root of a positive 
number К. 


In order to work Problem 56 on page 194 it will be necessary to 
solve the equation (г — a) Vt + a — b = Q for t, where a = 324 
and b = 4.32 x 10°, (a) Use the change-of-sign property to 
show that there is a solution of this equation on the interval from 
t = 5000 to г = 6000. (b) Use Newton's method to find this 
solution to as many decimal places as you can. 


For the function f whose graph appears in Figure 7. x, appears to 
be a reasonable first approximation to the zero z. However. if 
you use Newton's method, the second approximation 


_ Кл) 
ШЕЙ 


Хо =X] 


(£1 54 


@ 
un 


56 


(257 


59 


60 


961 


62 


will turn out to be a rather poor estimate for 2. Explain why. 
|Hint: Sketch the tangent line to the graph at (xy. f(x,)).] 


Let f(x) = (1 — 4x)/(1 + 4x). Obviously, the only zero z of f is 
z= 1. Try to use Newton's method with x, = 1 to obtain an 
approximation to the zero z. What goes wrong? (Hint: See Prob- 


lem 53.) 


Let f()-2-38-—x. If z is a zero of f, then 
2 + 3:2 — г = 0, so (2? — 362) — 2 = 0. Using the quad- 
ratic formula, we find that 22 = (3 + V17y hence, 
z= £Vi(3 + V17). Try to use Newton's method with x, = 1 


to obtain an approximation to a zero of f. What happens? 


With the aid of a calculator, use the point-plotting method 
to sketch an accurate graph of Дх) = 2 + 3х2 —x* for 
—2 € x = 2. Using this graph, explain geometrically what goes 
wrong in the attempt to use Newton's method in Problem 55. 


The equation &? — 6x — 1 = 0 is used in the proof that it is 
impossible to trisect a 60° angle with straightedge and compass. 
(a) Use the change-of-sign property to show that this equation 
has a root on each of the following intervals: [—1, —0.5]. 
[-0.5. 0]. and [0.5, 1]. (b) Use Newton’s method to find the 
three roots of 8 — 6x — 1 = 0 as accurately as you can. 
(c) The root in the interval [0.5, 1] is actually cos 20°. Use a 
calculator to check this. 


The depth x to which a floating sphere of radius r sinks in fresh 
water is a root of the equation x^ — 3rx° + 4r°s = 0, where s is 
the specific gravity of the sphere. The specific gravity of Span- 
ish mahogany is s — 0.774. Find the depth to which a sphere of 
radius r — 0.4 meter made of Spanish mahogany will sink in 
fresh water. 


Suppose К is a positive constant. By applying Newton’s method 
to the function /х) = х7! – k, develop the formula 
b = 2а — Ка? for replacing an approximation a to K^! by a “*bet- 
ter" approximation b. 


In Problem 59, show that 5 really is a better approximation to 
k^! than а was. provided that 0 < a < 2& !. 


in thermodynamics, the volume v in cubic meters of 1 mole of 
carbon dioxide at 0°C and a pressure of 10? newtons per square 
meter is a root of the equation у? — av? + by — c = 0, where 
a=228 x 10, b=360 X 1085 and сЕ 
Use Newton's method to find v. (Round off your answer to three 
significant digits.) 


Let f be a differentiable function, suppose that x, is a first ap- 
proximation to a zero of f, and define F(x) = x — FOF GO. 
Show that the sequence of successive approximations to a zero 
of f provided by Newton’s method. starting with x, as a first 
approximation, is the orbit of x, under the iterates of F. (See 
Problem 48 on page 124.) 
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Review Problem Set, Chapter 2 


1 An object is thrown straight upward with such a speed that at 
any time its distance s in feet from the surface of the earth is 
given by the equation s = 200r — 166^, where t is measured in 
seconds. Find (a) the average speed during the third second 
of motion, (b) the instantaneous speed when / = 2 and when 
t — 3, and (c) the highest point reached by the object. 


2 The motion of a particle along the x axis is given by the equa- 
tion x = 2t — (1/2), where x is the coordinate of the particle at 
time t. Distance is in meters and time in seconds. (a) Determine 
whether the particle is moving in the positive or negative direc- 
tion when ¢ = 0. (b) Find the instantaneous speed when г = 1. 
(c) When does the particle change its direction of motion? 


3 The side of a square metal plate is 20 inches when its tempera- 
ture is 50°. If its temperature is raised to 75° in 10 minutes, 
each side expands 0.2 inch. Find (a) the average rate of change 
of the area of the plate per inch change in the length of a side 
and (b) the average rate of change of the area per degree change 
in temperature. 


4 In optics, the magnification at x of a lens that projects the point 
x of one number line onto the point y — f(x) of another number 
line is defined to be the instantaneous rate of change of y with 
respect to x. Suppose that a lens projects x to y = x^. What is its 
magnification at x — 2? 


In Problems 5 to 8, find the equations of the tangent and normal 
lines to the graph of the function at the indicated point. 


5 f(x) = x! — 4x + 2 at (4, 2) 


6 gix) = at (2. 3) 


ELIT 

7 fix) = &à at (8, 19) 

8 f(x) = 96x — 3х at (0, 0) 

9 Indicate which of the functions in Figure 1 is (1) continuous on 


(a, b), (ii) differentiable on (a, b), and (iii) continuous and 
differentiable on (a, b) 


Figure 1 iF 


Figure 1 (Continued) у 


(4) 


10 Suppose that f is a differentiable function at x = a. Show that 


: = Ма) SM (EE) 
fete. Jun 2h 
In Problems 11 to 18, (a) find 


AGE + Ах) = ROS) 
Ax 


and simplify; (b) using the result of (a), find 


Jie ae 89) = б] 


DOG Te 


by actually calculating the limit. 
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1 f(x) = 3х = 2 РЭ In Problems 31 to 80, use the differentiation rules to find the deriva- 
> Я пме. 
13 у= 2+ +1 14 fix) = 23 - 1 Die 
i 31 f(x) = he 32 g(x) = —4x ^? 
CE a vn Io o eq 33 h(x) = i? 34 FG) = т? 
7 2 m 
29814 = 18 fx) = 7? 35 G(x) = V2? 36 НО) = —зуг 
à 
К | 37 f(x) = 5x? — 7x М 38 g(x) = л(1— я) 
19 Verily your answers to part (b) of Problems 11, 13, 15, and 17 Д 
by using the basic algebraic rules for differentiation. 39 A(x) Ойон ма 200 
20 We know that the derivative of a product is not, in general, ће 40 F(x) = 702 — 877 + V43 
same as the product of the derivatives. Are there any integers п 41 Gi) = SP?! + 154 — 572 4 8 
and т for which D,Q”x”) turns out to be the same as 
(D, Xx), x")? 42 Н(и) = З. Ли + 1.247 *? 
21 Let f be a function defined by f(x) = |x| + |x + 1|. (a) Sketch 43 f(x) = (2 + 2x Ne + 5) 
the graph of f. (b) Determine the points at which f is not 


44 g() = (Vt * 001+ Vi- 2) 


WEG 2 _ e7127 
22 Suppose that the function g is continuous at 0, and f is a func- ги 
tion defined by f(x) = xg(x). Is f differentiable at 0? If so, find 46 F(v) = (2\/у — 3» 2)? 
/' (0) in terms of р. 


differentiable. 


4G et ea | 48 H _ мт+3 
23 Suppose that f and g are differentiable funetions at 7 and that = КЕТ? Qu g-1 
(7) = 10, f'(7) = 3. g(7) = 5, and g'(7) = —. Find в 
‘ inde a 49 fix) = Vt 2x +1) 80 g(t) =2Vi 41 (01+ 1) 
(en (Uf ак QD) (йш = (с) (fg)'(7) 
“ү { 1 3 y — 5у +4 
+3 И А m-( ВВ. em -2 ЭЖ 
(d) = 0 — (e e (0) (0 (7+ 250) RO ( -J P = 52 FO) = aa 
(8) ( f jo 53 Gx) = Ve + 12 54 H(z) = V2 + V2F 1 
I СА Y 7 
5 y) = х= Š = —— 
24 Suppose that f is a differentiable function on R such that ы TE We cm So NES 
f(x + y) = f(x) + Ду) holds for all numbers x and у in R. 
(a) Prove that f(0) = 0. (b) Prove that /'(0) = f'(x) holds for 57 h(x) Q2 + 7y Мх 7 58 Ду) = JE 
all numbers x in R. 1= (1/5) 
Ева 
In Problems 25 to 28: (a) Indicate whether the function f is continu- 59 a(t) = Оо 5) 
ous at x = 2. (b) Find f' (a) апа f’,(a). (c) Is f differentiable at fr 
x = a? (d) Sketch the graph. 60 h(q) = Уд + Уд + Vq 
+b 
: 4— 3x Wi cess 22 61 f(x) = E ‚ where a, b, c, and d are constants 
25 fix)= j, : ;а=2 Еа 
Ve aig) ifx>2 
Gk a> 1) ү 
26 Ax) = 24 hs = Thos 1 62 g(x) = ea where a, b, c, d, and r are constants 
с 
Л х=? 
27 f(x) = | a=- 1 1 
ү lio lere =) S | 63 ЈО) = — sin PER 64 ощ 
28 f(x) = [fv - 2]]; a = 2 : 
a e 65 h(t) = —1 cos 4t 
[©] In Problems 29 and 30, use a calculator to find the approximate 
66 F(x) = Мх + 1 gee 
value of the indicated derivative. Use Ax = a/10*. i i аи 
67 G(x) = $ sin (3x — 1) 68 H(0) = cot (МӨ + 0) 
29 f'(a) where f(x) = Vx + 1 and a = 3 TT а 
— 9 -————— |) = V eos 
30 e'(a) where g(x) = cot Vx and a = 0.6169 са) а се 3 so i050 


71 h(8) = 3 sin Ө cos 20 72 F(x) = x tan V3x 


73 G(s) = 3 tan 2s — } cot 4s 74 H(x) = 2 sin (esc x) 


2 esc x — 3 cot x 


75 fix) = 76 g(x) = cot ^? 5x 
Seam Il 
8 ==== 
Ze у = Vs В 
77 һ(Ө) NUM mem 78 qv) sin Vy 


79 f(t) = a cos (wt — ф) + К, where a, о, ф, and К are constants 


ifx zo 
ifx <0 


3 cos x 

ЕЕ RE +3 

81 Some people believe that we are all subject to periodic varia- 

tions, called biorhythms, in our physical stamina, emotional 

well-being, and intellectual ability. The physical cycle, for in- 

stance. is supposed to have a period of 23 days. Assume that, 

on a scale from 0 to 10. a certain person's physical stamina р 

is given by p = 5 + 3 cos (6.55641 — 5.804) on day number г, 

starting with г = 1 on January 1. Find the rate of change of p 
with respect to г on January 21. 


82 In the study of FM (frequency-modulated) radio transmission, 
the function f(t) = А cos (wt + bt cos w,,f) represents the 
strength f(r) of an FM signal at time г seconds. Here A is the 
amplitude of the carrier signal, w,/(27) is the frequency of 
the carrier signal, b is the amplitude of the modulating signal. 
and o,,/(27) is the frequency of the modulating signal. Find 
f' (t) in terms of A, we, b, wm, and t. 


83 If Kis a rational number and К = 1, show that the tangent line at 
the point (1, 1) to the graph of f(x) — x* intersects the y axis at 
a point that is Å — ] units below the origin. 


84 Show that if n is an odd positive integer, the lines tangent to the 
graph of f(x) = x" at the points (1. 1) and (—1, —1) are paral- 
lel. 


85 Let y = (1 — uy(1 + u) and u = (3 — x)/(2 + х). Use the 
chain rule to find dy/dx. 


86 The electric field intensity Е on the axis of a uniformly charged 
ring at a point x units from the center of the ring is given by the 
formula E = Qx/(a^ + x)”, where a and О are constants. 
Find a formula for the rate of change of field intensity E with 
respect to distance x along the axis. 


In Problems 87 to 90, find a point on the graph of the function where 
the tangent or normal line satisfies the indicated condition. Then 
write an equation for this line. 


87 The tangent line to f(x) = 3x7 — 2x + 1 is perpendicular to the 
line x + 4y —1=0. 


88 The tangent line to g(x) = x/(x — 1), x > 1, intersects the y 
axis at (0, 4). 


89 The normal line to A(x) = cos x, 0 = x = 7/2, is parallel to 
the line 2x —y 2 4 = 0. 
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90 The normal line to F(x) = x/Vx + 1 is parallel to the line 
Mr ze llc 


In Problems 91 to 96, find all points on the graph of the function at 
which the tangent line is horizontal. 


9] f(x) — х5 = 3х - 2 92 g(x) = Зо 


ái 
OE 
94 F(x) = x V3—x 


93 h(x) = 


95 G(x) = sin x + cos x, 7E X € m 


96 A(x) = х + cox, О = х = 27 


97 Suppose that the interval (1, 3) is contained іп the domain of 
the function f, that fis differentiable at 2, and that f(x) = f(2) 
for all values of x in the interval (1, 3). By quoting an appropri- 
ate theorem, show that f’(2) = 0. 


98 Let gix) = x — sin x. (a) Show that the graph of g has a hori- 
zontal tangent at (0, 0). (b) Does g have a relative extremum at 
x = 0? Why or why not? 


In Problems 99 to 102, suppose that Л = f° g. Use the given infor- 
mation to find h'(a). (Caution: There may be more information than 
you need.) 


99 a = 2, f(2) = 8, g(2) = 0. f'(0) = 12. g'(2) = —1 
100 a = т, Кт) = 3, (т) = m. (т) = Mm, g'(7)= т 
Mo V2 fig) = УЗ y= У 
102 а = 1.732, (1.732) = 7.007, f'(7.007) = 0.2. g'(1.732) = 5 
103 Suppose that f gives the area of a square as a function of the 


length of one of its diagonals. Express f as a composition of 
two other functions. 


104 In economics, a linear supply-demand-price model 


s—Ap—B and q=b-ap 


relates the number of units s of acommodity supplied by manu- 
facturers, the number of units q demanded by consumers, and 
the price p per unit of the commodity. Here A, B, a, and b аге 
positive constants. Of course. if the demand exceeds the sup- 
ply, the manufacturers will be inclined to increase the price. A 
recursive pricing model is a formula 


new price = f(old price) 


that gives the new price per unit of the commodity as a function 
f of the old price 1 unit of time earlier. Consider the recursive 
pricing model given by 

fp) =p + Kq—s) 


where K is a positive constant. (a) If p is the current price per 
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106 


© 107 


108 
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unit of the commodity, what is the economic interpretation of 
the orbit of p, 


р. Гр), Qf», ОГ Ре Alp), ... 


under the iterates of f? (b) When po = f(po), we refer to po as 
the equilibrium price of the commodity. Give the economic 
interpretation of the equilibrium price, and find a formula for 
ро in terms of A, B, a, and b. 


Let f(x) = a + Bx, where a and £ are constants and f # 1. 
Let x; be any real number and consider the successive images 


хә = f(x). хз = Qo. x = (Ро Ро б)... 


of x, under the iterates of f. (a) Show that there exists ex- 
actly one number xp such that хо = Дх). (b) Show that 
(f(x) = xol = |В||х — х] holds for every real number x. 
(c) Show that |х, — xo| = |Bl"|xi — х] holds for every posi- 
tive integer n. [Hint: Use part (b) and mathematical induction. ] 
(d) If 18| < 1, use the result of part (c) to show that the succes- 
sive images of x, under the iterates of f come closer and closer 
tO Xo. 


In Problem 105, show that if |B| > 1 and x, # xo, then the 
successive images of x, under the iterates of f have absolute 
values that become larger and larger without bound. What hap- 


pens if 8 = —1? 


In Problem 105, let а = 2.7 and take x, = 5. Use a calculator 
to find xo. X3. .. . , хую for (a) B = 0.9 and (b) B = 1.1. 


The recursive pricing model in Problem 104 is said to be stable 
if, as time goes on, the successive prices given by the model 
approach the equilibrium price ро. Using the results of Prob- 
lems 105 and 106, find necessary and sufficient conditions in 
terms of the Constants A, B. a, b, and k for the recursive pricing 
model to be stable. 


In Problems 109 to 116, use implicit differentiation to find D,v. 


109 
111 
113 
115 


117 
118 


38 + 2у? = | 110 x! + 40у? = 25 


58 + 8 = 16Vx +1 12 40 — 53? + у? = 18 
x—sny-0 114 sin у = cos x 


| *ty-2xcosy 116 y tan х2 — xy* = 15 


In Problem 109, find Dy in terms of x and y. 


In Problem 110, find D2y in terms of x and y. 


In Problems 119 to 124, find the equations of the tangent and normal 
lines to the graph of the implicit function determined by the equation 
at the point indicated. 


119 
120 
121 


у? + 2xy = 16 at (3. 2) 
et 45у tx? +3 = 0 at (2, -1) 


qim w Е Pat (2, 2) 


Figure 2 
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yV2x * 1 2 y c lat (d, 4) 
x — cos y = 0 at ($, 7/3) 


m tan (x — y) = 2x at (7/2, 77/4) 


5 Let (a. b) be a point on the circle x^ + y^ = г”. Using implicit 


differentiation, confirm the fact (already known from elemen- 
tary geometry) that the tangent line to the circle at (a, b) is 
perpendicular to the radius at (а, b). 


The curve ( + y?)? = xà — y^, which was first studied by the 
Swiss mathematician Jakob Bernoulli in 1694, is called a 
lemniscate (Figure 2). Use implicit differentiation to find the 
coordinates of the four points on the lemniscate at whieh the 
tangent line is horizontal. 


The curve x? + y? = 3xy, which was first studied by Descartes 
in 1638, is called the folium of Descartes (Figure 3). Use 
implicit differentiation to find the coordinates of the point P in 
quadrant ] where the folium has a horizontal tangent. 


Figure 3 y 
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. horizontal 
tangent 


x + y? = 3ху 


The curve х2 + xy + y? = 4 (an ellipse) intersects the y axis in 
two different points. Show that the tangent lines to the ellipse at 
these two points are parallel. 


In Problems 129 to 136, find the second derivative of each function. 


129 f(x) =4 + 32 - x 14 


131 


130 g(x) = x — (I/x) 


t — 
һи) = SET 132 F(s) = V2s + 1 


ae dl 


134 H(w) = Vw — 4V1 +w 
136 g(x) = R° + 7) sin (x/7) 


133 Glu) = (и! + 3)’ 
135 f(0) = € cos 30 


In Problems 137 to 142, find the indicated higher-order derivative. 


137 Рх) if f(x) = 802/2 — 9x*^ 
138 dy/dx? if y = 3x4 — 28 + 72 — 5x +7 
139 y" if y = (x — D/(x + 1) 


140 f(x) if fx) = ax" + a, 4x ! + +++ + ax + ар, where a, 
4-1. « +» , ау, and ag are constants 


141 df (cos ax)/dx®, where a is a constant 


142 g'"*'(8) if e(0) = a sin РӨ, where a and b are constants 
143 Find all higher-order derivatives of the function 
fx) = 68» + 7х* — 88 — 902 + 10x + 11. 


144 If f(x) = |А], find formulas for f'(x) and /"(х). 


145 Suppose that f, g, and л are functions which are differentiable 
at the number —2 and that f(—2)=1, /'(-2) = —3, 
f'C-20)7 -4. #(-2)= 4, g-2)-2-L 81-2) = –3, 
h(—2) = 6, h'(—2) = —8, and h"(—2) = 7. Find 


(a) (fg)'(—2) (b) (fhy"(—2) (c) G+ g)"(—2) 
(d) (e — h)"(-2) (e) (fgh)"(-2) (f) 3 (2) 


146 The curvature к of the graph of the function f at the point 
(x, f(x)) is defined to be 
к * T 
TE 


The equation of a semicircle of radius r with center at (0, 0) is 
21 2 Я H wos ` 
y= Vr — xX. Find the curvature of this semicircle at the point 


(x, Vr — x), where ^r € x <r. 


147 (a) If (x — a)? + y? = Ь?, where a and b are constants, show 
that 


yDiy + 1+ (Dy)? = @ 


(b) If х2 + у = а?, where a is a constant, show that 
П + GPP жау. 

148 Suppose that g is a function defined by g(t) = V1 — fir), 
where f(—2) = —3, f'(—-2)—3, and f'(-2)- 5. Find 
g'(—2). 


In Problems 149 to 152, a particle is moving along a horizontal 
s axis according to the given equation of motion. Find the velocity v 
and the acceleration a of the particle. 


149 s = 6 — 2P 
150 s — 64r — 16r 


REVIEW PROBLEM SET, CHAPTER 2 163 


151 s = 3 sin 2771 


152 s = cos? t 


153 Find a formula for f"(x) if 


AE ifxx]1 

iix cm Il 

134 A particle moving along an s axis according to an equation of 
motion of the form s = A cos (2707 — œ) + k, where A, v, ф, 
and & are constants, is said to be undergoing simple harmonic 
motion with amplitude А. frequency v, phase angle ф. and 
equilibrium point k. For simple harmonic motion, show that 


ds 
dr 


+ 472125 = 47212 


In Problems 155 апа 156, use the intermediate-value theorem to 
show that there is a number c between the two given numbers that 
satisfies the equation. 

155 c between 1 and 2, 4c? — 7с2 + 2c = V5 

156 c between 0 and 1, 5 sin 27c — 4 tan zc = 0.707 

In Problems 157 to 162, determine the intervals on which the func- 
tion is positive or negative. 

157 f(x) = 3x(2x — 1)(3x — 2) 

158 g(x) =? + 8 + 1x – 20 


8х2 + 22x + 15 


169) е жа 
а CORE us 
160 F(x) = 6х!!/5 — 1339/5 + бх1/5 


1 = sin x 
161 G(x) = ———— —T Ex 
(x) STENT for—---xzm 


162 H(x) = (x = 1) ап х for 7x т 


In Problems 163 to 166, show that the function has a zero in the 
interval by using the change-of-sign property. 


163 f(x) = х +x -x-c5in[-2, -1] 


1164 g(x) = 1 + 3x — 152/3 in [4, 5] 
165 h(x) = cos x — Vx in [0, 1] 
(166 F(x) = 3 sin x — 2 sin (x/2) — 1 in [0.5, 0.6] 


[8167 In Problem 163, use the bisection method twice in succession, 


starting with the interval [—2, —1]. to locate a zero of f with 
greater accuracy. 


168 In Problem 166, use the bisection method four times in succes- 


sion, starting with the interval [0.5, 0.6]. to locate a zero of F 
with greater accuracy. 
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© In Problems 169 to 172, use a calculator and Newton's method to 


find a zero of the function to as many decimal places as possible. 
Start with the value of x, as a first approximation. 


169 The function f of Problem 163; x, = —1.5 

170 The function g of Problem 164; x, = 4.5 

171 The function ^ of Problem 165; x, = 0.5 

172 The function F of Problem 166; x, — 0.55 

(€ In Problems 173 and 174, use Newton's method to solve the equa- 
tion. 

173 xe + х = 17 

174 х +x 23-— sinx 


175 The graph of y = x* + 252 — 4x + 1 has a horizontal tangent 
at exactly one point. Find the x coordinate of this point to as 
many decimal places as you can. 


176 In optics, it is necessary to solve the equation 


+= (зах) 


in order to calculate the half-width of the central maximum for 
Fraunhofer diffraction by a single slit. Solve this equation to as 
many decimal places as you can. 

177 Let ж 

r—4 


Note that f(0) = —4 and f(3) = $ have opposite algebraic signs, 
yet there is no number c between 0 and 3 such that f(c) = 0. 
Explain why this does not contradict the change-of-sign prop- 
erty. 


fix) = 


178 Suppose that f is a continuous function on an interval / and that 
f takes on only integer values. Use the intermediate-value theo- 
rem to conclude that f must be a constant function on the 
interval /. 


3.1 


APPLICATIONS OF THE 
DERIVATIVE 


In Chapter 2 we saw that the derivative of a function can be interpreted as the slope 
of the tangent line to its graph. In the present chapter we exploit this fact and 
develop techniques for using derivatives to determine important geometric features 
of the graph of a function. In Sections 3.2 through 3.5, computer-generated graphs 
are used to illustrate these features. The chapter also includes graph sketching and 
applications of derivatives to problems in such diverse fields as geometry, engineer- 
ing, physics, and economics. 


The Mean-Value Theorem 


The driving distance between Kansas City and St. Louis is 250 miles. If you drive 
this distance in 5 hours, then your average speed is 250/5 = 50 miles per hour. Of 
course, your instantaneous speed—your speedometer reading—probably will not 
remain constant during your 5-hour drive; sometimes it will be more than 50 miles 
per hour, sometimes less. But it seems clear that at some point along the way, your 
instantaneous speed must be exactly 50 miles per hour. You can’t average m miles 
per hour on a journey without attaining an instantaneous speed of m miles per hour 
somewhere along the way. This rather obvious fact corresponds to a mathematical 
theorem, called the mean-value theorem, which we study in this section. (In mathe- 
matics, the word **mean"' is often used as a synonym for “‘average.’’) 

The mean-value theorem (or law of the mean, as it is sometimes called) applies to 
variable quantities in general, not just to distance, rate, and time for an automobile 
trip. Indeed, let x and y be variable quantities, and suppose that y is a function of x, 
say, 


у /(х) 


Consider a closed interval [a, b] contained in the domain of f. As x changes from 
x = ato x = b, the variable y will change from y = f(a) to y = f(b), and the aver- 
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Figure 1 
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age rate of change of y with respect to x over the interval [a, b] 15 given by the 
change in y divided by the change in x, namely, 


f(b) — fla) 


DESIT 


If c is any number between a and Б, then the instantaneous rate of change of y with 
respect to x when x — c is given by 


Ро 
provided, of course, that fis differentiable at c. The condition that there бе a value 


of c between a and b at which the instantaneous rate of change equals the average 
rate of change over the interval [a, b] is expressed by the equation 


_ fb) — fla 


fe Ь-а 


The equation above has an interesting geometric interpretation (Figure 1). Con- 
sider the points A = (a, f(a)) and B = (b, f(b)) on the graph of f. By the slope 
formula, the slope of the secant AB is given by 


fb) — fia) 
jo = al 


However, if P = (c, f(c)). then 
f (c) = slope of the tangent line at P 
Because lines with the same slope are parallel, the condition 


b = 
fo = f(b) — fla) 
lp — @ 


means that the tangent line to the graph of f at P is parallel to the secant AB. Thus, 
the mean-value theorem can be stated informally either in terms of rate of change: 


The average rate of change of a smoothly varying quantity over an interval is 


equal to the instantaneous rate of change of the quantity at some point on the 
interval. 


Or geometrically: 


If A and В are two points on a continuous curve, and if the curve has a tangent 
line at each point between A and В, then there is at least one point P between A 
and B at which the tangent line to the curve is parallel to the secant AB. 


EXAMPLE 1 Figure 2 shows a computer-generated graph of f(x) = V/x. Find a 
point P = (c, f(c)) on the graph of f between A = (0, f(0)) = (0, 0) and B — 
(8, f(8)) = (8, 2) at which the tangent line is parallel to the secant AB. 


By the slope formula, the slope of the secant AB is given by 


210 1 
8-0 4 


SOLUTION 
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By the geometric version of the mean-value theorem, there is a point P = (c. f(c)) = 
(c. Мс), with c between 0 and 8, at which the slope of the tangent is equal to 4; 


that is, 
Го =4 
Now, 
P= DNs tips qwe 
so we want 
1c-2/3 = 2 
that is, DE Or с?з =3 


If we cube both sides of the last equation, we get 


> 64 

7 
so that с= + Milan на ЗЕ a о 
EB, uoc 


Since we require that c belong to the interval between О and 8, we must reject the 
negative solution and conclude that 


8V3 
c =— 
9 
V3 E SV 
Therefore, P = (c, fic) = |. | —— 


The mean-value theorem is one of the most important theorems їп all of calculus. 
We use it in the present chapter to help develop techniques of graphing and in 
Chapter 5 in connection with the idea of an integral. For these purposes, we require 
a more formal treatment of the theorem. In spite of the strong intuitive appeal of the 
informal versions already given, it turns out that the proof of the mean-value theo- 
rem is a bit tricky. The usual approach is to begin with the following theorem. 
which is of interest in its own right. 


THEOREM 1 Extreme-Value Theorem 


If a function f is defined and continuous on a closed interval [a. b], then f takes 


on a maximum (largest) value at some number in [a, b] and a minimum (small- 
est) value at some number in [a, b]. 


Figure 3 


v 


Geometrically, the property of continuous functions expressed by Theorem 1 is 
easy to accept since it just says that a continuous curve drawn from point A to point 
B,as in Figure 3, has a highest point C and a lowest point D. Surprisingly, a formal 
proof of this obvious fact requires a rather sophisticated study of the structure of the 
real number system R and so is best left to more advanced courses in analysis. 

Using Theorem 1, we can now prove a special case of the mean-value theorem 
which was discovered by the French mathematician Michel Rolle (1652—1719) in 
1690. 
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THEOREM 2 


PROOF 


Figure 4 


(с. feq» 


(ca. fier) 


Figure 5 


x3 


\ f(x) = x15 — 3x18 


PX 


Roile's Theorem 


Let f be a continuous function on the closed interval [а, b] such that fis differen- 


tiable on the open interval (a, b) and f(a) = f(b) = 0. Then there is at least one 
number c in the open interval (a, 5) such that f'(c) = 0. 


If f is a constant function on [a, Б], then we have f'(c) = 0 for any choice of c in 
(a, b). If f is not constant on [a, b], then f must take on either a positive or a 
negative value somewhere on (a, b). We consider the case in which f takes on a 
positive value somewhere on (а, Б); the other case is handled similarly (Prob- 
lem 35). By the extreme-value theorem, f takes on a maximum value at some 
number, say c, in {a, b]. For the case under consideration, we must have f(c) > 0, 
so c is in (a, b). By the necessary condition for relative extrema (Theorem 1. 
Section 2.4), we have f'(c) = 0. 


From a geometric point of view, Rolle's theorem can be interpreted as follows: 
The graph of a differentiable function must have at least one horizontal tangent 
between any two x intercepts (Figure 4). 


EXAMPLE 2 Show that the hypotheses of Rolle's theorem are satisfied for the 
function f(x) = х? — 3x’ on the interval [0, 3]. and find a value of c in the open 
interval (0, 3) such that f'(c) = 0. 


SOLUTION For x = 0, we have 
f'(x) = da? — x = руда 9) 


Thus, although f is continuons on all of R, and in particular on (0, 3], it is not 
differentiable at 0. However, it is differentiable on the open interval (0, 3), and this 
is all that is required. Because 


f(x) = pet yl = x! (x 23) 
the requirements that 
JUD f(3) 0 


are also satisfied. Therefore, Rolle's theorem guarantees that there is a number c in 
the interval (0, 3) such that 


filc) =0 
that is, їс 74 (4c — 3) = 0 


Solving the last equation for c, we find that c = $ and, indeed, $ is in the open 
interval (0, 3). Figure 5 shows a computer-generated graph of f with the horizontal 
tangent at (c, f(c)), c = $. 


In Example 2, it turned out that the equation f'(c) = 0 had only one solution c, 
which, of course, belonged to the interval (a, Б) = (0, 3). In general, however, the 
equation f'(c) = 0 may have many solutions, some that fall into the interval (a, 5) 
and others that do not. Furthermore, you may not be able to solve the equation 
f'(c) = 0 by the usual algebraic techniques— notice that Rolle's theorem doesn't 
tell you how: to find c; it just guarantees that c exists. Of course, you can always use 
the bisection method or Newton's method to find an approximate value of c to any 
desired degree of accuracy. 


Figure 6 
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Now we are in a position to give a formal statement and proof of the mean-value 
theorem. 


The Mean-Value Theorem 


If the function f is defined and continuous on the closed interval [a. b] and is 
differentiable on the open interval (a, Б), then there exists at least one number c 
in (a, b) such that 


(b) — fla) 
file) = Ju an 
b-a 


The slope of the secant line through the two points (a, f(a)) and (b, f(b)) is 
f(b) — fla) 
n= @ 


Therefore, if 


a(x) = Ќа) + HON He) c = a) 
lp 


then 
mc) 


is an equation of the secant line (Problem 37). Notice that 
g(a) = fla) and g(b) = f(b) 
Consider the function л defined by 
h(x) = f(x) — gx) 


for a = x x b (Figure 6). We claim that the function A satisfies the hypotheses of 
Rolle's theorem (Theorem 2). Indeed, f is continuous on [а, b] and g is continuous 
on R, so Л = f — g is continuous on (a, b]. Likewise, f is differentiable on (a. 5) 
апа g is differentiable on R, so Л = f — g is differentiable on (a, b). Also, 


h(a) = f(a) — g(a) = 0 and А) = f(b) — e(b) =0 


Therefore, applying Rolle's theorem to the function A, we can conclude that there 
exists a number c in the interval (a, 5) such that 


h'(c) = 0 
Now, kw 7 f) во) = fy - ЛӘ 
and so ft. f(b) — fla) M 
b—a 
that is. fte) = fb) — fía) 
D= 0 


The conclusion of the mean-value theorem is often written in the equivalent form 


fib) — fla) = f'(cXb — a) a<c<b | 
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Figure 7 


~ 


E IA». ^ a. fam 
; A A 


| ; 3 
IEA f(x) = Vx? 

NI { 
ү -X 

-l 0 1 


EXAMPLE 3 Let f(x) = x? + 2x? + 1. Verify the hypotheses of the mean-value 
theorem for f on the interval [0, 3], and find a numerical value of c in the interval 
(0, 3) such that f(3) — f(0) = f'(c)(3 — 0). 


SOLUTION The hypotheses of the mean-value theorem are satisfied because the 
polynomial function f is continuous and differentiable at every number. Here we 
have я р 3 2 

J(3) 3" (3): чер 46 

ЛО) = 0 + 200)? +1 = 1 


and РО) = 3x7 + 4x 


so the condition f(3) — f(0) = f'(cY(3 — 0) is equivalent to 
46 — 1 = (3c? + 4c)(3) or 9c? + 12с – 45 = 0 
The last equation сап be rewritten as 


Sc n Lu LS M асое аш 


Thus, c = 3 or c = —3. Since we require that c belong to the interval (0, 3), we 
must reject the solution c = —3. Therefore, the desired number is c = 3. 


In using the mean-value theorem, you must make certain that all the hypotheses 
are satisfied. For instance, consider the function f(x) — Vx? = x?? on the interval 
[= 1, 1]. Figure 7 shows a computer-generated graph of f. Notice that there is no 
point on the graph of f where the tangent line is parallel to the horizontal secant line 
containing the points (— 1, f(— 1)) and (1, f(1)). This does not contradict the mean- 
value theorem, since the hypothesis that f be differentiable on the open interval 
(—1. 1) fails. Indeed, f is not differentiable at the number 0 in this interval. 


Problem Set 3.1 


1 There are two points, P and О, between A and B on the continu- 
ous curve in Figure 8 at which the tangent line is parallel to the 
secant AB. Does this contradict the mean-value theorem? 


Figure 8 


2 Give an explicit example of a function f and an interval [a, 5] 
such that f is continuous on [a. b], f is differentiable on (a, b), 
and there are infinitely many points on the graph of f between 
A = (a, f(a)) and B = (b, f(b)) at which the tangent is parallel to 
the secant AB. (Hint: Although there are some complicated ex- 
amples, there is at least one very simple example.) 


In Problems 3 to 8, find a numerical value of c such that a < c < b 
and the tangent line to the graph of each function f at (c, f(c)) is 
parallel to the secant between the points (a. f(a)) and (b. f(5)). 
Sketch the graph of f, and show the tangent line and the secant. 


3 ffi) es, m m3. bed 
vitae v^ meo aes 
S fx. e oos 


6 f(x) = а= 1.5. Б= 1.6 


Seda 
7 fœ =sinx,a=0,b=7 
8 fx) = х +3x-la=-1l,b=1 


In Problems 9 to 16, verify the hypotheses of Rolle’s theorem for 
each function f on the indicated closed interval [a, b]. Then find all 
numbers c in the open interval (a, b) for which f'(c) = 0. 


9 f(x) = x^ — 3x, [а, b] = (0, 3] 

10 f(x) = x? — 5x + 6, [a, b] = [2, 3] 

П Дх) =x? — 3x? — x + 3, [а, b] = [-1, 3] 
12 f() = Vx? — 1), [а, b] = (0, 1] 

13 f(x) = х? — 2x4, (а, b] = [0, 4] 

14 f(x) = x? — 3x, [а, b] = [- V3, V3] 

15 f(x) = sin x, [a, b] = [0, 47] 


16 f(x) = V1 — cos x, [a, b] = [к=з z| 


ГА 


In Problems 17 to 26, verify the hypotheses of the mean-value 
theorem for each function f on the indicated closed interval [a, 5] 
and then find all numbers c in the open interval (a, b) for which 
f(b) — fla) = f(b ~ a). 

17 f(x) = 4x7, [a. b] = [2. 6] 

18 f(x) = x?! +x- 1, [a, b] = [0, 2] 

19 f(x) = 2x3, [a. b] = [0. 2] 

20 /(х) = Vx, (a, b] = T1, 4] 


POET 


21 fo) = [a. b] = [0. 3] 


тч 
22 f(x) = Vx + 1, [a, b] = [3, 8] 
23 f@) = №25 – x^, [a. b] = [-3, 4] 


x!-2x 3 
LM) = а An ‚ (a, b] = [71, 3] 
аг Sg 
25 f(x) =x — cos x, [a, n=|2, 27] 


26 f(x) = 2x + 5 sin? 2x, [a, b] = [0, т] 


In Problems 27 to 32, the conclusion of the mean-value theorem 
fails for each function on the interval indicated. Sketch the graph of 
the function, and determine which hypothesis of the mean-value 
theorem fails to hold. 


3 
27 fix) = М, [7 1, 1] 28 ex) a (1, 3] 


ifxcl 
ifxzl 


x +1 
23 


29 fix) = | ; [0, 3] 


30 G(x) =x - [x]. E71. 1] 
31 f(x) = tan x, [0, т] 


32 fx) = |sin xl, |-2. z| 
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33 The functions whose graphs are shown in Figure 9 fail to satisfy 
the hypotheses of the mean-value theorem on the interval from a 
to b. In each case, determine which hypothesis fails. 


Figure 9 


(b) 


(d) 
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34 


Let f be a differentiable function (and therefore continuous) at 
each number x in some open interval, and suppose that 
С] = 1 holds for each such x. Use the mean-value theorem to 
show that |f(b) — f(a)| = |b — a| for any two numbers a and b in 


Rolle's theorem to show that f cannot have two different zeros 
between | and 2. [Hint: lf 1 <a <b « 2 and f(a) = f(b) = 0, 
then f’ would have a zero between ] and 2.] 


the open interval. 


35 Complete the proof of Rolle's theorem by taking care of the case 
in which f takes on a negative value somewhere on (a, 5). 


42 Suppose that the function f 15 differentiable on the open interval 
(a, b) and that the one-sided limits lim, f(x) and lim f(x) exist 


and are finite. Prove that there exists a number c in (a, b) such 
that lim Дх) — lim, f% = (b — afo). 


36 Show that [sin x — sin y| = |x — y| holds for all numbers x and y 


by using the result in Problem 34. 


37 |n connection with the proof of the mean-value theorem, show 


that 


у= Ка) + ий = Дш) ге 


b 


is an equation of the secant line containing the two points 
(a, f(a)) and (b, f(b)). (Hinr: Use the point-slope form of the 


equation of a line.) 


38 For all values of x and y in the interval (— 7/2, 7/2), show that 


ап x — tan y| = |x — yl. 


Eln Problems 39 and 40, use a calculator and Newton's method to 
find an approximation to a value of c on the open interval (a, b) for 


which f(b) — f(a) = f'(cY(b — a). 


39 f(x) = sin x, [a, b] = (=. z] 


(= 


43 Let f be a second-degree polynomial function. Given any two 
numbers а and Б, find a formula for c strictly between a and b 
such that f(b) — f(a) = (b = a)f'(c). [Hint: There are constants 
A, B, and C such that f(x) = Ax? + Bx + C.] 


44 Let F and G be two functions, both of which are continuous on 


la. Б] and differentiable on (a, b). Define a function f on [a, b] 
by the equation 


Дх) = [Gla) — GG]FG) — [F(a) — Е(Ь)]С(х) 


for a € x € b. Verify that f satisfies the hypotheses of the 
mean-value theorem, and draw the conclusion that for some 
value of c strictly between a and b, 

Е (с) а) SA) 

G'(c) G(b) — G(a) 


(provided that the denominators do not vanish). 


45 Give an alternative proof of the mean-value theorem using the 
function у(х) = (x — a) f(b) — (x — Б) а) — (b — a) f(x) rather 
than the function л in the proof of Theorem 3. 


40 f(x) = 23? + xt – 38 t 4? — x 1, [a, b] = [—1, 1] 


41 Let f(x) = х? + 2x? — 5x — 10. (a) Use the intermediate-value 
theorem to show that f has a zero between | and 2. (b) Use 


46 Suppose that the function f is differentiable on an open interval 
containing both x and x + Ax. Show that there exists a number c 
between x and x + Ax such that f(x + Ax) = f(x)  f'(c) Ax. 


Jie 


Figure 1 


temperature 7 


Monotonicity and the First-Derivative Test 


Many applications of mathematics involve finding where the graph of a function is 
rising or falling and locating high and low points on the graph. For instance, sup- 
pose the graph in Figure | represents the recorded temperature of a patient in an 
intensive-care unit. In monitoring the patient's condition, the hospital staff 1s con- 
cerned with whether the temperature is rising or falling and with the high and low 
temperatures that occur over a given interval of time. On the graph, the patient's 
temperature 7 is plotted as a function of the time г. Notice that 7 is increasing in the 
time intervals [a, сү], [c». сз], and [c4. cs] and decreasing in the time intervals 
[e1. сә], [e3, са], and [cs, b]. High temperatures (relative, or local, maxima) occur 
at times су, сз, and cs; and low temperatures (relative, or local, minima) occur at 
times c» and сд. 


DEFINITION I 


DEFINITION 2 


Figure 2 


graph 
rising 


THEOREM 1 
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The idea of an increasing or decreasing function is made precise by the following 
definitions. 


Increasing and Decreasing Functions 


Let the interval 7 be contained in the domain of the function f. 


(i) fis increasing on / if for every two numbers a and b in / with a < b we 
have f(a) « f(b). 


(ii) fis decreasing on / if for every two numbers a and b in 7 with a < b we 
have f(a) > f(b). 


Monotone Function 


A function f is said to be monotone on an interval / if it is either increasing or 


decreasing on /. 


To say that a function f is increasing on an interval J means that the graph of f 
rises as you move to the right along the interval (Figure 2a). Similarly, to say that f 
is decreasing on I means that the graph of f falls as you move to the right along the 
interval (Figure 2b). 

Now, suppose that fis a function with a positive derivative f'(x) at each number x 
in some interval /. Then, for each value of x in /, the tangent line to the graph of f 
at the point (x, f(x) is rising to the right since its slope f'(x) is positive (Figure 3). 
Each such tangent line is a good approximation to the graph of f near the point of 
tangency, so it stands to reason that this graph also must be rising to the right. For 
similar reasons, a function with a negative derivative on an interval should be 
decreasing on this interval. In fact, we have the following theorem. 


Figure 3 x 


(x. Дх)) 


Test for Increasing and Decreasing Functions 


Assume that the function f is continuous on the interval Гапа that fis differentia- 
ble at every number in /, except possibly for the endpoints of /. 


(i) 1f f'(x) > 0 for every number x in /, except possibly for the endpoints of 
І, then f is increasing on /. 


(ii) If f'(x) < 0 for every number x in/, except possibly for the endpoints of 
І, then f is decreasing on 7. 
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PROOF (i) Suppose that f'(x) > O for every number x in /, except possibly for the 
endpoints of /, and let a and b be numbers in / with a < b. By the mean-value 
theorem (Section 3.1). there exists a number c with a < c « b such that 


fib) — fla) = с) = a) 


By hypothesis, f'(c) > 0. Also. since a < b, we have b — a > 0. and it fol- 
lows that f(b) — fla) > 0; that is. f(a) < f(b). 

(ii) The proof of (ii) is similar to the proof of (i), except that f'(c) < 0. so 
f(b) — fla) < Q; that is, fla) > f(b). ш 


By applying the procedure for finding the intervals on which a function is positive 
or negative (page 152) to the derivative f' of a function f. you can use Theorem | to 
find the intervals where the function f is monotone (that is, either increasing or 
decreasing). 

In Examples 1 and 2, find the intervals where each function is monotone. 
EXAMPLE 1 f(x = 30 +1 
SOLUTION Here. 

fi0-2382-3-23(?-10)23(«- Di + 1) 


and the continuous function f’ cannot change sign оп any of the intervals (—®, — 1). 
(—1, 1), or(1, 2). We select convenient test numbers, say —2, 0, and 2. from these 


Figure 4 intervals and evaluate f'(—2) = 9, f'(0) = —3, and f'(2) = 9. Thus, we see that 
zero zero f is positive on (—2, —1) 
f'is positive negative positive | 
(a) 1 TTE Т -x f' is negative on (—1, 1) 
Ji У i Re n m 
ent А and f' is positive on (1, 2) 
. 


Figure 4a summarizes these findings. Therefore. by Theo- 


(x)2x3—3x +1 
Ls rem I, we can conclude that 


(b) +e а fis increasing оп (—2. —1] 
zi 0| Ми 
T N f is decreasing on [—1. 1] 
increasing decreasing increasing and fis Increasing on TS x) m 


In using Theorem I, note that we can conclude that f is monotone on an interval 
including its endpoints if f' is either positive or negative on the interval excluding its 
endpoints. Thus, for instance, the number 1 belongs both to the interval [—1. 1] on 
which f is decreasing and to the interval [1, 2) on which f is increasing. This is 
perfectly consistent with Definition 1. Figure 4b shows a computer-generated graph 
of f(x) = x? — 3x + l. The intervals on which f is increasing or decreasing are 
indicated on the graph. 
EXAMPLE 2 g(x) = 02 
SOLUTION Here. 

v D 


2'(v e [sem с 
g'(x) T5 AE 


and although g'(x) is never equal to zero. it is undefined for x = 0. Thus. g’ has a 


Figure 5 


undefined 


g'is negative 


(a) 


(b) 0 


decreasing 


Figure 6 


y 


relative 
maximum 
point 


graph | graph 
rising | falling 
| 
1 
1 


fi 


positive 


= x 


g(x) = x23 


increasing 


graph 
rising 


relative 
minimum point 


DEFINITION 3 


кә 


ТНЕОКЕМ 


РКООЕ 
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constant algebraic sign on the intervals (—~, 0) and (0, 2). Using, say, test num- 
bers — 1 and 1 in these intervals, we have g'(—1) = —$and g’(1) = $. which shows 
that 


, 


g’ Is negative on (—~, 0) 


and g’ is positive on (0, 2) 


Figure 5a displays this information. Therefore. 
g is decreasing on (—, 0] 
and g is increasing on [0, 2) 


Figure 5b shows a computer-generated graph of g(x) = x^^. The intervals on which 
g is increasing or decreasing are indicated on the graph. 


Critical Numbers 


After you have found the intervals on which the graph of a continuous function f is 
rising or falling, you will see that a point on the graph separating a rising portion 
from a falling portion is either the "crest of a hill” or the "bottom of a valley” 
(Figure 6). Of course, the x coordinates of such local high or low points are just the 
numbers at which f has a relative maximum or minimum (Definitions ] and 2, page 
112). Locating these numbers is made easier by the following definition and theo- 
rem. 


Critical Number 


A number c is called a critical number for a function f if f is defined at c and 


either f is not differentiable at c or f'(c) = 0. 


Relative Extrema and Critical Numbers 


If a function f has a relative extremum at the number c, then c is a critical number 


for f. 


Suppose that f has a relative extremum at c. On one hand, if f is not differentiable at 
c, then by Definition 3, c is a critical number for f. On the other hand, if f is 
differentiable at c, then by the necessary condition for relative extrema (Theorem 1, 
page 112), it follows that f'(c) = 0, and again (by Definition 3) c is a critical 
number for f. 


According to Theorem 2, if you wish to locate all the relative extrema of a 
function, you can begin by finding all its critical numbers. Be careful, though— 
Theorem 2 does лог say that if c is a critical number for f, then f necessarily has a 
relative extremum at c.* 


EXAMPLE 3 Find all critical numbers for each function: 


(a) f(x) = 2x2 — 33? — 12x + ] (b) g(x) = |x| (c) A(x) = sin x 


*See Example 7 on page 178. 
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SOLUTION 


(a) Here, f'(x) = 6x? — 6x — 12 = 6х2 — x — 2) = 6(x + DX — 2) is de- 
lined for every real number x, and f'(x) = 0 forx = —1 and x = 2. Hence, —1 
and 2 are the critical numbers for f. 

(b) Here g'(0) is undefined, so 0 is a critical number for g. Because g'(x) = 
—] for x <0 and g'(x) = 1 for x > 0, there are no numbers x for which 
Р g'(x) = 0. Hence, 0 is the only critical number for g. 


Figure 7 


(c) We have A'(x) = cos x for every real number x. Now, cos x = 0 for x = 
+7/2, +37/2. *5m/2. and so on. Hence, the critical numbers for A are all the 
odd integer multiples of 7/2. 


After you have found all the critical numbers for a function, you must fest each 
such number to see whether it corresponds to a relative extremum. The simplest 
tests for relative extrema make use of first or second derivatives. 


The First-Derivative Test 


Consider Figure 7a, in which the continuous function f has a critical number at c, a 
positive first derivative on the open interval (a, c) just to the left of c, and a negative 
first derivative on the open interval (c, b) just to the right of c. By Theorem 1. f 
is increasing on [a, c] and decreasing on [c, Б]; hence, f has a relative maximum at 
c. Similarly, in Figure 7b, the continuous function f has a critical number at c, a 
negative first derivative on the open interval (a, c) just to the left of c, and a positive 
first derivative on the open interval (c. b) just to the right of c. Again by Theorem 1, 
(b) fis decreasing on [a, c] and increasing on [c, 5]; hence, f has a relative minimum at 
c. These observations are summarized in the following theorem. 


THEOREM 3 First-Derivative Test for Relative Extrema 


Let the function f be defined and continuous on the open interval (a, b), assume 
that the number c belongs to (a, b), and suppose that f is differentiable at every 
number in (a, Б) except possibly at c. 


(i) If the derivative f” is positive on (a, є) and negative on (c, b), then f has 
a relative maximum at c. 


(ii) If the derivative f’ is negative on (a, с) and positive on (c, b), then f 
has a relative minimum at c. 


In case (i) of Theorem 3, not only is there a relative maximum at c, but also 
f(c) = f(x) holds for every x in the interval (a, b) (Figure 7a). Similarly, in case (ii) 
of Theorem 3 (Figure 7b), f(c) = f(x) holds for every x in the interval (a, b). 


In Examples 4 to 7, use the first-derivative test to find all numbers at which the 
function has a relative maximum or mininuim. 


EXAMPLE 4 f(x) =x? – 2x7 +441 


SOLUTION Here, f'(x) = 3x? — 4x + | = (3x — 1)@ — 1), so the only critical 
numbers for f are the roots x = 3 and x = | of the equation f'(x) = 0. To decide 
whether f has a relative maximum or minimum at either of these numbers, we use 
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the first-derivative test. The procedure for determining the intervals on which f’ is 
positive or negative shows that 


f' is positive on (—>, 3) 
f' is negative on (3, 1) 


and f' is positive on (1, 2) 


By the first-derivative test (Theorem 3), we conclude that f has a relative maximum 
at 4 and a relative minimum at 1. Notice that f(1) = (3? — 2(3 + 1 + 1 = 8 and 
fa) = 12 — 2(1)2 + 1 + 1 = 1. АП this information is summarized in the follow- 
ing table: 


Figure 8 


Conclusion 


NENNEN 
ПЕЕ Ж 
[толат Жыры l 
| oe 


D 
1 


f is increasing 
f(x) =x3-2x24+x41) 
relative maximum 4 


f has a relative maximum 


f is decreasing 


f has a relative minimum 


f is increasing 


› relative minimum 
7 mm Шы с == Figure 8 shows a computer-generated graph of f. The relative maximum and relative -= 
3 minimum points are indicated on the graph. 
a км К? 
EXAMPLE 5 X) = - 
“pes HET х2 +2 it ccm =2 
SOLUTION If x < —2, then g'(x) = 2: hence, there are no critical numbers for g 
that are less than —2. If x > —2, then g'(x) = 2x: hence, since g'(x) = 0 when 
x = 0, the only critical number for g that is greater than —2 is O. 1t remains to be 
seen whether —2 itself is a critical number for g. To find out, we calculate the 
one-sided derivatives of g: 
gi (—2) = 2 and g.(—2) = —4 
Since these are different, g'(—2) does not exist. so —2 is a critical number for g. 
К Now, proceeding as in Example 4. we obtain the following table: 
Figure 9 y 
n 
maximum à E 
6 g has a relative maximum 


EMEN negative g is decreasing 


g has a relative minimum 


3T— . relative 


18. g is increasing 
minimum 


> Figure 9 shows a computer-generated graph of g. The relative extrema are indicated 
on the graph. [| 


] 
EXAMPLE 6 h(x) =x + — 
ae X 
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SOLUTION Here, A'(x) = 1 = (Ux^) for x z 0. To find the critical numbers, we 
set h'(x) = 0, so that 


= = 0 or х^ = | 


Thus, х = —l and x = 1 are the roots of h'(x) = O, and и follows that — 1 and I are 
the only critical numbers for й. Now we have the following: 


Figure 10 


2 t ж . " 
і d v-—] = 2 h has a relative maximum 
s 
" “№, 
relative at) at = т т 
Figure 10 shows a computer-generated graph of л. The relative extrema are indi- 
^ \ cated on the graph. a 


EXAMPLE 7 F(x) = х? — 3x? + 3x 
SOLUTION Here, 


F'(x) = 3x? — 6x + 3 = 3(Q7 — 2x + 1) 
= 3х — 1) 


so the only critical number for F is 1. We have the following: 


E F has neither a local maximum 
х= | zero P 
nor a local minimum 


am || EL. = positive F 15 increasing 


Thus F is increasing on both (—%, 1] and [1, %); that is, it is increasing on all R. 
Consequently, although F has a critical number, it has no relative extremum. Fig- 


ure 11 shows a computer-generated graph of F. E 
Figure 11 y 4 
4 no 
relative 
extremum 
1 
о 1 -x 


F(x) = x3 — 3х2+3х 
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Problem Set 3.2 


1 For each graph in Figure 12, indicate the intervals on which the In Problems 3 to 32, find the intervals on which the function 1s 
function is increasing, decreasing, or constant. increasing or decreasing. Sketch the graphs for Problems 3 to 8 
only. 
Figure 12 3 flx) = x7 — 6x — 2 4 р(х) = 4х2 – 8x + 3 
5 h(x) = —3x? + 6x + 2 6 F(x) т? — 8x4 S 
7 G(x) = —х%+ 12% 
8 g(x) = х5 — 67 — Ov +2 
9 f() = 8) — 12x + H 10 g(x) = x? + x? – 5x 


и h()0 = 4? — 18x? — 27x 
12 Е(х) = х? – 3x? + 3x + 7 
13 С(х) = х – 602 + 9х + 1 


I4 A(x) = 3x* + 8x? — 18x? + 12 
15 Дх) = x'- 8х2 + 1 

16 g(x) = х? + 4х + 6x + Ах — 1 
17 A(x) = 3x5 — 5? 

18 F(x) = 4) — 25x* + 40° 


19 СЕ 20 A(x) = x?Po? — 16) 
2р 347 22 q(x) = Vx = 9x7! 
23 r(x) = Vx + Ах”! 24 Р(х) = х? – 3x7? 
25:018) 59:05 и Е 
U = 28 Via) = = 
29 S(x) = sin x 30 s(x) = 3 cos 2x 

31 T(x) = tan x 32 (х) = sin x + cos x 


In Problems 33 to 52, find all critical numbers of the function. Then 

use the first-derivative test to find all numbers at which the function 

has a relative maximum or minimum. Sketch the graph in Problems 
x 33 to 38 only. 


33 f(x) 27 + 12x - 2x* 34 g(x) = 6 — 5x — 6? 
35 h(x) = х? — 27x da Росас 
37 С R d 38 HG) = — + x! - x 


39 f(x) = 2x? + 3x? — 12x 
| И e 40 g(x) = 28 + х? — 20x 1 
2 Suppose a friend, who is just beginning to study calculus, says 
to you, “l can't understand how a number с can belong to an 41 A(x) = x* — 4x 42 F(x) = (x — tx - 2) 
interval on which a function f is increasing and at the same time 
belong to an interval on which f is decreasing.” Can you clear 
this up for your friend? 94 A(x) = 3x7 + Ах? — 12x? + 2 


43 С(х) = xt- 40? + 442 + 6 
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45 f(x) m= 2N y-a 46 р(х) 2x - 3 V x 
n muc 

47 ho) > 4 aes, 
а n = itx c 

xii caer ec е 

5 om sl 25-3) Их=4 

iiS ly = if x 24 

$1 ) i cs ifxzml 

Mui NU 

5 ш) = Е О I SN 

d sy if xz -4 


In Problems 53 and 54, sketch a graph of a function having the 
indicated properties. 


53 f(1) = 2, 5) = 4, f'G) < Oforx < 1, fjQ) > Ofor! € x «€ 5, 


and f'(x) <0 forx 2 5 


54 f(1) = 2,f(2) = 1, f'Q) > Oforx < l,f'Q) < 0forl € x € 2, 


57 


and f'(x) > 0 for x > 2 


Suppose that f is a continuous function on the closed interval 
[a. b] and that f(a) = f(b). Show that f has at least one critical 
number on the open interval (a, b). (Hint: Use the mean-value 
theorem.) 


Prove the following ‘‘converse’’ of part (i) of Theorem 1: If the 
function f has a continuous first derivative f' on an open interval 
Гапа if f is increasing on /, then f'(x) = 0 holds for all numbers 
Хш 


Let a, b, c, and d be constants; suppose a > 0; and let f(x) = 


[c] 60 


61 


ax? + bx? + cx + d. Show that f is an increasing function on R 
if and only if b? = Зас. 


Suppose that f is a continuous function on the closed interval 
[a. b] and that f is monotone on the open interval (a, b). Prove 
that f is monotone on the closed interval [a. 5]. 


Let f(x) = cos 2x + 2 sin x lor —27 = x = 277. (a) Find all the 
critical numbers for f. (b) Find the intervals on which f is in- 
creasing or decreasing. (c) Find all numbers at which f has a 
relative maximum or minimum. 


In thermodynamics, the van der Waals gas law 
_ RT а 
am y? 


relates the pressure p in atmospheres of a gas, the temperature T 
of the gas in kelvins, and the volume v in liters of 1 mole of the 
gas. Here А = 8.206 x 1072 is the universal gas constant, and a 
and b are constants depending on the gas in question. For carbon 
dioxide, a = 3.59 and b = 0.0427. For carbon dioxide at a tem- 
perature T = 260 kelvins, consider p to be a function of v for 
v > b. (a) Find all critical numbers for this function. (Hint: Use 
Newton's method.) (b) Find the intervals on which p is increas- 
ing or decreasing. (c) Find all numbers at which f has a relative 
maximum or minimum. (Caution: Don't forget that v > b, so 
critical numbers less than b have no physical meaning.) 


Suppose that the concentration C in milligrams per liter of a 
certain drug in the bloodstream t hours after it is administered 
orally is given by 

7t 
2+ 3rt4 
(a) Find the interval in which C is increasing and the interval in 


which it is decreasing. (b) At what time г is the concentration С 
maximum? (c) What is the maximum concentration C? 


Сор t=0 


5.3 


Concavity and the Second-Derivative Test 


We saw in Section 3.2 that the algebraic sign of the first derivative of a function 
determines whether the graph is rising or falling. Here we see that the algebraic sign 
of the second derivative determines whether the graph is bending upward С`сир- 
shaped’’) or bending downward (*‘cap-shaped’*). We also show that the algebraic 
sign of the second derivative can be used to test whether a critical number for a 
function yields a relative maximum or minimum. 

Figure Ја shows a cup-shaped graph. Notice that as the point P on this graph 
moves to the right, the tangent line at P turns counterclockwise and its slope in- 
creases. We say that such a graph is concave upward. Similarly, in Figure 16, the 
graph is cap-shaped, and as the point P moves to the right, the tangent line at P turns 
clockwise and its slope decreases. We say that such a graph is concave downward. 
These simple geometric considerations lead us to the following formal definition. 
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Figure 1 M 


cup-shaped, 
or 
concave upward 


f decreasing 


] 
tangent line 
turning 
clockwise 


Pp—- 


cap-shaped, 
or 
concave downward 


P— tangent line 


f' increasing tuming — 
counterclockwise 


(a) 


DEFINITION 1 Concavity of a Graph 


Let f be a differentiable function on an open interval /. 
(i) The graph of f is said to be concave upward on / if f" is an increasing 
function on / (Figure 1а). 


(ii) The graph of f is said to be concave downward on / if f’ is a decreasing 
function on / (Figure 1b). 


Using the test for increasing and decreasing functions (Theorem |, page 173). we 
see that if (7')' is positive on an open interval. then f” is increasing on that interval. 
so the graph of f is concave upward on the interval by Definition |. Similarly, if 
(f')' is negative on an open interval, then f’ is decreasing on the interval and the 
graph of f is concave downward on the interval. Thus, we have the following 
theorem. 


THEOREM I Test for Concavity of a Graph 
Let the function f be twice differentiable on the open interval /. 


(i) If f" is positive on 7. then the graph of f is concave upward on /. 


(ii) If f" is negative on 7, then the graph of f is concave downward on /. 


EXAMPLE 1 Find the intervals where the graph of f(x) = x? — 9x? + 24x — 20 is 
concave upward or downward. 


Figure 2 SOLUTION Here, 
zero ғо) = 3x7 — 18x + 24 
is negative | positive 
(a) © L =x and fF") = 6x — 18 = 6(x — 3) 
y А 
A Therefore 


И) < 0 forx «3 


f(x) =x? 9х2 + 24x — 20 f' Go 0 [су 293) 
mi 2 3E , Figure 2a shows this information. By Theorem 1, we may 
(b) A’ Ч А: -x conclude that the graph of f is concave downward (cap- 
upward shaped) on the interval (—*, 3) and concave upward (cup- 
(3,2% shaped) on the interval (3, ©). Figure 2b shows a computer- 
лауа generated graph of f(x) = х? — 9x? + 24x — 20. The inter- 
eds vals where the graph is concave downward or upward are 


Y - indicated. 
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DEFINITION 2 


Figure 3 
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THEOREM 2 


Figure 4 
X: 
1 
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point of 
inflection 
74 
if 
(2,397 
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| 3 
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A point on a smooth graph that separates a portion that is concave upward from a 
portion that is concave downward [for instance, the point (3, —2) in Figure 2b] is 
called a point of inflection. At a point of inflection, a graph may ''cut across its own 
tangent line” (Figure 3). The notion of a point of inflection is made more precise by 
the following definition. 


Point of Inflection 


A point (c, f(c)) is called a point of inflection of the graph of a function f if 
the graph has a tangent line at this point and if there is an open interval / 
containing the number c such that for every pair of numbers a and b in / with 
a «€ c € b, f"(a) and f"(b) exist and have opposite algebraic signs. 


Intuitively, to say that (с. f(c)) is a point of inflection of f means that the second 
derivative f" “‘changes its algebraic sign’’ at c. This can happen only if either 
f" (c) = О or f"(c) is not defined. For convenience, we record this useful fact in the 
following theorem. 


Necessary Condition for a Point of Inflection 


Be careful! Theorem 2 does not say that the condition f"(c) = 0 guarantees a point 
of inflection at (c, f(c)) —for instance, see Example 3 below. The theorem does say 
that if you are looking for a point of inflection, you need only check points (c, f(c)) 
for which either f"(c) = 0 or f"(c) is not defined. 


In Examples 2 and 3, find all points of inflection of the graph of the function. 


EXAMPLE 2 f(x) = x? — 6x? 3x + 13 


SOLUTION Here, 


Р) = 3x? — 12x +3 


and 
f'"(x) = 6x — 12 = 6(x — 2) 


Therefore, f"(x) is defined for all numbers x in R, and the equation f"(x) = 0 has 
only one solution, namely, x — 2. Therefore, by Theorem 2, the only possible point 
of inflection of the graph of f is (2, f(2)). Because 


Го) 26x-2)«0 forx «2 


and 


/"(х) = 6(х — 2) > 0 for x>2 


it follows that f” really does change its algebraic sign at 2; hence, (2, f(2)) = (2, 3) 
is the only point of inflection of the graph of f. Figure 4 shows a computer-generated 
graph of f(x) = x? — 6x? + 3x + 13. The point of inflection is indicated on the 
graph. 


Figure 5 


Figure 6 
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Figure 7 
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EXAMPLE 3 g(x) = х 
SOLUTION We have 
gs) = ds and оо) = ye 


Therefore, g”(x) is defined for all numbers x in R, and the equation g"(x) = 0 has 
only one solution, namely, x — 0. Therefore, by Theorem 2, the only possible point 
of inflection of the graph of g is (0, g(0)) = (0. 0). However, because 


BG) = П =o forx <0 
and 
g(x) = 1202 >20 forx0 


it follows that (0, 0) is nor a point of inflection. Figure 5 shows а computer- 
generated graph of g(x) — x*. The graph of g has no point of inflection. Because 8' 
is an increasing function on R, the graph of g is concave upward оп R. 


In economics, psychology, exercise science, and many other fields, a law of 
diminishing returns is said to be operating if a certain ‘‘input’’ produces а corre- 
sponding "output" in such a way that: 


1 An increase in input causes an increase in output. 


2 As input is increased, a point is reached beyond which additional increases 
in input result in progressively smaller increases in output. 


In economics, the input might be labor or capital and the output production or 
profit. In psychology, the input might be effort and the output achievement; in 
exercise science, the input might be training time and the output athletic accom- 
plishment; and so forth. 

Using calculus. we can analyze the law of diminishing returns as follows: Sup- 
pose that the input is represented quantitatively by the variable x and the output by 
the variable y. We assume that y = f(x). where f is a continuous function possessing 
at least two derivatives. Condition 1 simply means that f is an increasing function, 
in other words, that f’ is positive. Condition 2 may be interpreted to mean that there 
is a point (c. f(c)) on the graph of f (Figure 6) such that f’ is increasing to the left of 
c and decreasing to the right of c. In other words, the point of diminishing returns 
(с, f(c)) is just the point of inflection of the graph of f. By Theorem 2, we have 
f'(c) = 0 for the point of diminishing returns. 


The Second-Derivative Test 


Sometimes, when the first derivative test for relative extrema is inconvenient, it is 
possible to test critical numbers by using the second derivative. The geometric basis 
for the second-derivative test is easily seen and remembered as follows: Figure 7a 
shows the graph of a function f and a critical number c such that f"(c) > 0. The 
condition f"(c) > 0 indicates that the graph of f is concave upward near the point 
(c. f(c)); hence, f has a relative minimum at c. Similarly, Figure 7b shows a critical 
number c for f such that f"(c) « 0, so the graph of f is concave downward near 
(с, f(c)) and f has a relative maximum at c. 

The second-derivative test is stated and proved formally in the following theo- 
rem. 
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Second-Derivative Test for Relative Extrema 


Let the function f be differentiable on the open interval /, and suppose that c is 
a number in / such that f'(c) = 0 and f"(c) exists. 


(i) If f"(c) > 0, then f has a relative minimum at c. 


(ii) 1E f"(c) < О, then f has a relative maximum at c. 


(iii) If f"(c) = О, then the test is inconclusive. 


We prove (1) only, since the proof of (ii) is similar. [See Problem 48 for part (ii1).] 
Thus, assume f'(c) = О and f"(c) > 0. By definition of f"(c) = (f')'(c) and the fact 
that f’(c) = 0, we have 


АШТ Е 

хс к= Bae de emn 
Hence, we can make the ratio f'(x)(x — c) as close as we please to the positive 
number f"(c) simply by taking x sufficiently close to c (but not equal to c). In 
particular, if x is close enough to c (but different from c), then f'(xy(x — c) will 
have to be positive. Therefore, there must be an open interval (a, b) containing c 
such that if x is different from c and belongs to (a, b), then f'(Q/(x — c) > 0. It 
follows that if a < x € c, then x — c < 0 and f'(xY(x — с) > 0, so that f'(x) < 0. 
Similarly, if c <x < b, we have x — с> 0 and f'(xy(x — с) > 0, from which 
f(x) > 0 follows. Thus, slightly to the left of c the derivative f'(x) is negative, 
while slightly to the right of c it is positive. By the first-derivative test (Theorem 3, 
page 176) we conclude that f has a relative minimum at c. 


In Examples 4 and 5, use the second-derivative test to find all numbers at which the 
function has a relative maximum or minimum. 


EXAMPLE 4 f(x) = x? = 6x? + Ox 
SOLUTION Here. 


Ро) = 3x? – 12x + 9 = 3(x — (х — 3) 
and 
Гб) = 6x — 12 = 6(x — 2) 
To find the critical numbers for f, we set f'(x) = 0: 
3(x — Ix- 3) = 0 
Therefore the critical numbers are 1 and 3. Using Theorem 3, we can determine 


whether these critical numbers correspond to relative maxima or minima by finding 
the algebraic signs of the second derivative at 1 and at 3. We have 


Г") = 6(1 — 2) = -6«0 
and 


/"(3) = 63 — 2) =6>0 


Hence, fhas a relative maximum at | and a relative minimum at 3. Figure 8 shows a 
computer-generated graph of f(x) = х? — 6x? + 9х. The relative extrema are indi- 
cated on the graph. 


EXAMPLE 5 р(х) = sin x 
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SOLUTION Here, 


and 


The critical numbers 


g'(x) = cos x 
g'(x) = —sin x 
for g are the solutions of the equation g’(x) = 0, that is, of 


cos x = 0 


Now, cos x = 0 if and only if x is an odd integer multiple of 7/2; that is, 


for n 2 0, +1, +2, 


m т 
х= (2п + 1)— = пт + == 
2 2 


2 


+3, and so on. We have 


" T " | T 
Орав = |S a = 
2 2 


But by the addition formula for the sine (inside front cover), 


. a 
sin (na 2 т) 
2 


il 


ө T me Na 
sin nm cos — + sin — cos пт =0:0+ 1-cos лт 


= cos n7 
Therefore, 
" T 
E nT + dec SOS IMT: 
1 if л is an even integer 
Now, COS лт = e : 
=a if n is an odd integer 
И т. =} if n is even 
Hence, ginmt-—j- PM 
2 1 if n is odd 
Therefore, by the second-derivative test, g(x) = sin x takes 
on relative maxima when 
3 т 
Figure 9 У шыс» fei ge, do чий a 
g(x) = sin x that is, when x is 7/2 plus an integer multiple of 27r. Simi- 
larly, g(x) = sin x takes on relative minima when 
„Хх 
Зп у 2T 


T T 
de ee pne = Par ар TS E 
2 2 


Gs E e 


that is, when x is — 7/2 plus an integer multiple of 27. Fig- 
ure 9 shows a computer-generated graph of g(x) — sin x. 


Of course, we really didn't need to use calculus to obtain the results in the last 
example—we already knew from elementary trigonometry when the sine function 
takes on its maximum value of 1 and its minimum value of —1. However, the 
technique illustrated in Example 5 can be applied to more complicated functions for 
which the result isn't known in advance. 
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Problem Set 3.3 


In Problems 1 to 34, find the intervals on which the graph of the 
function is concave upward or downward. Also, find all points of 
inflection. Sketch the graph for Problems 1 to 6 only. 


lf) = -x-6 2 g(x) = —x* + 20+ 8 


3 h(x) = (x + 2901 — x) MERI зе || 
5 G(x) = (x +1) 6 HG) =5 + 12x х? 
7 fo) = х + Ox? – 14 
8 g(x) = dat + dx 20-1 
9 h(x) = 2х5 – 4x? - 7x + 2 
10 P(x) = 4x3 — 18x? + 15x + 5 
П Q(x) = х5 — 6x7 + 9х +1 
12 R(x) = х? + 3x7 + 5 
13 р(х) = x* + 4x? — 16 
14 g(x) = 8x — 2c — xt 
15 r(x) = —x* 
16 u(x) = х? + 233 – 12 
17 у(х) = xt – 4€ — 18x? 
18 w(x) = 4x7 — bx? 
19 f(x) = 28 — 208 
20 g(x) = 30 – 5x3 


2 
21 A(x) = 2x + — 
xX 
22 Fix) = х + zs 
Vx 
23 G(x) = x? + 5572 
24 Н(х) = (x = 13? + (x — 1X 
25 p(x) = x? 


26 g(x) = (x + 2) 8x75 


АЧ = 
d XE 


28 s(x) = 1 + (x – 29° 


hoc» "em ( х “мл 
P= зо 00) = 1 + (1 ) 


31 Ах) 2 x — Vx 32 fix) = |x? - 1| 


33 g(x) = cos x 34 h(x) — sin 2x 


(35 fix) =x? - 5x +4 


In Problems 35 to 46, use the second-derivative test to find alf num- 
bers at which the function has a relative maximum or minimum. 
Sketch the graph for Problems 35 to 40 only. 

36 g(x) = х2(2х + 7) 

37 A(x) = x(x — 27 38 Fix) = 2х9 +х?+х—3 
39 G()-20-x 


41 f(x) = х= 644 


40 Hx) = x д2 + 2v 2 


42 g(x) = 3x4 + 8x? — 18x? + 12 


43 A(x) = 


x tx 
u Fo = TL 


45 G(x) = sin x — cos x 
46 A(x) =x — sin x 


47 In Figure 10, consider the graphs of the given functions and the 
displayed interval [a, e]. ln each case, the interval [a, e] is 
broken up into four subintervals [a, Б], [b. с], [с, d]. and Íd, e]. 
Assume that the given functions are twice-differentiable on the 
interior of each subinterval. Determine on which of these subin- 
tervals the given function (i) is increasing, (ii) is decreasing, (iii) 
has a graph that is concave upward, and (iv) has a graph that is 
concave downward. (v) Find all inflection points. 


Figure 10 у 


(b) 


48 Show that if f’(c) = 0 and f"(c) = 0, as in part (iii) of Theo- 
rem 3, then the test is inconclusive. Do this by considering the 
three functions f(x) = x*, g(x) = x°, and A(x) = —x^, and take 


c=0. 


In Problems 49 to 64, use whatever method you wish to find all 
numbers at which the function has a relative maximum or minimum. 


49 f(x) = 2x? — 3x? — 4 

50 g(x) = à?! — fx? – Ox + 4 

5] h(x) = x* — 4x 

52 F(x) = xf + AP + 6x? + Ax — 1 
53 G(x) = 3x4 — 4e – 125? 


oe 
54 H(x) = ie ye 


Spp sear 


56 q() = x^ - 3x? 
57 r(x) = jg 
58 Р(х) d 


10 — 3x ifx=2 
x? ifx<2 


59 fx) = | 
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60 ; 


61 


62 


66 


67 


68 


69 


70 


Пт Их 0 
0 ifx=0 


S(x) = sin x + esc x 
T(x) = x — tan x 


If the function f is differentiable on the open interval /, some 
textbooks define the graph of f to be concave upward if f satisfies 
the following condition: For every pair of distinct numbers a and 
b in 7, the point (b, f(b)) on the graph of f lies strictly above the 
tangent line to the graph of f at (a, f(a)). Show that this condition 
holds if and only if, for every pair of distinct numbers a and b 
in 7, f(b) > fla) + (а — a). 


Assume that the function f is differentiable on the open interval 7 
and that the graph of f is concave upward on 7 in the sense of 
Definition 1. If a and b are distinct numbers in /, prove that 


ДЬ) > fla) + flab — a). 


Some textbooks define the graph of the function f to be concave 
upward on the interval / provided that, for any two distinct num- 
bers a and b in I, the portion of the graph between (a, f(a)) and 
(b. f(b)) lies below the secant between (a, f(a)) and (b, f(b)). 
Draw a diagram illustrating this condition. 


Suppose that the function f is differentiable on the open interval / 
and that the graph of f is concave upward on 7. Prove that if 
a and b are two numbers in 7, then 0 «7 « I implies that 


Диа (1 — 0b] < а) + (1 = г). 


In educational psychology, learning curves are often used to 
indicate a person's achievement or performance (as measured by 
a standardized test) as a function of the total time spent studying 
the subject in question. These curves often exhibit a point of 
diminishing returns (see page 183). Explain why study time is 
being spent most efficiently at the point of diminishing returns. 


As a result of a time-and-motion study, a manufacturer deter- 
mines that between starting time (8 A.M.) and lunchtime 
(12 noon), the average worker has produced p units of the prod- 
uct after working ¢ hours, where p = 22t + 91° — 32°. (a) How 
many units of the product does the average worker produce be- 
tween 8 A.M. and 12 noon? (b) At what time in the morning does 
the point of diminishing returns occur for the average worker? 
(c) At what time in the morning is the average worker perform- 
ing at maximum efficiency? (d) When the average worker is 
performing at maximum efficiency, how many units of the prod- 
uct per hour is he or she producing? (се) Sketch the graph of p 
as a function of t for 0 = ¢ = 4. If you wish, a calculator may be 
used to help determine the coordinates of points on the graph and 
thus improve the accuracy of the sketch. 
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DEFINITION 1 


Absolute Extrema 


People often find it necessary to determine the maximum (largest) or minimum 
(smallest) value of a variable quantity. Thus, a wage earner is interested in maxi- 
mizing after-tax income, an environmentalist wishes to minimize air or water pollu- 
tion, a business person is concerned with maximum prolit, and a conservationist 
wishes to minimize energy consumption. Often problems such as these can be 
translated into the mathematical question of finding the extreme values of functions. 
In Sections 3.2 and 3.3, we used the first and second derivatives of a function to 
locate its relative extrema. Notice, however, that such a relative maximum or mini- 
mum need not be the actual largest or smallest value of the function. To emphasize 
this fact, we often refer to the largest and smallest values of a function (if they exist) 
as its absolute maximum and its absolute minimum. 

Figure 1 illustrates the distinction between absolute and relative extrema. Notice 
that the function f has relative maximum values at p and r; however, the function 
value f(r) is larger than the function value f(p)—in fact, f(r) is the largest of all the 
function values f(x) for a = x = b. Thus, we say that f takes on an absolute maxi- 
mum value f(r) at r. Similarly, f has a relative minimum value at q; however, the 
function value f(b) is smaller than the function value f(q)—in fact, f(b) is the 
smallest of all the function values f(x) lor a = x = b. Thus, we say that f takes on an 
absolute minimum value f(b) at b. 

This discussion leads us to the following general definition. 


Absolute Maximum and Minimum 


Suppose that the interval / is contained in the domain of the function f, and let c 
and d be numbers in /. 


(i) 1f f(c) = f(x) holds for all numbers x in /, we say that on the interval 1 
the function f takes on its absolute maximum value f(c) at the number c. 


(ii) 1f f(d) = f(x) holds for all numbers x in /, we say that on the interval 1 
the function f takes on its absolute minimum value f(d) at the number d. 


In dealing with either absolute or relative extrema, it is essential to keep in mind 
the distinctions among the mwmber c at which the function f takes оп the extreme 
value; the extreme value itself. which is f(c); and the corresponding extreme point 
(c, f(c)) on the graph of f. 

Now, suppose you are given a continuous function f on an interval / and asked to 
find the maximum and minimum values of f and where they occur on /. To begin 
with, if the adjective "'relative"' is not used, you are usually safe in assuming that 
the absolute extrema are wanted. If / is a closed interval [a, b], Theorem 1 on 
page 167 guarantees that these absolute extrema exist. An absolute extremum of f 
may occur at an endpoint of the interval /, in which case it is called an endpoint 
extremum. According to Definitions | and 2 on page 112, an absolute extremum of 
f that occurs at a number other than an endpoint of / is automatically a relative 
extremum of f. Therefore, by Theorem 2 on page 175, if fhas an absolute extremum 
at a number c, other than an endpoint of /, then є is a critical number for f. These 
considerations provide the basis for the following. 


Figure 2 


Figure 3 
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Procedure for Finding the Absolute Extrema of a 
Continuous Function on a Closed Interval 


To find the absolute extrema of a continuous function f on a closed interval [а. b]. 
carry out the following steps: 
Step 1 Find all critical numbers c for the function f on the open interval (a, b). 


Step 2 Calculate the function values f(c) for each of the numbers c obtained in 
step 1. 


Step 3 Calculate the function values f(a) and f(b) at the endpoints a and b of 
the interval. 


Step 4 Conclude that the largest of all the numbers calculated in steps 2 and 3 
is the absolute maximum of f on [a, b] and the smallest of these numbers is the 
absolute minimum of f on [a, b]. 


lf the function f is not continuous on the interval /, or if / is not a closed interval 
[a. b]. then perhaps the most effective method for finding the absolute extrema of f 
on / (when they exist) is to sketch the graph of f. 


In Examples l to 6, find the absolute maximum and minimum values of the function 
on the given interval, and indicate where they occur. 
EXAMPLE 1 f(x) = 2¢ on [-3, 1] 
SOLUTION Неге, f is continuous on [—3, 1], so we can follow the procedure 
given above. 
Step 1 Since f'(x) = 4х. the only critical number for f in the open interval 
(a5 Iiis Os 
Step 2 f(0) = 2(0* = 0 
Step 3 f(—3) = 2(-3y = 18 ems у= Ss 2 
Step 4 The largest of the numbers f( —3) = 18, f(0) = 0, and f(1) = 2 is 18; 
the smallest of these numbers is 0. We conclude that on the interval [—3. 1] the 


function f takes on an absolute maximum value of 18 at —3 and an absolute 
minimum value of 0 at 0. Figure 2 shows a computer-generated graph of f. 


EXAMPLE 2 f(x) = V9 — x on [—3,‚ 3] 
SOLUTION Again, we follow the procedure: 


Step 1 Since 


КЕ ze =i 
OS SSS Ss = _ 
PRAE 5 М0 = ge 


the only critical number for f in the open interval (—3, 3) is 0. 

Step 2 f(0) = V9 — 0° =3 

Step 3 f(—3) = V9 — (-3* =0 and Д3) = V9 – 37 = 0 

Step 4 The largest of the numbers f(—3) = 0, f(0) = 3. апа f(3) = 0 is 3; the 
smallest of these numbers is 0. We conclude that on the interval [—3, 3] the 
function f takes on an absolute maximum value of 3 at 0; it takes on an absolute 
minimum value of 0 at —3 and again at 3. Figure 3 shows a computer- 
generated graph of f. 
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Figure 4 


rye 


х= 20+ 2 ifx=0O xmi. 
а оп {-4, d] 


EXAMPLE 3 g(x) = | d 
i х + 2х + if x0 


SOLUTION To determine whether g is continuous on [—3, 3], we examine the 
one-sided limits at 0, the only number in question: 
lim g(x) = lim (a2 + 2x + 2) = 2 

x— 


10 


and lim, g(x) = lim, (х2 = 20+ 2) 22 
О к” 


t a 
Because these one-sided limits both have the same value, 2, we have 
lim g(x) = 2 = g(0) 
х-»0 
1 


and so g is continuous at 0. Thus, g is continuous on [—4, 3], and we can use our 
procedure: 


Step 1 We have 
Р eK HOS seems 
2x + 2 if -4}<x<0 


To determine whether g is differentiable at 0, we calculate the derivatives from 
the left and right at 0: 


g (0) =2 and 02000 = 0 


Since these аге unequal, 2'(0) does not exist and 0 is a critical number for g on 
the interval (—2, 2). Evidently, g'(x) = 0 for x in the interval (—3, 3) only 
when x = 1. Thus, in the open interval (—+, 3), the critical numbers for g are 
0 and 1. 


Step 2 2(0) = 2 and 201) = 1 
Step 3 g(-D = (-4)? + 20—35) * 2-3 and gÈ) = Gy – 2G) +2 = $ 


Step 4 The largest of the numbers g(—3) = 5, g(0) = 2, g(1) = 1, and 
g(3) = $is 2; the smallest is 1. We conclude that on the interval [~3, 3] the 
function g takes on an absolute maximum value of 2 at 0 and an absolute 
minimum value of 1 at 1. Figure 4 shows a computer-generated graph of g. 
2+х- х2 
PANU! IW) = = 2] 
2l "uL 
SOLUTION Because the quadratic equation 2 — x + x^ = 0 has no real roots, the 
denominator 2 — x + x? is nonzero for all real values of x; hence, the rational 
function л is continuous on R. In particular, it is continuous on [—2, 1], so we can 
apply our procedure: 


Step 1 Using the quotient rule and simplifying, we have 


, (2= х +27) — 2x) – (24x —x)Y-1 + 2x) a o 9 
h XQ ECT = рә р GGG! 
(2 == ar P (QU ae ar GF 


Because the denominator (2 = x + x*)* is nonzero for all real values of x, the 


only critical number for А is 3. Thus, 5 is the only critical number for А in the 


open interval (—2, 1). 


le 


a 
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male 


Step 2 hG) = 
Step 3 h(-2) = —i and hdl) = 1 

Step 4 The largest of the numbers A(—2) = —4. hG) = 2, and A(1) = 1 is 2; 
the smallest is —3. We conclude that on the interval [—2. 1] the function Л 
takes on an absolute maximum value of ? at 1 and an absolute minimum value 
of —3 at —2. Figure 5 shows a computer-generated graph of Л. 


a? Sm 
EXAMPLE 5 F(x) = 2 cos х on иш a 
SOLUTION The function F is continuous on the closed interval, so we can apply 
our procedure: 


Step 1 We know that F'(x) = —2 sin x. Now, sin x = 0 if and only if x is an 
integer multiple of т, and the only integer multiple of т between — 7/6 and 
27/3 is 0; hence, 0 is the only critical number of F on (— 7/6, 2773). 


Step 2 F(0) = 2 cos 0 = 2 


т 7 V3 z 
Step 3 UE = es (-2) -X—)-v3 
6 6 2 
Сот. 27 АКП! 
апа F(=") = 2 cos = 2(-—) = -1 
ab E 2 
Step 4 The largest of the numbers F(—7/6)= V3. Е(0) = 2, and 
F(27/3) = —] is 2; the smallest is —1. We conclude that on the interval 


[— 7/6, 27/3] the function F takes on an absolute maximum value of 2 at 0 and 
an absolute minimum value of —1 at 27/3. Figure 6 shows a computer- 
generated graph of F. 


EXAMPLE 6 f(x) = ~x + 4x — 3 on (—«, x) 


SOLUTION Since the interval is not of the form [a, b]. the procedure we have 
been using is not applicable. However, we can still argue that an absolute extremum 
of f on the open interval (—2c, 2) would automatically be a relative extremum; 
hence, it could only occur at a critical number for f. Now, 


JP Gor = 3p dl 


so the only such critical number is 2. Since f'(x) > 0 for x < 2 and since f'(x) < 0 
for x > 2, it follows that fis increasing on the interval (—*, 2] and decreasing on 
the interval [2. =). Therefore, f takes on an absolute maximum value of f(2) = 1 at 
2, but it has no absolute minimum value on (—*, 2). Figure 7 shows a computer- 
generated graph of f. The graph of f is a parabola opening downward. 


In Example 6, the interval (—9c, =) is the domain of the function f, and the 
absolute maximum of f on (—%, 2) is the largest of all function values of f. More 
generally, we say that a function f takes on the absolute maximum value f(c) at the 
number c ìf c is a number in the domain of f and if f(c) = f(x) holds for every 
number x in the domain of f. Note that there is no reference here to any interval, it 
being understood that the entire domain of f is under consideration. Of course. there 
is a similar understanding when we speak of the absolute minimum value of a 
function f. Often, we even drop the word "absolute" and speak simply of the 
maximum value or the minimum value of the function f. 
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Figure 8 у 
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[)jEXAMPLE8 G(x) =x+ 


In Examples 7 and 8, find the maximum and minimum values (if they exist) of the 
function, and indicate where they occur. 


9-1 
rt 


EXAMPLE 7 f(x) = 


SOLUTION Because the denominator x^ + ] is nonzero for all real numbers, the 
rational function fis defined and continuous on R. Hence, an absolute extremum of 
f would automatically be a relative extremum and could only occur at a critical 
number for f. Using the quotient rule and simplifying, we have 


4x 


hg еар 


so 0 is the only critical number for f. Since f'(x) < 0 for x < 0 and since f'(x) > 0 
for x > 0, it follows that f is decreasing on (—®, 0] and increasing on [0, 2). 
Therefore, f takes on an absolute minimum value of f(0) = —1 at 0, but it has no 
absolute maximum value. Figure 8 shows a computer-generated graph of f. 


1 
ware 


SOLUTION The domain of С is the interval (1, o). For any number x in this 
interval, we have 


1 
С Д R 
у Ty 
Solving the equation G'(c) = 0, we find that the only critical number for С is 
с=1 +4! = 1.63 


For 1 € x < c we have G'(x) < 0, and for x > c we have G'(x) > 0. Therefore, С 
is decreasing on (1, c] and increasing on [c. =). It follows that G has an absolute 
minimum value of G(c) == 2.89 at c. Here G has no absolute maximum. Figure 9 
shows a computer-generated graph of G. 


The methods introduced above are especially useful for solving practical prob- 
lems involving maxima and minima. 


EXAMPLE 9 Suppose that the distance d in kilometers that a certain car can travel 
on one tank of gasoline at a speed of v kilometers per hour is given by the equation 
d = 8v — (у/4)2. What speed maximizes the distance d (and thus minimizes the fuel 
consumption)? 


SOLUTION We must find the value of v for which the function 
vy? 
Ду) = 8v – (=) forO<¥ 
takes on an absolute maximum. Here, 


К 
госу 


so the only critical number for f is v = 64. Because f'(v) > 0 for v in the interval 
(0. 64) and f'(v) < 0 for v in the interval (64, x), it follows that f is increasing on 
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(0. 64] and decreasing on [64, 2). Therefore, on the interval (0, 2). f takes on an 
absolute maximum at 64. Consequently, a speed of v = 64 kilometers per hour will 
yield a maximum distance of f(64) — 256 kilometers. 


In Sections 3.7 and 3.9, we undertake a more detailed and systematic study of 


applied problems involving maxima and minima. 


Problem Set 3.4 


In Problems I to 32, find the absolute maximum and minimum 


values of the function on the given interval, and indicate where they 


occur. Sketch the graph in Problems 1 to 10 only. 


1 f(x) = —х” on [-2, 1] 
2 g(x) = Ax + 3 on (0, 2] 


3 h(x) = —2x on [- 1, 2] 
4 F(x) =—on [1, 4] 


G(x) = V4 — x on [-2. 2] 


5 
6 H(x) = —х” + 5x — 4 on [0, 5] 
7 f(x) = (x + 1? on [-2, 1] 

8 


g(x) = |x — 2| + 3 on [1. 5] 


x+2 if x < 1 
TL NE тели ima 
2r- I ifx=2 
10 f =f 3 =, odi 
йе уа kw 2-2 


I if x = —1 
e| if x #2 
12Н -f S 
(x) 4 e on [1, 4] 


13 p(x) = |x — 1| on [0, 3] 


14 g(x) = V8 — 2x — к on [-3, 2] 
15 r(x) = Vi x on [—1, 8] 
16 == [1, 5] 

x € = 3y on * 


17 О(х) =x + 3c — 9x on [-5, 4] 
18 R(x) = à + 5x — 4 on [-4. 0] 


P — 7; 
21 Не) ЖОШ on [—2, 1] 
22 f(x) 2 — HS [0, 3] 
NT 
se 
onti А] 


ND 


23 g(x) = — 
Р X 


on [—1, 1] 


3x 
24 AQ) = ———— 
Мз? + 1 


x 
25 fix) = (x + 2? on [—4, 3] 
26 g(x) = 1 (хо on [—5. 5] 
3T 


27 s(x) = —2 sin x on lo. = 


28 S(x) = sin x — cos x on [0. 7] 


eer eee |- T z| 
29 (х) = x an x on uma 
30 T(x) = 3 cos 2x on 2 z] 
3 x) = 3 cos 2x + 

(x X en 


31 f(x)24— x? on (-%, =) 


32 р(х) = xà — 2x — 8 on (2, x) 


In Problems 33 to 50, find the maximum and minimum values (if 


they exist) of the function and indicate where they occur. 


33 f(x) = 3x = 6x +2 34 

35 A(x) = à — 12x 5 36 

37 Ga) =x – 80 + 8 38 

39 р(х) =x — 52% 40 

41 r(x) = kate 42 
3c ar MG 

43 Qa) = ч 44 


ae ae 


g(x) = 93 — 3x°4 3 
F(x) = = — 60 + 15x 
Hix) = 3x4 — Ах? — 12€ 
qx) = 28 — 10? 


Ры 26 
Е ee %6 


l+x 


= 
[| = х 


К(х) = 
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Г s 


(+ qp? 46 р(х) 


48 Fix) = 


h(x) 
STI 


es Sa ERE > . 
sQ) = МІ + sin x SU Six) = 1 + 2 sin x 
One hundred animals belonging to an endangered species are 
placed in а protected game preserve. Suppose that the mathe- 
matical model 


is used to predict the population p of these animals in the pre- 
serve after г years. According to this model, after how many 
years is the population p a maximum? 


Show that the absolute maximum value of the function 


1 
de 
sel ^ des = 2! 


is 3 and occurs when x = 2. 


к= 


The range А in meters of a projectile is given by the formula 
R = (vj sin 20)/g. where vo is the muzzle velocity in meters per 
second, g is the acceleration of gravity in meters per second per 
second, and 6 is the angle of elevation at which the projectile is 
fired. Find the angle of elevation that gives the maximum range. 


The deflection of a beam 40 feet long supported at the ends and 
loaded at a point 30 feet from the left end is expressed by the 
equation 


p i ) 
ves ame Е em 
NETT (200s 8 


(л 
"n 


where P. E, and / are constants; x is the distance in feet from the 
left end; and 0 = x = 40. Find the maximum deflection and 
where it occurs. 


In medicine, it is often assumed that the reaction R to a dose of 
size x of a drug is given by an equation of the form 
R = АХ (В — x), where A and В are certain positive constants. 
The sensitivity of the body to a dose of size x is defined to be the 
derivative dR/dx of the reaction with respect to the dose. (a) For 
what value of x is the reaction R maximum? (b) What is the 
maximum value of R? (c) For what value of x is the sensitivity 
dR/dx maximum? 


A 4-ton weight is to be suspended from two identical cables 
fixed to points A and B (Figure 10). The distance between A and 
В is 36 feet, the perpendicular distance from the weight to the 
line AB is x feet, and the cable weighs 3 pounds per running 
foot. The resulting tension in the cable is given by 


кызлы х2 972 


+ 3x pounds 

x 

Find the value of x that minimizes the tension. (Hint: You will 
have to use Newton's method to find an approximation to the 
critical number.) 


Figure 10 


Figure 1 


y 


3.5 


Asymptotes and Limits Involving Infinity 


In Sections 3.2 to 3.4, we discussed monotonicity, concavity, points of inflection, 


and extreme points of a graph. Information about these features can be used to help 


sketch the graph. Here, we introduce another useful concept—the idea of an asymp- 
tote. This idea is illustrated in Figure 1, which shows a graph “‘approaching”’ a 
straight line L in the sense that, as the point P moves along the graph, the distance 
between P and L approaches zero. When this is so, we say that L is an asymptote of 
the graph. Although an asymptote isn't really part of the graph. it helps us to 
visualize how the graph behaves in distant regions of the xy plane. 

As the point P in Figure 1 moves along the graph and approaches the line L, the 
distance |OP| between P and the origin O becomes larger and larger without bound, 
or, as we say. |OP| approaches infinity. Thus, in order to study asymptotes, we 
must introduce a new kind of limit—a limit involving infinity. 


Figure 2 y 


fix) 


Figure 3 
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Limits at Infinity and Horizontal Asymptotes 


The computer-generated graph of f(x) = I/x in Figure 2 shows that as x becomes 
larger and larger without bound, the function values f(x) approach 0. We express 
this fact symbolically by writing 


Also, as x decreases through negative values in such a way that |x| increases without 
bound, the function values f(x) again approach 0; symbolically, 
f l 
lim —=0 
resesi ye 
More generally, if f is a function defined at least on an unbounded open interval 
of the form (а. 2), the notation 


Jim fen = B 


means that, for each positive number e, there exists a positive number N in the 
interval (a, ©) such that 


lf) - Bl « e holds whenever — x ^N 


In other words, |f(x) — B| can be made as small as we please by taking x to be 
sufficiently large. Similarly, if f is a function defined at least on an unbounded open 
interval of the form (—~, a), the notation 


lim Ах) = В 


means that |f(x) — B| can be made as small as we please by taking x to be negative 
with |x| sufficiently large (see Problem 60). In other words. 


lim f(x) В means that lim f-0-2B 
X——uo t——x 


Limits as x — +% or as x > — are called limits at infinity. 
Geometrically, the condition 


Jim, Ji = B 


means that as the point P — (x, f(x)) moves farther and farther. without bound, to 
the right along the graph of f, its y coordinate approaches B; in other words, the line 
y = Bisa horizontal asymptote of the graph of f (Figure 3). Likewise, the condition 


lim Ах) = Ь 


means that as the point О = (х, /(х)) moves farther and far- 
ther, without bound, to the left along the graph of f. its у 
coordinate approaches b; in other words, the line y-bisa 
horizontal asymptote of the graph of f (Figure 3). Evidently, 
the graph of a function can have at most two horizontal as- 
ymptotes—-one corresponding to a limit as x — + and one 
corresponding to a limit as x — —~. As a matter of fact. a 
rational function can have at most one horizontal asymptote 
(Problem 62). 
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Figure 4 
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In calculating limits at infinity, it is often useful to keep in mind that for any 
positive integer p. 


These facts are illustrated for odd values of p in Figure 4a and for even values of p 
in Figure 4b. 

In dealing with limits at infinity of rational functions, it is often helpful to divide 
numerator and denominator by the highest power of the independent variable ap- 
pearing in the fraction. The following examples illustrate the techniques involved. 


In Examples 1 to 3, find the horizontal asymptotes (if any) of the graph of the 


function. 


Gu 


EXAMPLE | f(x) ^ ——— 
с ашна и 2C ROS 


SOLUTION We must calculate 


; б и ES 
im == and йй = 
Groves BP op 3) poe IS ap З) 
As x gets large, both the numerator and the denominator of the fraction get large, 
making it difficult to say offhand just what happens to the fraction. However, 
dividing both the numerator and the denominator by x^, we have 


5x? 
542 A ie > 5 
28 + 3 2c 3 E 
—+t— 2+5 
х= ХЕ X 


As x — +, 1/x? approaches 0 (Figure 4b), so 3/x? approaches 0. Therefore, 


А Sie Р 5 5 5 
lim ——= lim —— = ds ts 
Bo MIC Gp By уз» 3 2+0 2 


Similarly, as x — —%, 1/x? approaches 0 (Figure 4b), so 3/x? approaches 0, and 
we have 
Y Su | 5 5 
im = = hm —= = — 
pl sux. quee. gs оо 
25. 


2] 


à 


It follows that the line y = 2 is a horizontal asymptote, and the only horizontal 
asymptote of the graph of 


Figure 5 shows a computer-generated graph of f. 
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SOLUTION Here the function is not rational: nevertheless, we try our trick of 
dividing numerator and denominator by some power of x. We divide by x itself, so 
that the numerator simplifies to 2. Thus, we have 
2 
limes lim m 

x+ xax | m 

AE ri 

x 


to 


= lim c =? 
X——x | cal 


. . . c Же. 
Therefore, у = 2 is a horizontal asymptote. For negative values of x, V1/x^ = 
I/(—x). and so, dividing numerator and denominator by —x, we have 


=? =e 
lim g(x) = lim = lim = 
X——36 to =x 1 fs үст үү T 4 
жик Уа. кс 
=X E 
=? 
= lim =-2 
X——3x | p 4 
[+ 
VT? 
Hence, y = —2 is another horizontal asymptote. Figure 6 shows a computer-gener- 


ated graph of g. 


EXAMPLE 3 A(x) = 7T + 3 


SOLUTION Factoring, we have 


h(x) = (7 + 3x) 


As x grows larger and larger without bound, so does x^, so does 7 + Зх, and so does 
h(x) = x*(7 + Зх). We express this fact by writing 
lm h(x) = += 
х—» +2 
Of course, +% is not a real number, so the graph of л has no horizontal asymptote 
corresponding to x — +. If x is negative and |x| grows larger and larger without 
bound, then x^ grows larger and larger without bound. However, 7 + 3x becomes 
negative as soon as x < —$, so h(x) = х2(7 + 3x) becomes negative and its abso- 
lute value grows larger and larger without bound. We express this fact by writing 
lim h(x) = —9 
X——X* 
Again, —* is not a real number, so the graph of h has no horizontal asymptote at 
all. Figure 7 shows a computer-generated graph of A. 


Infinite Limits and Vertical Asymptotes 


Consider the rational function f(x) — 4/(2x — 3). Note that f is defined everywhere 
except at x — $. Figure 8 shows a computer-generated graph of f. We see from the 
graph that as x approaches 3 from the left, f(x) decreases without bound. In fact, f(x) 
can be made smaller than any preassigned number simply by taking x close enough 
to $ but less than 3. This is expressed symbolically by writing 


Шы Pd S 65 
x32, 2х -3 
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Figure 9 


lim f(x) = +оо 


x-*a* 


| lim /(х)=+= 


[xa 


(b) 


lim f(x) = + оо 


х==а* 


(с) 


| lim fix) = 
К =ош 
1 


(9) 


Figure 8 also shows that as x approaches 2 from the right, f(x) increases without 
bound. In fact, f(x) can be made larger than any preassigned number simply by 
taking x close enough to Ë but greater than 2. This is expressed symbolically by 
writing 


In general. there are four possibilities for such one-sided infinite limits: 


1 The limit of f(x) as x approaches a from the right is positive infinity; that is. 
lim, f(x) = +% (Figure 9a). 
2 The limit of f(x) as x approaches a from the left is positive infinity; that is. 
lim f(x) = + (Figure 9b). 
3 The limit of f(x) as x approaches « from the right is negative infinity; that is, 
lim, f(x) = —* (Figure 9c). 
4 The limit of f(x) as x approaches a trom the left is negative infinity; that is, 
lim f(x) = —% (Figure 9d). 


X-—*ü 


In all four cases, the vertical line x = a is an asymptote of the graph of the function 
flf 


lim fixy=+% ара lim f(x) = + 


dace аа 
we simply write 


lim f(x) = +æ 


Aaa 


Likewise, the notation 


lim f(x) = —« 
is understood to mean that 
lim Да) = ee and lim f(x) = —* 


In dealing with limits of functions of the form f(x) = p(x)/q(x). keep in mind that 
if the denominator of a fraction is close to zero while the numerator is close to any 
number other than zero, the fraction will tend to have a large absolute value. More 
precisely: 


| p(x) 


lf lim pw) =L40 апа = +x 


lim g(x) 20 then 


Aa \=а xa | g(x) 


Naturally, the same thing holds for limits from the right or for limits from the left. 


In Examples 4 and 5, for the given function and the indicated value of a, find 
(a) lim, f(x), (b) lim fix), and (c) lim fix) if these limits are defined. 


You 


(d) Determine whether the graph of f has a vertical asymptote x = а. 


EXAMPLE 4 f(x) = tan x. a = 7/2 


Figure 10 y 


Figure 11 Y 
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SOLUTION We have tanx = sin х/соѕ x. Note that lim sinx = 1 and 
lim. cos x = 0; hence, к 
с=т, 
| sin x 
lim = +x 
х 7/2 | COS X 


(a) For values of х slightly larger than 7/2. the numerator, sin х, is positive 
and the denominator. cos x, is negative: hence, the fraction sin x/cos x is 
negative with a large absolute value. Therefore. 

sin x 


lim tanx= lim = —% 
х4 7/2) íi—( m2) COS X 


(b) For values of x slightly smaller than 77/2. both the numerator and the 
denominator are positive; hence, the fraction sin x/cos x is positive and large. 
Therefore, 
sin x 


hm _ = +% 
x—(7/2) COS X 


lim tan x = 


x—(m/2) 


y-tanx 


(c) From (a) and (b), we have 


lin | tan x = => whereas lim tan x = +2 


x->( 9/2)" x—( 7/2) 
Hence, tan x does not have a limit, finite or infinite, as 
хэ 7/2. 


(d) From the result of either (a) or (b), we can conclude that 
x = 77/2 is a vertical asymptote of the graph of the tangent 
function (Figure 10). As a matter of fact, since tan x repeats 
itself periodically whenever x is increased or decreased by т, 
it follows that the graph of the tangent function has periodic 
asymptotes, each separated from the next by т units. 


mem ELLE 
(x =) 


The limit of the numerator is lim 4x = 20. As x approaches 5, the 


4x Я 
EXAMPLE 5 f(x) = — 
SOLUTION 


denominator, (x — 5)”, approaches 0 through positive values; hence, for values of x 
near 5, the fraction is positive and very large. Therefore, 


(a) lim, f(x) = +x 
(b) lim f(x) = +2 
(c) lim f(x) = +® 


(d) The graph of f has a vertical asymptote x = 5. As a matter of fact, the 
graph of f also has the x axis as a horizontal asymptote (Problem 25). Fig- 
ure 11, shows a computer-generated graph of f. 
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Locating Asymptotes 


As we have seen, horizontal asymptotes of the graph of a function f, if they exist, 
can be located by calculating lim f(x) and lim f(x). To spot potential vertical 
cce ps eedem 


asymptotes x — a of a function of the form p/q. just look for values of a for which 
q(a) = 0. You must be careful, though— there may be such values of a that do not 
give vertical asymptotes, nor does this procedure always yield all possible vertical 
asymptotes (see Problem 63). However, if p and q are polynomial functions with no 
common factors of degree ] or more, so that the fraction p/q is in reduced form, 
then the graph of f = p/q has a vertical asymptote x = a if and only if a is a zero 
of q. 


EXAMPLE 6 Find all horizontal and vertical asymptotes of the graph of 
2c 


ge 
уси п 


SOLUTION To find any horizontal asymptotes, we must calculate the limits of 
f(x) as x — ~% and as x — +, For this purpose, we divide numerator and de- 
nominator by x?, so that 


24+ (0/0) 


FO) = Shy 


This makes it clear that 


= || 


ко [кә 
коко 


lim Дх) = = | апа lim Дх) = 


Hence, y = 1 is a horizontal asymptote of the graph of f. 
To find vertical asymptotes, we must find the zeros of the denominator. Factoring 
the denominator, 


2x? — 3x = x(?x — 3), 
we find that the zeros are 0 and 3. Now, 
2x5 + 1 
у) = ax - 3) 


and for values of x slightly smaller than 0, 2x? + 1 is positive, x is negative, and 
2x — 3 is negative: hence, f(x) is positive. It follows that 


lim f(x) = +% 
x0 
and this is enough to show that x = 0 (the у axis) is indeed a vertical asymptote of 


the graph of f. Although it isn't needed for our present purposes, we notice that f(x) 
is negative for values of x slightly larger than 0; hence, 


lim, f(x) = —%® 


x—0' 


For values of x slightly smaller than 3, 2x? + 1 is positive, x is positive, and 2x — 3 
is negative; hence f(x) is negative and 


lim f(x) = —e 
x —(3/2) Ў 
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Figure 12 4 x=2 Therefore, the vertical line x = 3 is also an asymptote of the 
i graph of f. We note in passing that 
4 
ave lim х) = + 
feo - = x(G/2)* Ao) 
gx^—3x 
Figure 12 shows a computer-generated graph* of f. 
1 QUT PN 
esi = i у= If a function f is given or can be rewritten in the form 
EIE E: "i im 
10 
55 f(x) = mx + b+ g(x) 
where т and b are constants, т # 0, and 
lim g(x) = 0 or lim g(x) = 0 
x= X—4-2c 
h 9 then the line y = mx + b is an asymptote of the graph of f. 
Such an asymptote, which is neither horizontal nor vertical. 
is called an oblique asymptote. 
od EXAMPLE 7 Find the oblique asymptote of the graph of 
Figure 13 q LAE t 
ЗР 1 
| Kg) m —— 
f X 
| 
fo | We SOLUTION Неге, 
1 1 
А HG) = дул == апа lim == = (0 
; ho x x andi” 085 
1 This shows that у = x is an oblique asymptote of the graph of f. We note in passing 
that 
d | 
lim —=0 
A PLE ү 
D 1 | also holds. Figure 13 shows a computer-generated graph of f. 
Vertical Tangent Lines 
Limits involving infinity have uses other than locating asymptotes of graphs. For 
instance, the following definition uses the idea of an infinite limit. 
DEFINITION 1 Vertical Tangent Line 


If the function f is continuous at the number a and 


i JAC ar) = pna) L 
E o | Ax 


+x 


we say that the vertical line x = a is the tangent line to the graph of fat the point 
(a, fla)). 


*Nofice thal the graph of f crosses its own asymptote at the point (—3, 1). 
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Figure 14 EXAMPLE 8 Show that the graph of f(x) = (x — 1)! has a vertical tangent line at 
y (1, 0). 
À vertical . 
tangent SOLUTION Here, f is continuous at 1 and 
line 
LET SEO gue Sl = @ 


fix) = (х1 )!'? Ax Ax 
a (Ax)! 3 
(1, 0) s Ar 
E 1 
(А )?/5 
Therefore, 
WE SEU me 
Ax—0 Ах Aro | (xy 


and it follows that the graph of f has a vertical tangent line x = 1 at (1, 0). Figure 14 
shows a computer-generated graph of f. 


Problem Set 3.5 


3 5 1+ Vx 
In Problems ] to 24, evaluate the limit. 21 lim ( me ) 22 lim LI 
p.) PD! х= ]- Vx 
1 + 6x 2 94x41 in 8 
1 ii 2d › | ; А sin 
0 =2 sp с: ch te She 4 3 iit: ag a elms 
^" Lag v ghe Bese Il 2 
3 lim. FST 4 lim ERR 25 (a) Show that the x axis is a horizontal asymptote of the graph of 
g ur d à P f(x) = 4x/x — 5). (b) Show that the graph of f crosses its own 
A o IEEE asymptote at (0, 0). 
5 lim (0 lium Sy, =a 
at, CUI CIE MEC que чә м ң ; к | "Oe Р е 
26 Find lim x sin (1/x). (Hint: Let t = 1/x and rewrite the limit 
3 lim 8t $ lim 6x? in terms of a limit as г 0^.) 
+ МЗ + 5 ic SEI] 
uod In Problems 27 to 46, find all horizontal and vertical asymptotes of 
9 lim. (Sx? — 3x) 10 lim = зш E the graph of the function. Sketch the graphs in Problems 27 to 32 
E E only. 
Bx ae i X 
lIl di i 27 fix) = 28 g(x) = 
E х=] р pun x—2 fe Be oe 5) seo alre sp Il 
МА + 3x7 ge 4E B se i.c us 3x td 
13 lim, ————— im, = 29 h(x) = x)= 
ur 5x 14 Лт, х? — 2х – 3 vale) Вот B) she 2 
Шо ONSSE3X — 2 №25 – 1? z2 B 
15 lim ——— —— im ————— A) Ca) шак то: 32 HG) === 
roe = Speed к um f= 5 p (х= 1) ч) (Хх + 
Mre TESI x 2 
17 ЕЕЕ = ——— ) = —5 х) = 
wr wu ee ОРЕ Ma) a 
х? +1 2? +1 м 3x №5 = к? 
9 li 20 li 35 ro) = SS dem 
uo o7 Ere ӘУ р асе 


| x mpm 
37 О(х) = 38 R(x) = — 
9 R= 3 NA [| = ae 
А wes 
39 u(x) = 2—— 40 v(x) = ER 3 ! 
X X 
Зх + 1 Ay? 
41 U(x) = p 42 Vix) = = 
а= А WP ap Sie ap al 


43 f(x) = cot x 


45 


44 g(x) = sec x 


h(x) = ese x 46 F(x) = x sin (1/x) 


In Problems 47 to 52, find the oblique asymptote of the graph of the 
function. Sketch the graphs in Problems 47 and 48 only. 


donc 1 
47 f(x) = — 

ee = ace Й 
48 g(x) =——— 

E 
SOUL OEC LE 
i на Шш cc) 

ay sha dL | е 1^ 

50 F(x) = — —— ;—  — — (Hint: Begin by using long division 


51 


52 


x2 
of polynomials to divide the numerator by the denominator, thus 
obtaining a quotient polynomial Q(x) and a remainder polyno- 
mial R(x). Then rewrite F(x) as QG) + [RGO/GC + 2)].) 


GOES x^ + 24 
( ace n 
H(x) = 2x + 2 — x sin (1/x) 


In Problems 53 to 58, show that the graph of the function has a 
vertical tangent line at the indicated point. 


53 f(x) = 1 + Vix at (0, 1) 


54 


60 


[6] 61 


g(x) =x + Vx at (0, 0) 

hœ) =1 +(x- 1y? at (1,1) 

Peo т 0 2) 002,3) 

G(x) = -2- Vx - 1а (1, —2) 

H(x) = (x + 11595 at (-1, 0) 

Use a calculator to check your answers to Problems 1 and 3 by 


evaluating the given expression for successively larger and 
larger values of x. 


Write a formal definition involving positive numbers e and N for 
the statement lim f(x) = B. 
Y 


Use a calculator to check your answers to Problems 21 and 23. 
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63 


64 


65 


66 
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Using long division of polynomials, you can rewrite any rational 
function in the form f(x) = p(x) + [rG0/qG)]. where p(x), r(x), 
and q(x) are polynomials and the degree of r(x) is less than the 
degree of q(x). Use this fact to show that a rational function can 
have at most one horizontal asymptote. 


(a) Show that even though x = 0 makes the denominator x of 
(V1 + x — D/x zero, x = 0 is not a vertical asymptote of the 
graph of the function 

p 


NAE LES I 
= = ш 


(b) Show that even though x = 0 does not make the denominator 
l+xof 


SE 
ПЕ 


zero, nevertheless, х = 0 is a vertical asymptote of the graph оѓ 
the function 


Il se ee as 


Füsr = ll ab a 


The amplitude A(x) of a particle forced to oscillate in a resisting 
medium is given by the equation 


1 


Аб) = SS 
V = x*y + ke 


where x is the ratio of the forcing frequency to the natural fre- 
quency of oscillation and & is a constant that measures the damp- 
ing caused by the resisting medium. (a) Sketch the graph of A for 
the values k = 0, k = 2, and k = 1. (b) Show that the graph of A 
has a vertical asymptote when К = 0, but that for 0 < < 4 the 
graph of A has no vertical asymptote. 


In physiology, Wiess’ law relates the electric current / (in milli- 
amperes) required to excite a living tissue and the duration г (in 
milliseconds) of the electrical stimulus by the equation 


at bt 
H 


where a and b are positive constants. (a) Find the horizontal 
asymptote of the graph of / as a function of т. (b) Explain why 
the constant b is called the threshold strength of the electrical 
sümulus. 


Suppose that animal scientists use the mathematical model 
ie EG 
V e ШЙ 4p —————— 
At^ +71 + 8 


to predict the weight W (in kilograms) of a laboratory guinea pig 
t months after it is born. According to this model, the weight of 
the growing guinea pig asymptotically approaches the weight of 
an adult. What is the approximate weight of an adult guinea pig 
according to this model? 
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3.6 


Graph Sketching 


Nearly all the graphs shown in Sections 3.2 to 3.5 were computer-generated. In 
order to generate such graphs you need to be knowledgeable about graph-sketching 
techniques. Ordinarily, it is not possible to generate the entire graph of a function, 
so a program has to be developed to produce a suitable portion illustrating signifi- 
cant features of the graph. For this purpose, methods of calculus may be used to 
make a rough sketch of the desired graph. The techniques introduced in Sections 3.2 
to 3.5 provide the basis for the following systematic procedure for sketching the 
graph of a function f: 


Step 1 Determine the domain of f, the numbers at which f is discontinuous, 
and the zeros of f. Use this information and the procedure on page 152 to find 
the intervals on which f is positive or negative. 

Step 2 Check whether f is even. odd, or neither. 

Step 3 Find all asymptotes of the graph of f. 


Step 4 Calculate the derivative f’, find all critical numbers of f, and apply the 
procedure on page 152 to f’ to find the intervals on which f’ is positive or 
negative. Thus, find the intervals on which f is increasing or decreasing. 


Step 5 Calculate the second derivative f", and apply the procedure on 
page 152 to find the intervals on which f" is positive or negative. Thus find the 
intervals on which the graph of f is concave upward or concave downward. 
Find all points of inflection of the graph. 


Step 6 Locate all points on the graph of f at which a relative or absolute 
extremum occurs. 


Step 7 Use the information gained in steps 1 through 6 together with the 
point-plotting method to sketch the graph of f. 


The steps in this procedure are morc or less independent of one another, so if you 
have difficulty with the details of any one step, it may be best to move on to the 
next. For instance, in step 1, if it proves difficult to find the zeros of f, it may be best 
to carry out the rest of the procedure and thus obtain a preliminary rough sketch of 
the graph. This rough sketch may enable you to find reasonable first approximations 
to the zeros of f. Then you can go back to step 1 and use, say, Newton's method to 
locate the zeros with greater precision. Finally, using this information, you can 
improve the accuracy of your preliminary rough sketch. 

The graph-sketching procedure given above does not exhaust ай! the techniques 
for sketching graphs. As you practice. you may discover some tricks of your own. 
For instance, in carrying out step 1. it’s usually a good idea, whenever possible, to 
select 0 as one of the test numbers for determining the algebraic signs of f. The 
number f(0), which is often easy to calculate, is called the y intercept of the 
graph because it is the y coordinate of the point (0, f(0)) where the graph crosses 
the y axis. Some additional graph-sketching methods are presented in Chapters 7 
and 9. 


Jn Examples 1 to 5, sketch the graph of the function. 


EXAMPLE t f(x) = (x — Dx — 4) 


Figure 1 

fis Zero zero 

+++ + 
ÉlI———— Ss 
1 4 

Figure 2 

JP fts zero zero 

| | 
+++++++! — ж 


1 3 
Figure 3 
JUS zero 
- -- | tt+tet+ 
———— —- X 
Figure 4 


fix) = (ve i (x-4) 


relative maximum 


point 


zero 


oint of Н 
рош relative 
inflection sea 
N minimum 
а point 
y intercept 


5 
E 
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SOLUTION Ме carry out the seven steps of the graph-sketching procedure. 


Step 1 Expanding the product (x — 1)*(x — 4). we see that 
Дх) = х? — 6x7 + 9x – 4 


is a polynomial function; hence, it is defined and continuous at every real 
number. The advantage of the factored form is that it quickly provides the 
zeros of f. namely 1 and 4. Thus, f maintains constant algebraic signs on the 
three intervals (~%, 1). (1. 4). and (4, =). We select, say. the three test 
numbers 0, 2, and 5 from these intervals and calculate: Д0) = —4. f(2) = —2, 
and f(5) — 16. This information will be useful in step 7. when we are ready to 
plot points. For now, it gives us the algebraic signs of f on the three intervals 
(Figure 1). 


Step 2 Evidently, f(x) = х? — 6x? + 9x — 4 is neither even пог odd, so its 
graph is symmetric about neither the y axis nor the origin. 


Step 3 Since f is a polynomial function, its graph has no asymptotes. 
Step 4 Here, 


fx) = 3x7 - 120 +9 
= 303 — Чу + 3) 
= iy = Wor к=) 


Hence. the critical numbers for f are | and 3. Again using test numbers. we 
determine the algebraic signs of f' on the intervals (~~, 1). (1, 3), and (3, 2), 
as shown in Figure 2. Thus, fis increasing on (—~, 1]. decreasing on [1, 3], 
and increasing again on [3. =), 


Step 5 Since f'(x) = 3x? — 12x + 9, we have 
п) = Ge = 12 = Gu — 2) 


Hence, f" is defined at every real number, and x = 2 is the only solution of the 
equation f"(x) = 0. Evidently, f" is negative on the interval (—%, 2) and posi- 
tive on the interval (2. 2) (Figure 3). It follows that the graph of f is concave 
downward on (—7, 2), is concave upward on (2, =), and has a point of 
inflection at (2, f(2)) = (2, —2). 

Step 6 Applying either the first- or the second-derivative test to the critical 
numbers obtained in step 4, we find that f takes on a relative maximum value of 
АК) = 0 at 1 and a relative minimum value of f(3) = —4 at 3. 


Step 7 Using the information in steps 1 through 6, we can already sketch a 
rough graph of f. By plotting a few additional points, we can improve the 
precision of our sketch until it becomes sufficiently accurate to suit our pur- 
poses. Figure 4 shows our final result. 


3 1 
EXAMPLE 2 р(х) = х- — — 
== F 
SOLUTION 


Step 1 Here g is defined and continuous at every real number except 0. To 
find the zeros of g. we must solve the equation 
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that is, 
RS 8 


I 
ду = Or x=] 
E 


Thus, 1 is the only zero of g. Using test numbers, say, —2, 3, and 2, we find 


Figure 5 that 2(—2) = $, g(2) = —1. and g(2) = $. Hence, g is positive on (—, 0). 
zT underined! V ero negative on (0, 1), and positive on (1, 2с) (Figure 5). 
nete m Step 2 The function g(x) = х2 — (1/x) is neither even nor odd. 
" 
— ЖИС б Step 3 We have 
f 2 | | : 2 | 
Шы day se) к= dese and hin lage = EO 
x0 X 10" КО, 
so Ше у axis is a vertical asymptote of the graph of g. Because 
= І 
шо) 
Хх o) T 
the graph has no horizontal asymptote. 
Step 4 Here g'(x) = 2x + (1/x?). To find the critical numbers of g, we must 
solve the equation 
2 ap e 
AS 
Figure 6 that is, 
g'is zero undefined = E 1 
2х = о or iS a 
Уо E 
NEU UII EDDIE 8 Thus, the only critical number of g is 
=” En 
Hr = ОЯ 
ә 5 = 2 
Figure 7 Е У г 
= -3V4 = —0,79 
g" is undefined zero 
| | Using test numbers, we obtain the information about the algebraic signs of g’ 
. . . H 3 . Я 
ОЕ uu vf shown in Figure 6. Thus, g is decreasing on (—%, =з increasing on 
————_ len x 3 A 5 
0 1 Ў [—1 VA, 0), and increasing on (0, 2). 
Step 5 We have 
Figure 8 y А 
ПЕТЕР орех. = 
gy) =2- al 
] 
в(х)= х2-1 = (1 = 
relative à ge 
minimum 
point — so that g” is undefined at 0 and its only zero is 1. Using test numbers, we obtain 


oint of 
оя the information shown in Figure 7. Thus, the graph of g is concave upward оп 
x (— 20, 0), is concave downward on (0, 1), is concave upward on (1, 2), and has 
a point of inflection at (1, e(1)) = (1, 0). 
Step 6 By either the lirst- or the second-derivative test, g has a relative mini- 
mum value of g(—3 V4) = 1.89 at $ V4. 


Step 7 The graph of g(x) = x^ — (1/x) is sketched in Figure 8. 
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4х 
1+ x? 


EXAMPLE 3 A(x) = 


SOLUTION 


Step 1 Because the denominator | + x? is never zero, the rational function Л 
i^ о is defined and continuous at every real number. Evidently, the only zero of Л 
Е = mee m is 0. Figure 9 shows the algebraic signs of h on the intervals (—~, 0) and 
= === 88 (0, =), 
Step 2 Evidently. Л(—х) = —h(x), so h is odd and its graph is symmetric 
about the origin. 


Step 3 We have 


Figure 9 


а 4x А 4/x 0 
lim -n = а = = 
see Hae dees (DASS SE I 0+ 1 
so the x axis is a horizontal asymptote of the graph of h. 
Step 4 Using the quotient rule and simplifying. we find that 


4(1 — x?) 
Figure 10 a dig т 


his gero he so the critical numbers of А are —1 and 1. The algebraic signs of л on the 
e | veu intervals (—20, — 1), (— 1, 1). and (1, =) are shown іп Figure 10. Thus, й is 
* 5 + à . 
n а БЕ, decreasing on (~=, — 1], increasing on [—1, 1]. and decreasing on [1, = 
=i 1 
Step 5 Again using the quotient rule and simplifying, we find that 


8x(x? — 3) 


h'(x = 
daa >: 208 


so that A"(x) = 0 for x = — V3. х = 0. and x = УЗ. Figure 11 shows the 

Figure 11 algebraic signs of A" on the intervals (—2, — V3). (— V ES 0), (0, V 5), and 

(V3, =). Thus, the graph of Л is concave upward on(—\ a 0) and (V3, x), 

h" is zero aT MM zero whereas it is concave downward оп (—2, — УЗ) and (0, V3). Consequently, 

T Nu the graph of Л has points of inflection Rex 3. h.- V 3)) = (—МЗ, - V3), 

e ee o. (0. A(O)) = (0, 0). and (УЗ, А(УЗ)) = (УЗ. УЗ). 

Step 6 By either the first- or the second-derivative test, Л has a relative mini- 

mum value of h(—1) = —2 at —1 and a relative maximum value of A(1) = 2 
at 1. 


Step 7 The graph is sketched in Figure 12. 


Figure 12 y 


relative 
maximum point of 


point ж a RR 


dx 
hix 
1+ 


1 
1 
[ 
1 


point of 
inflection 


inflection A 
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minimum 
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Figure 13 
Fis zero zero 
+++ tte 464 «RB 


_————————=х 
0 1 


Figure 14 
F'is undefined undefined 
| zero 
ОН UE ttt ttt 4 
у ————— S 2 
01 1 ч 
3 
Figure 15 
F"is undefined undefined 


ttt x& G RA - 


0 1 


Figure 16 


Fix) = xl3(x – 1y?3 
relative 
maximum 
point 


point of 
inflection 
x 


1 
relalive 
minimum 
point 


EXAMPLE 4 F(x) =x) (x= 1774 


SOLUTION 


Step 1 The tunction F is defined and continuous at every real number, and its 
zeros are О and |. Figure 13 shows the algebraic signs of F on the intervals 
(—. 0), (0. 1), and (1. =). 


Step 2 The function F is neither even nor odd. 


Step 3 The graph of F has no horizontal or vertical asymptotes. As a matter of 
fact, it can be shown that v = x — $ is an oblique asymptote of the graph of F; 
however, because the proof is a bit tricky (Problem 38), we neglect this fact in 
working the rest of the example. 

Step 4 Calculating the derivative F' and simplifying, we obtain 


a J 


Ех) = — 
9 Зх2/3(х — 1)! 


Thus, F’ is undefined at 0 and 1. Also, F'(x) = 0 only for x = 4, so 0. 3. and 
1 are the critical numbers for F. Figure 14 shows the intervals on which F” is 
positive or negative. Thus, F is increasing on (— 2с, 0], [0, 3]. and (1. 9). 
whereas it is decreasing on [3. 1]. Because F is increasing on the adjacent 
intervals (—2c, 0] and |0, 3], it is actually increasing on the entire interval 
(=, 3]. 

Step 5 Calculating the second derivative F” and simplifying. we obtain 

==) 


о mee 
£9) 99 (x — 1)15 


Thus, F" is undefined at 0 and 1 and has no zeros. Figure 15 shows the 
intervals on which F" is positive or negative. Thus, the graph of F is concave 
upward on (— 2, 0) and concave downward on (0, 1) and (1, 2). Because the 
graph is concave upward on (—*, 0) and concave downward on (0, 1). there is 
a possible point of intlection at the point (0, F(0)) — (0, 0). But, by Defini- 
tion 2 on page 182, (0, 0) can be a point of inflection only if the graph of F 
has a tangent line at (0, 0). Since F’ is not defined at 0, the only possibility is 
a vertical tangent line at (0, 0). Now F is continuous at 0, and we have 


ко + Ау FO] _ аах - 1^ 
lim е сык lim a 
ae Ax Ac—0 Ax 
A E 
i MUS Ax 
= +2 


Hence, by Definition 1 on page 201, the graph of F does have a vertical 
tangent line at (0, 0). Therefore, (0, 0) is indeed a point of inflection of the 
graph of F. 

Step 6 By, say. the first-derivative test, the function F takes on a relative 
maximum value of F(3) = $ V 4 = 0.53 at å and a relative minimum value of 
Е) = Oat 1. 


Step 7 The graph is sketched in Figure 16. 
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EXAMPLE 5 G(x) = sin? x + 2 cos x for —7 - x E m 
SOLUTION 


Step 1 The function С is continuous on [— т, 7]. To find the zeros of G, we 
must solve the equation 


sin? x + 2cos x =0 


for x between —7 and л. Using, say, Newton's method, we find that there are 
two solutions, namely 


x, —2.00 and хә = 2.00 


Figure 17 The algebraic signs of С on the intervals [— 7, x1). (x1, X2), and (x2, 71] аге 
shown in Figure 17. 
G is zero zero М Ж | ae 
| | Step 2 BecauseG(—x) = sin"(—x) + 2 cos (~x) = sin^ x + 2 cos x = G(x), 
оооу a it follows that G is an even function and its graph is symmetric about the y axis. 
m; uM аа 
-7 хі xi т É Step 3 The graph of G has no asymptotes. 
Step 4 We have 
G'(x) = 2 sin x cos x — 2 sin x 
= 2 sin x (cos x — 1) 
Figure 18 Hence, the only critical number for С on the open interval (— 7, т) is 0. If we 
x consider the one-sided derivatives at the endpoints of the domain of G, we also 
ы о T have С (— 7) = 0 and С' (7) = 0. Evidently (Figure 18), С is increasing on 
| | | [= т, 0| and decreasing on {0, 7]. 
++++++'!————- 
-= i a E Mad Step 5 Using the fact that 2 sin x cos x = sin 2x (see inside front cover), we 
can rewrite G' as G'(x) = sin 2x — 2 sin x. Thus, 
G"(x) = 2 cos 2x — 2 cos x 
= 2(cos 2x — cos x) 
Figure 19 Because cos 2x — 2 cos? x — 1 (see inside front cover), we can rewrite G" as 
G" is Zero zero zero G”(x) = 2(2 cos? x — 1 — cos x) 
| | | = 2(2 cos? x — cos x — 1) 
t+t++'—----' === +++ 
ЛЫШЫ Е TE = = 2(2 cos x + 1)(соѕ x — 1) 
=m —2т 0 2n т 
: : Therefore, G"(x) = 0 when cos x = —% and when cos x = 1, that is (for 
— r= +? = 1 1 ui 
Figure 20 7 X x < л), when x = €27/3 and when x = 0. The algebraic signs of G 


are shown in Figure 19. Thus, the graph of G is concave upward on 
y absolute maximum (— m, —27/3) and (27/3, т), whereas it is concave downward on (—27/3, 0) 
pe and (0, 27/3). Consequently, the graph of G has points of inflection at 
(—22/3, G( 20/3) = (—27/3, –1) and at (22/3, G(22/3)) = (21/3, —1). 
Notice that even though G"(0) = 0, the graph of С does not have a point of 
inflection at (0, G(0)) = (0, 2). 


Step 6 Checking the values of G at its critical number O and at the two end- 
points of its domain, we find that G(—7) = —2, G(0) = 2, and G(7) = —2. 
Hence, G takes on an absolute maximum value of 2 at 0 and an absolute 


absolute absolute minimum value of —2 at —7 and т. 
minimum nunimum 


point point Step 7 The graph of G is sketched in Figure 20. 


Gix) = sin? x *2cosx 


point of 
inflection 
2 


point of 
inflection 
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Problem Set 3.6 


In Problems I to 36, sketch the graph of each function. 


1 fix) = & tx = 2) 
2 g(x) = о тосе 


д) = х? Зх + 2 


4 F(x) = 10 + 12 - 32-2? 


5 Сбх) = 4x2 at 

6 А) = хх +2 

7 Рх) = (3 + xx – х)? 

8 Ow) = Зх? + bx? 2х + 1 
9 f(x) = ba? — 6x3 — 182) 


Пеле = she 


| 9 
II hix) =x Е 
X 
E 8 
Iesu) = r 
X 


3 
BGA = + =. 
av 


T pm 
H(x) = PT 
15 o 
ud x49 
Te on) = eta 
Bre 42 
pam. 
(x) = 
т + 
fear | 
[у 268) = a a 
pe) REL E ES 
a sr 
9 gis) = ———— 
19 gtx) ELE. 
3 
20 r(x) = =— 
AC se Poe 


о е 
BD ais) = (ar RIVE — ye 


23 һ(х) = (х + DS 


29 18 


24 u(x) — з 
г 


25 


26 


27 


28 


1 
аа 
Vx 
wi EC 
= = 
WAS ae || 
ie 
ie == 
Vaot+4 
9 gm 
V(x) = 
e) se ay 


29 f(x) = sin 2x, 0 x S27 


30 


g(x) = sin x + cos x, OS x S27 


M f(x) = 4 + $# cos 2r, OS x = 27 


32 
33 


h(x) = sin 2x + 2 cos x, -Tn т 


a(x) = x + 2 cos (x/2), OS x = 27 


aX ЕЕЕ т 


35 f(x) = sec x + cos x, 0S x S 2m 


36 


137 


[c) 39 


h(x) = 10 csc x — 5 cot x, —m<x< m 


In an engine, the distance y from the center of the wrist pin on a 
piston to the center of the crankshaft is a function of the angle x 
through which the crankshaft has turned from top dead center. If 
a denotes the stroke of the piston and 5 denotes the length of the 
connecting rod, we have y = (a cos x + МАБ” — a? sin” x). If 
a = 8centimeters and b = 16 centimeters, sketch a graph of y as 
a function отот 


Let F(x) = хх = 1)? (Figure 16). (a) Show that for x = 0, 
Fix) = x[1 — (1/х)]??®. (b) For x z 0, let At = 1/x and show 
that 

(1 — Ay — 1 

F(x) — x = ————— 

MUR NS At 


Conclude that 


21 
lim їй) үе im T X 


Ar 
(c) Let G() = r°. Using the fact that G'(1) = $, show that 
Nu M е 
е А; Е 3 


(d) Combine the results of parts (b) and (c) to show that y = 
x — į is an oblique asymptote of the graph of F. 


Use a calculator to help confirm that v = x = 3 is an oblique 
asymptote of the graph of F(x) = х/х — 1)?? (Figure 16, page 
208) by calculating F(x) — x for (a) x = 100, (b) x = 1000, and 
(c) x = 1,000,000. (d) Try the calculation for x = 10!°, and ex- 
plain the curious result. 
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Figure 1 
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M+ 2w = 1000 m 


Applied Maximum and Minimum Problems 


In Section 3.4, we applied the methods of calculus to solve some practical problems 
that required finding maximum or minimum values of certain quantities; however, 
in all these problems, the function to be maximized or minimized was given in 
advance. In this section, we continue our study of applied maximum and minimum 
problems, but now part of the problem will be to write an appropriate function on 
the basis of the information given in the problem. For working these problems, we 
recommend the following systematic procedure: 


Step 1 Attack the problem with determination! Just **have at it" and you will 
often find that it is not as formidable as it appears. Begin by reading the 
problem carefully (several times if necessary). Make certain that you under- 
stand just which quantity is to be maximized or minimized. 


Step 2 Select a suitable symbol for the quantity to be maximized or mini- 
mized; for purposes of this discussion. call it Q. Determine the remaining 
quantities or variables upon which Q depends, and select symbols for these 
variables. If it is feasible, draw a diagram and label the various parts with the 
corresponding symbols. 


Step 3 Express the quantity Q whose extreme value is desired in terms of a 
formula involving the variables upon which Q depends. 1f the formula involves 
more than one of these variables, use the conditions given in the statement of 
the problem to find relationships among the variables that can be used to 
eliminate all but one independent variable from the formula. 


Step 4 You now have Q — f(x). where (for purposes of this discussion) x 
denotes the single variable upon which Q was found to depend in step 3 and f 
is the function determined by this dependence. If there are constraints on the 
quantity x imposed by the physical nature of the problem or by other practical 
considerations. specify these constraints explicitly. Apply the methods of Sec- 
tion 3.4 to find the desired absolute extremum of f(x) subject to the imposed 
constraints on x. 


Step 5 Reread the problem and make sure you have answered the specific 
question or questions asked. 


In practice, the elimination of all but one of the variables upon which Q depends 
in step 3 is often the trickiest part of the procedure. Sometimes it cannot be carried 
out at all because not enough relationships among these variables are given by the 
statement of the problem. In this case, the procedure given above fails, and more 
sophisticated methods must be used. (See Sections 14.8 and 14.9.) 


EXAMPLE 1 A recreation department plans to build a rectangular playground en- 
closed by 1000 meters of fence. What are the dimensions of the rectangular play- 
ground of maximum area? 


SOLUTION We carry out the suggested procedure: 


Step 1 The quantity to be maximized is the area of the playground. 


Step 2 Let A denote the area of the playground. Of course, A will depend on 
the length / and the width w of the playground. Here the diagram is so simple 
that it may seem ridiculous to bother drawing it. We do so anyway (Figure 1) 
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because it fixes ideas, displays the notation, and gives us a start on the prob- 
lem. 

Step 3 Evidently, А = Iw. Now, provided that we can find a suitable relation- 
ship between / and w, we may be able to eliminate either / or w from the 
formula A = fw. But only 1000 meters of fence are available, and the perime- 
ter of the playground is 2/ + 2w meters; so 


21 + 2w = 1000 or i+ w= 500 
Solving the last equation for (say) /, we find that 
= 500- w 
Substituting / = 500 — w into A = Iw, we obtain 
A = (500 — w)w = 500w — w? 
Step 4 We now have A = f(w), where 
fiw) = 500w — w? 


Since the dimensions w and / of the playground cannot be negative, we have 
w = 0 and / = 500 — w = 0; that is, 


0 = w = 500 


(Actually, w and / must be positive, but with the closed interval [0, 500] we 
can use the procedure on page 189, and no real harm comes from including the 
endpoints.) We must find the value of w that gives the absolute maximum 
value of f(w) = 500w — w” on the closed interval [0, 500]. Here, 


f'Qv) = 500 — 2w 


so w — 250 gives the only critical number of f on the open interval (0, 500). 
Calculating the values of f at this critical number and at the endpoints 0 and 
500, we find that f(0) = 0, /(250) = 62,500, and f(500) = 0. Hence, f takes 
on an absolute maximum value of 62,500 square meters when w — 250 meters 
and / = 500 — w = 250 meters. 


Step 5 The specific question was: "What are the dimensions of the rectangu- 
lar playground of maximum area?’’ The answer is: `“Тһе playground should be 
a square with length and width both equal to 250 meters.” 


After some experience in solving maximum-minimum problems, you may de- 
velop an intuition that suggests a somewhat informal treatment of the details of the 
suggested procedure. In fact, people often just *'set the first derivative equal to 
zero” for a solution, perhaps ''checking with the second derivative’ to see 
whether a maximum or minimum is obtained. Of course, informal solutions must be 
viewed with skepticism since the desired extremum (if one exists at all) might 
occur at an endpoint and the second derivative test (when it works) indicates only 
a relative extremum. Thus, although we proceed more informally in the remainder 
of this section, we advise you to fill in all details whenever you have the slightest 
doubt. 


JEXAMPLE 2 Equal squares are cut off at each corner of a rectangular piece of 


cardboard 8 inches wide by 15 inches long, and an open-topped box is formed by 
turning up the sides (Figure 2). Find the length x of the sides of the squares that must 
be cut off to produce a box of maximum volume. 


Figure 2 


Figure 3 
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N 
N, 
~N 
SC 


SOLUTION Тһе quantity to be maximized is the volume V of the box. From 
Figure 2, we see that the height of the box is x inches, the width is 8 — 2x inches, 
and the length is 15 — 2x inches. Thus. 


V = x(8 — 2xY(15 — 2x) = 4? — 46x? + 120x for 0=х=4 


dV | 
Неге, тч = Ae oye RO= и ОЈО — Sy) 
Setting dV/dx equal to zero and solving for x, we find that x = 3 or x = 6. Because 
6 does not belong to the interval (0, 4), the only critical number in this interval is 
3. Evidently, V takes on a maximum value of 4(3)* — 46(3? + 120(3) == 90.74 
cubic inches when x = 3 inches. 


EXAMPLE 3 A cylindrical stainless-steel boiler with an open top has a copper 


bottom. If the price of the copper per square unit is 5 times the price of the stainless 
steel per square unit, find the dimensions of the most economical boiler of fixed 
volume V cubic units. 


SOLUTION Let C be the total cost of the materials for the boiler. Our problem is 
to find the radius r and the height Л of the boiler of volume V for which C is 
minimum (Figure 3). Suppose the stainless steel costs k dollars per square unit. 
Then, the copper costs 5& dollars per square unit. The cost of the stainless steel for 
the boiler is К times the lateral surface area: 


cost of stainless steel = k- 2zrh = 2karh dollars 
Likewise, the cost of the copper for the base is 5k times the area of the base: 
cost of copper = 5k+ ar? = Skar? dollars 
Thus, the total cost is given by 
C = 2karh + Skar” dollars 


Now, we must eliminate one of the two variables r or /t from the last equation. This 
is accomplished by using the fact that the volume V of a cylinder is the area of the 
base times its height: 


V= saw 


Therefore, 
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Figure 4 
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[5] 


Substituting this into the equation for the total cost C, we find that 


V КИ 
+ 5Атг = 


C= del + Skar? 


2 
ДЕЛУ 


Now, keeping in mind that V is constant, we have 
dC 2kV 


aS SS 4e [fen 
dr = 


Setting dC/dr equal to zero, we obtain the equation 


у 
10Ётг = — 

= 

or 1Okar? = 2kV 


Hence, the critical value of r is 
| ку E V 
r= =. —— 
1Okar ST 


Substituting this value of r into the equation A = V/(zr?) and simplifying. we find 
that 


25V 


T 


h=¥, 


It seems reasonable to assume that there iy a most economical design for the boiler. 
Since we found only one critical number r, it is tempting to suppose that it produces 
the desired minimum cost, so that the most economical boiler has dimensions 


V 25V 
r= = and h=; 
Si T 


lt is important to realize that this conclusion is only an educated guess. If great 
importance were attached to the problem—for instance. if we were going into the 
boiler business— we would certainly complete the formal analysis to show that 
these dimensions really do produce an absolute minimum cost (Problem 36). 


jEXAMPLE 4 A conical tent with no floor (Figure 4) is to have a capacity of 1000 


cubie meters. Find the dimensions that minimize the amount of canvas required. 
SOLUTION The lateral surface area of the cone is given by 
$-mrl = туг АҺ? 
whereas the volume is given by 
1000 = harth 


From the last equation, 
3000 


= 


Tr^ 
A 3000 \ 7 aA 3000 |? 
Hence. S= mp + ( = ) = (п 
qm r 


In order to minimize 5. it is sufficient to minimize the quantity 


3000 V? 
Q = T dt [e 


D 


Figure 5 
— ———685 nautical miles — ——— 
i qux E 65 — 10r | 
e—————-e- ETP 
15t 
1 
А 


Pierre de Fermat 
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under the radical in the equation for S. Here, r > 0 and 
1 203000)? 
AQ. di mr 
dr j^ 


Setting dQ/dr equal to zero, we find only one positive critical number, namely, 


3000* 
r=, a eS n im 
2m 


‘The corresponding value of Л is given by 


300 
= 12 4 m 
Tr- 


Again, if desired, it isn’t difficult to supply a conclusive argument that these dimen- 
sions correspond to an absolute minimum amount of canvas (Problem 36). 


(]EXAMPLE 5 Ship A is 65 nautical miles due east of ship В and is sailing south at 
15 knots (nautical miles per hour), while ship B is sailing east at 10 knots. If the 
ships continue on their respective courses, find the minimum distance between them 
and when it occurs. 


SOLUTION In Figure 5, P shows the original position of ship A, and R shows the 
original position of ship B. After г hours have elapsed, B will have moved 10t 
nautical miles while A will have moved 15: nautical miles. By the Pythagorean 
theorem, the distance y between A and B at time t is given by 


y = V151)? + (65 — 10r = У 325r? — 1300г + 4225 


nautical miles. Clearly, y is minimum when the quantity 
325r? — 1300t + 4225 = 325(? — At + 13) 


is minimum, that is, when the quantity 


is minimum. Here, 


and the only critical number is t = 2. Since dQ/dt < 0 for 0 < t < 2 and dQ/dt > 0 
for t > 2, it follows that О is decreasing for 0 = г = 2 and increasing for г = 2. 
Therefore, О, hence also y, takes on its absolute minimum value when / = 2 hours. 
The absolute minimum distance between the ships is therefore given by 


y = V30? + (65 — 20)? = V2925 = 54.08 nautical miles 


In engineering and physics, many laws state—or can be reformulated so as to 
state— that physical motions or transformations take place in such a way that certain 
quantities are maximized or minimized. For instance, in optics, the principle of 
Fermat states that light follows a path that minimizes the time of transit. Pierre de 
Fermat (1601—1665), a French jurist for whom mathematics was a hobby, discov- 
ered this **principle of least time” іп 1657. He also did important pioneering work 
in analytic geometry, number theory, and the theory of probability. The following 
example shows how Fermat’s principle can be used to solve a problem in optics. 
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Figure 6 


Уу 


Figure 7 


(0,6) 


Y 


island 


(x, 0) 


(4,0) 


EXAMPLE 6 In Figure 6, a light beam starts at the point (0, 1) on the v axis, 


strikes a horizontal mirror along the x axis at the point (x, 0), and is retlected back 
up to the point (4, 1). Use Fermat's principle to find the value of x. (Assume that 
light travels with a constant velocity c.) 


SOLUTION Тһе distance from (0, 1) to (x, 0) is given by 
ER EISE TESTER = со 
WUE = OP ae 40) — I) X^ dE 


so the time required for the light beam to go from (0, 1) to (x, 0) is Vx? + Ie. 
Similarly, the time required for the light beam to go from (x, 0) to (4, 1) is given by 


СЕТЕ ime E 


€ € 


Therefore, the total time of transit from point (0, 1) to point (4, 1) is given by 


] Onn TEE ITT ar oe 
Т = (Ма +1 + Vx? — 8x 107) 
e 
Thus, 
di x x-4 


=== 
ах cV! +10 сМ 8+ 17 
Setting dT/dx equal to zero and solving for x, we obtain 
V = 88 + 17 = -(x—-4) Vx? +1 
x"( — 8х + 17) = (x — Ay? + 1) 
QU у че = v 98 in ЕВ, 


so 8x = 16 and x = 2. Thus, 2 is the only critical number for the continu- 
ous function expressing T in terms of x. Clearly OS х= 4. When x = 0, 
T= (Mo + VIT) &5.12/; when х= 2, T= (IJ V5 + VS) == 447/c; 
and when x = 4, T = (1/с)(М 17 + 1) = 5.12/c. Therefore, T assumes its absolute 
minimum value when x = 2. 


The following example is conceptually similar to Example 6 but involves a differ- 
ent physical situation. 


EXAMPLE 7 Juan lives on an island 6 kilometers away from a straight beach. and 


his friend Rita lives 4 kilometers up the beach. Juan can row his boat 3 kilometers 
per hour, and he can walk 5 kilometers per hour on the beach. Find the minimum 
time required for Juan to reach Rita's house from the island. 


SOLUTION Establish a coordinate system with the straight beach running along 
the x axis and with the island at the point (0, 6) on the v axis (Figure 7). Then Rita's 
house is located at the point (4, 0) along the x axis. Suppose that Juan rows his boat 
from his island to the point (x, 0) on the beach and then walks from (x, 0) to Rita's 
house. Reasoning just as in Example 6, but taking into account the different rates of 
speed for rowing and walking, we see that the time of transit is given by 


SMS eroi 0 V(4 = х) + (0 — 07 
3 5 


Т 
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4 NV x? + 36 di x 
that is, Sr forO=x=4 
E 5 
Thus, ат _ E l 


dy) Их т 5 


Setting 4Т/ах equal to zero and solving for x, we find that 


5x = 3Vx2 + 36 
25x? = 9(x? + 36) 
16x? = 324 

4x? = 81 


and so x = +3. Here, —2 turns out to be an extraneous root introduced by squaring, 
and 3 does not belong to the interval (0, 4). Therefore, there are no critical numbers 
in the interval (0, 4), and so we must have an endpoint extremum. When x = 0, we 


have 


whereas for x = 4, we have 


= 


VO? + 36 4-0 4 

a шшс. = 2 + — = 2.8 hours 
3 5 5 

м4? + 36 4-4 INNS} 

"gg C 3 = E == 2.4 hours 


Thus, for least time of transit, approximately 2.4 hours, Juan should row directly to 


Rita's house. 


Problem Set 3.7 


I A rectangular observation deck is to be built overlooking a sce- 
nic lake. Find the dimensions of the deck if its area is to be 100 
square meters and its perimeter is to be a minimum. 


t2 


A rancher with 10,000 meters of available fencing intends to 
enclose a rectangular field adjacent to a straight river. If the side 
along the river requires no fencing, find the dimensions of the 
field with largest area. 


3 Find two nonnegative real numbers whose sum is 20 and whose 
product is (a) maximum and (b) minimum. 


4 A real estate developer wishes to enclose a rectangular plot by a 
fence and then divide it into two plots by another fence parallel 
to one of the sides. What are the dimensions of the largest area 
that can be enclosed by using a total of 1800 meters of fencing? 


5 Advertising fliers are to be made from rectangular sheets of 
paper that contain 400 square centimeters of printed message. 1f 
the margins at the top and bottom are each 5 centimeters and the 
margins at the sides are each 2 centimeters, what should be the 
dimensions of the fliers if the total page area is to be a mini- 
mum? 


6 In New Mattoon, two straight roads and a highway mark off a 
triangular piece of land (Figure 8). The side of the triangle lying 
along the highway is I00 meters long, and the perpendicular 
distance from the intersection of the two roads to the highway is 
80 meters. Within this triangle, the city intends to zone a rectan- 
gular plot of land, fronting along the highway, for commercial 
use. The park department will plant shrubs in the remaining 
portion of the triangle. What is the maximum possible area of 
the rectangular plot of commercially zoned land? 


Figure 8 


highway 
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7 А small college is planning to build a jogging track and a field 
house. The jogging track is to be | Kilometer in circumference 
and will consist of two parallel. straight segments connected by 
two semicircles (Figure 9). The field house will be built on the 
rectangular plot of land enclosed by the two parallel segments of 
Irack and the diameters of the two semicircles. Find the area of 
the largest possible rectangular plot of land for the field housc. 


Figure 9 


8 A wire 24 centimeters long is to be cut into two pieces. A circle 
will be formed from one picce and a square from the other. How 
much wire should be used to form the square if the total area 
enclosed by the square and the circle is to be (a) a minimum and 
(b) a maximum? 


Figure 11 


14 


= 
h 
| 
| 
— E РЕ 
= 
A rectangular box with a square base ts to be constructed so as to 
have a volume of ] cubic meter. Find the height л and the length 
x of an edge of the base of such a box if the amount of material 
used for its construction 1s to be minimum and (a) the box has an 


open top, (b) the box has a closed top. (Neglect the thickness of 
the material and extra material needed for making seams.) 


In Problem 13, suppose that the material for the bottom and (if 
there is one) the top of the box costs c times as much per square 
meter as the material for the sides. Find the dimensions of the 


9 A child's sandbox is to be made by cutting equal squares from Шы епо ыру: 


the corners of a square sheet of galvanized iron and turning up 1 
the sides. If each side of the sheet of galvanized iron is 2 meters 

long. what size squares should be cut from the corners to maxi- 

mize the volume of the sandbox? 


un 


A rod-shaped bacterium has the form of a circular cylinder of 
length / and radius r, closed at the ends by two hemispheres 
(Figure 12). Find the dimensions / and r of a rod-shaped bacte- 
rium of fixed volume V if its total surface area is to be a mini- 
mum. (Hint: The volume of a sphere of radius r is тг? cubic 
units, and its surface area is 47r? square units.) 


Figure 12 Е 


10 A right circular cone is to be inscribed in a sphere of fixed radius 
a units. Figure 10 shows a vertical cross section through the 
center О of the sphere. Find the height h = |AC| and the radius 
r = |AB| of the base of the cone with maximum volume V. 
(Hint: Of course, your answer will depend on the radius a of the 
sphere.) 


Figure 10 C 


16 The logo for a world's fair is to consist of a transparent right 
circular cone circumscribing a sphere (Figure 13). For a sphere 
of fixed radius a, find the height А and the base radius r of the 
circumscribing cone of minimum volume. 


Figure 13 


£11 A standard ‘*55-gallon` oil drum is a cylinder, with closed top 
and bottom, of radius 11 inches and height 34 inches. Do these 
dimensions minimize the amount of metal in the drum for a 
given fixed volume V = 41147 cubic inches? If not, what di- 
mensions would minimize the amount of metal in the drum? 
(Neglect the metal used in the crimped seams of the drum.) 


12 The Norman style of architecture is characterized by massive 
construction, carved decorations, and rectangular windows and 
doors surmounted by semicircular arches. Find the height Л and 
the width w of a Norman door of maximum area if its perimeter 
is 7 meters (Figure 11). 


17 


A cable television company has its master antenna located at 
point A on the bank of a straight river 1 kilometer wide (Fig- 
ure 14). It is going to run a cable from A to a point P on the 
opposite bank of the river and then straight along the bank to a 
town T situated 3 kilometers downstream from A. It costs $15 
per meter to run the cable under the water and $9 per meter to 
run the cable along the bank. What should be the distance from 
P to T in order to minimize the total cost of the cable? 


Figure l4 A 


18 
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In Problem 17, suppose there is an increase in the cost of laying 
underwater cable, but the cost of laying cable along the bank 
remains $9 per meter. 1s there a cost for laying underwater cable 
for which it is most economical to run the cable straight across 
the river from point A to point Q? 


An offshore oil well is located at point A, which is 13 kilometers 
from the nearest point Q on a straight shoreline. The oil is to be 
piped from A to a terminal at a point Т on the shoreline by piping 
it straight under water to a point P on the shoreline between Q 
and T and then to T by a pipe along the shoreline. Suppose that 
the distance |Q7| is 10 kilometers, that it costs $90,000 per kilo- 
meter to lay underwater pipe. and that it costs $60,000 per kilo- 
meter to lay the pipe along the shoreline. What should be the 
distance from P to T in order to minimize the cost of laying the 


pipe? 


120 Ship A is sailing north at 20 knots, while ship B is sailing west at 


30 knots. At the start, ship B is 50 nautical miles east of ship A. 
If they continue their respective courses, find the minimum dis- 
tance between the ships. 
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If a resistor of R ohms is connected across a battery of / volts 
with an internal resistance of r ohms, a current of / amperes will 
flow and generate P watts of power. Here P is given by Р = PR, 
where 7 = E/(R + r). Find the resistance R if the power Р is to 
be maximum. 


Omithologists have determined that some species of birds prefer 
to fly over land, when possible, rather than over water. lt is 
believed that this may have to do with unfavorable air currents 
that are more prevalent over water. Suppose that a certain spe- 
cies of bird, released on an island A which is 5 kilometers from 
the nearest point D along a straight shoreline, flies straight to the 
point B on the shoreline and then flies along the shoreline the 
remaining distance |BC| = 7 kilometers to its nesting area С, 
which is 13 kilometers from point D (Figure 15). Assume that 
the bird instinctively chooses a flight path that minimizes its 
total energy expenditure. If the bird uses w joules of energy per 
kilometer to fly over water and / joules of energy per kilometer 
to fly over land, find the ratio w/l. 


Figure 15 
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A farmer is planning to construct a silo in the form of a circular 
cylinder capped by a hemisphere. Material for the hemisphere 
will cost twice as much per square unit as material for the cylin- 
der. Find the ratio of the total height of the silo to its radius that 
provides the most economical structure for a given fixed vol- 
ume. Neglect the thickness of the silo and the waste in construc- 
tion. 


Suppose that the concentration, in parts per million, of particu- 
late matter in the atmosphere caused by an industrial plant is 
proportional to the rate at which the plant discharges the particu- 
late matter and inversely proportional to the square of the dis- 
tance from the plant. If two industrial plants A and B are located 
12 kilometers apart, and if plant A emits particulate matter 8 
times as fast as plant B, at what distance x from A along the line 
segment AB will the atmospheric concentration of particulate 
matter be minimum? 


In sociology, a simple model for the spread of a rumor predicts 
that the rate R at which the rumor is spreading in a population of 
size N is proportional to the product of the number of people x 
in the population who have already heard the rumor and the 
number of people N — x who have not yet heard it. According to 
this model, what fraction of the population will have already 
heard the rumor when the rumor is being spread the fastest? 
(Although x represents a whole number here, you may treat it as 
a continuous variable.) 


ә 
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26 The strength of a rectangular beam is proportional to the product 
of its width and the square of its depth. Find the dimensions of 
the strongest beam that can be cut from a circular cylindrical log 
(with bark removed) of radius IO centimeters. 


27 Light travels with speed c in air and with (slower) speed v in 
water. Figure 16 shows the path by which a ray of light travels 
from a point A in the air to a point B on the surface of the water 
and then to a point W in the water. Here, a, the angle of inci- 
dence, is the angle between AB and the normal to the surface of 
the water, while B, the angle of refraction, is the angle between 
BW and this normal. 

(a) Show that the total time required for the light to go from A 
to W is 


_ Мс, VETE 
c v 
where a = [AD], x = [DB], b = |EW|, and k = [DE]. 
(b) Show that when x has the value that makes 7 minimum, then 
(sin a) /sin B = c/v (Snell's law of refraction). 


Figure 16 = 


28 A plastic cup in the shape of a right circular cone is to have а 
slant height of 8 centimeters (Figure 17). Find the vertex angle 6 
for which the volume of the cone will be a maximum. 


Figure 17 Figure 18 


29 In Figure 18, assume that a and р are positive constants and that 
0, x. and v are variables. 


(a) Express x and y in terms of Ө, а. and b. 
(b) Show that x + y is minimum when tan @ = Va/b. 


(c) Using the result of part (b), show that the minimum value of 
xc у 1$ (a^? ES py 


[£30 An iron pipe of length / is to be carried horizontally around the 
corner from a corridor of width 1 meter into a corridor of width 
1.5 meters (Figure 19). Find the largest value of / for which this 
can be accomplished without bending the pipe. Neglect the 
thickness of the pipe. (Hinr: Use the results of Problem 29.) 


im 


Figure 19 
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(131 A steel cable to guy an electric pole is to pass over a 3-meter 
wall (Figure 20). If the wall is 8 meters from the pole, what is 
the length / of the shortest cable that will serve this purpose? 
(Hint: Use the results of Problem 29.) 


Figure 20 


[9132 A spherical ball of radius г settles slowly into a full conical glass 
of water, causing the water to overflow. The line segments con- 
necting the vertex of the cone to the points on the upper rim each 
make an angle of @ radians with the central axis of the glass. If 
the conical glass has height a, find the value of r for which the 
amount of overflow is a maximum. 


33 A rain gutter with a cross section in the shape of an isosceles 
trapezoid (Figure 21) is to have sides of length 8 centimeters and 
a horizontal bottom of length 8 centimeters. If the sides make 
equal angles 0 with the horizontal, find the value of 0 that pro- 
duces a trapezoid of maximum area. 


E - A 


Figure 21 
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34 Figure 22 shows a first circle of radius a and part of a second will be proportional to the sine of а and inversely proportional to 
circle of radius r whose center is on the first circle. Let / be the r^; thus, / = c (sin @)/r, where c is a constant. Find the value 
length of the arc of the second circle that lies inside the first of x that maximizes /. 


circle. Show that / is a maximum when the angle @ satisfies the 


equation cot 0 — 0. (Here a is a constant, while 0 and r can Figure 23 2 
vary.) 
Figure 22 
circle of 
radius а 
А Ја 30m 


38 In Figure 24, a light beam starts at the point (p, 0) on the x axis, 
strikes the circular mirror x? + y? = I at the point R, and is 
reflected to the point (0, 4) on the y axis. Use Fermat’s principle 
to show that the angle of incidence а is equal to the angle of 
reflection B. 


Figure 24 у 


35 Find the dimensions of the right triangle ABC with hypotenuse 
|AC| = c, a given constant, if the area of the triangle is a maxi- 
mum. 


36 In Examples 3 and 4, pages 213 to 215, complete the formal 
analyses to show that the given solutions are correct. 


37 A sodium vapor lamp L is to be placed on top of a pole of height 
x meters to furnish illumination at a busy traffic intersection T 
(Figure 23). The foot P of the pole must be located 30 meters 
from 7. If r — |LT| is the distance from the lamp to the point T 
and a is the angle PTL, then the intensity of illumination / at T 


3.8 Related Rates 


In this section we use derivatives to solve problems involving the rates of change of 
quantities that vary in time. In a typical related-rates problem, the variable quanti- 
ties are related by an equation that either is given or can be derived from information 
supplied in the statement of the problem. The rates of change with respect to time of 
all but one of these quantities are also given, and the problem is to find the rate of 
change with respect to time of the remaining quantity. This is accomplished by 
differentiating the equation implicitly (see Section 2.8) with respect to time, substi- 
tuting the known values of the variables and their time derivatives into the resulting 
equation, and then solving for the value of the unknown time derivative. The 
method is illustrated in the following examples. 


С ЕХАМРІЕ 1 Petroleum from a leaking offshore well forms a circular oil slick on 
the surface of the water. If the area of the oil slick is increasing at the rate of 5 
square kilometers per day, at what rate is the radius of the oil slick increasing at the 
instant when the radius is 3 kilometers? 


r2 
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Figure 1 SOLUTION Let A be the area of the oil slick, and let r be its radius (Figure 1). 
Then 


AS ae 


Here the area A and the radius r are functions of time г in days since the beginning of 
the leak. We want to find dr/dt when r = 3. Differentiating both sides of the equa- 
tion A = zr? with respect to t, we find that 

dA dr 


=] —— 


Tr 
dt dt 


We are given that 
de 5 km?/d 
— = 5 т/а 
dt 1 


Hence, at the instant when r = 3 kilometers, we have 


dr 
5 = 2л(3) = 
dt 
dr 5 
so that — = — = 0.265 km/day н 
dt бт 


EXAMPLE 2 A guard б feet tall is walking away from а lamppost that is 20 feet 
high. If he is walking at the rate of 4.4 feet per second, at what rate is the length of 
his shadow increasing when he is 12 feet away from the base of the lamppost? 


SOLUTION In Figure 2, let x denote the length in feet of the guard's shadow at 
Figure 2 t seconds, and let y denote the distance in feet of the guard from the lamppost at ғ 
seconds. We want to find dx/dt when v = 12. In Figure 2, triangle ACE is similar to 
triangle BCD; hence, 


Therefore, 


6y + 6x = 20x or Tx = 3y 


Differentiating both sides of the last equation with respect to ¢, we find that 


de, dv 
dt ^^ dt 
е dy 
We are given that p — 4.4 ft/s 
1% 
Непсе, E Lom 3(4.4) 
dt 
dx 3(4.4 
| and it follows that E. - - = 1.89 ft/s 


Note that we did not need to use the information that the guard is 12 feet away from 
the lamppost. In other words, the rate dx/dt at which the guard’s shadow is length- 
ening is a constant, independent of his distance from the lamppost. a 


Figure 3 


Figure 4 


у 


[©] 
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EXAMPLE 3 Water is running out of a conical funnel at the constant rate of 
3 cubic centimeters per second. The funnel has a radius of 2 centimeters and a 
height of 8 centimeters (Figure 3). How fast is the water level dropping when it is 
3 centimeters from the top of the funnel? 


SOLUTION Let t denote the time in seconds that has elapsed since the water 
started to run out of the funnel. and let V denote the volume in cubic centimeters 
of the water in the funnel at ¢ seconds. In Figure 3, let 4 = |AE| and r = [ЕВ]. We 
must find dh/dt at the instant when |DE| = 3. that is, when Л = 8 — |DE| = 5. 
Since triangle ADC is similar to triangle AEB, we have 


laD|  |pc| 
АЕ — |EB| 
so that г = |EB| = [DC] 
At any time г, the volume V of water in the funnel can be expressed as the volume of 
a cone (Figure 3): 
ТЕЕ ЛЕЕ. (4) 
З. go ^ 


Hence, y = —}) 


Differentiating both sides of the last equation with respect to t, we find that 
ay Ол a 
ш 48 а 


Since V is decreasing at the rate of 3 cubic centimeters per second, we have 


— = -3 cm/s 
zm cm?/s 
3m, di 
Thus, when A = 5, 3 що 
48 dt 
dh 48(—3) 
and so — = ——_ = – = —0.61 cm/s 
dt 31(5)- 2US err 


The negative sign shows that the water level is dropping. 


EXAMPLE 4 Two highways intersect at right angles. Car A on one highway is 0.5 
kilometer from the intersection and is moving toward it at 96 kilometers per hour, 
while car B on the other highway is 1 kilometer from the intersection and is moving 
away from it at 88 kilometers per hour. At what rate is the distance between the two 
cars changing at this instant? 


SOLUTION In Figure 4, we have represented the two highways by the x and v 
axes of a Cartesian coordinate system. Let y denote the distance in kilometers of car 
A from the origin, and let x denote the distance of car B from the origin at time г 
hours. Then the distance s in kilometers between the two cars at time 1 hours is 
given by 


з= Мх + у? 
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Figure 5 


observer 


airplane 


Differentiating both sides of this equation with respect to е. we find that 


ds ] di? "n 1 (2 dx i 2) 1 ( dx е, 2 
—————— О ТЫ) (0 ард | у —— 
й INES ap qi 2G dt dt 


Since car A is moving toward O at 96 kilometers per hour, we have 


1 ` 
aS —96 km/h 
dt 


Since car B is moving away from O at 88 kilometers per hour, we also have 


dy 
— = 88 km/h 
dt 


Thus, at the instant when у = 0.5 and x = 1 kilometer, 


SE VIS Бу e Л 


d ds 1 | dx i „ 1 [1(88) + 0.5 (—96)] 40 
ап а | fe ae S 3 = 
dt 5 dt ^ dt М 125 V 125 
= 35.78 km/h 


EXAMPLE 5 The pressure P and the volume V of a sample of air that is undergo- 
ing adiabatic expansion are related by the equation РУ! = C, where C is a con- 
stant. At a certain instant the volume of such a sample is 4 cubic inches, the pressure 
is 4000 pounds per square inch, and the volume is increasing at the instantaneous 
rate of 2 cubic inches per second. At what rate is the pressure changing at this 
instant? 


SOLUTION Differentiation of both sides of РУ!“ = C with respect to г gives 


dV dl? 


P(1.4)v°? — + — v!4=0 
a dt dt 
so that 
gom ea 
dt V dt 
When V = 4, P = 4000, and dV/dt = 2, we have 
dP 1.4(4000) : 
m == ча = —2800 pounds per square inch per second 


EXAMPLE 6 Ап airplane flies at a height of 9 kilometers in the direction of an 
observer on the ground at a speed of 800 kilometers per hour. Find the rate of 
change of the angle of elevation of the plane from the observer at the instant when 
this angle is 7/3 radians. 


SOLUTION Denote the angle of elevation by 6, and let x be the horizontal dis- 
tance between the plane and the observer (Figure 5). Then 
dx 


cot Ө = x/9 and p = — 800 km/h 


Differentiating both sides of cot 0 = x/9 with respect to г. we obtain 
40 1 dx 800 


mese 6 le 
ЩЫ ig PO wi 9 


SECTION 3.8 RELATED RATES 


At the instant when Ө = 7/3. we have csc Ө = 2/3, so 


aie E 
о — = 
3 d 9 й g~ 


(about 63.66° per minute). 
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©Problem Set 3.8 


1 А stone thrown into a still pond causes a circular ripple to 
spread. If the radius of the circle is increasing at the rate of 0.85 
meter per second, how fast is the area enclosed by the ripple 
increasing when the radius is 5 meters? 


2 A culture of bacteria occupies a circular region in a petri dish. 
An experimental bactericide, placed in the petri dish, causes the 
area of the circular region occupied by the bacteria to decrease at 
the rate of 3 square centimeters per hour. At what rate is the 
radius r of the circular region changing at the instant when r = 2 
centimeters? 


3 A circular metal plate expands when heated so that its radius 
increases at the constant rate of 0.02 centimeter per second. At 
what rate is the surface area of one side of the plate increasing 
when the radius is 4 centimeters? 


4 The length of each side of a square is increasing at the constant 
rate of 2 meters per second. Find the rate of increase of the area 
and of the perimeter of the square at the instant when Its side is 
3 meters long. 


5 Each side of a closed cubical box is decreasing at the rate of 10 
centimeters per minute. (a) How fast is the volume of the box 
decreasing at the instant when its side length is 20 centimeters? 
(b) How fast is its total surface area (four sides plus top and 
bottom) decreasing at the instant when its side length is 20 centi- 
meters? 


6 Show that if each side of a cube is increasing at the constant rate 
of 0.1 unit per second, then. at the instant when the side length 
of the cube is 10 units, the volume will be increasing at the rate 
of 30 cubic units per second. Does this mean that during the next 
second exactly 30 cubic units will be added to the volume? Ex- 
plain. 


7 lf the base of a triangle is increasing at the constant rate of 
6 meters per minute and the altitude is increasing at the constant 
rate of 2 meters per minute, what is the rate of change of the area 
of the triangle at the instant when its base is 8 meters long and its 
height is 10 meters? 


8 The area A of a rectangle is decreasing at the constant rate of 
9 square centimeters per second. At any instant, the length / of 
the rectangle is decreasing twice as fast as the width w. At a 
certain instant the rectangle is a l-centimeter by 1-centimeter 
square. At this instant, how rapidly is the width decreasing? 


9 A streetlight is on top of a pole 4 meters high. A person 1.8 
meters tall is 6 meters from the base of the pole and is walking 


10 


11 


12 


13 


14 


16 


directly toward the pole at the constant rate of 2 meters per 
second. (a) At what rate is the person's shadow shortening? 
(b) At what rate is the tip of the person's shadow moving? 


A person 6 feet tall is walking toward a wall at the rate of 4 feet 
per second. Directly behind the person and 40 feet from the wall 
is a spotlight 3 feet above ground level. How fast is the length of 
the person's shadow on the wall changing at the moment when 
the person is exactly halfway between the spotlight and the wall? 
Is the shadow lengthening or shortening? 


At 2:00 р.м. a ship, which is steaming north at 20 knots, is 
4 nautical miles west of a lighthouse. At the same time, a motor 
launch, traveling at 10 knots. is proceeding south from a point 
4 nautical miles east of the lighthouse. Find the rate of change of 
the distance between the ship and the launch at 3:30 P.M., as- 
suming that they maintain their respective speeds and courses. 


Suppose that a particle is moving in the xy plane along the line 
y = mx + b. Show that the speed of the particle at ume r is given 
by Vm + 1 |dx/di. 


A television camera is located on the ground 16 kilometers from 
the point where a rocket is launched vertically. At what rate is 
the distance from the camera to the rocket increasing at the in- 
stant when the rocket is 14 kilometers high and rising at the rate 
of 3 kilometers per second? 


An airplane is being pulled into a hangar by a rope from a pulley 
to the nose of the plane. If the pulley is 3 meters higher than the 
nose of the plane and the rope is being pulled in at a constant rate 
of 1 meter per second, how fast is the plane coming into the 
hangar when the length of the rope from the pulley to the nose of 
the plane is 12 meters? 


A girl on a bike rides north 8 kilometers and then turns east. If 
she rides at a steady rate of 16 kilometers per hour, at what rate 
is the distance, measured directly between the girl and her start- 
ing point, changing 2 hours after she leaves that point? 


In a baseball game (which is played on a square-shaped diamond 
90 feet on each side) between the Brewers and the Cubs. Joe 
(who is playing left field for the Brewers) hits the ball while at 
bat and runs toward first base at the rate of 20 feet per second. 
Just as Joe starts toward first base, his teammate Tony. who had 
taken a 10-foot lead off second base. starts running toward third 
base at the same rate of speed. How fast is the distance between 
Joe and Tony changing at the instant when Tony reaches third 
base? 


17 
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A boat is moored to a dock by a rope. A person on the dock 
begins pulling in the rope at the rate of 72 feet per minute. The 
person's hands (holding the rope) are 5 feet above the level of 
the bow of the boat (where the rope is fastened). How fast is the 
boat moving toward the dock at the instant when 13 feet of rope 
is out? 


A spherical snowball is melting so that its volume is decreasing 
at the rate of 0.17 cubic meter per minute. Find the rate at which 
its radius is decreasing at the instant when the volume of the 
snowball is 0.4 cubic meter. 


A ladder 4 meters long is leaning against the vertical wall of a 
honse. If the base of the ladder is pulled horizontally away from 
the house at the rate of 0.7 meter per second, how fast is the top 
of the ladder sliding down the wall at the instant when it is 
2 meters from the ground? 


A spherical weather balloon is being inflated with helium so that 
its volume is increasing at the rate of 0.75 cubic meter per min- 
ute. At the moment when the radius of the balloon is 0.25 meter, 
(a) how fast is the radius of the balloon increasing and (b) how 
fast is the surface area of the balloon increasing? 


A spherical tank of radius R filled with liquid to a height л 
contains V = 47h7(3R — h) cubic units of liquid (Figure 6). A 
spherical gasoline tank has a radius of R — 20 feet. Gasoline is 
being pumped out of this tank at the rate of 200 gallons per 
minute. (One gallon is approximately 0.134 cubic foot.) At what 
rate is the level of gasoline in the tank dropping at the instant 
when Л = 5 feet? 


Figure 6 
аы) 
h 
| 
22 Water is being pumped at the rate of 1.5 cubic meters per minute 
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into a swimming poo! 20 meters long and 10 meters wide. The 
depth of the pool decreases uniformly from 7 meters at one end 
to | meter at the other end. How fast is the surface level of the 
water rising at the instant when its depth at the deeper end is 6 
meters? 


A horizontal eaves trough is 20 feet long and has a cross section 
in the shape of an isosceles triangle 8 inches across at the top and 
10 inches deep. Because of a heavy rainstorm, the water in the 
trough is rising at the rate of 0.5 inch per minute at the instant 
when it is 5 inches deep. How fast is the volume of water in the 
trough increasing at this instant? 


Water is stored in a reservoir in the shape of a right circular cone 
with an open base facing upward. The radius of the base is 20 
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meters, and the depth of the reservoir from top to vertex is 
5 meters. The water in the reservoir evaporates at the rate of 
0.00005 cubic meter per hour for each square meter of its sur- 
face exposed to the air. Show that, because of evaporation, the 
water level will drop at a uniform rate (independent of the depth 
of the water), and find this rate. 


Sand is falling at the rate of 2 cubic meters per minute upon the 
tip of a sandpile. which maintains the form of a right circular 
cone whose height is the same as the radius of the base. Find the 
rate at which the height of the pile is increasing at the instant 
when the pile is 6 meters high. 


A cylindrical tank with vertical axis has a radius of 10 inches. 
The tank has a circular hole in its base with a l-inch radius 
through which water pours out with a velocity of v = 8 Vh feet 
per second, where л is the height in feet of the surface of the 
water above the base. How rapidly is the water level dropping at 
the instant when Л = 5 feet? 


A water tank has the shape of an inverted right circular cone with 
a radius of 5 meters at the top and a height of 12 meters. At the 
instant when the water in the tank is 6 meters deep, more water 
is being poured in at the rate of 10 cubic meters per minute. Find 
the rate at which the surface level of the water is rising at this 
instant. 


A water tank has the shape of an inverted right circular cone with 
a radius of R units at the top and a height (from vertex to top) of 
Н units. A small hole with cross-sectional area А square units 
allows water to leak out of the tank at the vertex with a velocity 
of V2gh units per second, where the depth of the water in the 
tank is % units and g is the acceleration of gravity in units per 
second squared. If water is being pumped into the tank at a 
uniform rate of c cubic units per second, find a formula for the 
rate at which the water level is changing. 


A certain microorganism has a spherical shape and a density of 
1 gram per cubic centimeter. lt grows by absorbing nutrients 
through its surface at the rate of A(10- 7) gram per hour, where A 
is its surface area. If its radins is now 10 ° centimeter, what will 
be its radius after 2 hours? 


If the volume of 1 unit of mass of a substance at the temperature 
O is V, then dV/dO is called the coefficient of cubical expansion 
of the substance. The volume of 1 gram of water is given by 
V = 1 + (8.38)(10 © — 4)? cubic centimeters, where Ө is 
the temperature of the water in degrees Celsius. Find the coeffi- 
cient of cubical expansion of water at 10°C and the rate of 
change of the volume of | gram of water at 10°C if its tempera- 
ture is decreasing at the rate of 1.5°C per minute. 


Boyle's law for the expansion of a gas held at constant tempera- 
ture states that the pressure P and the volume V are related by the 
equation PV — C, where C is a constant. Suppose that a sample 
of 1000 cubic inches of gas is under a pressure of 150 pounds per 
square inch, but that the pressure is decreasing at the instantane- 
ous rate of 5 pounds per square inch per second. Find the instan- 
taneous rate of increase of the volume. 


32 Wildlife biologists studying the predator-prey relationship be- 
tween owls (the predator) and field mice (the prey) in a certain 
habitat have determined that the owl population y and the field 
mouse population x obey the predator-prey model 

(x — 800)? + 400(y — 50)> = 100,000 
When the owl population is 55, the field mouse population is 
1100, and the field mouse population is increasing by 40 field 
mice per month, how fast is the owl population changing ac- 
cording to this model? 


In Problems 33 to 37, consider the triangle ABC (Figure 7). Assume 
that 0 is decreasing at the rate of зо radian per second. Find the 
indicated rate of change by using the given information. 


Figure 7 A 
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33 dy/dt when Ө = 7/3 given that x is a constant equal to 12 centi- 
meters 


34 dz/dt when Ө = 7/4 given that y is a constant equal to 10V2 
centimeters 


to) 
un 


dx/dt when y — 20 centimeters given that z is a constant equal to 
40 centimeters 


36 dz/dt when y = x if x remains 1.6 kilometers at all times 


37 dz/dt when x = 1 meter and z = 2 meters if x and y are both 
changing and y is increasing at the rate of 75 meter per second 


38 A parachutist is descending at a constant (but unknown) velocity 
from an unknown height directly toward the center of a horizon- 
tal circular target of unknown radius (Figure 8). She carries a 
small optical device that measures the angle Ө (in radians) sub- 
tended by the circular target and calculates the quantity T given 
by T = (sin 0)/(d0/dt). Show that she will hit the target in T 


seconds. 
Figure 8 parachutist 
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39 A ladder 3 meters long leans against a house. The upper end 
slips down the wall at the rate of 1.5 meters per second. How 
fast is the ladder turning when it makes an angle of 7/6 radian 
with the ground? 
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40 A weight is lifted by a rope that passes over a pulley and down to 
a truck that is moving at 5 feet per second. If the pulley is 100 
feet above the level of the truck, how fast is the weight rising 
when the rope from the pulley to the truck makes an angle of 
7/4 radian with the ground? 


41 Inan isosceles triangle, whose equal sides are each 3 centimeters 
long, the vertex angle increases at the rate of 7/90 radian per 
second. How fast is the area of the triangle increasing when the 
vertex angle is 7/3 radians? 


42 A man is walking along a straight sidewalk at the rate of 2 me- 
ters per second. A searchlight on the ground 12 meters from the 
sidewalk is kept trained on him. At what rate is the searchlight 
revolving when the man is 7 meters away from the point on the 
sidewalk nearest the light? 


43 An airplane is flying horizontally at a speed of 400 miles per 
hour at an elevation of 10,000 feet toward an observer on the 
ground. Find the rate of change of the angle of elevation of the 
airplane from the observer when the angle is 7/4. 


34 The hands of a tower clock are 4.5 and 6 feet long. How fast are 
the tips of the hands approaching each other at four o'clock? 


45 The angle of elevation of the sun is decreasing at the rate of 14 
degrees per hour. What is the rate of increase of the length of the 
shadow cast by a tree 4 meters tall when the angle of elevation of 
the sun is 77/6? 


46 The crankshaft of an engine is turning at a constant rate of N 
revolutions per second (Figure 9a). Suppose that the arm OA is a 
units long and the connecting rod AP is b units long. Let Ө be the 
angle through which the crankshaft has turned from the top- 
dead-center position of the piston. (a) By considering Figure 9b, 
show that the distance x — |OP| units between the center of 
the crankshaft O and the wrist pin P is given by the equation 
х= a cos 0+ Vb — a^ їп” 0. (b) Using the result of part 
(a), obtain a formula for dx/dr in terms of a, b. 0, and N. 
(Hint: d@/dt = 27N radians per second.) 


Figure 9 


к= (а) 


А = (a cos 0, a sin Ө) 
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47 А television crew is televising а 100-meter dash from a position If the target is moving, a Doppler radar can also determine the 
10 meters from the track and in line with the finish line (Fig- rate of change dr/dt of the range by measuring the frequency 
ure 10). At the instant that the winner of the race is 10 meters change of the reflected signal caused by the Doppler effect. As- 
from the finish line, the camera, focused on her, is turning 0.5 suming that the target T 15 moving along a straight line (called its 


radian per second. How fast is she running? 


track), show that by using two Doppler radars located in known 
positions, it is possible to determine the speed of the target and 


Figure I0 finish its track. 
line runner track 
[ 10 2 Figure 11 А 
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| north "m 
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48 A radar station R can determine the range r = |RT| of a target T Read 
and the bearing angle 6 of the target from due north (Figure 11). slation 


3.9 


Applications to Economics and Business 


Although calculus was originally developed by people interested in astronomy. 
mechanics, physics, and engineering, it is currently finding more and more applica- 
tions in the worlds of economics, manufacturing, advertising, and marketing. Econ- 
omists and business managers routinely use the methods of calculus to study rela- 
tionships among such variables as advertising costs, demand for goods and services, 
inflation rates, interest rates, inventories, prices. production costs, production lev- 
els, profits, revenues, supplies of goods, supplies of raw materials, taxes, unem- 
ployment. and wages. Here we can give only a brief survey of one aspect of the 
application of calculus to economics and business. 

We consider a producer supplying a particular commodity (goods or services) to 
consumers. We understand that the producer could range from a small manufactur- 
ing plant to an entire industry. As our basic independent variable, we choose the 
number x of units of the commodity produced in a given period of time by the 
producer in question. We assume that the variable x, which is called the production 
level, is under the control of the producer and that 


0zxzM 


where M is the maximum possible production level. In order to be able to apply the 
methods of calculus. we treat x as if it were a continuous variable. 

We denote by C(x) the cost in dollars to the producer for producing x units of the 
commodity in the given period of time. The portion of the total cost of production 
C(x) that is independent of the production level x is called the fixed cost. This fixed 
cost may include capital expenses for new equipment. depreciation on existing 
equipment, insurance premiums, salaries of permanent employees, taxes, advertis- 
ing costs, and so forth, as well as overhead expenses for rent, lighting, and heating 
of the plant. The remaining part of the total cost of production—the part that 
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depends on the production level—is called the variable cost. This variable cost 
may include the cost of raw materials, the cost of fuel and electricity actually used 
in the manufacturing process, costs of packaging, wages for part-time workers. 
overtime wages for permanent workers, and so forth. Thus, 


C(x) = the fixed cost + the variable cost 


If we assume that the variable cost is zero when the production level is zero, then we 
have 


C(0) = the fixed cost 
and therefore, 
C(x) — C(O) = the variable cost 


To specify a realistic cost function C, it is necessary to determine both the fixed 
and the variable costs. Usually, the fixed cost can be found by consulting suitable 
accounting records. The variable cost may be more difficult to determine—past 
production records must be studied; changing costs of raw materials, energy, and 
labor at various production levels must be considered; and differences in the effi- 
ciency of plant operation at various production levels must be taken into account. 
Often, an exact formula for variable cost cannot be found, in which case a reason- 
able approximation, based on experience and insight, must be used. 

In economics, the derivative of a function is usually referred to as a marginal. 
Thus, the derivative С’ of the cost function is called the marginal-cost function, 
and С'(х) is called the marginal cost at production level x. Hence, the marginal 
cost is the rate at which the production cost changes per unit change in production. 
In practical situations, the production level x is usually a rather large number—so 
large that, in comparison to x, the number 1 can be considered to be very small. 
Then we have 


col ү та у Сг 
cee шл о. соса COP. 


Jim, 7 | exte 3e ID (\) 


In other words. when the production level x is rather large, the marginal cost C'(x) 
can be regarded as a good approximation to the cost C(x + 1) — C(x) of producing 
one more unit. Under ordinary circumstances, an increase in production level will 
result in an increase in cost; that is, C is an increasing function, and the marginal 
cost C'(x) is always positive. 

Often, as the production level increases, the manufacturing process becomes 
more efficient and, at higher production levels, it costs less to produce one more 
unit of the commodity than at lower production levels. When the most efficient 
production level is reached, the marginal cost will have a minimum value. Above 
this most efficient production level. the advantages of mass production begin to be 
offset by such factors as stress put on workers and production machinery, scarcity of 
raw materials in large quantities, the necessity of paying overtime wages, and so 
forth. 


[) EXAMPLE 1 Decibel Records is planning to produce а new album featuring re- 
cording star Jason Dean. The accounting department estimates the fixed cost (in- 
cluding the recording session) on a daily pro rata basis over the projected production 
lifetime of the album to be $500 per day. On the basis of experience with previous 
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albums, management projects that the variable cost for the production of x albums 
g pro) P 
per day (including royalty payments) is given by 


av — bx? + cx dollars for 0 = x = 8000 
Shere m 125 x lO", b= ISX К esl ce = T. 


(a) Find the cost function C(x). 
(b) Find the marginal-cost function C '(x). 
(c) Find the exact cost of manufacturing the 1000th album. 


(d) Use the marginal cost to find the approximate cost of manufacturing the 
1000th album. 


(e) Find the most efficient production level. 
SOLUTION 


(a) C(x) = 500 + ax? — bi + сх 
=з (| 255 ДЮ i — (No ШЙ А Ез 
for 0 = x = 8000 

(b) C'(x) = (3.75 x 1077)? — (3 x 107%)х +: 7 for 0 < x < 8000 
(c) The exact cost of manufacturing the 1000th album is given by 
C(1000) — C(999) = 4.376125 dollars. 
(d) C'(999) = 4.37725 dollars 
(e) To find the minimum value of C'(x). we find its derivative: С"(х) = 
(7.5 x 1077 — (3 x 1077). Thus, the only critical number for С’ on the 
interval (0, 8000) is 

ах П 

3:5) 5s T) V 
For 0 < x < 4000, C"(x) <0, whereas for 4000 < х < 8000, C"(x) > 0. 
Therefore, C' is decreasing on the interval (0, 4000) and increasing on the 
interval (4000, 8000). 1t follows that C'(x) has an absolute minimum value 
when the production level is 4000 albums per day. 


= 4000 


The revenue R(q) is the total income to the producer from the sale of q units of 
the commodity. For instance, if each unit of the commodity sells for p dollars, then 
the revenue from the sale of q units is given by 


Riq) = pq dollars 


Often q. the number of units sold, will depend on the price p per unit. Ordinarily, 
the higher the price p. the smaller the number q of units sold, and vice versa. A 
demand equation relates the príce p per unit of the commodity and the number of 
units q that will be demanded at that price by consumers in a given period of time. If 
we assume that this demand is met by the producer, then we can take q — x. the 
production level. For the remainder of this section, we make this reasonable as- 
sumption. 

By means of suitable market research, it may be possible to determine a demand 
equation relating the price p per unit and the demand x units of the commodity. In 
this equation, we may regard p as a (perhaps implicity defined) function of x. The 
revenue function А is then determined by the formula 


R(x) = px 
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EXAMPLE 2 Market research conducted by Decibel Records indicates that 3000 
albums per day will be sold at a price (to dealers) of $8 per album. (Dealers will add 
their own markup to arrive at the retail price.) For each $0.50 increase in the 
wholesale price, it is projected that the resulting increase in the retail price will 
result in 500 fewer album sales per day. 

(a) Find the demand equation for the albums. 


(b) Find the daily revenue R(x) dollars to Decibel Records at production 
level x. 


SOLUTION 


(a) Let л denote the number of $0.50 increases in the price per album above 
the price of $8 per album. Then the price p per album is given by 


р = 8.00 + 0.50n dollars 
and the daily demand x for albums is given by 
x — 3000 — 500n 


From the last equation, we have 


_ 3000 = x 
"500 
Substituting this value of л into the equation for p, we obtain the demand 
equation 
3000 — x 
p = 8.00 + 0.50| ————— 
‘500 
— == x 
1000 
(b) Since R(x) = px. we have 
R(x) = 1x - — 
ша т 


The marginal revenue R'(x) is the rate at which the revenue changes per unit 
change in x. Again, for large values of x, the marginal revenue R'(x) is a good 
approximation to the additional revenue R(x + 1) — R(x) generated by the sale of 
one more unit of the commodity. 


&EXAMPLE 3 Let R(x) = 11x — (17/1000) dollars be the daily revenue to Decibel 
Records if x albums per day are produced and sold, 0 = x = 8000. 
(a) Find the marginal revenue R '(x). 


(b) Approximately how much additional revenue per day would be generated 
by increasing the daily production level from 3000 to 3001 albums? 


(c) For what daily production level x will the revenue be maximum? 


SOLUTION 
Be 
R'(x) = 11 - — for 0 cx < 
(a) R'(x) 300 Or x « 8000 
3000 
(b) R'(3000) = 11 — —— = $5 


500 


tad 
кә 
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(c) Setting R'(x) = 0, we find that the only critical number for R on the inter- 
vat (0, 8000) is 5500. Checking the values of R(x) at this critical number and at 
the two endpoints of the interval [O. 8000], we find that R(x) takes on a 
maximum value of $30,250 per day when 5500 albums per day are produced 
and sold to retailers. 


Actually. it's usually not the revenue that a producer wants to maximize—it's the 
profit, that is, the revenue minus the cost of production. If C(x) is the cost of 
producing x units of a commodity and R(x) is the revenue from the sale of these x 
units, then the profit P(x) from the sale is given by 


Again, if the production level x is large, the marginal profit P'(x) can be regarded 
as the approximate additional profit P(x + 1) — P(x) generated by the manufacture 
and sale of one more unit of the commodity. 


&EXAMPLE 4 For Decibel Records, suppose that the daily cost and revenue func- 
tions for Jason Dean albums at a production level of x albums per day are given by 


C(x) = (1.25 x 1077)? — (1.5 х 107?)8 + 7x + 500 dollars 
and — R(x) = IIx = (10 5)? dollars for 0 = x = 8000 


(a) Find the daily profit P(x) for the manufacture and sale of x albums. 
(b) Find the marginal profit P'(x). 

(c) For what daily production level x will the profit be maximum? 

(d) What price per album should be charged by Decibel Records when the 
production level is set to yield maximum profit? 


SOLUTION 


(а (PG) = As а ЕС (д) 
= —(1.25 х 1077x? + (5 x I07*) + 4x — 500 dollars 

for 0 = x = 8000 
(b) P'(x) = —(3.75 x 107")? + (107)x + 4 for 0 < x < 8000 
(c) Using the quadratic formula and a calculator, we find that the roots of the 
quadratic equation P'(x) = 0 are (approximately) —2194 and 4861. Rejecting 
—2194 because it does not belong to the interval (0, 8000), we find that 4861 is 
the only critical number for P in the interval (0. 8000). Checking the values of 
P(x) at this critical number and at the endpoints of the interval [0, 8000], we 
find that a maximum profit of $16,400.89 per day is achieved by manufactur- 
ing and selling 4861 albums per day. 


(d) Since R(x) = px, we have 
R(x 
ug 11 - (10 7x dollars 
x 
Hence, when x = 4861, the price per album is 
11 — (10754861) = 6.139 dollars 


A negative profit is called a loss. At a production level for which the profit is 
zero, the producer is said to break even. 
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flEXAMPLE 5 Using the profit function for Decibel Records obtained in Exam- 
ple 4a, find the production levels for which the producer breaks even. 


SOLUTION Using Newton’s method to find the (approximate) zeros of the profit 
function P in the interval [0, 8000], we find that production levels of 123 and 7958 
albums per day cause the producer to break even. Production levels of fewer than 
123 albums per day or more than 7958 albums per day will result in a net loss for the 
producer. 


A study of cost, revenue, and profit (illustrated for Decibel Records in the previ- 
ous examples) is called a marginal analysis because of its reliance on marginals 
(that is, derivatives) to investigate changes in cost, revenue, and profit at various 
levels of production. [n conducting a marginal analysis, you should consider the 
following questions: 


1 What period of time is involved when we speak of production level x? Is it 
units per day, per week, per production run, or what? In what units is the 
commodity measured? What is the maximum possible production level? 


2 What is the fixed cost (prorated over the period of time involved in the 
specification of the production level)? What is the variable cost at production 
level x? What is the cost C(x) dollars? What is the marginal cost C'(x)? What 
is the most efficient production level? 


3 What is the demand equation for the commodity? What is the revenue R(x) 
dollars? What is the marginai revenue А (x)? For what production level will 
the revenue be maximum? 

4 What is the profit P(x) dollars at production level x? What is the marginal 
profit P'(x)? For what production level will the profit be maximum? According 
to the demand equation, what price per unit should be charged by the producer 
when the production level is adjusted to yield maximum profit? At what pro- 
duction level or levels does the producer break even? 


Problem Set 3.9 


[c] ln Problems 1 to 4, assume that C(x) is the cost in dollars of produc- 
ing x units of a certain commodity during a particular interval of 
time. (a) Find the fixed cost. (b) Find the variable cost. (c) Find the 
marginal cost C'(x). (d) Find the exact cost of producing the 90151 
unit of the commodity. (e) Use the marginal cost to estimate the cost 
of producing the 90151 unit of the commodity. (f) Find the most 
efficient production level. 


1 C(x) = —x + 2500x + 10,000, 0 = x = 1000 
2 C(x) = 150 + 8Vx, 0 = x = 1500 
3 C(x) = 0.00003x3 — 0.1812 + 500x + 5000, 0 = x = 2500 


26.000x + 150.000 


VIGO Be рати 


‚О =x = 1500 


[c] 5 If C is a cost function, the corresponding average-cost function 
С is defined by C(x) = C(x)/x. Thus, C(x) is the average cost 


per unit if x units are produced. In Problems | and 3, find 
C(900). 


6 Under normal economic circumstances, it often works out that 
the production cost per unit of a commodity is minimized by 
setting the production level so that the production cost per unit is 
equal to the marginal cost. Explain why. 


7 Under normal economic circumstances, it often works out that 
the most efficient production level is the abscissa of a point of 
inflection of the graph of the cost function. Explain why. 


8 Under normal economic circumstances, it often works out that 
the production level for which minimum production cost per unit 
is obtained is somewhat larger than the most efficient production 
level. Explain why. 


С] 9 A production-cost analysis conducted by the Mattoon Steel 
Company, Inc., shows that the fixed cost for a production run of 


(cj 10 


(c) 


(912 


(113 
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a new alloy is $100,000 and the variable cost for a production 
run of x tons of the alloy is 


iE 


WEE 3° + 4000x — dollars for 0 = x = 1000 
(a) Find the cost function C(x). (b) Find the marginal cost C '(x). 
(c) Find the exact cost of producing the 500th ton of the new 
alloy during a production run. (d) Use the marginal cost to find 
the approximate cost of producing the 500th ton of the new alloy 
during a production run. (e) Find the most elTicient production 
level for the new alloy. 


The Gainesburg Tire and Rubber Company, Inc., manufactures 
tires for dirt bikes. The lixed cost for production of these tires 
per week is $15,000 and the variable cost for production of x 
tires per week is 


(2x10 7?) — (3 x I0 y? + 20x dollars 
for 0 = x = 10,000 


(a) Find the cost function C(x). (b) Find the marginal cost C '(x). 
(c) Find the exact cost of manufacturing the 1001st tire. (d) Use 
the marginal cost to find the approximate cost of manufacturing 
the 1001st tire. (e) Find the most efficient production level for 
the tires. 


Solar Electronics manufactures personal walkaround stereo cas- 
sette players. The lixed cost per day for producing these 
walkarounds is $4000 and the variable cost for the production of 
x walkarounds per day is 


(5 x 10 5)? — (1.5 x 1072) + 40x dollars 
for 0 = x = 3000 


(a) Find the cost function C(x). (b) Find the marginal cost C '(x). 
(c) Find the exact cost of manufacturing the 201st walkaround. 
(d) Use the marginal cost to find the approximate cost of manu- 
facturing the 201st walkaround. (e) Find the most efficient pro- 
duction level for the walkarounds. 


An analysis of production costs conducted by the Molar Brush 
Company shows that the fixed cost per day for manufacturing 
toothbrushes is $500 and the variable daily cost for manufactur- 
ing x toothbrushes is 30V/x dollars for 0 = x = 10,000. (a) Find 
the cost function C (x). (b) Find the marginal cost C '(x). (c) Find 
the exact eost of manufacturing the 5001st toothbrush. (d) Use 
the marginal cost to find the approximate cost of manufacturing 
the 5001st toothbrush. (e) Find the most efficient production 
level for the toothbrushes? 


Market research conducted by Mattoon Steel indicates that for 
each production run of its new alloy, it will sel] 600 tons at 
$4000 per ton; however, for each $500 increase in the price per 
ton, 100 fewer tons will be sold. (a) Find the demand equation 
for the alloy. (b) Find the revenue R(x) in dollars for the alloy at 
production level x. (c) Find the marginal revenue R'(x). 
id) Approximately how much additional revenue would be gen- 
erated by increasing the production level from 500 to 501 tons 
during a production run? (e) For what production level will the 
revenue be maximum? 


[114 Market research conducted by Gainesburg Tire and Rubber indi- 
cates that at a price of $24 per tire it will sell 3000 dirt-bike tires 
per week; however, each $1 increase in the price per tire will 
result in the sale of 500 fewer tires per week. (a) Find the de- 
mand equation for the tires. (b) Find the revenue R(x) in dollars 
if x tires per week are manufactured and sold. (c) Find the mar- 
ginal revenue. R'(x). (d) Approximately how much additional 
weekly revenue would be generated by increasing the production 
level from 1000 to 1001 tires per week? (e) For what production 
level will the revenue be maximum? 


15 Market research conducted by Solar Electronics indicates that at 
a price of $60 per unit, it will sell 2000 personal walkaround 
stereo cassette players per day; however, for each $5 increase in 
price per unit, 250 fewer units will be sold per day. (a) Find the 
demand equation for the walkarounds. (b) Find the daily revenue 
R(x) for the manufacture and sale of x walkarounds per day. 
(c) Find the marginal revenue R'(x). (d) Approximately how 
much additional daily revenue would be generated by increasing 
the production level from 200 to 201 walkarounds per day? 
(e) For what production level will the revenue be maximum? 


(916 Market research conducted by the Molar Brush Company indi- 
cates that 6000 toothbrushes per day will be sold at $0.90 per 
toothbrush, but that each $0.25 increase in the price per brush 
will result in 1000 fewer sales per day. (a) Find the demand 
equation for the toothbrushes. (b) Find the daily revenue R(x) if 
x toothbrushes per day are manufactured and sold. (c) Find the 
marginal revenue R'(x). (d) Approximately how much addi- 
tional daily revenue would be generated by increasing the pro- 
duction level from 5000 to 5001 toothbrushes per day? (e) For 
what production level will the revenue be maximum? 


{С 1п Problems 17 to 20, use the indicated information to find (a) the 
profit P(x) at production level x, (b) the marginal profit P'(x), 
(c) the production level for which the profit is maximum, (d) the 
price per unit that the producer should charge when the production 
level is adjusted to yield maximum profit, and (e) the production 
level(s) for which the producer breaks even. 


17 The information in Problems 9 and 13 concerning the production 
of the new alloy by Mattoon Steel. 


18 The information in Problems 10 and 14 concerning the produc- 
tion of dirt-bike tires by Gainesburg Tire and Rubber. 


19 The information in Problems 11 and 15 concerning the produc- 
tion of personal walkaround stereo cassette players by Solar 
Electronics. 


20 The information in Problems 12 and 16 concerning the produc- 
tion of toothbrushes by Molar Brush. 


Cln Problems 21 and 22, use the given information to conduct a 
marginal analysis. 


2] Rolar Bicycle Company is planning to bring out a new, light- 
weight, and relatively inexpensive 10-specd bike. Management 


23 


24 


26 


estimates a daily fixed cost of $1700 and a variable cost of 

23 F 69 

10,000 100 
for a daily production run of x bikes. Market research shows that 
at $150 per bike. 75 bikes will be purchased per day, but each 
$10 increase in price per bike will result in 15 fewer bikes per 
day being purchased. Because of limited production facilities, 
no more than 125 bikes per day can be manufactured. 


1591 dollars per day 


Decibel Records is planning to produce an album featuring the 
trumpet virtuoso Adrian Scott. The recording will be made by 
using a state-of-the-art digital process that is considerably more 
expensive than ordinary recording methods. Management esti- 
mates a daily fixed cost of $800 and a variable cost of 


(6.5 х 10°)? — (3.9 x 10-3? + 9.8x dollars per day 


for a daily production run of x albums. Market research shows 
that 500 albums per day will be sold to distributors at $10 per 
album, but each $1 increase in price per album will result in 50 
fewer albums being purchased. Because of limited production 
facilities for these high-quality records, no more than 1000 rec- 
ords per day can be produced. 


A cable television company plans to begin operations in a small 
town. It foresees that about 600 people will subscribe to the 
service if the price per subscriber is $10 per month: but for each 
$0.10 increase in the price per month, 4 of the original 600 
people will decide not to subscribe. The fixed cost to the com- 
pany is $2000 per month, and each subscription costs the com- 
pany $3 per month for maintenance. (a) What price per month 
per subscription will bring in the greatest revenue to the com- 
pany? (b) What price will bring in the greatest profit to the com- 
pany? 


An automobile leasing agency rents cars to members of a teach- 
ers” credit union and discounts its total bill to these members by 
2 percent for each rented car in excess of 12. For how many cars 
reuted to the members would the receipts to the agency be maxi- 
mum? 


For a certain commodity. suppose that at a price of p; dollars per 
unit there is a demand for q; units, but for each &-dollar increase 
in the price per unit, r fewer units will be sold. (a) Show that the 
demand equation for the commodity has the form aq + p = В, 
where a = &/r and B = aq, + pi. (b) Show that unless the price 
p per unit of the commodity is less than £ dollars, there will be 
no demand for the commodity. (c) Explain why the demand 
q units for the commodity must satisfy 0 =q = Pla. 
(d) Assuming that the demand is met, so that q = x = the pro- 
duction level, write a formula for the revenue R(x) at production 
level x. (e) Assuming that g = x, find the production level that 
maximizes the revenue. 


Suppose that q units of a certain commodity are demanded when 
the producer charges a price p per unit. The quantity E 
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DOS 


defined by ae 


q dp 

is called the elasticity of demand with respect to price. 
(a) Explain why under normal economic conditions you might 
expect that E = 0. (b) Assuming that the demand is met by the 
producer, so that q = x = the level of production, show that the 
rate of change of revenue R with respect to price p is given by 


dR 

== ex aw = 18 

2 x( ) 
(c) Economists say that the demand is elastic if E — 1. If the 
demand is elastic, explain why a slight increase in price p will 
result in a loss of revenue. 


A linear cost function has the form C(x) = Co + Ax for 
0 =x = M, where Co = 0 and A > 0. Here, Со is the fixed cost. 
M is the maximum possible production level, and each addi- 
tional unit of the commodity costs the same amount, A dollars, 
to produce. Such a linear cost function applies to situations in 
which production efficiency is the same at all possible levels of 
production, so there is no advantage in mass production. For a 
commodity with a linear cost function, suppose the demand 
equation has the form ag + p = B with a > 0 and B > 0 (see 
Problem 25). Assume that the demand is met by production. so 
that g = x. (a) Show that the profit function P has the form 
P(x) = —ax? + (B — AX — Со for 0< х= Му, where M, is 
the smaller of the two numbers М and f/a (or their common 
value if they are equal) (b) lf 0< 8 — A = 2aM, show 
that maximum profit is obtained at the production level 
x = (B — AYQa). 


In Problem 26, show that the elasticity of demand E is unaf- 
fected by a change in the units in which the commodity is meas- 
ured (for instance, kilograms rather than pounds) and that it is 
unaffected by a change in monetary units (for instance. cents 
rather than dollars per unit of the commodity). 


A quadratic cost function has the form C(x) = Со + bx — ах? 
for 0 = x = M, where Co = 0 and a # 0. Of course, it is re- 
quired that C(x) = 0 for 0 = x = M. (a) Explain why the condi- 
tion a > 0 corresponds to the situation in which production be- 
comes more efficient as the production level increases. 
(b) Under normal economic conditions. the marginal C’(x) will 
be positive for 0 < x < M. Show that this is so if and only if 
b> 0 and a < b/(2M). (c) Show that the average production 
cost per unit of the commodity at the maximum production level 
M is given by (Co/M) + b — aM. (d) If a > 0, what is the most 
efficient production level? (e) If 0 < a < b/(2M), show that the 
condition C(x) = 0 for 0 = x = M holds automatically. 


For the quadratic cost function of Problem 29, assume that 
0 « a< b/(2M) and that the demand equation has the form 
aq + p= D with a > 0 and B > 0 (see Problem 25). Suppose 
that the demand is met by production, so that д = x. (a) If P is 
the profit function, write a formula for P(x). (b) What produc- 
tion level will generate maximum profit? 
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Review Problem Set, Chapter 3 


In Problems | to 6, verify the hypotheses of Rolle's theorem for 
cach function f on the indicated closed interval [a, b], and then find 
all numbers с in the open interval (a, b) for which f'(c) = 0. 

1 f(x) 2 x? + Gx — 7, la, b] = 1—7. 1] 

2 fix) = x? х, la, b] = |0, 1] 


3 fix) = 4c — 21x? + 25, [a, b] =[-1. 5] 
4 f(x) = 205 — 27x? + 25x, [а, b] = (0, 1] 
5 f(x) = cos x. [a. b] = |- Z, ES 


6 f(x) = sin? x, [a, b] = [0. 27] 


7 Which of the following functions, for one reason or another, 
fail to satisfy the hypotheses of Rolle’s theorem for the closed 
interval [a, b]? In each case where a failure occurs, indicate the 
hypothesis that fails. 

(a) fix) = x? — 25. [а, b] = |—5, 5] 

(8) Да) = 1 - nf, [yes fee = 

(с) Дх) = 1 — (x — 2)", [a, b] = (1, 3] 
4-8 ifx«l 


(c Bs È 
(d) f) (ee Oa esa 


8 Use Rolle's theorem to prove that if f'(x) > 0 for a < x < b, 
then there is at most one x for which a < x < b and f(x) = 0. 


9 Which of the functions whose graphs are shown in Figure 1 fail 
to satisfy the hypotheses of the mean-value theorem on the 
interval (a, b]? In each case where a failure occurs, indicate the 
hypothesis that fails. 


Figure 1 d 


(a) 


(b) 


(c) 


if) 


(в) 


(h) 


| 
i 
i 
І 
f 
| 
b 


mL----9- 


10 Find all values of c such that —1 < c < | and the tangent line 
to the graph of f(x) = 3x* + 2x? — x? + x — 1 at (e, flc)) is 
parallel to the secant between the points (—1. f(—1)) and 


(1, f). 


In Problems 11 to 16, verify the hypotheses of the mean-value theo- 
rem for each function f on the indicated closed interval [a, b]. Then 
find all numbers c in the open interval (а, b) for which 
f(b) — fla) = (сБ — a). 


11 fœ) = Vx, [a, b} = [1, 4] 


ao 
12 fi) = =, ‚ la, b] = [0, 4] 


13 f(x) = x? — 2x? + 3x — 2, [а, b] = [0, 2] 


Буа 


Их=1 
. [a. Б] = (0, 2 


= jet cm i 
i 


14 f(x) = 


fada 


15 f(x) = х sin? x, [a, b] = [0, 27] 


16 f(x) =x + V1 —cos x, [a, b] = | 


| 


E 


f£! In Problems 17 and 18, use a calculator and Newton's method to 
find an approximation to a value of c in the open interval (a, b) for 
which f(b) — fla) = f'(cYb — a). 


лө = costa - fo. F 


18 f(x) = x* + à + 2:32 — x + 3, [a. b] =[-1. 1] 


19 Use Rolle's theorem to prove that if f" exists on the open inter- 
val (a, b) and if f" maintains a constant algebraic sign on this 
interval, then f has at most one critical number in the interval 
(a, b). 


20 Use the mean-value theorem to prove that Ма < (a + 1)/2 for 
0 « a « 1. [Hint: Let f(x) = Vx and apply the mean-value 
theorem on the interval [a, 1]. Use the fact that if 0 — c « 1, 
then 0< Vc « 1.] 


21 For each graph in Figure 2, indicate the intervals on which the 
function is increasing or decreasing? 


Figure 2 Р 


(а) - х 


REVIEW PROBLEM SET 237 


(b) | ==: 


(с) 


(а) 


22 Suppose that f and g are increasing functions on the interval /. 
(a) 15 3f increasing on J? Why? (b) [s —3f increasing on 7? 
Why? (c) Is f + g increasing on /? Why? (d) 15 f* g increasing 
on /? Why? 


In Problems 23 to 30, indicate the intervals on which each function 
is increasing or decreasing. 
23 fix) = 8 + 32-2 24 g(x) = х? + 6x7 + 9х + 3 


26 A(x) = х? + zi 
X 


25 g(x) = “(х — 4)? 


sear || ifx=0 
27 f(x) = | B И 
fo "ne if x 0 
l/x if x <0 
28 g(x) = 4 (x — 1) if0<x=2 
iis iit ay 


29 F(x) = cos? х, -27 E x € 2m 


30 С(х) = — – sin x, 0 = х = 4т 


|= 


In Problems 31 to 52, find all the critical numbers of the function. 
Then use either the first- or the second-derivative test to find all 
numbers at which the function has a relative maximum or minimum. 


31 fy =x - x +1 
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ВА = Phe! te ely [СД = If too many people are put on the work crew, they get in cach 
other's way and the efficiency of the crew decreases. (a) For 
what value of x does the point of diminishing returns occur? (b) 
35 С(х) = An? + x? — Bx + 1 36 Hix) = x! — 6x? + 8x For what value of x will the maximum number of trucks per day 
be unloaded? (c) Sketch the graph of y as a function of x. 


33 AQ) = 2x3 — 902 + x1. M Fo) = ДА + 1c - 2x 


Mf i 38 gd = (x Зб t (Although x can assume only integer values, you may treat it as 
оо 40 Fa) = м + 1r! а continuous variable for this problem.) 
41 Gay = х2 + 257! 42 Hix) = (x? - 16)7! 68 Suppose that f and g are continuous functions, both of which 
have relative minima at x;. Given that f(x;) > 0 and g(x) > 0, 
43 p(x) = 16 44 g(x) = оа) show that the product function fg has a relative minimum at Х|. 
О dE ems DN CM 


| 69 Let a, Б. c, and d be constant numbers such that ad x bc and 
45 r(x) = VOx- + 9 46 Р(х) = 10x + 2971? c #0. Show that the graph of the function f defined by the 


47 OG) =x + sink, 27 =x 52 equation f(x) = (ax + b)/(ex + d) has no points of inflection. 


70 Suppose that the function f is defined by the equation f(x) = 

ax? + bx? + cx + d, where a, b, c, and d are constants with 
49 f(x) = cos x + 2 cos x. -27 S x S 2m а > 0. Show that the graph of f has exactly one point of inflec- 
tion, the point 


48 Riv) = х + cos 20, OS x S27 


50 g(x) = sin 2x + 2cosx,0Sx527 


А Ad Psal СЕЕ ee 
81 A(x) = | E ie) \ За | 3a ) 
32 FQ) К +1 ifx<0 Also show that f' is increasing when x > —b/(3a). 
$2 F(a) = ad 
Т if x z0 


In Problems 71 to 78, find the absolute maximum and minimum 
values of the function on the given interval and indicate where they 


In Problems 53 to 66, indicate the intervals on which the graph of occur. [C Sketch the graph of the function. 
each function is concave upward or downward. Also find all points 
of inflection of each graph. 71 fix) = xà — 6x? 9x + 1, [0, 4] 
ONT m = 
53 Дх) = xà — 8x 54 р(х) = x? — 6x? + Ox + 1 72 g(x) = х axes» Ul, 1] 
= (x— 1}, [—1.2 
55 A(x) = —2ХхЎ + 4x7 + 5 56 F(x) = (0-6) аа 
x ү fe? у 97732 
57 Go) = 28 + A + 2x 41 PEO LE UE 
88 H(x) = х* — 8 + 61x + 8 75 Gio = 2 o l3 3] 
mg 


59 p(x) = 2x* + 48 – 2442 + x - 3 „Ж. - 
76 E CS) = (колу Ф001 


d 
60 qa) = Пет 77 f(x) = sin? x + cos x, [= т, 7] 
3x j= ПЕЕ Е xum 
61 rig 75 62 sts) = 57 : mm qm [o | 
63 P(x) = 2 cos 2, OS x £ 27 In Problems 79 to 88, find the maximum and minimum values (if 
64 O(x) = 8 sin х + sin 2х. O< x € 27 they exist) of the function and indicate where they occur. 
65 R(x) 2 x + tan x 79 fü) = 14 x к? 80 g(0-2 5 *x-1 
66 fix) = | Ке пх if -rmsx<0 81 h(0)- 5-281 82 Е(х) = ху +97 3 
- cos 2x ifO0sxvs7 E 2 
83 Gia) = £ 84 Hix) = = 
67 As a result of a time-and-motion study, management at a fac- : l хак 
tory determines that a crew of x persons can unload v trucks рег 1 T 
day, where 85 p(x) =x + um 86 q(x) = x Vx + I 
27, HOT 


i X Y 
с ——— pa srg 5 
d (: =) wo ge e 87 r(x) = | — 2 sin’ x 88 R(x) = Vsec x 


In Problems 89 to 102, evaluate the limit. 


8х2 +x - 3 х? + 1 
D Шиа == а j 
rere Ду? + i С Онт 
51 aurcs The = 
91 lim —5—— їйї ML 
EUN M. тес ud 
h? — 3] VÉ + 5x4 +7 
Pi dus Å vi mA mle 
hx МП? + Th? + 3 oem Кал 
95 lim (4v? — 7y) 96 lim (o — 0 cos 2 
уси —» + 20 ө 
р mE 
97 lim = О ор == 
(3 17 — 9 y2* wes 4 
6 
99 lim 2 100 lim cscx 
de—XU^ у^ — ү x—ü 
101 lim cotx 102 lim, (3 + [2x — 4) 


In Problems 103 to 110, find all horizontal and vertical asymptotes 
of the graph of the function. ElSketch the graph. 


Ar 1 1 
103 f(x) = pu |i 
fo) px] EU se x(x + 1) 26 
Үү? 
105 h(x) = ay 106 F(x) = TNT 
107 Gi) = 108 HG) 2 
и] = —— x) = —— 
WAL LOC VAx^ + 1 
109 f(x) = tan 2x 110 g(x) = tan (x/2) 


In Problems 111 to 114, find the oblique asymptote of the graph of 
the function. 


Бун р ae 
B а сле 
n 
3x3 — 252 + 5x ~- 2 
Ш АО) e ааа 
B(x) resp | 
nec ] 
113 h()-1-x-— TER 114 F(x) = 2x — x cos — 
g= ie 


In Problems 115 and 116, show that the graph of the function has a 
vertical tangent line at the indicated point. 


M5 fix) = Vx + l at (-1,0) — 16 g(x) = x!^ — 1 at (0,1) 


С) Іп Problems 117 to 130, sketch the graph of the function. 
117 f(x) = x — 8х 118 g(x) = x? — Ах? 
119 h(x) 2x* 2x? + 1 120 F(x) = 2x7 – 8 
121 GQ) = xP(x - 1) 122 H(x) = xx? — 1) 
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pue M НЕШ 124 g(x) = _ рей 
Ed on ap 2 Шс х®+х—6 
| ПЕ 
125 (х) x + == 126 F(x) = 
Мх Il sp ay 
1 , T 
127 G(x) = LAT 128 Н(х) = 5 sin (= = Z) 
War se J 3 
129 f(x) = cos 2x + 2 cos x 130 g(x) = x + cot x 


[61131 Solar Electronics is planning to hire and train several new 


workers for its calculator division. As a result of previous ex- 
perience, management determines that the mathematical model 


997 


= de —————— 
eo + See 


accurately predicts the number п of calculators per hour that 
сап be assembled by a worker after г hours of on-the-job train- 
ing. (a) Treating п as a continuous variable, plot a graph of n as 
a function of ¢ for г = 0. (b) After how many hours of on- 
the-job training is the worker learning most rapidly? (c) What is 
the meaning of the horizontal asymptote of the graph of n as a 
function of 1? 


[1132 As a result of delicate experiments conducted by the zoologist 


T. Weis-Fogh, a number of mathematical models have been 
constructed for the motion of insect wings in flight. One such 
model for locust wings is 


Forewing: Ө = 0.6 cos (107г — 2.10) 
Hindwing: 0 = cos (107г — 1.57) 


where 0 is the angle between the wing and the horizontal at 
time г seconds. Sketch graphs on the same 10 coordinate system 
for the motions of the forewing and the hindwing of a locust 
according to this model. Notice that the forewing and the 
hindwing are slightly ‘ош of phase." How many complete 
wing beats per second does the locust make? 


133 Find the value of x, 0 = x = 5 (Figure 3), that minimizes the 
given expression. 


(а) [AP| + [РВ| (b) [APP + [Pap 
(c) APP. — [РВ2 (d) Area ACP + area BDP 


Figure 3 B 


mw 
к ———— 
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Figure 4 


137 
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A long rectangular sheet of tin is 8 centimeters wide. Find the 
depth of the V-shaped trough of maximum cross-sectional area 
that can be made by bending the plate along its central longitu- 
dinal axis. 


Find the dimensions of the rectangle of greatest area that can be 
inscribed in (a) a circle of radius 5 meters, (b) a semicircle of 
radius 5 meters, (c) an isosceles triangle of base 10 meters and 
altitude 10 meters, and (d) an isosceles trapezoid with bases of 
10 and 6 meters and an altitude of 8 meters. 


A tong sheet of paper is 8 inches wide. One corner of the paper 
is folded over (Figure 4). Find the value of x that gives the right 
triangle ABC the least possible area. 


The range of a projectile is given by the formula R = 
(уб sin 20)/g, where vy is the muzzle velocity, g is the gravita- 
tional acceleration, and 8 is the angle of elevation. Find the 
angle of elevation that gives the maximum range. 


A eylindrical ean without a top is to be formed from sheet metal 
of uniform thickness and is to weigh 100 grams. What is the 
relationship between its height A and its base radius r if the 
volume V of the can is to be maximum? 


A newly independent country designs a flag that consists of a 
red rectangular region divided by a green stripe. The perimeter 
of the flag is to be 8 meters, and the red part is to have an area 
of 2 square meters. What are the dimensions of the green stripe 
of largest possible area? 


In the theory of probability, it is shown that the function L 
defined by 


(1— py for 0 p 1 


I ki n! t 
0 а т? 
has a value equal to the probability of exactly А successes in л 
independent trials when the probability of success in each trial 
is p. Here, of course, n and А are integers and 0 =A = п. An 
important problem in statistics is to estimate the value of p on 
the hasis of experimentally determined values of n and К. The 
method of maximum likelihood uses, for such an estimate, 
the value of p that maximizes L(p). Find this value of p in 
terms of the constants л and Å. 


Suppose that n identical nickel-cadmium cells are to be ar- 
ranged in series-parallel to furnish current to the motor of an 


142 


Figure 6 


experimental electric car. The motor has a resistance of 
R ohms, while each cell has an internal resistance of r ohms 
and an electromotive force of E volts. In the arrangement, x 
cells are to be connected in series so that the battery will have a 
net electromotive force of xE volts and an internal resistance of 
r/n ohms. The current delivered to the motor is given by 


= xE 
R + (x?r/n) 
Solve for the value of x that will maximize the current /. (Al- 


though x represents a whole number here, you may treat it as a 
continuous variable.) 


If air resistance is neglected, it can be shown that the stream of 
water projected from a fire hose satisfies the equation 


У = mx — ET ая m) 
2 Ў 


where т is the slope of the nozzie, v is the velocity of the 
stream at the nozzle, y is the height of the stream x units from 
the nozzle, and g is the acceleration of gravity (Figure 5). As- 
sume that v and g are positive constants. (a) Fora fixed value of 
m, find the value of x for which the height v of the stream is 
maximum. (b) For a fixed value of m, find the distance d from 
the nozzle at which the stream hits the ground. (c) Find the 
value of m for which the stream hits the ground at the greatest 
distance from the nozzle. (d) Find the value of m for which the 
water reaches the greatest height on a vertical] wall x units from 
the nozzle. 


Figure 5 ў 


| | 


—————— ——— 


X 


143 Ship A is anchored 3 kilometers directly from a point B off the 


shore of a lake (Figure 6). Opposite a point D, 5 kilometers 
farther along the shore, another ship E is anchored 9 kilometers 
directly from point D. A boat is to take some passengers from 
ship A to a point C on shore and proceed to ship £. Find the 
shortest course of the boat. 


| | 
— 5 ——_— { 
B ic D 


Е е 


© 
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Figure 7 
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Figure 8 


146 


147 


Figure 9 


fci 148 


A weight of 1000 kilograms hanging 2 meters from a point A at 
one end of a lever is to be lifted by an upward force F from the 
other end B. Suppose that the lever is to weigh 10 kilograms 
per meter (Figure 7). Find the length of the lever if the force at 
end B is to be a minimum. 


10x kg 1000 kg 

A sector ABC of central angle 6 is cut out from a circular sheet 
of metal of radius a (Figure 8), and the remainder is used to 
form a conical shape. Find the maximum volume of such a 
cone. 


A right circular cone whose generators make an angle Ө with its 
central axis is inscribed in a sphere of fixed radius a. For what 
value of @ will the lateral area of the cone be greatest? 


A projectile fired from the foot of a 30° slope will strike the 
slope at a horizontal distance x given by the equation 


уб 

12 
£ 
where vo is the muzzle velocity, @ is the angle of elevation of 
the gun, g is the acceleration of gravity, and air resistance is 
neglected (Figure 9). For what value of @ will the projectile 


reach the farthest distance up the slope? 


] 
sin 20 (1 + cos 20 | 
| v3 А 


A ladder 8 meters long leans against a building. At what angle 
should the ladder be inclined to give maximum headroom 
under it at a point 2 meters from the building? 


149 A gutter is to be made out of a long sheet of metal 30 centime- 


ters wide by turning up strips 10 centimeters long on each side 
so that they make equal angles 0 with the vertical (Figure 10). 


Figure 10 
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153 


154 


[С] 155 
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For what angle @ will the carrying capacity of the gutter be 
maximum? 


The arithmetic mean x of the numbers ху. x, xs, . . 
defined by 


з XS 


= eal Woh З ste О гру. 
y = ————————————. 


n 
Show that x is the value of x that minimizes the function 
Дх) = (= х) + @- о) + (х x) ++ a) 


A heavy wooden crate is being dragged along a horizontal sur- 
face by a chain making an angle @ with the horizontal. The 
force F exerted on the chain is given by the equation 


400 


Е = — tons 
0.4 sin 6+ cos 6 ioci x 


Find the angle 8 for which the force F is minimum. 


A real estate company manages an apartment building contain- 
ing 80 units. When the rent for each unit is $250 per month, ali 
apartments are occupied. However, for each $10 increase in 
monthly rent per unit, one of the units becomes vacant. Each 
vacant unit costs the management $15 per month for taxes and 
upkeep, and each occupied unit costs the management $65 per 
month for taxes, service, upkeep, and water. What rent should 
be charged for a maximum profit? 


À concession at a large city park rents bicycles on a daily basis. 
All 100 of its bikes are rented at a rate of $10 per bike per day. 
but for each $1 increase in the daily rental rate per bike, 10 
fewer bikes will be rented per day. What daily rental rate per 
bike will yield the maximum revenue to the concession? 


A manufacturer of sports trophies knows that the daily cost of 
manufacturing x trophies is 60 + 6x dollars and that the corre- 
sponding sales revenue is 30x — 2x? dollars. Find the daily 
production level for trophies that will maximize the profit. 


The manufacturer of a certain microcomputer finds that in 

order to sell x microcomputers each week. he must price them 
aa : 

at % 5.000.000 — 2x^ dollars each. How many microcom- 


puters per week will bring the largest total revenue? 


A garage owner finds that she can sell x tires per week at 
p dollars per tire, where p — $(375 — 5x) and the cost C in 
dollars of obtaining x tires per week to sell is expressed by 
C = 500 + 15x + (x7/5). Find the number of tires she must sell 
per week and the price she should charge per tire to maximize 
the profit. 


t2 


4 


t» 
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The labor force v required by a firm to manufacture x units of a 
certain product is given by the equation y = 2 Vx. Find the 
instantaneous rate at which the labor force should be increasing 
if, at present, there is a demand for 40,000 units of the product, 
but the demand is increasing at the constant rate of 10,000 units 
per year. 


The demand q in thousands of boxes per weck for a detergent is 
given by g = (1000/p) — 30, where p is the price in dollars per 
box of detergent. The current price is p = $0.83 per box, but 
inflation is increasing the price at the rate of $0.01 per month. 
Find the current instantancous rate of change of the demand. 


'The price of apples in a certain marketing arca is given by the 
equation p = 2 + 60(30 + х) !, where x is the supply in thou- 
sands of bushels and p is the price in dollars per bushel. At 
what rate will the price per bushel be changing if the current 
supply ol 10,000 bushels is decreasing at the rate of 200 bush- 
els per day? 


A boat sails parallel to a straight beach at a constant speed of 
19.2 kilometers per hour, staying 6.4 kilometers offshore. How 
fast is it approaching a lighthouse on the shoreline at the instant 
it is exactly 8 kilometers from the lighthouse? 


A 10-meter ladder Jeans against a vertical wall. The lower end 
is pulled horizontally away from the wall at a constant rate of 2 
meters per second, and the top slides down the wall. Find the 
rate at which the top moves (a) when the lower end is 3 meters 
from the wall and (b) when the upper end is 8 meters above 
ground level. 


Water is flowing through a hole in the bottom of a hemispheri- 
cal bowl of radius 10 centimeters. At the instant the water is 6 
centimeters deep, the rate of flow is 5 cubic centimeters per 
minute. Find the rate at which the surlace of the water is falling 
at this instant. 


A highway crosses a railroad track at right angles. A car travel- 
ing at the constant rate of 40 kilometers per hour goes through 
the intersection 2 minutes before the engine of a train traveling 
at the constant rate of 36 kilometers per hour goes through the 
intersection. At what rate are the car and engine separating 10 
minutes after the train goes through the intersection? 


The height of a right circular cylinder is increasing at the rate of 
3 centimeters per minute, and the radius of the base is decreas- 
ing at the rate of 2 centimeters per minute. Find the rate at 
which the volume of the cylinder is changing when the height is 
10 centimeters and the radius of the base is 4 centimeters. 


5 A boy is going to lift a weight W by means of a rope mounted 


on a pulley (Figure 11) that is 12 meters above the ground. At 
the start the weight is resting on the ground, and the boy, stand- 


Figure 11 i 
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ing directly under the pulley, grasps the rope 2 meters above 
the ground. If the boy, holding fast to the rope and keeping his 


пЭы 


торе 


[2 -—— 55 m-——4 


hand 2 meters above the ground, walks away at a constant rate 
of I meter per second, how fast is the weight rising 2 seconds 
alter he starts to walk? 


From a point 0.5 kilometer from a straight road, a searchlight is 
kept trained upon a car which travels along the road at a con- 
stant speed of 80 kilometers per hour. At what rate is the beam 
of light turning when the car is at the nearest point of the road? 


A balloon rises from the ground 1000 feet from an observer and 
ascends vertically at the rate of 20 feet per second. How fast is 
the angle of elevation changing at the observer's position at the 
instant when the balloon is 2000 feet from the ground? 


A liquid nitrogen tank has the shape of a horizontal cylinder 
with a radius of 2 meters and a length of 10 meters. The tank is 
vented to allow the evaporating liquid nitrogen to escape. At 
the instant when the tank is half full, the surface level of the 
liquid nitrogen is dropping at the rate of 2 centimeters per hour. 
Find the rate of evaporation, in cubic meters per hour, at this 
instant. 


Conduct a marginal analysis using the following information: 
Polar Oil Company is looking into the possibility of setting up a 
plant to manufacture synthetic fuel (synfuel) from coal. lt pro- 
jects that by using a new process, up to 1400 barrels per day 
could be produced at a fixed cost of $1500 per day and a vari- 
able cost of 


(3.5 x 10 32 — (1.05 x 1072? + 40.5x dollars 


where x is the number of barrels produced per day. Market 
research indicates that at a price of $40 per barrel. 700 barrels 
per day can be sold; but for each $1 increase in the price per 
barrel, 100 fewer barrels per day will be sold. 


In Problem 169, calculate the elasticity of demand with respect 
to price when the price is $40 per barrel. (See Problem 26, 
page 235.) 


4.1 


ANTIDIFFERENTIATION AND 
DIFFERENTIAL EQUATIONS 


In the previous chapters we have seen that differentiation has applications to prob- 
lems in areas ranging from geometry and physics to business and economics. In this 
chapter we introduce antidifferentiation, which reverses the procedure of differenti- 
ation and allows us to find functions that have a given function as their derivative. 
We show how antidifferentiation permits us to solve simple differential equations, 
and we relate antidifferentiation to a number of practical problems. However, be- 
fore going into these matters, we introduce the idea of differentials, since differen- 
tial notation is useful in connection with antidifferentiation. 


Differentials and Linear Approximation 


In Section 2.2 we introduced the Leibniz notation dy/dx for the derivative; however, 
we were careful to point out that dy/dx should not be regarded as being a fraction 
until the ‘“‘numerator’’ dy and the **denominator'' dx are given separate meanings. 
Shortly, we provide such meanings for the so-called ‘‘differentials’’ dx and dy. 

Leibniz himself regarded dx and dy as being ‘‘infinitesimals,’’ that is, quantities 
that, although they are nonzero, are smaller in magnitude than any finite quantity. 
He imagined that in the limit, Ax and Ay somehow become “‘infinitesimal quan- 
tities” dx and dy, respectively, so that the difference quotient Ay/Ax becomes 
the derivative dy/dx. Leibniz's point of view has persisted, and even today some 
mathematicians and most engineers and scientists prefer to think of dx and dy as 
infinitesimals. 

Part of Leibniz's concept can be salvaged by regarding dy/dx as being an honest 
ratio, if not of infinitesimals, then of differentials dy and dx and by rewriting the 
equation dy/dx = f'(x) as dy = f'(x) dx. The last equation will serve as a definition 
of the differential dy, provided that an appropriate meaning can be given to the 
differential dx. This is accomplished as follows. 
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DEFINITION 1 Differentials 


Let f be a function, and let x and y be variables so related that y = f(x). Then the 
differential dx is a quantity that can take on (or be assigned) any value in R. If 


x is any number in the domain of f for which f" (x) exists, then the differential dy 
is defined by 


dy = f'(x) dx 


EXAMPLE t If y = f(x) = 3x? — 2x + 1, find dy. 
SOLUTION Here f'(x) = 6x — 2, so dy = (6x — 2) dx. 


Notice the distinction between the differential dx of the independent variable x 
and the differential dy of the dependent variable y. Whereas dx can be given any 
value whatsoever, dy depends for its value on x and dx (not to mention f). For 
instance, in the example above when x = 1 and dx = 0.002, we have 


dy = (6 — 2)(0.002) = 0.008 


Because of Definition 1, from now on we can regard the derivative dy/dx as an 
actual fraction with numerator dy and denominator dx, and we can manipulate such 
fractions according to the usual rules of algebra.* In particular, an equation involv- 
ing derivatives expressed in Leibniz notation may be converted to an equation 
involving differentials by **clearing fractions’’ as usual. For instance, if 


joe mar 
Table 1 
== = = then the equation 
Derivatives Differentials dy аи dy 
dx dx dx 
1 = I de =0 
dx can be rewritten as а VS 
ly — du v 
DR з. П d(cu) = c du 
dx dx simply by multiplying both sides by dx and canceling in the 
+y ; 
СЕ шы, ШЇ (Дүй i = usual way. - 
dx dx ах In Table I. some of the standard formulas for derivatives 
4 d(uv) є dv n du IV dum) i T, have been converted into formulas for differentials. In these 


dx а ах dx formulas и and v are variables that are assumed to be differ- 


entiable functions of x, c is a constant, and n is a constant 


un IER dx 3 v du = u dy rational exponent. Formulas for the differentials of cotan- 
: a у? Yg ae ye gent, secant, and cosecant functions can be obtained tn a 
ous d similar manner (Problems 21, 22, and 23). 
E ) ga T VI d(cu") = пси"! du 


d Pp EXAMPLE 2 Let y = 47x? — 21x? + 3x7!. Find dy. 
7 T sin u = cos u — VII d(sin u) = cos u du 


dx SOLUTION 


d d y 5 жэ: 
8 — cos u = —sin u — VIII d(cos u) = —sin u du dy = 141x° dx — 42x dx — Зх - dx 


dx dx 


d жа 5 or 
9 — tan и = sec* и m IX d(tan н) = sec” и du 
dx dx 


dy = (141x? — 42x - 33 D) ах 


*Here, of course, we are assuming that dx # 0. 
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EXAMPLE 3 Let y = V3 — x°. Find dy. 


d(3 — x?) —5x* 
SOLUTION dy = ~~ eS = SS == dx 
BN S Se BWR = ie 


x " 
EXAMPLE 4 Let z = tan EC Find dz. 
INS it >< (+) = а ae UM ue 
SOLUTION = = sec uc m nc sec 2 dx 


EXAMPLE 5 Let x and y be differentiable functions of a third variable r, and 
suppose that x^ + 4x°y + y? = 2. Find the relationship between dx and dy. 


SOLUTION “Такіпе the differential" on both sides of the given equation, we 
obtain 


d(x? + Ax?y + у?) = d(2) or 4(х?)+ 4d(x*y) + d(y*) = 0 
Therefore, 
Зх? dx + 4[x? dy + у(х dx)] + Зу? dy = 0 
or 
Зх? dx + 4x? dy + &y dx + Зу? dy = 0 


By collecting terms involving like differentials, we may rewrite the last equation in 
the equivalent form 


(3x? + 8ху) dx + (Ах? + 3y?) dy = 0 


Beginning calculus students often carelessly confuse derivatives and differen- 
tials. Derivatives and differentials are closely related—but they are not the same. 
The differential of a variable u is always written with a small d as du; the derivative 


Е . du . , . du 
of u with respect to x is a ratio E of differentials. Of course, the derivative p 
х x 


can also be written in operator notation with a capital D as Dyu. Beware of equa- 
tions with a differential on one side and a derivative on the other side—an equation 
such as du = D,u simply makes no sense! A correct equation would be 


— = Dau or du = (Du) dx 
dx 


Suppose that и is a function of v and, in turn, v is a function of x. According to 
the chain rule, we have 


de _ du dv 
dx dv dx 


provided that the derivatives dit/dv and dv/dx exist. We pointed out in Section 2.7 
that the Leibniz notation makes the chain rule—a rather deep and important fact— 
look obvious. Now that du/dx. du/dv. and dv/dx are actual fractions, can't we 
regard the chain rule as an algebraic triviality? The answer is still no, since the 
differential dv in du/dv is the differential of v regarded as an independent variable 
(upon which и depends), while the differential dv in dv/dx is the differential of v 
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regarded as a dependent variable (depending, in fact, on x). Because of this distinc- 
tion between the dv in du/dv and the dv in dv/dx, we cannot conclude that 

du ан dv 

dx ау dx 
on purely algebraic grounds. It is the chain rule that justifies the algebraic manipula- 
tion rather than vice versa. 

In casual calculation with differentials, one does not bother to distingnish be- 
tween differentials of dependent and independent variables. Miraculously, such 
carelessness rarely causes any difficulty. The “miracle,” of course, is really the 
chain rule! 

A geometric interpretation of differentials can be obtained as follows: Let y = 
f(x), and assume that f is differentiable at xi. If we calculate the differential dy when 
X = ху, we have 

dy = f'(x,) dx 
Recall that dx can take on or be assigned any value in R. Thus, let 
dx = Ax 
denote an increase in the value of x from x, to x, + Ах (Figure 1). Then 
Ay = f(x, + Ax) = f(x) 


is the corresponding increase in the value of у from the value f(xi) to the value 
f(x, + Ax) as determined by moving up along the graph of f. However, since f(x) 
is the slope of the tangent line to the graph of f at (ху, fGxj)). it follows that 


dy = f'(x,) dx 


gives the corresponding increase in the value of y as determined by moving up along 
the tangent line. 


Figure 1 y 


{ху + seta ps cvs tangent line 


Because the tangent line to the graph of f is a good approximation to the graph 
itself near the point of tangency, it shouldn't make very much difference whether 
we move up along the graph of f or up along the tangent line, provided that we don't 
move very far from the point of tangency. In other words, dy should be a good 
approximation to Ay provided that dx = Ax and Ах is sufficiently small. Of course, 
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Figure 1 shows a rather special situation in which Ax is positive, the graph of f is 
concave upward, and f is an increasing function. However, by sketching graphs 
showing other possibilities,* you can quickly convince yourself that 


if dx = Ах and Ax is "small" 


(JEXAMPLE 6 Let y = f(x) = 3x? — 2x + 4, and put x, = 1 and dx = Ах = 0.02. 

(a) Calculate Ay = f(x, + Ax) — f(xi) exactly. 

(b) Find an approximation for Ay, using dy = f'(x,) dx. 

(c) Determine the error Ay — dy involved in the approximation Ay = dy. 

SOLUTION 
(a) Ay = f(x, + Ax) — f(x) = f(1.02) — f(1) = 5.0812 — 5 = 0.0812 
(b) Since f'(x) = 6x — 2, it follows that 
Ay == dy = f'(x1) dx = [6(1) — 2](0.02) = 0.08 

(c) The error is given by Ay — dy = 0.0812 — 0.08 = 0.0012. п 

EXAMPLE 7 Use differentials to estimate V35. 


SOLUTION We know that V 36 = 6, so V35 will be a little smaller than 6. To 
estimate the numerical value of V35, let 


y= Мх —xp—236  dx-Ax--1 


Then 
Ay = Vx, + Ax — Vx, = V35 — V36 = V35— 6 
hence, v5 oer Ay 


lf we knew the exact numerical value of Ay, we could determine the exact numeri- 
cal value of V35 by using the last equation. Now the idea is to use the fact that 
Ay = dy, so that 


V35 ~6 + dy 
Here 
1 dx 
d dd age dT 
Thus, putting x = ху = 36 and dx = Ax = —1, we find that 
—€—— 
me 736 12 


lt follows that 
V 35 =6+ dy = 6 — ik = 5.9167 


(Incidentally, the correct value of V/35 rounded off to four decimal places is 
5.9161, so our estimate using differentials is fairly accurate.) B 


*See the proof of Theorem 1 on page 249 for a more conclusive argument. 
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БШ ЕХАМРЕ В Use differentials to find the approximate volume of a right circular 
cylindrical shell (Figure 2) 6 centimeters high whose inner radius is 2 centimeters 
and whose thickness is 0.1 centimeter. 


SOLUTION The volume of a right circular cylinder is its height times the area of 
its base. If V denotes the volume of a (solid) cylinder of height 6 centimeters and 
radius г centimeters, then V = 67r? cubic centimeters. Figure 2 shows a cylinder of 
height 6 centimeters and radius r = 2 centimeters inside a larger concentric cylinder 
of height 6 centimeters and radius r + Ar = 2 + 0.1 = 2.1 centimeters. The differ- 
ence AV in the volumes of the two cylinders is the required volume of the cylindrical 
shell. We put dr = Ar = 0.1 centimeter and use the approximation 


AV = dV = d(6ar^) = 127r dr 


Hence, for r — 2 centimeters and dr — 0.1 centimeter, we have 


AV = 127(2)(0.1) = 2.47 = 7.5 cubic centimeters 


(| EXAMPLE 9 The radius of a spherical steel ball bearing is measured to be 1.5 
centimeters, and it is known that the error involved in this measurement does not 
exceed 0.1 centimeter. The volume V of the ball bearing is calculated from its 
measured radius by using the standard formula V = $zr^. Estimate the possible 


error in the calculated volume. 


[o] 


SOLUTION The true value of the radius is 1.5 + Ar, where Ar is the measure- 
ment error. We are given that |Ar| = 0.1. The true value of the volume is 
47(1.5 + Ar)’, while the value of the volume calculated from the measurement of 
the radius is 47(1.5)°. The difference AV = iz(1.5 + Ar — 47(1.5)* represents 
the error in the calculated volume. We put dr = Ar and estimate AV by dV as 
follows: 


AV = dV = dnr’) = Amr? dr = Ag(1.5 Ar = 97 Ar 
Therefore, 
|AV| = |97 Ar| = 9z|Ar| = 970.1) = 0.97 


so the possible error is bounded in absolute value by about 0.97 ~ 2.8 cubic centi- 
meters 


The Linear-Approximation Theorem 


The approximation Ay ~ dy is called a /inear approximation because it is based on 
the geometric idea that the tangent line to a curve is a good approximation to the 
curve near the point of tangency (Figure 1). In scientific work, an approximation of 
any kind is of limited use unless there is some way to specify bounds on the error 
that might be involved. The error £E in the linear approximation Ay = dy is given by 


E = true value — approximate value 
= Ay = dy 
= [fai + Ax) = fx) = LG dx] 
= f(x, + Ax) — f(x) — fy) Ax 
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If we solve the last equation for f(x, + Ax), we can rewrite the linear approximation 
Ду = dy in the equivalent form 


Духу + Ax) = f(x) КЕ: with error E 


In other words, 


Here we do not discuss the question of putting bounds on the numerical value of 
the error E; such matters are dealt with in Section 10.5. Instead, we prove the 
following theorem, which shows formally that for ‘‘small’’ values of Ax, the linear 
approximation is indeed very accurate. 


THEOREM 1 Linear-Approximation Theorem 


If the function f is differentiable at the number Ху, then for all values of Ax for 
which x, + Ax is in the domain of f, 


f(x, + Ax) = fy) + f'G3) Ax + (Ave 


where the quantity e satisfies the condition that 


lim є= 0 


х-э0 


РКООЕ For each value of Ax such that x; + Ax is in the domain of f, we define 


f(x; + Ax) = fin) 
a Ax 
0 if Ax =0 


Then for Ax + 0 we have 


= ji Gm) if Ax #0 


fon + Ax) = fea) + р) Ax + (Axe 


If Ax = 0, the last equation still holds, since both sides reduce to f(x,). Therefore, 
the equation holds for all values of Ax for which x, + Ax is in the domain of f. We 


also have 
: RM dus + Ах) (ep) ; | 
cu ea un | Ах с 
nc et Oe cn 
oy ау 7) 


li 


fo) Ро) = 0 


and the proof is complete. 


In Theorem I, note that 


This formulation of the error E as a product emphasizes the fact that E approaches 
zero very rapidly as Ax approaches zero, since both factors approach zero as Ax 
* approaches zero. 


r2 
un 
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Problem Set 4.1 


In Problems 1 to 20, find dy in terms of x and dv. 


| $23 2y21-x-3x* 
3 
sacs cs dy sr d'y = aN 
E 2x 
S JH 2 улса? 
5 у= 6 у= 
3y + | А e sede || 
7 o3? h 2) 8 у= (25 – 17? 
MIC 3-6 
9 у= 10 у = 
i \ ПЕ | Й Vx 
П y=V9-3e 12 у= +02572 
üt 3) x 
13 у= 14 у= - 
i ar 3 : NOIRS 
EE 3 
15 pec E 16 Wo we 
AT op 7 Ух + 1 
17 y 2 3 sin 2x 18 y = cos Vx 
19 y 22 tan? x 20 y = Vsin zx 


21 Find a formula for d(cot u). 
22 Find a formula for d(sec и). 


23 Find a formula lor d(csc и). 24 Find a formula for d V/u. 


In Problems 25 to 36, assume that x and y are differentiable func- 
tions of г which are related as shown. Find the relationship between 
dx and dy by ''taking the differential" on both sides of each equa- 
tion, 


25 x? + y? = 36 26 9x? = 36 – 4y? 
27 9x? — 16y? = 144 
29 Vx 22- Vy 


31 2x3 + Sy? = 13 + 4xy? – ху 


28x73 +у = 4 

30 x? + ху + 3y? = 51 

32 Vi-x+ VI у= ‹ 
Зу = Ух +у 34 sin x + cos y = 0 


35 tan? x + tan? y 2 1 36 | + cot xy + xy = 0 

In Problems 37 to 44, set dx equal to the given value of Ax and use 
the indicated value of ху. (a) Use a calculator to find the numerical 
value of Ay = f(x, + Ax) — f(x) to at least four decimal places. (b) 
Find an approximation for Ay, using dv = f'(x4) dx. (c) Determine 
the error Ay — dy involved in the approximation Ay = dy. 


37 f is defined by y = 3x? + 1, x, = 1, and Ax = 0.1. 
38 f is defined by y = —5x? + x, x, = 2, and Ax = 0.02. 


39 fis defined by y = —2x? + 4x + 1, x; = 2, and Ax = 0.4. 


40 f is defined by y = 26? + 5, x = —1, and Ax = 0:05. 


41 f is defined by y = 9/V/x, x, = 9, and Ax = - 1. 


42 fis defined by у = 3/‹х + 4), x, = 3, апа Ax = —2. 


43 fis defined by y = 4 cos x, xı = qj3. and Ах = 0.01. 


44 f is defined by y = —sec x, ху = 0, and Ах = 0.07. 


fc] 1n Problems 45 to 56, use differentials to approximate each expres- 


sion. 
45 V/9.06 46 V/48.8 
] 

47 (3.07)° dirus 
49 x? + 2x = 3at x — 1.07 50 _ 

MEE УЗ 
51 V15 52 ү0.000063 
53 (10) !2 54 sin(z/6 + 0.01) 
55 cos 61° (Hint: First change 61° to radians.) 
56 tan 44° 

[6] 57 Use differentials to find the approximate volume of a spherical 


58 


(c1 60 
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shell whose inner radius is 3 inches and whose thickness is 35 
inch. 


The volume of a sphere of radius r is V = $zr^. Note that 
dV/dr = 4ar?, The surface area of a sphere of radius r is A = 
Agr?. ls it just an accident that the same expression, 4zr?, 
shows up as dV/dr and as A? 


The edge of a cube is measured to be 10 centimeters with a 
possible error of 0.02 centimeter. Use differentials to find an 
approximate upper bound for the error involved in calculating its 
volume to be 10? = 1000 cubic centimeters. 


The region between two concentric circles in the plane is called 
an annulus. Find (a) the exact area of an annulus with inner 
radius 5 meters and outer radius 5.03 meters, (b) an approxima- 
tion to the exact area found in part (a) by using differentials, and 
(c) the error involved in the approximation. 


The altitude of a certain right circular cone is a constant equal to 
2 meters. If the radius of its base is increased from 100 centime- 
ters to 105 centimeters, use differentials to find the approximate 
increase in the volume of the cone. 


A particle moves along a straight line in accordance with the 
equation s = 4? — 2r + 3, where t is the elapsed time in sec- 
onds and s is the directed distance, measured in meters, from the 
origin to the particle. Use differentials to find the approximate 
distance covered by the particle in the interval from г = 2 to 
t = 2.1 seconds. 
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Use differentials to find approximately how many cubic centi- 
meters of chromium plate must be applied 10 coat the lateral 
surface of a cylindrical rod of radius 2.34 centimeters to a thick- 
ness of 0.01 centimeter if the rod is 30 centimeters long. 


The period of oscillation of a pendulum of length L units is given 
by T= 2a VL/g. where g is the acceleration of gravity in units 
of length per second squared and T is in seconds. Use differen- 
tials to find the approximate percent that the pendulum in a 
grandfather clock should be lengthened if the clock gains 3 min- 
utes in 24 hours. 


The attractive force between unlike electrically charged particles 
is expressed by F = k/x?, where x is the distance between the 
particles and & is a certain constant. If x is increased by 2 per- 
cent, use differentials to find the approximate percent decrease 
їп 725 


The total cost in dollars of producing x toys is 
EX NE eee 
15,000 100° ^ 


and each toy is sold at $10. (a) Find the total profit P as a 
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function of x. (b) Find dP in terms of x and dx. (c) When the 
production level changes from x = 350 to x = 355, what is the 
approximate change in P? 


The law for adiabatic expansion of a certain gas is РУ!” = C, 
where V is the volume of the gas, P is the pressure of 
the gas, and C is a constant. Derive the following equation: 
(dP/P) + (1.7 dV/V) = 0. 


If f is a differentiable function at the number ху, show that there 


is a linear function g such that 


ГА ТСХ 12 o) = 
а] 


0 


XIX 


(Hint: Let Ax = x — x; in Theorem 1.) 


An angle is measured to be 31.4? with an error that is known not 
to exceed 0.05°. The sine of the angle is then found by using a 
calculator to be sin 31.4^ — 0.521009632. Use differentials to 
estimate the maximum possible error in the calculated value of 
the sine of the angle. (Neglect any error caused by inaccuracies 
inherent in the calculator.) 


Figure 1 


4.2 


Antiderivatives 


In applied mathematics it often happens that we know the derivative of a function 
and would like to find the function itself. For instance, we might know the velocity 
ds/dt of a particle and wish to find its equation of motion s = f(t), or we might wish 


tangents have 
the same 
slope, m = 2x 


also have 


DEFINITION 1 Antiderivative 


to find the revenue function for a certain product when we know the marginal 
у revenue. The solutions of such problems require us to 
differentiation; that is, we are required to antidifferentiate. 
Suppose that g and f are functions and that the derivative of g is f. Then we say 
that g is an antiderivative of f. For instance, since 


‘ 


"undo" the operation of 


ID SD 


we say that g(x) = x? is an antiderivative of f(x) = 2x. If C is any constant, then we 


Р(х? + C) = 2х 


and it follows that x^ + C is another antiderivative of 2x. This is geometrically clear 
(Figure 1). since the graph of y = x^ + C is obtained by shifting the graph of y = x? 
vertically by C units, and this does not change the slope of the tangent line for a 
x given value of the abscissa x. 
In general, we define antiderivatives as follows. 


A function g is called an antiderivative of a function f on a set of numbers / if 


&'(х) = f(x) holds for every value of x in /. The procedure of finding antideriva- 
tives is called antidifferentiation. 
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If we say that g is an antiderivative of f without explicitly mentioning the set / 
in Definition 1, then it is to be understood that / is the entire domain of f, so that 
g'(x) = f(x) holds for all values of x in the domain of f. 


sear Il. и we А =2 
is an antiderivative of f(x) = 5. 
at Il (ree IDE 


EXAMPLE t Show that g(x) = 


SOLUTION Ву the quotient rule. 


у он TTE: 
S (x — 1)? (xis)? " 


Since the derivative of a constant function is the zero function, it follows that any 
constant function is an antiderivative of the zero function. The following important 
theorem shows, conversely, that the constant functions are the only antiderivatives 
of the zero function. 


THEOREM 1 Antidifferentiation of the Zero Function 


Let g be a function such that g'(x) = O holds for all values of x in some open 


interval /. Then g has a constant value on /. 


PROOF It is enough to prove that the value of g at a number a in / is the same as the value of 
g at every other number b in /. By the mean-value theorem (Section 3.1), there 
exists a number c between a and b such that 


g(b) — g(a) = g'(c)(b — a) = 0(b — a) = 0 
Thus, g(a) = g(b). and the theorem is proved. a 
The following theorem, which is a direct consequence of Theorem 1, tells us how 


to find a// the antiderivatives of a function on an open interval, provided that we 
know one such antiderivative. 


THEOREM 2 Antidifferentiation on an Open Interval 


Suppose that g is an antiderivative of the function fon the open interval /. Then a 


function A with domain / is an antiderivative of f on / if and only їл = g + С 
for some constant C. 


PROOF If h = g + C, then A' = g' =f, so that л is an antiderivative of f on /. Conversely, 
suppose that л is an antiderivative of f on /. Then, the function л — g satisfies 
(п = g) =h' — g' =f —f = 0 оп the open interval 7. It follows from Theorem 1 
that there exists a constant C such that л — g = C; that is, Л = g + C. a 


EXAMPLE 2 Given that the function g(x) = $x? is an antiderivative of the func- 
поп f(x) = x, find all antiderivatives of f. 


SOLUTION Here, the interval / is R. By Theorem 2, the antiderivatives of f are 
all functions л of the form h(x) = 1x? + C, where C is a constant. a 


DEFINITION 2 
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Notation for Antiderivatives 


Antiderivatives are traditionally written by using a special symbolism which has 
some of the same advantages as the Leibniz notation for derivatives and which, in 
fact, was used by Leibniz himself. This symbolism can be understood by thinking 
of the differential dy as an ‘‘infinitesimal bit of у”? and imagining that y is the 
"sum" of all these infinitesimals. Leibniz used a stylized letter s, written f, for 
such **summations,"' so that 

y= а 


would symbolize the idea that **y is the sum of all its own differentials.” Johann 
Bernoulli, a contemporary of Leibniz, suggested that the process of assembling 
infinitesimals so as to get a whole, or complete, quantity should properly be called 
integration rather than summation. People accepted Bernoulli's suggestion; hence, 
the symbol f is referred to as the integral sign. 

Now suppose that g is an antiderivative of f, so that 


If we let 
y =gh) 
then 
dy = g'(x) dx = f(x) dx 
and we have 
Eus 
that is, 
б) = [fo ax 
For this reason, the notation 
| лә dx 


is used to denote an antiderivative of the function f. If C is any constant, 
then g(x) + C is also an antiderivative of f; therefore, we make the following 
definition. 


Integral Notation for Antiderivatives 


The notation f f(x) dx = g(x) + C, where C denotes an arbitrary constant. 
means that the function g is an antiderivative of the function f. so that 
g'(x) = f(x) holds for all values of x in the domain of f. 


In Definition 2, the constant C is called the constant of integration, and 
the function f [or the expression f(x)] is called the integrand* of the ex- 
pression. f f(x) dx. We often say that the integrand f [or f(x)] is under the 
integral sign. 


*Sometimes the entire expression f(x) dx, including the differential dx, is referred to as the 
integrand. 
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| In order to verify a statement of the form 


fix) dx = eix) + € 


it is only necessary to check that D,e(x) = f(x). 


In Examples 3 and 4, verify the given equation. 


EXAMPLE 3 [x ах= +С 


5 


SOLUTION DMG y= x 
EXAMPLE 4 | dx =x+C 
SOLUTION IE = fi dx =x + C, since D(x) = 1 


The procedure of evaluating 


IET dx 
that is, the procedure of finding an antiderivative g of f and writing 
[ло dx = g(x) + C 
is called indefinite integration. The adjective "indefinite" is presumably used 


because the constant C can have any value and therefore is not definitely determined 
by the function f. Because of the arbitrary nature of the constant С. 


i Дх) dx 


which is called the indefinite integral of the function f. does not represent a particu- 
lar quantity or function; hence, care should be taken in manipulating this expres- 
sion. Since the problem of evaluating an indefinite integral f f(x) dx is essentially 
the same as that of finding an antiderivative g of the integrand f. we use the terms 
“indefinite integration" and "antidifferentiation"" interchangeably from now on. 
The fact that differentiation and antidifferentiation "undo"' each other is expressed 
by the following formulas: 


Basic Algebraic Rules for Antidifferentiation 


Since antidifferentiation (or indefinite integration) **undoes'' differentiation, each 
rule or formula for differentiation will yield a corresponding rule or formula for 
antidifferentiation when *'read backward." Some of these rules are as follows: 


SECTION 4.2 ANTIDERIVATIVES 255 


Let f, 2. fi. fo... -fm be functions that have antiderivatives; let a. 41,45. . . . . 
аһ be constants; and let л be a rational number with л + — 1. Then: 


a+) 


n Ix = e 
WU = 


n 


— 


iC 


afix) dx =a E dx 


| 00) + gG)] dx = | fix) dx + | g(x) dx 


{ay о) + asfx) +++ VETE = 


ay | fix) dy + as | flaw) de ue oe e SE T to tent 


Each of these four basic algebraic rules may be verified simply by differentiating the 
quantity on the right side of the equation and showing that the result is the expres- 
sion under the integral sign on the left side (Problem 41). 


EXAMPLE 5 Evaluate [or — Sc op v abe, 


SOLUTION 


[oe = Sb ak e IE dx + (—3) IE dx 4 7 | ж (Rule 4) 


= 5( X ap с) =] 3( x i + с.) + (x + Сз) (Куе 1) 


c — Seat Е 50 — С О; 


-238 438-4764 C 
where C = 5C, — ЗС + 7С3. 


In practice, when the basic rules are used to antidifferentiate (that is, to evaluate 
indefinite integrals), the individual constants of integration that arise are immedi- 
ately combined into one constant. Thus, the solution given above would ordinarily 
be condensed as follows: 


Језа заз [races [amio tee nac 


Just as the derivative of a product is not the product of the derivatives, neither is 
the antiderivative of a product the product of the antiderivatives. In fact, there is no 
simple general formula for an antiderivative of a product, nor is there such a for- 
mula for an antiderivative of a quotient. However, by actually performing the indi- 
cated multiplication or division, you may be able to rewrite a product or quotient in 
such a form that it can be antidifferentiated by using the basic rules given above. 
This is illustrated in the following examples. 


In Examples 6 to 9, evaluate the antiderivative. 


EXAMPLE 6 fa ar YE. 4 
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SOLUTION [e + 2)(3x — 1) dx = [ae + 5x — 2) dx 


-3 [eas [sa-2[& 


x (= 
32) +5 -) – 2+ 
= х +- 20+ С п 
ot е6) 
EXAMPLE 7 [5 - dx 
—— x 
y 3e Y 1 | 
SOLUTION [жее (6 + S) a | 
X 


= Газу 


= [edats |а [а 


3 T 


-— RA ST——C 
3 =] 
2 
аа п 


EXAMPLE 8 f yVy + 1) dy 


SOLUTION Гох + 12 ау = Гое + 1) ау = [ow Oy? + 1) dy 


= [y^ dy +2 [x dy $ fa 


y! 1/3 2y'^ 


= +——+y+ 
ns *€ 
DU 7/3 


EXAMPLE 9 e = 2 ) du 
2 3 
u? 


vue x: du = J a = Зи *) du 


SOLUTION Í ( 


=2 fu du — a [c^ du 
и2 3/4 


и 
= — + ш = азы /4 + 
a 3574 Е и 40/4 +C m 


z^) 
- 


Antidifferentiation of Trigonometric Functions 


The formulas obtained in Section 2.5 for the derivatives of the trigonometric func- 
tions can be reversed to obtain the following formulas for antiderivatives: 


Problem Set 4.2 
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1 | sin и ан = —cos u + C 2 f cos u du = sin u + C 


3 IE и du = tanu +C 4 [ ese udu = —cot u + C 


5 f sec 4 tan u du = sec u + C 6 | ese u cot u du = —с<с u + C 


Each of these formulas is easily verified by differentiating the right side and observ- 
ing that the result is the quantity under the integral sign on the left side (Prob- 
lem 43). 


In Examples 10 to 12, evaluate the antiderivative. 


EXAMPLE 10 | (3 sin н — 2 cos u) du 


SOLUTION i (3 sin н — 2 cos к) du = 3 i sin н du — 2 | cos u dit 
3(—cos u) – 2 sinu + C 


Il 


= —3 cos u — 2 sinu + C 


EXAMPLE 11 Í sec x(tan x + sec x) dx 


SOLUTION | sec x(tan x + sec х) dx = | (sec x tan x + sec? x) dx 


- | sec x tan x dx + | sec? x dx 


= sec x + tanx + C 


EXAMPLE 12 [ee csc? г) dt 


SOLUTION [ovis csc? f) a= е^ dt + fese t dt 


p 


ко 
огге 


= GO! gar C 


In Problems 1 to 4, verify that the function g is an antiderivative of 4 f(t) 2 (r— 1), g(t) = 40 — P + $P — t + 753 


the function f. 


1 fœ) = 127 — 6x + 1, &(х) = 4c 3r +х—1 In Problems 5 to 40, evaluate each antiderivative (indefinite inte- 
4x 1+? gral). 
2 SS el = 
d ey ее 
2 poene х5 — 302 + 2х—4)у@ 
3 Ки) = u sin и”, glu) = — і cos i? ; Je d 6 Jo ч i Dus 
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7 [or = 4° — 51+ 6) dt 
9 |С = 2i? — и = 1) du 
il | ae? — 3x 44+ 1) dx 


Г 28 + 50 + 7 
jp [eee 
Г 


is | (@ +344) a 
pa 
3 | } 
17 з +5) ax 
A 
19 I EE. dt 


21 Гу — 2) dw 


258 — 1 
23 | — dx 
Vx 


24 | (vis 2x Vx + — dx 


X 
25 Jg D m 
Vx 


27 | (2 cos и + 4 sin u) du 


29 | sec ie (3їап sy e 2 Bae 39) ат 


30 | (2 sins — 3 cos co 11) dt 


8 fe + 3y? — 8у?) dy 


10 [е = 82 + d $) dz 


2 ; 
12 (= TEN = 3] dw 


w 


14 fee- DG? + 5) dx 
* 
Jr ER 
ie | (ve T) & 
37 3 
18 IE bow 
A em || 


JE 


22 (К? +11) du 


28 Í (3 sec? u — 4 csc? u) du 


31 [ ese y(Qcoty-7escy) dy 32 Í ax 
cos“ x 
i ? gs 4 
33 | (еи ыле у бк о un 
sin” u 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


46 


| (2 sec x + esc x)(2 sec x — esc x) dx 
| tan? x dx (Hint: 1 + tan? x = sec? x) 
Í (x27 — 4 sin x + 5 cos x) dx 

[4 cov u du 

| (2Vx + 3 sec? x — 4 ese x cot x) dx 


- | a d 
Í cos? г, ах [vin cos? = = EL + cos | 


Verify the basic algebraic rules for antidifferentiation on page 
255 

Explain why an antiderivative of a polynomial function is again 
a polynomial function. 

Verify the rules for antidifferentiation of trigonometric functions 
on page 257. 

Let f, e, and A be defined by the equations f(x) = —2/x, 
g(x) = 1/x!, and 


– 202 
| = ifx<0 


h(x) = 


ifx>0 
ax 


respectively. Show that both g and Л are antiderivatives of f but 
that there is no constant such that h = g + C. Does this contra- 
dict Theorem 2? Explain. 

(a) Give an example to show that f f(x) dx # f(x) f dx. 


(b) Give an example to f fogs) dx # 
[ f fa) dx) f gix) ах]. 


show that 


f feo dx 
f a(x) dx ^ 


Prove that оп an open interval, two antiderivatives of the same 
function must differ by a constant. 


(c) Give an example to show that je dx # 
g(x 


4.3 


The Method of Substitution, 


or Change of Variable 


In order to evaluate f x(x? + 5)? dx using only the basic algebraic rules, it would 
be necessary to expand (x? + 5)'% by the binomial theorem, multiply through by х, 
and then antidifferentiate the resulting expression term by term. The required calcu- 
lation could be quite tedious, to say the least. Fortunately, there is a simpler way to 
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proceed, namely, by ‘*changing the variable" from x to a new variable x = x? + 5. 
Notice that if u = х2 + 5, then we have du = 2x dx, or x dx = 4 du, and so 


ES + 5)!% dy = Ге + 5)!9%%х dx 


1 1 1 
==) 100 = = — 109 = — 
fa 3r Zr ан > 101 TC 


Substitution of и = x? + 5 into the last expression gives 


оё + sym 


202 Е 


i о 

The method illustrated here is called change of variable, or substitution. 
There is more going on than meets the eye in the calculation above, since the 
integral notation has compressed what could otherwise be a complicated argument 
(using the chain rule) into a few simple calculations. In the same way that the 
basic rules for antidifferentiation are obtained by reading the basic rules for differ- 
entiating backward, the method of substitution (or change of variable) is just the 
chain rule “‘read backward." However, we defer the formal justification of this 
method to the end of the section and concentrate here on seeing just how it works. 


Procedure for Evaluating f f(x) dx by Change of Variable (Substitution) 


Step 1 Find a portion of the integrand f(x) that is especially **prominent,'' in 
the sense that if it were replaced by a single new variable, say и, then the 
integrand would be noticeably simpler. Set и equal to this portion. The result- 
ing equation will have the form 
и = g(x) 
Step 2 Using the equation u = g(x) obtained in step 1, find the differential 
du = g'(x) dx 


Step 3 Using the two equations u = g(x) and du = g'(x) dx obtained in steps 
1 and 2, rewrite the entire integrand including dx, in terms of апа du only. 


Step 4 Evaluate the resulting indefinite integral in terms of u. 
Step 5 Using the equation и = g(x) of step 1, rewrite the answer obtained in 
step 4 in terms of the original variable x. 


There is never a guarantee of success when the method of substitution is used— 
one can only try and see what happens. After the algebraic manipulations required 
in step 3 are carried out, it may happen that the resulting integral (involving u) is 
more complicated than the original integral (involving x). However, if the proce- 
dure fails for one choice of и. it may still work for another—just try again. 


In Examples 1 to 5, use the procedure for change of variable (substitution) and the 
basic rules to evaluate the antiderivative (indefinite integral). 


EXAMPLE 1 [vx 3722 abe 


SOLUTION We carry out the steps in the procedure. 
Step 1 Let's try u = 7x + 2. 
Step 2 du = 7 dx 
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Step 3 Since du = 7 dx, it follows that dx = + du; hence, 


за | Viet du = [iv au 


1 1 а П 
step 4 ез а | Миа =- | w du = T = 
7 7 7 375 
2" 
z— +С 
2] 


Step 5 Since и = 7x + 2, we have 


| Vix + 2 dx = &(7x + 2) +C 


х? dx 


EXAMPLE 2 ee 
—— (ug + 4) 


SOLUTION 
Step 1 Let's try и — X? + 4. 
Step 2 du = 3X? dx 


Step 3 Notice the x^ dx in the numerator of the integrand and the same expres- 
sion multiplied by 3 in step 2. Solving the equation in step 2 for x? dx, we find 


that 
Xx? dx =} du 
х? dx i du it 
Thus, jose] кз = [i ? du 
хас ПИ 1 E 
Step 4 ESI а= |а 5 du 
il m 1 
= с +С 
3 =A 12 
step 5 | ag Po vage 
——— = — ——(x^ 
= (х5 + 4p 12 


EXAMPLE 3 [eva = Judy 

SOLUTION 
Step 1 Let's try u = 3 — 2x. 
Step 2 du = —2 dx 
Step 3 The integrand contains three factors: x°, УЗ — 2х, and dx. The substi- 
tution и = 3 — 2x will change the factor V3 — 2x into Vu. We can solve the 
equation in step 2 for the differential dx, so that dx = —$ du. It only remains 
to rewrite the factor x^ in terms of 4. To this end, we solve the equation 
u = 3 — 2x in step | for x, so that 

x = X3 -u) 

and 


и? 


і 


ак ааа т = из: 
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Therefore, we have 
Гамза dx = fe - du + hu?) Vu —1 du) 
- је уи + uu — hu? Vu) du 
= [ow V? + du? — 145?) du 


Step 4 [evs -2x dx = [c ful’? + 347? — ш>?) du 


-1 [ we du + ł fe” du — 1 [ du 
э ip /2 


Ill 


– 13/2 + du — ди??? + С 


Step 5 Í V3 — 2x dx 
= – 3 - 297 AG — 2x)? — AG — 2x)? +С Ш 


EXAMPLE 4 Í sin 9x dx 
SOLUTION 


Step 1 Let u = 9x. 
Step 2 du = 9 dx 
Step 3 From step 2, we have dx = 3 du; hence, 


[ sin 9x ax = | sin u @ 4) = f b sin u au 
Step 4 | sin 9x dx = | d sin u du = | sin u du = oes +С 
=—tcosut+C 
Step 5 | sin 9x dr = — 4 cos 9x + С B 


sin 7x dx 


EXAMPLE 5 | TEES. 
— T m (1 + cos 7x) 
SOLUTION 


Step 1 Let u = 1 + cos 7x. 
Step 2 du — —7 sin 7x dx 


sin 7x dx 1 du 
Step (mE ejom: 
: (1 + cos 7x)* Туа 
sin 7х dx 1 du 1 
vp „| ==. -/-i4- -1f x 
а (1 + cos 7x)* qw ne 


262 


CHAPTER 4 ANTIDIFFERENTIATION AND DIFFERENTIAL EQUATIONS 


THEOREM 1 


PROOF 


TE [| sin 7x dx | m 80 
К = 20s 7x) ^ 
P (1 + cos 7x)' 21 Ё v 


After you have become familiar with the method of substitution, you may wish to 
abbreviate the step-by-step procedure suggested above. The following example il- 
lustrates how this can be done. 
sec Vt tan УТ dt 

Vi l 


SOLUTION Letu = Vr, so that du = 1/2V1) dt and а/м = 2 du. Then 


sec Vi tan Мт dt 
a v. : | sec V1 tan EE = | sec u tan u (2 du) 
n 


EXAMPLE 6 Evaluate | 


жен m 


= 2 sec Vt - C 


Justification of the Method of Substitution 


The following theorem can be used to justify the method of substitution, or change 
of variable. 


Substitution 


Suppose that 


Гло du = H(u) + С 


Then, if g is a differentiable function, 


ГООО dx = Н|е(х)| + С 


Because 
| o du = H(u) + C 


it follows that H'(u) = h(u) 


We need to show that the derivative of H[g(x)] with respect to x is the integrand 
higG))g'(x). By the chain rule, 


d 
lls = H'[g(x)]g'(x) = Ale@g’@) 


and the proof is complete. 


Let’s see how Theorem 1 justifies the method of substitution. Suppose we want to 
evaluate 


IET dx 


by the method of substitution. In step 1 of our procedure, we choose a suitable 
portion of the integrand f(x) and call it n = g(x). Step 2 produces the differential 


du — g'(x) dx 


Problem Set 4.3 


In Problems 1 to 50, use substitution to evaluate each antiderivative 
(indefinite integral). (In some cases a suitable substitution is sug- 


gested.) 

1 Ге + 3)* ах, и = 4х +3 

2 IPTE 

3 [VEFE ax. u=4 15 


s ds 


ает 6 | 
V Ss + 16 


7 | (1 — 2? PAV dx, u= 1 — x? 
8 fe — 6x + 9)! de и=х—3 
xX ах 
9 == 10 | 
(AP + 1)’ 


11 [бе + уў5гкзг=2 а р | 
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In step 3, we use the last equation to rewrite f(x) and dx in terms of u and du. 
Suppose the result is 


f(x) dx = (и) du 
where A is a suitable function. What the last equation really means is that 


. . du 
f(x) = h(u) Tm 


or 


f(x) = hle@)]g’@) 


Now, step 4 produces an equation of the form 
ico du = H(u) + C 
and step 5 yields the result 
[лә = [agone dx = H[gG)] + С 


in conformity with Theorem 1. 


e 
сии = ранае СЕК 
Vx 


| a2 
B | —— ана 
(6° — 9x + 172 


15 [б + "5 5) dx 


16 | (492 — 42x + 9)97 dx 


17 Газа 18 | 2м а 
га уз»? 

20 = 

wire d V2 - у y 


22 [a+ VTF a 


23 [ VIE FS P ax a | WEFT i a 


(81 + 2) dt 


2 P dt y dy 
(42 + 21 + 6) 25 26 = 
Мг +4 УЗ = ў 


27 | 2 sin 35x dx 


28 fa sin 5x + 3 cos 7x) dx 


ECS 

Vr + 3x 

MESTO A 
Ü 


29 [5 cos (16x — 1) dx 


30 [s cos (8 — 3x) dx 
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31 | sec? 11x dx 32 f -ose Sx dx 
dt dy 
33 | S 34 | : 
J =" 31 соз” Sy 


35 | sec (2 y + D tan Qy + 1) dy 36 [aerea 


f 1 
37 | = ще E tan = а 


39 [ cos x cos (sin x) dx, u = sin x 


40 fe sec 10х° tan 10x* dx 


41 fe ese? Tk? diu, mes уй? 


43 | mes. sin x dx E | sec? x dv З 
(2 + cos х)? (3 + 2 tan x) 


45 ] cos 2y V5 + sin 2y dy 


46 Г 3t sec 3t V4 + sec 3t dt 


án | cot Vx cse Vx dx 
Vx 


48 | (sin 2х)! cos 2x dx 


38 | ese 102 cot 10z dz 


sec 30 tan 30 40 


VI — S wae 3I") 
50 | cot (Wx/2) esc? (V/x/2) dx 
Vx 


5] (a) Evaluate f sin x cos x dx using the substitution и = sin x. 
(b) Evaluate f sin x cos x dx using the identity sin x cos x — 
} sin 2x. (c) Show that the answers to parts (a) and (b) are 
consistent with each other. [Hint: Use the identity sin? x = 
4(1 — cos 2x).] 
52 Evaluate f sin mx cos nx dx, where m and n are constants, by 
using the identity sin a cos b = 3 sin (a + b) + $ sin (a = b). 
53 Evaluate 
x dx 
Мх +1 


by two different methods, and show that the answers are consis- 
tent with each other. (a) Use the substitution « = x + 1. (b) Use 
the substitution и = Vx + 1. 


54 Given that f is a function with domain (—1, œ) such that 
f'(x) = 2(1 + х) ? and f(0) = 0, find f. 


55 Evaluate f x^V 5x — 1 dx by two different methods, and show 
that the answers are consistent with each other. (a) Use the sub- 
stitution u = Sx — 1. (b) Use the substitution и = V 5x — 1. 


56 Suppose that g'(x) = (1 + x)? holds for all values of x except 
for x = —1. Given that lim g(x) = lim g(x) = 0, find g. 


4.4 Differential Equations 


Mathematical models for real-world phenomena often take the form of equations 
relating various quantities and their rates of change. Since the rate of change of a 
quantity is represented mathematically by a derivative, such equations often involve 
derivatives or differentials. For instance, in the biochemistry of digestion, the en- 
zyme trypsin, which helps break proteins into amino acids, is produced in the small 
intestine from an inactive proenzyme called trypsinogen. If y is the amount of 
trypsin in the small intestine at time £, it is known that the rate dy/dr at which trypsin 
is produced is proportional to the product of the amount of trypsinogen present and 
the amount of trypsin present. Thus, 


d 
D = 44 = yy) 
dt 


where k is the constant of proportionality, A is the amount of trypsinogen present 
when г = 0, and В is the amount of trypsin present when г = 0. 
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An equation such as 

dy 
— = (A — уй ae 
dt 


that involves derivatives or differentials of an unknown function is called a 
differential equation. To solve a differential equation is to find the unknown func- 
tion or functions that satisfy the equation.* 

The simplest type of differential equation has the form 


s = f(x) or dy = f(x) dx 


Here f is a given function, and y is an unknown function of x. Evidently, 
у= g(x) 


is a solution of this differential equation if and only if g is an antiderivative of f. Any 
one solution y = g(x) is called a particular solution of the differential equation. 
Given any such particular solution y = g(x), we can write 


y= зе 


where C is an arbitrary constant, to obtain other particular solutions. 
Conversely, by Theorem 2 of Section 4.2, any particular solution of the differen- 
tial equation 
dy 


wu uN! 
on an open interval / has the form 
YS И) ar (E 
where g is an antiderivative of f and C is a suitable constant. In this sense, 
y AG (C 


where C is an arbitrary constant and g is an antiderivative of f, represents the 
complete solution of the differential equation. Since 


IS dx = g(x) + C 
the complete solution of the differential equation dy/dx — f(x) can be written as 


yz i f(x) dx 
Thus: 


The complete solution of the differential equation 
dy = f(x) dx 


is given by 


y= | Ах) ах 


*For the solution of the differential equation for the formation of trypsin, see Problem 49 on 
page 516. 
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EXAMPLE 1 Find the complete solution of the differential equation dy = 6x? dx. 


3 


SOLUTION y= Ге dx = 6 [x dx = m +C=2x7+C 


The circumstances that give rise to differential equations often entail additional 
conditions called side conditions, initial conditions, boundary conditions, or 
constraints. For instance, in the differential equation for the formation of trypsin, 
we have the initial condition that y = A when г = 0. Such additional conditions can 
be used to single out the relevant particular solution from the complete solution. 


EXAMPLE 2 Find the complete solution of the differential equation dy/dx — 
cos 2x. Then find the particular solution satisfying the side condition that y = 1 
when x — 7/12. 


SOLUTION Тһе complete solution is given by 
у= | cos 2r dr = $ sin 2х +С 


where we evaluated the antiderivative by using the substitution и = 2x. Putting 
y = l and x = 7/12 into the complete solution, we obtain 


XS || зенан REPE te 
mon 15 ^5 m gia MEC 
from which it follows that 


Substituting this value of C into the complete solution. we find that the particular 
solution satisfying the side condition is 


The differential equation 


is said to be separable since it can be rewritten in the form 
dy = f(x) dx 


in which the variables x and y are ""separated'' in the sense that all expressions 
involving x are on one side of the equation and all expressions involving y are on the 
other side. More generally: 


A differential equation that can be rewritten in the form 


С(у) dy = F(x) dx 


where F and G are functions, is called separable. The general solution of such a 
differential equation, obtained by separating the variables as shown and then 
antidifferentiating both sides of the resulting equation, is given by 


[ео ау = [ Fo dx 
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In solving a separable differential equation by the indicated method, you can com- 
bine the two constants of integration corresponding to f G(y) dy and f F(x) dx into 
a single constant C. If a side condition is given, it can be used to determine the value 
of C. 


EXAMPLE 3 Find the general solution of the differential equation у’ = 4x?y?. 
Then find the particular solution satisfying the side condition that x = 1 when 
ye. 


SOLUTION Here y’ is used as an abbreviation for dy/dx, so the given differential 
equation has the form 


dy 5 
———4x!? ог dy=4xy? dx 
dx 


We can separate the variables if we divide both sides of the last equation by y? to 
obtain 


dy E : 
2 = 4x* dx (provided у # 0) 
у? 
Thus, = ау = IE dx 
T! = 
50 =—— (Oy = = че (65 
=] 3 
F — а 
о y == 16% 3 


where Со = C, — С. The last equation may be rewritten as 


3 
je c уз 
Ё 3Co Es 4x? 
Therefore, letting C = 3Co, we have the general solution 
e am 
à С — 4x? 


Putting x = 1 and y = — 1 in the general solution, we obtain 
3 
== or C-1 
C—4 


Hence, the desired particular solution is 


-3 
1 — 40 


y= 


When you solve a separable differential equation by separating the variables and 
antidifferentiating, you can lose certain solutions. For instance, in the preceding 
example, when we divided by y? to separate the variables, we assumed that y # 0. 
However, as you can check, the constant function given by y = 0 is a solution of the 
original differential equation y' — 4x?y?. Notice that the solution y — 0 cannot be 
obtained from the general solution 
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by assigning a value to the constant C. This shows that the general solution of a 
separable differential equation might not be the complete solution. A solution (such 
as y = 0 in the example above) that cannot be obtained directly from the general 
solution by assigning a value to the constant of integration is called a singular 
solution. 

The general solution of a separable differential equation involving x and y might 
be an equation that only implicitly determines y as a function of x. This is illustrated 
by the following example. 


EXAMPLE 4 Find the general solution of the differential equation x dx + y dy = 0. 


SOLUTION Separating the variables and antidifferentiating, we have 


xdx=-ydy so E dx = f (—у) dy 


2 2 2 
ЗЕЕ T у 
5 та = 5 + С or 5 3p 2 = С, С, 


~ 


hence, 


Therefore, x? + y? = 2(C5 — Cj), that is, x? + у? = C, where we have put C = 
2(C> — С). Thus, the general solution of x dx + y dy = 0 is 


х? + y? = 


Second-Order Differential Equations 


Up to now, we have considered only “‘first-order’’ differential equations, that is, 
equations involving only first derivatives. By definition, the highest order of all the 
derivatives involved in a differential equation is called the order of the equation. 
For instance, 

ку ee 


ar 0 = х 
ах? dx 


is a second-order differential equation, and 
у =x +7 


is ап nth-order differential equation. 

Sometimes, the general solution of a second-order differential equation can be 
obtained by two successive antidifferentiations. The resulting solution will involve 
two arbitrary constants that cannot be combined into one constant. Two side condi- 
tions are required to determine these constants. 


EXAMPLE 5 Find the general solution of the second-order differential equation 


," r3 


y" = —2x + 1, and then find the particular solution that satisfies the following two 
initial-value conditions: y = —1 when x = 0 and у’ = 1 when x = 0. 


SOLUTION Since 


a = у t 
É dx 


we can write the differential equation as 


d 
= = 0 or d(y') = (-2x + 1) dx 
dx 


Figure 1 


—— T1] 


О 


P — 


$ 


SECTION 4.4 DIFFERENTIAL EQUATIONS 269 


Antidifferentiating both sides of the last equation, we obtain 
v= foz +1) dx= -x° +x +C, 


Therefore, we have 


dy э ( 2 
z =S G пу (хх 6) dx 
X 


Again, we antidifferentiate both sides of the last equation and obtain 


3 2 
у= jeter coa cec 


Thus, the general solution is 
3 29: 


x x 
у= == = op (Cae us 
i 3 2 
Notice, here, that there is no way to combine the two constants C, and C; into a 
single constant since C, is a multiplier of the variable x. 
To find the particular solution corresponding to the given initial conditions, we 


begin by substituting y = —1 and x = O into the general solution to obtain 
-12C€ 
Then we substitute y' = 1 and x = 0 into the previously obtained equation 
We SE 
and find that 1=C, 


Substituting these values of C, and C; into the general solution, we obtain the 
desired particular solution, 
3 2 
x át 
y=—-—+—+x-1 
d 3 2 


Linear Motion 


Differential equations are important in the study of the motion of physical objects 
(cars, projectiles, balls, planets, electrons, and so forth). Often we disregard the 
size, shape, and orientation of such objects and think of them as particles. Here we 
consider the motion of a particle P along a linear scale, which we call the s axis 
(Figure 1). The equation of motion of Р, 


SSO) 


gives the coordinate s of P in terms of the elapsed time ¢ since some arbitrary (but 
fixed) initial instant. The instantaneous velocity v and the instantaneous acceleration 
a of P are given by the equations 


(See Section 2.10.) 
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If v ora is a known function of г, subject to suitable initial conditions, it may be 
possible to solve the resulting differential equations for the law of motion s = f(t). 
This is illustrated in the following examples. 

In Examples 6 and 7, find the law of motion s = f(t) from the information given. 
EXAMPLE 6 а = 2t — 12; v = 0 when г = 0 and s = 0 when г = 0. 


SOLUTION We have dv/dt = a = 2t — ?, so dv = (2t — t°) dt. A first anti- 
differentiation gives 


3 
vs je-[a-0a-22-—*6 


Since v = 0 when ¢ = 0, it follows that C, = 0. Also, 
ds {2 i g 
жй UM ег 
qucm d C 3 


and a second antidifferentiation gives 


Since s = 0 when г = 0, it follows that C5 = 0 and the equation of motion is 


p qw 
лғ 


EXAMPLE 7 A car is braked to a stop with constant deceleration. The car stops 8 
seconds after the brakes are applied and travels 200 feet during this time. Find the 
law of motion of the car during this 8-second interval. Also, find the acceleration 
and determine the speed of the car at the instant the brakes are first applied. 


SOLUTION Represent the car by a particle on the s axis moving, say, to the right. 
Start reckoning time г from the instant when the brakes are first applied, and place 
the origin at the position of the car when ¢ = 0. Here the acceleration a is constant, 
and we have 

5-0 when г = 0 

s = 200 when ¢ = 8 

v=0 when г = 8 


Since dv/dt = a and a is constant, then dv = a dt and 


ve[a=fau=afa=atc, 


Therefore, ds/dt = v = at + C,, so ds = (at + Cj) dt and 


s= а= ш + coa 3a? + си + с, 


Since s = 0 when ¢ = Q, it follows that C5 = 0, and we have 
з= а? + Си 
Substituting v = 0 and / = 8 into the equation v = at + Су, we find that 
0 = 8а + С, ог С, = —8а 
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Now we substitute C, = —8a into the equation s = Jar? + C: to obtain 
s = lar? — Bat 
Finally, we substitute s = 200 and r = 8 into the last equation and find that 
200 = 3a(8)* — 8a(8) or 200 = 32a — 64a = —32a 
from which it follows that during the entire 8-second interval, 
а= — 200 = — 22 ft/s? 


Here the negative sign indicates deceleration. By substituting this value of a into the 
equation 5 = $ar? — Bat, we obtain the law of motion 


1 /-25\, =25 25 
s=—( Je -sl ү ог s = 50t — : 
2 4 v d y 8 


The speed of the car at the instant when г = 0 is obtained by putting г = 0 in the 
equation v = аг + С, to obtain 


y = C, = —8a = —8(— 3) = 50 ft/s 


An object falling near the surface of the earth experiences some force because of 
air resistance; however, in many situations this force is negligible, especially when 
the object has a high density, is more or less **streamlined,'' and has not attained a 
very high velocity. Such an object falls with a constant acceleration g, called the 
acceleration of gravity. The value of g is approximately 32 feet per second squared 
or 980 centimeters per second squared, or 9.8 meters per second squared. 

If such an object P is projected straight upward, it is usually convenient to take 
the s axis pointing straight upward with the origin at the surface of the earth (Fig- 
ure 2). Then the acceleration a of P is negative (it will slow down, stop, then begin 
to fall back down); hence, 


Figure 3 


On the other hand, if the object P is dropped or thrown straight downward trom 
an initial height Л, it is usually convenient to take the s axis pointing downward with 
the origin л units above the surface of the earth (Figure 3). Then the acceleration a 
of P is positive; hence, 


[EXAMPLE 8 Ап iron ball is thrown vertically upward, starting 2 meters above the 
ground, with an initial velocity of 8 meters per second. How many seconds will 
elapse before the ball strikes the ground? 


SOLUTION We set up the coordinate axis as in Figure 2. Here, dv/dt = —g. so 
dv = —g dt and 


v= а= ера -e |а -e+ c, 
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When t = 0, v = 8 meters per second, so 
8 = —g(0) + C, Or C, =8 
Therefore 
v= -gi +8 


The last equation сап be rewritten as 


а 
с: or ds = (—gt + 8) dt 
а 


Antidifferentiating, we find that 
gm I + 8) dt = —4gt7 + 81+ C, 


When г = 0, s = 2 meters; hence, substituting these values into the last equation 
yields 
2-2-—1g0) + 810) + С, o С„=2 

Therefore, the equation of motion of the ball is 

s=— bg? + 8+ 2 
where g = 9.8 meters per second squared. Thus, 

s = —490? + 81+ 2 
When the ball strikes the surface of the earth, s = 0, so that 

Q——497 + 8+2 or 4.977~-8—2=0 

Solving the last equation by the quadratic formula, we find that 


„82 V64-4(4.9(-2) _ 8 = V1032 


2(4.9) 9.8 
Because t is positive when the ball lands, we reject the negative solution and con- 
clude that 
8 + V103.2 
= Еа oo Seconds 
9.8 
Problem Set 4.4 
In Problems 1 to 8, find the complete solution of each differential 7 дЫ =1?+sint 8 Dou = V0 — csc? 50 
equation. e 
dit de in Problems 9 to 14, find the particular solution of the given differ- 
Da Sis sp Bs" al 2 Foe 208 — 68 + 17 ential equation that satisfies the indicated side condition. 
di 
dy 6 es (a? — 4)? dy 
Е 0 зане VSS = se ya) wing & = © 
5 dx Tm Ig | d D dx 5a i 
dy FA 3 а = 
eem Vix 6 dy = (5t + 12)? dt 10 п. + x; y = —2 when x = 1 
AG ; 


› 1 
nee. „тш, 
dt б 


12 y!' = Vx + 2; y 25 when x =4 


; T 
13y'-3 sin у= 1 whenx- 3 


= sec? 6; 5 = —1 whens = 0 


pi 
t 


d 


In Problems 15 to 26, find the general solution of each separable 
differential equation. 


Б E кас 


16 (3x^ + 2x + 1)? dy = (6x + 2) dx 


d. 2 
18 = + ay? 


17 Vx? +7 dy = х? dx 3 


19 V2x + 1 dy = y? dx 
dy xVy +7 


20 (? - Vy) dy = (2 € Vo dx 2S + 
dx Sy 


dy 3 > dy _ sin 2x 
J =| 10y* + 1 B TT 
M dx : y dx соѕ Зу 


24 csc x cos у dx + tan x tan у dy = 0 
28 y? dx — cse x dy = 0 


26 cos? 3t sin 4s ds — cos? 4s dt = 0 


In Problems 27 to 32, find the particular solution of the given sepa- 
rable differential equation that satisfies the indicated side condition. 


d dy 

De ee зуу? when x= 9 
ds t 

Р е5 S 
d Мг +1 5 


29 ? qw = (1 — tP а; W = —1 when t = 8 


x Zo [sca when eo 
dx » c 


3 


7 


3 


- 


sec 3t ds + csc 25 dt = 0; s = when г = = 


32 ese y dx + cos? x dy = 0; y = > when x = т. 


In Problems 33 to 42, find the general solution of each second-order 
differential equation. 


5 


Фу х 
33 в. = 332 +2 +1 34 y" = (5x + 1)! 
35 у" = Vax + 5 а 


BEES 
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37 —, = 2 +3 38 y" = (х + 1» 
dt^ 
d?y A 

н = 40 D2y = 1 
dx“ 3 
5 


42 y" = sin Xx 


In Problems 43 to 50, find the particular solution of the given differ- 
ential equation that satisfies the indicated side conditions. 


43 SS = 6r+ 1; y= 2 and y’ =3 when x = 0 


44 um = Vi у= 3 апау’ = 2 when x = 9 
ах 
5 

45 Е = 2; s = 0 when г = 1 and s = 0 when t = —3 
а?у " 

46 de = 3v; у = —] when x = 0 and y = 9 when x = 2 

x 
47 у" 2 32. + 5x; y = 2 and y' = -1 when x = 1 


a c andes! = —3 when ү к= 


3 
49 y" = sin—; у’ = 0 when x = zs and y = 2 when x = 0 


N 


50 


a d 
7 = 2 sec? t tan 1; s = 0 and A = 0 when r= 0 


tn 
ма 


А particle moving along a straight line has the equation of mo- 
tion s = f(t), where t is in seconds and s is in meters. Its velocity 
v satisfies the equation v = 17 — 8r + 15. If s = 1 when t = 0, 
find s when г = 3. 


52 A particle, starting with an initial velocity of 25 meters per sec- 
ond, moves in a straight line through a resisting medium which 
decreases the velocity of the particle at a constant rate of 10 
meters per second each second. How far will the particle travel 
before coming to rest? 


[£153 The brakes on a certain car can stop the car in 200 feet from a 


speed of 55 miles per hour. Assume that when the brakes are 
applied, the car has a constant negative acceleration. (a) How 
much time in seconds is required to bring the car to a stop from 
55 miles per hour? (b) If the car is brought to a stop from 55 
miles per hour, how far will it have moved by the time its speed 
is reduced to 25 miles per hour? (Recall that 1 mile is 5280 feet.) 


954 From the top edge of a building 20 meters high, a stone is 


thrown vertically upward with an initial velocity of 30 meters 
per second. (a) In how many seconds will the stone strike the 
ground? (b) How high will the stone rise? (c) How fast will the 
stone be falling when it hits the ground? 
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[c] 55 


[9 57 


A balloon is rising at the constant rate оГ 10 feet per second and 
is 100 feet from the ground at the instant when the aeronaut 
drops her binoculars. (a) How long will it take the binoculars to 
strike the ground? (b) With what speed will the binoculars strike 
the ground? 


A projectile is fired vertically upward by a cannon with an initial 
velocity of v; meters per second. At what speed will the projec- 
tile he moving when it returns and strikes the hapless cannoneer? 
(Neglect air resistance.) 


A balloon is rising vertically at the constant rate of | meter per 
second and has reached an altitude of 8 meters at the instant 
when an assistant on the ground directly under the balloon at- 
tempts to toss the aeronaut’s binoculars up to her. What is the 
minimum velocity with which the binoculars should be thrown 


58 


59 


60 
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straight upward if they are released from the assistant's hand at 
an altitude of 2 meters? 


Suppose that a particle P moves along the s axis with a constant 
acceleration a. Let vo be the velocity of the particle when 
t — 0, and let sọ be its coordinate when t = 0. Show that 
(a) v = at + vo and (b) s = dat? + vot + so. 


A stone is dropped from a height of л meters with zero ini- 
tial velocity, and it hits the ground T seconds later. Show that 
h = 4.97". 


Consider the differential equation dy/dt = k(A — y)(B + y) for 
the formation of trypsin in the small intestine. Assuming that 
А > B, determine the time г at which trypsin is being formed 
most rapidly. 


4.5 


Applications of Differential Equations 


In Section 4.4, we saw an application of differential equations to linear-motion 
problems. Further simple applications to geometry, physics, and economics are 


given in this section. 


A first-order differential equation of the form 


dy _ 
dx se) 


where g is a given function, can be interpreted geometrically as a condition on the 
slope dy/dx of the tangent line to the graph of y = f(x), where f is an unknown 
function. The complete solution of the differential equation gives all functions f 
whose graphs satisfy this condition. A side condition amounts to an additional 
requirement that the graph of f contain a specified point. 


EXAMPLE 1 


(a) Find all curves in the plane satisfying the condition that the slope of the 
tangent at each point is 3 times the abscissa of that point. 


(b) Sketch graphs of several such curves on the same xy coordinate system. 


(c) Find the equation of that particular curve satisfying the condition in part (a) 
which contains the point (1, 2). 


SOLUTION 


(a) The differential equation expressing the condition on the slope of the tan- 


gent is 


dy 


= 3; 
dx А 


The complete solution of this differential equation is 


у= [заз аз 


С 
2 


Figure 1 


Figure 2 


original position of P 


final position of P 
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Thus, an equation of a curve satisfying the given condition is of the form 


ыз? 


5 
2 


y +C 


where C is a constant. There is a different curve for each different value of C. 


(b) The curves corresponding to C = —2, C= 0, C=}, C=2, апас =4 
are sketched in Figure 1. 


(c) Here we have to impose the side condition that y = 2 when x = 1. Setting 
y = 2 and x = 1 in the equation y = 2x? + C and solving for С, we find that 
C — 2 — $ = 5. The desired equation is, therefore, 


Work Done by a Variable Force 


Suppose that a constant force F, having a direction parallel to the s axis, acts on a 
particle P which moves along this axis from an original position with coordinate so 
to a final position with coordinate s; (Figure 2). Then, by definition, the force does 
an amount of work W on the particle given by 


W = F-(s; — so) 


A positive (respectively, a negative) force is understood to act in the positive 
(respectively, the negative) direction along the s axis. 

We now take up the problem of calculating the work done when the applied force 
is not necessarily constant but still acts in a direction parallel to the s axis. We 
suppose that P starts at an initial position with coordinate sọ, and we denote by W 
the net work done by the variable force F in moving P from its original position to 
the position s (Figure 3). Since F may not be constant, we cannot calculate W 
simply by multiplying F by s — so. 

In this case, suppose that P moves from s to s + As, caus- 
ing the net work done by the force to change from W to 
W + AW (Figure 4). Here, AW is the work done by F in 


478 
rw ( ye moving P from s to 5 + As. Although the force F might 
5 


Figure 3 


change as P is so moved, it should not change much if As is 
very small. Thus, if F is the force acting on P at position s, 
we should have 

AW 

As 


AW = F As or == 


original position of Р 


ГА \ 
[ 1 F 
NS e 
s 
0 50 S 


Figure 4 }+— as —| 


О 5 Gap AQ 


As As approaches 0, this approximation should become bet- 
ter and better; hence, we should have 


dw МИ 
== =F 


= lim 

ds — às0 As 

Therefore, the net work W done by the variable force F satis- 
fies the differential equation 


with the initial condition that W = 0 when s = sọ. 
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EXAMPLE 2 The force F acting on a particle P is given by F = 1/s?, where s is 
the coordinate of P. How much work is done by this force in moving P from s — 1 
to s = 9? 


SOLUTION Let W denote the net work done by the force in moving P from the 
point with coordinate | to the point with coordinate s. We want to find the value of 
W when s = 9. Since 

dW =F ds = 


it follows that W= E св === 48 C 


When s = 1, we have W = 0, so that 


hence, C = 1 and 


When s = 9, we have 
W-2-ictl-ij unit of work 


EXAMPLE 3 Consider the apparatus shown in Figure 5, in which a particle P that 
is attached to a stanchion by a perfectly elastic spring can slide without friction 
along the horizontal s axis. The particle starts at s = O and is pulled by a force F to 
a final position s = b. At the start, when s = 0, assume that the spring is relaxed 
апа F = 0. Find the work done by F in pulling P from s = 0 to s = b. 


SOLUTION Because the spring is perfectly elastic, Hooke's law requires that the 
force F be proportional to the displacement s; that is, 


. F=ks 
Figure 5 
| К where k is a constant called the spring constant. (The stiffer the spring, the larger 
рг position е value of К.) Let W be the net work done Бу F in pulling P from the origin to the 
Sate P of P position s, so that dW = F ds = ks ds. Antidifferentiation gives 
Р ~ 
0 5 w= аа а= + 


When s = 0, we have W = 0, so that 0 = k(07/2) + C, and it follows that C = 0 
апа W = 52/2. Thus, when s = b, we have 


m 
2 


EXAMPLE 4 A perfectly elastic spring is stretched from its relaxed position 
through 2 meters. When it is extended these 2 meters, the stretching force on the 
spring is 3 newtons. How much work is done? 


SOLUTION Reasoning as in Example 3, we have F = ks, so k = F/s. Because 
F = 3 newtons when s = 2 meters, it follows that 
F 


3 
k=—= > newtons per meter 
AY 


Figure 6 
dx 
P dm 
-1 0 ыа 


ex 
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Using the result of Example 3, we have 


b? 
ve Qs 
2 2 


22 
= 3 newton-meters 

In the international system (51) of units, one newton-meter (1 N * m) is defined to be 
one joule (1 J). (One pound of force is approximately 4.45 newtons.) Therefore. the 
work done in stretching the spring is 3 joules. 


Remarks on Setting Up Differential Equations 


As we mentioned. many engineers and scientists like to think of dx as an ‘“‘infinitesi- 
mal bit of x," and they prefer to regard f dx as a "summation" of all the infinitesi- 
mal bits of x to give the quantity x. That is, apart from an additive constant of 
integration, x — f dx. They persist in this point of view, in spite of its possible lack 
of "mathematical rigor," because it allows them to set up differential equations 
quickly and easily. Thus. for instance, in the textbook Physics by Paul Tipler, 
Worth Publishers, Inc., New York, 1976. on page 175, we find, ‘‘This definition 
is equivalent to saying that the work dW done over a very short interval dx is 
dW = Jp. dr 

In 1960, the mathematical logician Abraham Robinson (1918—1974) discovered 
à way to make Leibniz's infinitesimals mathematically rigorous and thus to justify 
the kind of reasoning that engineers and scientists have indulged in for more than 
three hundred years. In the remainder of this book, we use arguments involving 
infinitesimals whenever it is convenient to do so. In every case. rigorous arguments 
can be made to justify the result in question. 


Newton's Law of Universal Gravitation 
The following example illustrates a typical physical application of the infinitesimal 
point of view. 


EXAMPLE 5 According to Newton's law of universal gravitation, two particles 
with masses m; and m; kilograms which are separated by a distance of s meters 
attract each other with a force of 


тут» 


FHG newtons 


52 
where С is а constant given by 
G = 6.672 x 107" N- m?/kg? 


lf 1 kilogram of lead is distributed uniformly along the x axis between the origin and 
the point with x coordinate 2 meters, how much gravitational force does it exert on 
a l-kilogram particle P situated on the x axis 1 meter to the left of the origin? 


SOLUTION Let F denote the total gravitational force of attraction on P of the 
portion of the mass lying on the interval [0, x] (Figure 6). The linear density of lead 
on the interval [0. 2] is 
# = 0.5 kg/m 
hence, the infinitesimal mass dm of the portion of lead on the subinterval [x, x + dx] 
is given by 
dm = 0.5 dx kg 
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Since the distance between P and dm is | + x meters (Figure 6), this infinitesimal 
mass exerts an infinitesimal gravitational force dF on the unit mass P given by 


] dm dx 
ale = бу => = Qu ———— newtons 
(ШЕ aor (Il ap SF 
Therefore, F = [ar = | nae - 0.5G | 
(Ol sp Sr (И) 


Making the change of variable 4 = 1 + x, so that du = dx, we find that 


dx ae rail 
= 058 | BE — 056 un а USC — (C 
G SEE = || 
0.5С р 
so Uo OW 0.5G 
u | sed 


Here we have the side condition that F = 0 when x = 0, so that 
0 = C -— and C = 0.5G 


It follows that 


0.5G ШЕ 
F=05G- 020 osc(1- оза 
EN l| sp 3x 


[ч 
Putting x = 2, we find that 


G 6.672 х om 
3 3 


25 
Е = 0.56 e - = 2.224 x 107}! newtons 


3 


Applications to Economics 


Here we give two very simple examples to illustrate how the total-cost or total- 
revenue function can be found if the marginal-cost or the marginal-revenue function 
is known. We use K for the constant of integration since C is used to represent the 
cost function. We denote the revenue function by R. 


EXAMPLE 6 The marginal cost for producing x tennis rackets is given by 
dC/dx = 200/ Vx dollars per racket. Find the cost C of manufacturing x rackets if 
C = $4100 when x = 100. 


SOLUTION The cost function satisfies the differential equation 


dC = 200х7'/ ах 
pie 
+ K = 400 Vx + K 
1/2 
The side condition that C = 4100 when x = 100 implies that 
4100 = 400V 100 + K = 4000 + K 
Hence, K = 100, and so 


С = 400V/x + 100 dollars 


Therefore, С = 200 | око = 200 
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EXAMPLE 7 The marginal revenue for a digital watch is expressed by 


dR 


ү 


та 60,000 — 40,000(1 + x)? 


dollars per 1000 watches 


where x represents the demand in thousands of watches. Express the total sales 
revenue in terms of x, given that for x — 1 (thousand watches), the total sales 
revenue is $38.000. If the demand increases to x = 4 (thousand watches), what is 
the total sales revenue? 


SOLUTION 


R= | [60,000 — 40.000(1 + х) ?] dx = 60,000 | a — 40,000 | OER di 


The change of variable и = 1 + x in the second integral gives 


fa + х)? dx= IE ди = -u + Ку = – 


Непсе, 


К = 60,0005 + ———+ К 
IE 


+ Ky 
i ar se 


40.000 
where К = —40,000K, 
à 


Putting x = 1 and R = 38,000 in the last equation and solving for K, we find that 


K — —42,000; hence, 


40,000 
— — — 42,000 


X 


R = 60,000x + 


When x = 4, we have R = 240,000 + 8000 — 42,000 = $206,000. 


Problem Set 4.5 


In Problems 1 to 6, the slope dy/dx of the tangent line to the graph of 
a function y = f(x) is given by a differential equation. Find the func- 
tion f if its graph contains the indicated point (a, b). 


1 a ] — 3x, (a, b) = (- 1, 4) 
d 

22 = x2 +1, (a, Б) = (-3, 5) 
dx 
d piZ 

32 (2) e n-o.n 
dx х)! 


а 
& = ay, (a, b) = (0, 1) 
dx 
dy | 2 ) 
5 —=- s =| 2 
T 3 cos 3x, (a, b) 3^ 
dy 
dx 


= 2 tan’ x sec x, (a, b) = (0, 1) 


7 A curve in the plane contains the point (0, 1) and satisfies the 
condition that at each point on the curve, the product of the 
ordinate and the slope of the tangent is the abscissa. Find an 
equation of the curve. 


8 The tangent to a certain curve at (0, 3) makes an angle of 7/4 
with the positive x axis, and at each point P on the curve, the 
normal to the curve at P intersects the x axis at a point Q in such 
a way that the vertical projection of the segment PQ on the x axis 
has constant length (independent of P). Find an equation of such 
a curve. 


In Problems 9 to 14, the force F acting on a particle P moving along 
the s axis is given in terms of the coordinate s of P. Find the work 
done by F in moving P from s = 50 to s = s;. In each case, assume 
Е is in newtons and 5 is in meters. 


DEDE 2s, @ = Пу SS 
10 F = 4005У1 + 55, 59 = 0, 5; = 3 
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16 


17 


Ici 18 


19 


(ci 20 


у. SS 
eS gite So D Oy S er 


F = sin s cos s, Sọ = 0, s; = 


A perfectly elastic spring is stretched from its relaxed position 
through 0.5 meter. When it is stretched 0.5 meter, the stretching 
force on the spring is 40 newtons. How much work is done? 


Consider the apparatus shown in Figure 5, but suppose that the 
spring is relaxed when the particle is at the position x = c. As- 
sume that P is pulled to the position s = a with a > c and then to 
the position s = b with b > a. Let F, be the force on P when 
s = a, and let F, be the force on P when s = b. (a) Show that the 
spring constant is given by 


m 


[Py = I5 
СӨЙ (Fp ) 
(b) Show that c(F, — Fa) = aFp — bF,. (c) Show that the work 
W, , done in stretching the spring from s = a to s = b is given 
by Wa.b = (1 = aXFa Е F,). 


A perfectly elastic spring with spring constant К = 150 pounds 
per inch is stretched through 6 inches. At the start of the stretch- 
ing, the spring is not relaxed, and the force on the spring is 300 
pounds. How much work in foot-pounds is done in stretching the 
spring through the 6 inches? 


A bucket containing sand is lifted, starting at ground level, at a 
constant speed of 2 meters per second. The bucket itself weighs 
12 newtons and at the start is filled with 30 kilograms of sand. 
As the bucket is lifted, sand runs out a hole in the bottom at a 
constant rate of | kilogram per second. How much work (in 
joules) is done in lifting the bucket up to the height at which the 
last of the sand runs out? (Hint: One kilogram weighs approxi- 
mately 9.8 newtons.) 


A homogeneous sphere of mass M and radius r exerts а gravita- 
tional attraction on a particle P of mass m that is the same as if 
all the mass of the sphere were concentrated at its center— 
provided that the distance from P to the center of the sphere is 
not less than r. If G is Newton's universal constant of gravita- 
tion, show that the work W(R) done against the force of gravity 
by carrying P from the surface of the sphere to a point R units 
from the center of the sphere is given by 


W(R) = GMm (2 = 1) 
r R: 


(a) In Problem 19, show that the work required to move the 
particle P infinitely far from the sphere, starting from the surface 
of the sphere, is given by GMm/r. (b) If the particle P is shot 
away from the surface of the sphere with an initial velocity v, 
then its initial kinetic energy is given by }ту2. If all this energy 
is used in work against the force of gravity, show that the small- 
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est velocity Vescape for which the particle will continue to move 
forever away from the sphere is given by Vescape = V2GM/r. 
This is called the escape velocity. (c) The radius of the earth is 
approximately 6.371 х 10° meters, and its mass is approxi- 
mately 5.983 x 10°4 kilograms. Neglecting air resistance, find 
the escape velocity for the earth. (d) The radius of the moon is 
approximately 1.738 х 10° meters and its mass is approxi- 
mately 7.347 x 10? kilograms. Find the escape velocity for the 
moon. 


Using the result of Problem 19, determine how many joules of 
work are required to transport 1 kilogram of mass from the sur- 
face of the earth to the orbit of the moon. Neglect Ihe gravita- 
tional attraction of the moon, take the radius of the earth to be 
6.37 x 10° meters, take the mass of the earth to be 5.98 x 1074 
kilograms, and suppose that the orbit of the moon is approxi- 
mately a circle of radins 3.80 x 10* meters with center at the 
center of the earth. 


A homogeneous sphere so dense that the escape velocity from its 
surface exceeds the speed of light c is called a black hole. Using 
the result in Problem 20b, show that a homogeneous sphere of 
mass M will form a black hole if its radius is less than the 
Schwarzschild radius 2GM/c?. 


If a mass of M kilograms is distributed uniformly along the x 
axis between the origin and the point x = a meters, a > 0. show 
that the gravitational force of attraction F of this mass on a 
1-КИоргат particle P situated at the point x = —b, b> 0, is 
given by F = MG/[b(a + b)). 


Two thin homogeneous rods, each of mass M and each | meter 
long, are placed end to end along the x axis so that they meet at 
the origin. Let F(w) denote the gravitational force of attraction 
of the right-hand rod on the portion of the left-hand rod that lies 
on the interval [—1, w = I] for 0 = w = 1. Show that F satis- 
fies the differential equation (1 — w)(2 — w) dF = M’G dw 
with the initial-value condition F(0) = 0. 


The marginal cost C’ of manufacturing x nylon backpacks is 
given by C'(x) = 5 + (8/Vx) dollars per backpack. (a) Find the 
cost C of manufacturing x backpacks if it costs $1200 to manu- 
facture 100 backpacks. (b) If each backpack sells for $21, find 
the manufacturer's profit P if x backpacks are manufactured and 
sold. 


For the production of a certain commodity, suppose that the 
marginal cost C’ is a quadratic function of the production level 
x, Co is the fixed cost, / is the most efficient production level, A 
is the average production cost per unit at production level /, and 
B = C'(I) is the marginal cost at production level /. (a) Find the 
cost function C in terms of x, Co, /, A, and B. (b) What is the 
economic significance of the condition A > B + (Сой)? 


The marginal cost dC/dx of producing x thousand cans of dog 
food is given by dC/dx = 30x ?? dollars per 1000 cans. Given 
that 8000 cans can be produced for $2600: (a) What is the fixed 
cost? (b) How much will it cost to produce 125,000 cans? 


()28 Suppose that the marginal cost C' of producing x electric razors 


per week is a quadratic function of x and that the fixed cost is 
$5000 per week. Assume that the most efficient production level 
is 20,000 razors per week and that at this production level the 
average production cost per razor is $15. Finally, suppose that 
when operating at the most efficient production level, it costs 
$10.75 to manufacture one more razor. Thus, taking the mar- 
ginal cos! C'(20,000) to be $10.75, find a formula for the cost 
C (x) of manufacturing x electric razors per week. 


29 The cost C of manufacturing x thousand cassette tapes is 


[С]30 


C(x) = 600 + 60x dollars. The corresponding marginal revenue 
is R'(x) = 400 — 8x dollars per 1000 tapes. Find the number of 
tapes (in thousands) that will maximize the manufacturer's profit. 


In Problem 28, suppose that the marginal weekly revenue is 
given by R'(x) = 40 — (x/500) dollars per razor. Find (a) the 
production levels for which the manufacturer breaks even and 
(b) the production level for which the manufacturer's weekly 
profit is maximum. [Assume that R(0) = 0.] 


32 
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The cost of production of a newspaper in a small town is 
C = 100 + 3.5x dollars per month, where x is the number of 
subscriptions to the paper. The marginal revenue is R'(x) = 
13 — (x/40) dollars per subscriber per month, and R(0) = 0. 
(a) Find R as a function of x. (b) Find the monthly profit P as a 
function of x. (c) What value of x will maximize the profit? (d) If 
the value of x is that which maximizes the profit, what price does 
each subscriber pay per month for a subscription? 


In Problem 28, find the production level for which the produc- 
tion cost per razor is minimum. 


The Frostbite Frozen Foods Company can manufacture x thou- 
sand frozen macaroni and cheese dinners for 700x + 5000 
dollars. The marginal revenue is R'(x) = 1030 — x dollars 
per 1000 dinners. How many macaroni and cheese dinners 
should be manufactured to maximize (a) the revenue and 
(b) the profit? (c) When the profit is maximized, what price 
does Frostbite charge for a single macaroni dinner? [Assume 
that R(O) = 0.] 


4.6 


The Harmonic-Oscillator Equation 


There are a number of real-world quantities that oscillate or vibrate in a uniform 
manner, repeating themselves periodically in definite intervals of time. Examples 
include alternating electric currents; sound waves; light waves, radio waves, and 
other electromagnetic waves; pendulums, mass-spring systems, and other mechani- 
cal oscillators; tides, geysers, seismic waves, the seasons, climatic cycles, and other 
periodic phenomena of interest in the earth sciences; and biological phenomena 
ranging from a human heartbeat to periodic variation of the population of a plant or 
animal species. The simplest mathematical model for such quantities is 


y is the oscillating quantity 
t is time и 
А is a positive constant called the amplitude of the oscillation 
c (the Greek letter omega) is a positive constant called the angular 
frequency of the oscillation 
ф (the Greek letter phi) is a constant called the phase angle 
The equation y = A cos (wt — ó) gives the value of y at time t, where г is meas- 
ured from an arbitrary but fixed initial moment when г = 0. As we shall see, the 
constants А, w, and ф determine certain specific features of the oscillation. We 
define the positive constant v (the Greek letter nu) by 


where 


and we refer to v as the frequency of the oscillation. If ż is measured in seconds, 


282 CHAPTER 4 ANTIDIFFERENTIATION AND DIFFERENTIAL EQUATIONS 


then v represents the number of complete oscillations, or cycles, per second. One 
cycle per second is called a hertz (abbreviated Hz) in honor of the German physicist 
Heinrich Hertz (1857-1894), who discovered radio waves in the late 1880s. The 
quantity 7 defined by 


is called the period of the oscillation. 

The graph of y = A cos (wt — ф) (Figure 1) resembles the graph of the cosine 
function, except that it is stretched vertically by a factor of A (the amplitude) and 
makes one complete oscillation (cycle) whenever г increases by T = 1/r units 
(Problem 8). A quantity у oscillating in accordance with the equation 
у =A cos (wt — ф) is said to be undergoing simple harmonic oscillation. Any 
physical device capable of producing a quantity undergoing simple harmonic oscil- 
lation is called a harmonic oscillator. 

In order to derive a differential equation for a harmonic oscillator, suppose that 


Heinrich Hertz у =A cos (wt — Фф) 
: dy 
Figure 1 Then EL = —w«A sin (wt — ф) 
y 
у А 
пен аР and Ла A cos (wt — ф) 
П F 1 а?у а? ' 
à Therefore, —— = —e?y ог = + а?у = 0 
dt^ dt^ 


The second-order differential equation 


is called the harmonic-oscillator equation. The calculation 
above proves the following theorem. 


THEOREM 1 The Harmonic-Oscillator Equation 
If A, о, and ф аге any three constants, then 


у =A cos (ot — Фф) 


is a solution of the harmonic-oscillator equation 


gy j 
—+wy=0 
dt^ 


When two simple harmonic oscillations (for instance, musical tones) combine by 
addition, the resulting oscillation is called a superposition of the original oscilla- 
tions. Thus, a superposition of the oscillations represented by 


ур = Aj cos (wt — di) and уз = А» cos (wrt — 3) 


is represented by y= Sey ae 05 


THEOREM 2 


PROOF 
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The Superposition Theorem 


(i) The superposition of any two solutions of a harmonic-oscillator equation 
is again a solution of that equation. 


(ii) Any constant multiple of a solution of a harmonic-oscillator equation is 
again a solution of that equation. 


We prove (i) here and leave the proof of (ii) as an exercise (Problem 23). Thus, 
suppose that y, and y» are solutions of the harmonic-oscillator equation 


ау В 
- + оту = 0 
dt? ( 
dy 2 d^y; 2 
so that ar буу = and = wy: = 0 
а? ri dr? d 
Adding corresponding sides of the last two equations, we obtain 
dy, dy, > 5 
Sat ео hayro — 0) 
dr? dt? К: Y 
d*(y, + y2) 
or a E oy, + yx) = 0 


Therefore, the superposition y, + уз satisfies the original differential equation. Ж 


By combining parts (i) and (ii) of Theorem 2, we obtain the following result: If 
Ку and kz are constants and if y, and y; are solutions of the harmonic-oscillator 
equation 


RN 
then у = Кур ty 
is also a solution of the equation. In particular, taking k, = 1 and К» = —1. we see 
that 
M ym y 


is a solution of the equation. Thus, rhe difference of any two solutions of a har- 
monic-oscillator equation is again a solution of that equation. 
If y is a solution of the harmonic-oscillator equation 


d^y " 
— + wy = 0 
dt^ РЕ 
Фу M? A 
then б = = + wy? 
dt x 


can be considered to be a measure of the total energy stored in the oscillator. In 
various special cases, & may have to be multiplied by a suitable constant К to obtain 
the actual energy 


E = K6 


in appropriate units (Problems 17 and 21). Thus, Theorem 3 can be regarded as a 
conservation-of-energy theorem for harmonic oscillators. 


284 


CHAPTER 4 ANTIDIFFERENTIATION AND DIFFERENTIAL EQUATIONS 


THEOREM 3 Conservation of Energy for a Harmonic Oscillator 


Let y be a solution of the harmonic-oscillator equation 


and let 


Then 8 is a constant. 


PROOF аб dy dv > dy dy [ ау 
== 0 IC Lae = 2 ==—— = 
dt^ 


= w 2 
а dt dt- а а 


Therefore, by Theorem 1 in Section 4.2. & is a constant. 


Now, suppose that y = g(r) is a solution of the harmonic-oscillator equation 


йм, 
тй олы 


and let 
i dy ў $ TRU , > y iad 

s= (S) +w? LI EI 
By Theorem 3, & is a constant, independent of the value of г. In particular, we can 
find & by setting ¢ = 0: 

5 = [в'(0)]7 + wig 
Therefore, if both g(0) = 0 and g'(0) = 0, the energy of the oscillation is O. Intui- 
tively, this would mean that there is no oscillation. Theorem 4 confirms our intui- 
tion. 
THEOREM 4 The Case of Energy Zero 
Suppose that у = g(t) is a solution of the harmonic-oscillator equation 


Фу 


= o 
dt^ 


Then, if ¢(0) = 0 and g'(0) = 0, it follows that g(r) = 0 for all values of t. 


PROOF Since both g(0) = 0 and g'(0) = 0. we have 
& [g' OI + wg)? = 0 
Because & is a constant (Theorem 3), it follows that 
0 — [g'XOF + «218009 


holds for all values of t. Because neither [ g (t) nor e^[g(1)]? can be negative, both 
must be 0 for all values of т. In particular, 


g(t) = 0 for all values of t 
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Hence, by Theorem 1 in Section 4.2, g is a constant function, Therefore, 


g(t) = g(0) = 0 for all values оѓ; 


According to Theorem 1, y = A cos (wt — @) is a solution of the harmonic- 

oscillator equation 
d?y 

—— + а?у = 0 
а? У 
In Theorem 5 below, we show that у = A cos (wt — ф) is, in fact, the complete 
solution of this equation; that is, all possible solutions can be obtained by assigning 
suitable values to the constants A and ф. To begin with, suppose that fis a differen- 
tiable function and that о # 0. Consider the point 


P = (уо, £>) 


Figure 2 y in the xy plane (Figure 2), let 
=, (0) 1? 
A= 109 = Jur + | © | 
w 


and take ¢ to be the radian measure of the smallest positive angle from the positive x 
axis to the line segment OP. [If P = (0, 0), just take ф = 0.] Then, if A #0, 


f% _ f£ Qyo 
A 


and sin ф Т 


соѕ ф = 


so that even if A = 0, we have 


A cos ф = f(0) and wA sin $ = f'(0) 


THEOREM 5 Complete Solution of the Harmonic-Oscillator Equation 


Let о be a nonzero constant, and suppose that у = f(t) is a solution of the 
second-order differential equation 


y э 
= oy = 0 
dt^ 


Choose numbers A and ф with A = 0 and 0 = ф < 27 such that 
A cos ф = f(0) and ФА sin ф = f'(0) 
(Figure 2). Then 
f(t) =A cos (wt — ф) 


PROOF Let g(t) = f(t) — А cos (wt — Фф) 


By hypothesis, f(t) is a solution of the differential equation 
а? 
шт о?у = 0 
and by Theorem 1, so is A cos (wt — p). Hence, by Theorem 2, g(r) is also a 
solution of this differential equation. 
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Now 
g(0) = f(0) — A cos (—ф) = f(0) — A cos ф = 0 
and 
g'(t) = f'(t) + wA sin (wt — Фф) 
50 


g'(0) = f'(0) + wA sin (—ф) = f'(0) — oA sin $ = 0 
Therefore, by Theorem 4, 
g(t) = 0 for all values of г 
Consequently, 


f(t) =A cos (wt — ф) for all values of ¢ 


EXAMPLE 1 Solve the differential equation 


Фу 
T + 4у = 0 
Gir 


Figure 3 with the initial conditions that y = 3 and dv/dt = 6 when : = 0. 


SOLUTION Неге o? = 4, so w = 2. In Theorem 5,* we seek a solution y = f(r) 
for which 


y 


f(0) = 3 and f'(0) = 6 


Thus, in Figure 2 we take 


Р 10). 
р = (до). Z) = (з. ® = (з. 3) 
(o / 
* The resulting diagram (Figure 3) shows that 
А= V3 *3-3/2 and ф=— 


Therefore, the desired solution у = f(t) is given by 


y= 3V2 cos (2 = =) 
ar 
Figure 4 y 
Mass-Spring Systems 


The simplest mechanical harmonic oscillators are mass-spring systems. Such a 
system consists of a mass m suspended by a perfectly elastic spring with spring 
constant k (Figure 4). The mass of the spring itself and air friction are to be ne- 
elected. A vertical y axis is set up so that when the mass and spring are hanging in 


m equilibrium, the v coordinate of m is zero. The mass is lifted to the position with 
coordinate у = Ao and is released at time / = 0 with an initial velocity vo = 0. 

0 

P *In using Theorem 5, you must be careful not to confuse у = f(t), which is the solution of the 


differential equation, and the y in Figure 2, which is just the label on the vertical axis. 
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Naturally, the mass bobs up and down between Ао and —Ag. At any time z, the 
velocity of m is given by 
dy 
p= 
dt 
and its acceleration is 
dv dy 
а = — = 
а ағ 


Ву Нооке” law (see page 276), the unbalanced force F exerted on the mass т by 
the spring is given by 


Е = -ky 


(The minus sign is present because when y is negative, the spring is pulling up on 
the mass.) According to Newton’s (second) law of motion—force equals mass 
times acceleration—we have 


F= ma 
It follows that 
ma = —ky or аъ ыо 
т 
In other words, the vibrating mass in Figure 4 satisfies the differential equation 
d^y k 


Tu F 20 
dt^ m 


This is just a special case of the harmonic-oscillator equation 


5 


y = 
> + оу = 0 
dt^ 


with 


a eu or w= -- 


EXAMPLE 2 For the mass-spring system in Figure 4. find (a) the equation of 
motion and (b) the frequency of oscillation. 


SOLUTION In Theorem 5 we take w = V k/m and seek a solution y = f(t) satis- 
fying the initial conditions 
f(0) = Ag and (0) = vp = O 


Thus, in Figure 2 we have 


(0 


© 


P = (ло). 


and it follows that 


А = V(Agy + 0° =Ap and ф=0 
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Therefore, 


Hence: 


k 
f(t) = А cos (wt — ф) = Ag cos Es 
Р 


(а) The equation of motion is 


K 
у= АО Cos үт 
т 


(b) The frequency of oscillation is given by 


© 1 К 


LIS 


2a Vm 


v 


Problem Set 4.6 


In Problems | to 6, solve the differential equation with the indicated 
initial-value conditions. 


ау ] 

1 oM ср учо ©з when dO 
dt^ Ё й 
ау 


2 5 
dt* 


3 f") + Зра) = 0; f(0) = —1 and f'(0) = 0 


dy 
+2y =0; y= 2V3 and = 2 2 when t = 0 


2 


d Й 
4 Уе, onem аша S ays whens tto 
dx^ dx 


5 Diy + y 20; y = 0 and D,y = 1 when ¢ = 0 
6 y" + 4y = 0; vy = 4 and у’ = 6 when x = 0 


7 In Problems 1 and 3, find (a) the frequency v of the oscillation 
and (b) the period 7 of the oscillation. 


8 Account for the general features of the graph in Figure 1. 


In Problems 9 to 12, sketch the graph of a quantity y oscillating in a 
simple harmonic manner and satisfying the conditions given. 


9А = 1, v= 50 henz, ф = m/2 

1 
10 А = 5, v= э cycle/May, ф = —3т/14 
11 A = 220, v = 60 hertz, ф = 0 


12 А = 5, v = 88.5 megahertz, ф = 0.8 


fc] In Problems 13 to 16, find (a) the equation of motion of the mass- 
spring system and (b) its frequency by using the information given. 
13 k= 19.6 newtons per meter, m = 0.1 kilogram 


14 A force of 40 newtons stretches the spring 0.5 meter, and m = 2 
kilograms. 


15 Т = 1 second and Ay = 0.8 meter 


16 m — 0.5 kilogram; when m is suspended from the spring, it 
stretches 0.2 meter. (Hint: A mass of m kilograms weighs mg 
newtons, where g is the acceleration of gravity.) 


17 For a mass-spring system (Figure 4), the potential energy stored 
in the spring is given by $Xy*, and the Kinetic energy of the mass 
m is given by 4m(dy/dt)*. The total energy Е is the sum of the 
potential and kinetic energies. If & is the quantity defined in 
Theorem 3, find a constant К such that Е = K8. 


18 Consider a simple pendulum of length / (Figure 5). When the 
bob of mass т is displaced 0 radians from its equilibrium posi- 
tion O, the restoring force F is the component of its weight mg in 
the direction tangent to the circular arc 5; hence, 


m —4 = — тр sin 8 


dt 


5 


dt? 


or +g sin 0 = 0 


Figure 5 


19 


If the pendulum is swinging through a small arc. then 


sin 6 


zm] so in 0 = 0 
Ө 5С sin 
and we can write (approximately) 
ds 
gr mu 
PE 


(a) Using the fact that s — /0, show that the last differential 
equation can be rewritten in the form of the harmonic-oscillator 
equation. (b) Assuming that the pendulum is swinging through a 
small arc, find a formula for the (approximate) period of its 
oscillation. 


An electric circuit consisting of a coil with inductance L henries 
and a capacitor with a capacitance of C farads is called an LC- 
circuit (Figure 6). If the capacitor is charged with Qo coulombs 
and the switch is closed, a current will begin to flow in the 
circuit and the capacitor will begin to discharge. If Q is the 
charge in conlombs on the capacitor at time г, then the voltage 
drop across the capacitor at this time is given by Q/C. The cur- 
rent / in amperes flowing in the circuit at time t is given by 
1 = dQ/dt, and the voltage drop across the inductor is given by 
L(dl/dt). From Kirchhoff's (first) law, we have 


Figure 6 


20 


(a) Show that the current in the LC-circuit satisfies the har- 
monic-oscillator equation 


al + wl =0 ith : 

wl= with w = ——— 
dt? VLC 
(b) Show that the charge Q on the capacitor satisfies the har- 
monic-oscillator equation with the same œw as in part (a). (c) 
Assuming that О = Qo and / = 0 when г = 0, write an equation 
for О at time г. (d) Using the initial conditions in part (c), write 
an equation for / at time г. (е) Find a formula for the frequency v 
with which the LC-circuit oscillates. 


An astronaut on the surface of the moon finds that a certain 
pendulum has a period 2.45 times as long as it does on the 
surface of the earth. From this information, she is able to calcu- 
late the acceleration of gravity on the moon. How does she do 
this, and what is her answer? (See Problem 18.) 


21 


22 


26 


27 


SECTION 4.6 THE HARMONIC-OSCILLATOR EQUATION 289 


In Problem 19, the electrostatic energy stored in the capacitor at 
+ . . + 2 " 

any given time is given by Q-/(2C), and the magnetic energy 

stored in the inductor is given by 212/2. The total energy Е 

stored in the LC-circuit is the sum of these two energies. If б is 

the quantity defined in Theorem 3, find a constant K such that 

E = K8. 


By Theorem 1, if B and C are any two constants, then B cos г 
and C sin г are solutions of the harmonic-oscillator equation 
(d^y/dt^) + о?у = 0. By the superposition theorem (Theo- 
rem 2), В cos t + С sin t is also a solution of this equation. 
Therefore, by Theorem 5, there must exist constants A and ф 
such that B cos t + C sin t = A cos (t — ф) holds for all values 
of t. Find A and ф in terms of B and C. 


Prove part (ii) of Theorem 2. 


If F(t) is a given function, then the differential equation 
(d^y/dt?) + о?у = F(t) is called the inhomogeneous harmonic- 
oscillator equation with driving function F(t). Suppose that 
Ур =Jfp(t) is any particular solution of this inhomogeneous 
equation. Show that y = A cos (wt — ф) + fp(t) is also a solu- 
tion of the inhomogeneous equation for any value of the con- 
stants A and ф. 


If B is a constant, find a solution of the second-order differential 
equation (d^v/dr?) + о?у = B. 


In Problem 24, show that y = A cos (wt — ф) + f,(1) is the 
complete solution of the inhomogeneous harmonic-oscillator 
equation. 


In Figure 7, suppose that the point P is moving counterclockwise 
around a circle of radius A with a constant angular speed of w 
radians per second. Let y be the coordinate of the projection of P 
on a vertical у axis with the origin at the level of the center of the 
circle. Show that y undergoes simple harmonic motion with an- 
gular frequency о. 


Figure 7 y 


28 


29 


center 


If B and о are constants, find the complete solution of the inho- 
mogeneous harmonic-oscillator equation (d^v/dt?) + о?у = В. 


In Problem 27, explain the geometric meaning of the phase 
angle ф for the simple harmonic oscillation of y. Assume the 
initial condition Ө = 85 when t = 0 (Figure 7). 
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Figure 1 


Figure 2 


4.7 


Areas by the Method of Slicing 


One of the most important applications of antidifferentiation is finding the areas of 
regions in the plane. If such a region has a boundary consisting of a finite number of 
line segments, it can be subdivided into a finite number of nonoverlapping triangles 
(Figure la), and its area can be found simply by summing up the areas of these 
triangles. However, if the region is bounded by curves (Figure 1b), it may not be 
immediately clear how to calculate its area. One clever method is to cut out the 
region, weigh it with a chemist's analytical balance, and divide its weight by the 
weight of 1 square unit of the same paper. 

In this section, we present a method for calculating areas that is simple, can give 
exact results, and does not require access to an analytical balance. Here we develop 
this method, called the method of slicing, on the basis of Leibniz's idea that differ- 
entials represent infinitesimals. This will set the stage for the more rigorous and 
formal treatment of areas given in Chapter 5. 

To find the area of a region in the plane by the method of slicing, begin by 
choosing or setting up a convenient reference axis. This could be the x axis, the y 
axis, or another number scale of your own choosing. For the sake of generality, let's 
call it the s axis (Figure 2a). At each point along this axis, construct a perpendicular 
line intersecting the region in a line segment of length /. Notice that / is a function of 
s. Suppose that the entire region lies between the perpendiculars at s = a and at 
s = b, where a < b. 


(b) 


Now let A denote the area of that portion of the region between the perpendiculars 
at a and at 5 (Figure 2a). Notice that A is a function of s and A = 0 when s = a. If 
s is increased by an infinitesimal amount ds, then A increases by a corresponding 
infinitesimal amount dA (Figure 2b). Apparently, dA is virtually the area of a small 
rectangle of length / and width ds; that is, 


аА = lds 


Therefore, A сап be obtained as a function of s by solving this differential equation 
with the initia] condition 


A=0 when s =a 


The value of A when s = b is the desired area of the region. 
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Figure 3 In Examples 1 to 4, find the area of the region by the method of slicing. 


y EXAMPLE 1 The region in the first quadrant of the xy plane bounded above by the 
parabola у = x*, below by the x axis, and on the right by the vertical line x = 1. 


SOLUTION Figure 3 shows the region in question. Let's take the x axis as the 
axis of reference. Then the differential equation for the area A is 


dA =! dx 
where, by Figure 3, 
[= у= x 
xe 
Thus, a= Jio [oa ec 


Since A = 0 when x = 0, we have C = 0 and 


X 
A= 
E 
Hence, when x = 1, 
A L l it 
= — = — square uni 
ce 
Figure 4 EXAMPLE 2 The region in the xy plane bounded below by the parabola у = x? and 


above by the horizontal line y = 4 


SOLUTION In Figure 4, we take the v axis as the reference axis for the method of. 
slicing, so that 
dA = l dy 


From Figure 4, 


where x = 0 and (x, y) lies on the graph of y = х2. Therefore, 


isse у а = or Rd 


Hence, 
| Му и xt 4 3 
A= 1dy =| 2 ‘dy =2 уза = 2 +С = —у? +С 
у y dy y"^* dy 32 m 
Fi а Since A = 0 when у = 0, it follows that C = 0 and 
igure 5 
Ж A=4y? 


Thus, when y = 4, 


А = 4(4°) = 32 square units 


EXAMPLE 3 The region in the xy plane between the curve y = V/x and the curve 
ees 
у=х 


SOLUTION The region in question is shown in Figure 5. If we take the x axis as 
the axis of reference for the method of slicing, then dA = / dx. Notice that 


тес 


Figure 6 


Figure 7 
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and therefore 
A= та уа [a fea 
2 
Б 


u 
LEE 
-—X43-——4C 
4 


When x = 0, A = 0, and so C = 0. When x = 1, 
A = $(0)7? — 1 = & square unit 
EXAMPLE 4 A triangle with base 5 meters and height 8 meters 


SOLUTION In Figure 6, we take the reference s axis perpendicular to the base of 
the triangle with the origin at the level of the base, so that dA — / ds. From Figure 6 
and similar triangles, 


l 5 9 
= — һепсе [= —(8 s) 
SESS 8 8 


The differential equation dA = / ds can now be solved to obtain 


5 5 5 
a= |та | в-он [а 2 fsas=ss- e+e 
8 8 16 


Since A = 0 when s = 0, we have C = 0; hence, 
As aes 
The area of the entire triangle is obtained by putting s = 8 and calculating 
A = (5)(8) — (5)(8)? = 20 square meters 
(This, of course, corresponds to the result obtained by the usual formula of one-half 


the height times the base.) 


If f is a function and f(x) = 0 for a =x = b, then the region bounded by the 
graph of y = f(x), the x axis, and the vertical lines x = a and x = b is called the 
region under the graph of / between x = a and x = b (Figure 7a). You can find 
the area of such a region by using the method of slicing with the x axis as the 
reference axis and with / = y = f(x) (Figure 7b). Thus, in Figure 7b, we have 


dA = 1 dx = f(x) dx 


and so 
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where the constant of integration is determined by the condition 


Then, the area of the region is the value of A when x = b. 


Figure 8 EXAMPLE 5 Find the area of the region under the graph of y = х2 — 2x + 8 be- 
Д tween x = —2 and x = 4 (Figure 8). 


SOLUTION Since the graph lies above the x axis between x = —2 and x = 4, we 
can use the method suggested above. We have 


3 
СЕТТЕ 


Since А = 0 when x = —2, we have 
E 2 68 
0 = = (=) ar i= 4) se C = = а 
B 3 
Therefore, C = $ and 
hs! 68 
B= = I Pe TRI 
3 3 


Thus, when x = 4, we have 


43 А 68 ч 
A= = — 4^ + 8(4) + a = 60 square units 


Remarks on the Method of Slicing and the Idea of Area 
Although our *'derivation'' of the differential equation 
dA = 1 ds 


for area (Figure 2) might make it seem as if an approximation is involved, neverthe- 
less, it is possible to prove that the differential equation holds exactly, and, with the 
appropriate choice of the constant of integration, 


a= fias 


gives the area exactly. Also, it can be shown that the reference axis can be chosen 
arbitrarily—the answer will always be the same. Of course, skillful selection of the 
reference axis may simplify the actual details of the calculation. 

The proof of these facts requires a formal definition of area. In spite of the fact 
that the intuitive idea of area seems reasonably clear, it is surprisingly difficult to 
define it formally. One has to begin by making clear just what is meant by a region 
in the plane and then define exactly what is meant by the area of such a region. To 
do this in general by modern standards of rigor is beyond the scope of most calculus 
textbooks, including this one. However, in Chapter 5 we make a start in this direc- 
tion by studying the special case of the area under the graph of a function by using 
the important idea of a definite integral. In Section 5.6 we show how to use the 
definite integral to find more general areas by the method of slicing. 
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Problem Set 4.7 


In Problems 1 to 8, sketch the indicated region and use the method 
of slicing to find its area. 


1 The region in the first quadrant of the xy plane bounded above by 
the parabola y = x?, below by the x axis, and on the right by the 
vertical line x = 2 


2 The region bounded above by the graph of y = —x? + 3x — 2 
and below by the x axis 


3 The region bounded below by the parabola y = 1 + 252 and 
above by the horizontal line y = 9 


4 The region between the curve y — 4 — x? and the x axis 


5 The region in the first quadrant of the xy plane bounded above by 
y = 2x7, below by the x axis, and on the right by the vertical line 
x=2 


6 The region bounded above by one arch of the sine curve 
y = sin x and bounded below by the x axis 


7 The region bounded below by one branch of the curve 
y = sec? x and bounded above by the horizontal line y = 2 


8 The region bounded by y = x^, the x axis, and the vertical lines 
x7-—2andx-2 


In Problems 9 to 13, find the area of the shaded region in the figure 
by the method of slicing, using the indicated axis as the reference 
axis. In each case, compare your answer with the area obtained by 
using elementary geometry. 


9 5 
4. 
" reference 
axis 
2 
4 "mp 
10 5 
reference 
axis 
11 Ы 
геѓегепсе 
ахіѕ 
x CL 


12 


reference 
axis 


13 


reference axis 


[^ 


14 Calculate the area of the shaded region in Figure 9 by the 
method of slicing in two ways: (a) using the x axis as the refer- 
ence axis; (b) using the y axis as the reference axis. 


Figure 9 


In Problems 15 to 28, calculate the area of the given region by the 
method of slicing using the given axis as the reference axis. Sketch 
the region in the xy plane. 


I5 The region bounded above by y = Vx — 2, on the left by x = 2, 
on the right by x = 6, and below by y = 0. Take the x axis as the 
reference axis. 


16 Same as Problem 15, but take the y axis as the reference axis. 


17 The region between x? = x and y — x + 2 = 0. Take the у axis 
as the reference axis. 


18 The region between y = х2 — 6x + 8 and y = —x* + 4x — 3. 
Take the x axis as the reference axis. 


19 The triangular region bounded by the lines y + 2x — 2 = 0, 
y — x — 5 = 0, and y = 7. Take the y axis as the reference axis. 


20 The region between x = у” — 4 and x = 2 — y’. Take the y axis 
as the reference axis. 


21 The region between y? = 1 — x and y = x + 5. Take the y axis 
as the reference axis. 


The region under the curve y = x V25 — x^ between x = —5 
and x = 0. Take the x axis as the reference axis. 


The region between y = 4 — x? and y = x? — 2. Take the x axis 
as the reference axis. 


24 The region between у = x? and y = 2x. Take the x axis as the 


reference axis. 


REVIEW PROBLEM SET 295 


25 The region between y = x? and x = у>. Take the x axis as the 
reference axis. 


26 The region between y = x, y = 2 — x, and y = 0. Take the v 
axis as the reference axis. 


27 The region between y — 4 — x? and y — —2. Take the x axis as 
the reference axis. 

28 The region between y = x* + 1 and y = 17. Take the y axis as 
the reference axis. 


Review Problem Set, Chapter 4 


In Problems | to 6, find dy in terms of x and dx. 


ly=x-x 2 у= х cos 2x 
sae 
зу= 2 4y-V4-x 
j 2er Il Е 


6 y =sec Vx 


5y-3cot x 


In Problems 7 to 12, assume that x and v are differentiable functions 
of a third variable and are related as shown. Find the relationship 
between dx and dy. 

70-y-6y-22 

8 x* + y* — 4Axy = 13 

9 sec? x + esc? y = 4 


10 tan xy + ху = 3 


H y 
11 sin zxy = 12— 
x 


12 tan Vxy = х2 – y 

EIn Problems 13 to 18, let dx = Ax and use the indicated value of 
Xj. (a) Use a calculator to find the numerical value of Ay = 

f(x, + Ax) = f(xy) to at least four decimal places. (b) Find an ap- 
proximation for Ay, using dy = f'(x) dx. (c) Determine the percent 
of error |(Ay — dy)/Ay| x 100 percent involved in the approxima- 
tion Ay = dy. 


13 y = f(x) Sic F l, х= d. Ax — 0.01 


14 y = Дх) = Vx, xy = 1, Ax = 0.23 
15 y 2 fix) =x, x, = 2, Ax = 0.02 


х [~ 


16 y = Дх) = —0.5 


‚хх = 2, Ах = 


17 y = f(x) = 2 sin x, ху = 2 Ах = 0.01 


18 y = f(x) = —cse x, x; = T. Ах = 0.06 


In Problems 19 to 24, use differentials to approximate each expres- 
sion. 


19 V 36.1 
20 х2 + 2x = Зах = –3.02 


T 
= +0.) 
cos (4 0.1 


21 


1 = 


24 У0.0015 


23 


— 
© 
t3 


25 Use differentials to find the approximate area of a walk 1 meter 
wide around a city square which is 100 meters on each side, not 
counting the walk. 

26 A large spherical tank of inside radius r has a thin metal wall of 
thickness Ar. Use differentials to write a formula for the ap- 
proximate volume of metal in the wall. 

27 Derive an approximate formula for the volume of metal in a can 
having the shape of a cube of edge x if the thickness Ax of the 
metal is small. 

28 Sketch the graph of the function defined by y — 1/x, show a 
typical value хо in the domain of this function, indicate a small 
change Ax = dx in the value of x from xo to xo + Ax, and show 
the corresponding values of Ay and dy on the graph. Explain 
why Ay is approximately equal to — Ax/x^. Use this fact to find 
a decimal approximation of төх. Indicate how much error is 
involved in this approximation. 

29 The diameter of a bar in the shape of a right circular cylinder is 
measured as 4.2 centimeters with a possible error of 0.05 centi- 
meter. Give a reasonable estimate (using differentials) for the 
possible error in the cross-sectional area computed from the 
measured diameter. 
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[c] 30 Suppose that the mathematical model In Problems 61 to 76, find the general solution of each differential 
p = (1.013 х 10°) — 115 sin (1.242) suus 
is used to represent the air pressure p in newtons per square dy d 
meter / seconds after inspiration begins in the lungs of a human 61 Eget ap 62 Ur (x — 4)(3х — 2) 
volunteer during a study of the respiratory elfects of air pollu- 
tion. Using differentials, find a formula for the approximate ` ds — 1! ау tx 
Я Я à 63 — = 3 64 — = 
change dp in lung air pressure during the first At seconds after dt (3 = 1) dx Vx 
inspiration begins, assuming that At is small. 
ly 2 || VI t Vx 
65 = = (1 = Vy = 
In Problems 31 to 60, evaluate each antiderivative. dx dx Vx 
d?y d?y 1 
3 Ж = 3 ~ к + — = ————— 
31 | ov 1с 32 [ae sse 91) dx ien mii 65 ^ ao (= 
s 69 Vy dx + Vx dy = 0 
33 з dt м азга 
M | x 70 VF 1 y dy 4 x dx - 0 
35 [v 3r 9 dt 36 fee = уб 71 M =x-—3cosx 
dx 
37 ES + 8) dx 38 Һе + 4) dx 72 © кей = күрү De 
gi 
x' dx (Vx — 3)# dx - 
39 [A ЧО уох ш 73 y' = Vx — sec? x 
Vib + 13 Vx E 
T 74 ds — (cos 3t — csc? 3t) dt 
t 
41 Гута VERUS 75 sin x cos? y dx + cos? x dy = 0 
КУЯ 76 sec t ds + (1 +s} = 0 
43 [ove + Wak 4 = 
Woe ae Il 
In Problems 77 to 84, solve the differential equation subject to the 
45 | (3 cos x — 2 sin x) ах indicated side conditions. 
T 
46 | sec 2x(2 tan 2x + sec 2x) dx yi X = 20° + 25 + 5;y-0whenx- 0 
с 
47 ja sin 3x dx 48 IE sin 3i? du 78 2- x y = 0 when x = 1 
49 | (2-3 cosan at зо | x cos (Ax? — 1) dx 79 ay ше, when s 
dx [Күү 
ВЕЕ? 2 2 Vu d m 
51 fesca tan x^ dx 52 сыз 6 d0 80 = zu +)"; у = 2 when x=0 
ЛЕЕ COS X 
53 | (2 + 3 cot B)" esc? BdB 54 af x dy 
sin? x 81 y= 341; y =O and y’=1 whenx =0 
dx? 
‚4 А 
55 [eode сы m 56 E (sin x) cos x dx Фу 1 
(1 — sin v) 82 —> = —: у = 2 and y’ = 1 whenx-] 
ах xe i 
sec 3x tan 3x esc? и du 
57 | gcn dx 58 | m d: 
(sec Зх + 8)!° V5 + cot и 8з =. Зп: =O when t= 0 


| а + bcos x : в | dt 
(ax + b sin xy sin f (sin ? + cos f) 84 sec y dx + csc x dy = 0; у = з when x = 0 


85 


86 


87 


88 


The slope of the tangent line to the graph of y = f(x) at the 
point with abscissa x is given by dy/dx = xV” + 5. Find the 
function f if its graph contains the point (2, 6). 


The slope of the tangent line to the graph of the function f at the 
point (x, f(x)) is x csc? х2. Find the function f if its graph con- 
tains the point ( V 7/2, 3). 


(a) Show that there is no function f satisfying the differential 
equation f'(x) = 3x? + 1 such that f(0) = 0 and f(1)— 3. 
(b) Show that there is a function f satisfying the differential 
equation f"(x) = 3x? + 1 such that f(0) = 0 and f(1) = 3. Ex- 
plain, contrasting part (a) with part (b). 


Solve the differential equation dy/dx = |x| + |x — 1| + |x — 2] 
subject to the initial-value condition that y = 1 when x = 0. 
(Hint: f |x| dx = x|x|/2 + C.) 


In Problems 89 to 92, the force F in newtons acting on a particle P 
moving along the s axis is given in terms of the coordinate s of P. 
Find the work (in joules) done by F in moving P from s = sọ to 
s = 5] meters. 


89 
90 


91 


92 


93 


94 


95 


96 


97 


98 


Е = 35 – l, s9=3, 51 = 6 


F = cos 2s, So = 0, sı = п/4 


5 
Е = ѕес? E зү = 27/3 
Е = МІ + Vs. зо = 0, з = 1 


A perfectly elastic spring is compressed 6 inches from its natu- 
ral length because a weight of 2 tons is placed on it. How much 
work (in foot-pounds) is done? 


What constant negative acceleration is required to bring a train 
to rest in 500 meters if it is initially going at 44 meters per 
second? 


An athlete running the 100-meter dash maintains a constant 
acceleration for the first 15 meters and thereafter has zero ac- 
celeration. What must the acceleration be if the athlete is to run 
the race in 10 seconds? 


A certain type of motorcycle can be brought to a stop from a 
speed of 72 kilometers per hour in 4 seconds. How long will it 
take to bring it to a stop from a speed of 96 kilometers per 
hour? Assume the same constant deceleration in both cases. 


A stone is thrown straight down with an initial velocity of 96 
feet per second from a bridge 256 feet above a river. (a) How 
many seconds elapse before the stone hits the water? (b) What 
will be the velocity of the stone when it strikes the water? (Take 
g = 32 feet per second squared.) 


Two particles P and P* are moving on the s axis with constant 
accelerations a and a*, respectively. When t = 0, particle P* is 
k units to the right of particle P, where k > 0; particle P is 
moving with a velocity vo; and particle P* is moving with a 
velocity vj. The question is, “Will the two particles collide?" 


99 


100 


101 


[c] 102 


103 
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(a) If a* < a, show that the two particles will eventually col- 
lide. (b) If a* = a, show that the two particles will eventually 
collide if and only if vj < vo. (c) If a* > a, show that the two 
particles will eventually collide if and only if vj < уо and 
2(a* — а)к < (уй = vo)?. (Hint: Let s and s* denote the 
position coordinates of P and P*, respectively, at time г. Put 
y — s* — s, and show that y satisfies the differential equation 
d'y/d? = a* — а with the initial conditions that y =k 
and dy/dt = vj — vo when t = 0. Collision occurs if y = 0 
for some positive value of 1.) 


A 2000-newton weight is suspended 50 meters below a 
windlass by a cable weighing 10 newtons per meter. Neglect- 
ing friction, determine how many joules of work will be re- 
quired to lift the weight through the 50 meters. 


Let W be the work done in charging a capacitor having (con- 
stant) capacitance C with Q coulombs. If E is the voltage drop 
across the capacitor and / is the current in amperes flowing 
into the capacitor, then dW = E dQ, О = CE. and dQ = I dt, 
where r denotes time in seconds. (a) Show that the instantane- 
ous power dW/dt required to charge the capacitor is given by 
dW/dt = El. (b) Assuming that W = 0 when E = 0, prove that 
W = }СЕ?. 


Suppose that m kilograms of mass are distributed uniformly 
along the s axis between s =a and s — b meters, where 
0 < a < b. An M-kilogram particle P is placed on the s axis at 
the origin. Find the net gravitational force exerted on P by the 
distributed mass. 


In the study of the transport of oxygen (O») by the blood from 
the lungs to the tissues of the body, it has been found that the 
conversion of hemoglobin to oxyhemoglobin is governed by a 
differential equation of the form (1 + kx")? dy — п! dx = 
0, where x is the partial pressure in newtons per square meter of 
О» dissolved in the plasma and у is the ratio of the amount of 
О» combined with hemoglobin to the maximum amount of Os 
that could combine with the hemoglobin. For normal human 
blood, the constants n and k are given approximately by n = 
2.7 and k = 2.4 х 1071”. (a) Using the initial-value condition 
that y = 0 when x = 0, solve the differential equation for arbi- 
trary positive values of the constants л and k. (b) Sketch a 
graph of y as a function of x for normal human blood, 
0 x x = 1.5 x 10* newtons per square meter. (c) Find the co- 
ordinates of the point of inflection of the graph in part (b). 


A company manufacturing jogging shorts expects a marginal 
revenue of dR/dx — 10 — (x/12,500) dollars per pair manufac- 
tured. Assume that R = 0 when x = 0. The marginal cost is 
dC/dx — 6 dollars per pair manufactured, and C — $400 when 
x = 0. (a) Find the total revenue expected if x pairs of jogging 
shorts are manufactured. (b) Find the total cost of manufactur- 
ing x pairs of jogging shorts. (c) How many pairs should be 
manufactured to maximize the total revenue? (d) How many 
pairs should be manufactured to maximize the profit? (e) How 
much does the company charge per pair when the profit is max- 
imized? 


[c] 
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104 The expected revenue for the sale of x sweaters is given by 

/ X \ 

= Э 

R= x27 сл ) 

while the marginal cost is given by dC/dx = 700/Vx dollars 

per sweater. When x = 0, then C = $500. (a) Find the cost as a 

function of x. (b) Show that the maximum profit is achieved by 

selling 10,000 sweaters. (c) What would be the price per 
sweater if 10,000 sweaters were sold? 


dollars 


In Problems 105 to 108, solve the differential equation with the 
indicated initial-value conditions. 


dy dy 

105 — + 25y = 0; у= 0 and —~ = 5 whens = 0 
аг а 
P, a 

106 5 + 7y = 0; y = 0 and = V7 when x =0 


ds dx 
107 y" + 36у = 0; y = 2V3 and y’ = 12 when x = 0 
108 D7s + 9s = 0; = 9 and Ds = 11 when t= 0 


109 A car with faulty shock absorbers is approximately a mass- 
spring system, and so it vibrates more or less in a simple har- 
monic manner. Suppose that the equation for the displacement 
y meters of the body of such a car is (d^y/dP) + 100y = 0, 
where y = 0.02 meter and dy/dr = 0.24 meter per second 
when г = 0 seconds. Find (a) a formula for the displacement y 
meters of the car body at time г seconds, (b) the frequency of 
the vibration, and (c) the period of the vibration. 


110 A mass of 0.5 kilogram is attached to a spring with constant 
k = 4.5 newtons per meter. A vertical y axis is set up so that 
when the mass and spring are hanging in equilibrium, the у 
coordinate of the mass is zero. The mass is lifted to the position 
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with coordinate y = 0.2 meter and is released at time г = 0 
with initial velocity dy/dt = 0. Find (a) the equation of motion 
of the mass-spring system and (b) its frequency. 


In Problems 111 to 120, sketch the region and use the method of 
slicing to find its area. 


111 The region in the first quadrant of the xy plane bounded above 
by the parabola у = x^ + 1, below by the x axis, on the left by 
the у axis, and on the right by the line x = 3. Use the x axis as 
the reference axis. 


112 The region in the IR Leur of the xy plane bounded above 
by the graph of у = V x and to the right by the line x = 4. Use 
the x axis as the reference axis. 


113 The region bounded above by y = 1, on the left by y = x°, and 
on the right by v — x. Use the y axis as the reference axis. 


114 The region under the graph of y = 1 — |r| between x = —1 and 
x = 1. Use the y axis as the reference axis. 


115 The region bounded above by y — 4x — x^ and below by the x 
axis. 


116 The region bounded below by one branch of y = esc? x and 
above by y = 2. 


117 The region between the x axis and one complete cycle of 
y = sim x. 


118 The region between y = xf and y = x. 


119 The region in the second quadrant under the graph of 
у= Vx + l. Use the x axis as the reference axis. 


120 Same region as in Problem 119, but use the y axis as the refer- 
ence axis. 


5.1 


THE DEFINITE INTEGRAL 


In Chapter 4, we introduced the antiderivative, or indefinite integral, and indicated 
how it could be used to help solve differential equations. In particular, we showed 
how to use the indefinite integral to calculate areas by the method of slicing. There 
our study of area was preliminary and exploratory because it was based on the 
intuitive idea that a differential can be considered to be an infinitesimal. 

In the present chapter, we introduce, by means of a formal definition, the impor- 
tant idea of a definite integral, and we show how to use the definite integral to 
calculate area. A profound connection between definite and indefinite integrals— 
the fundamental theorem of calculus—is proved in Section 5.4. Finally, in Sec- 
tion 5.6, we indicate how the definite integral and the fundamental theorem of 
calculus can be used to provide a more formal justification for the method of slicing. 


The Sigma Notation for Sums 


The formal definition of the definite integral involves the sum of many terms and 
thus calls for some special notation. In mathematical symbolism, the capital Greek 
letter sigma, which is written 


and corresponds to the letter S, stands for the words 
“the sum of all terms of the form...” 


For instance, rather than writing | + 2 +3 + 4 an 5 + 6, we can write > k, and 
1? + 22 + 32 + 42 + 5? + 62 can be written as 2, K^, provided that we make the 
convention that & is to run through all integer values from 1 to 6. If we wish to 
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include the range of values of k as part of the sigma notation, we write, for instance, 


#=6 6 
A ew 2; 
)-k-6 k=l k=1 


Thus, Ж k? means “the sum of all terms of the form k* as k runs through the 
integers from 1 to 6." 


In Examples 1 to 3, write out the given sum explicitly and then find its numerical 
value. 


2 

EXAMPLE 1 S, k 

SOLUTION > К? = 12+ 22 + 32 + 42 + 52 + 62 + 72 
=1+4+9 + 16 + 25 + 36 + 49 = 140 


EXAMPLE 2 b 2* 


1 
us 
ES 
"s 
+ 
a 
vi 
st 

Ш 
N 
c 
4 
Д. 
>. 
+ 
= 

ll 
© 


4 
SOLUTION У, 2 


EXAMPLE З У, (3* — 3*7!) 


SOLUTION 


Ў, (3*—3*-1) = (37 - 30) + (32— 3!) + (3° - 39 4-°- 


kel 
+(3"-! = 35-2) + (3” es get 


If we rewrite this sum in the form 
E» (3* s 3k-1) — -30 + (3! = 3!) + (32 =e 37) Ф064 (3^7! 2 k tai + 3" 
k=1 

then the terms within the parentheses cancel, and we have 


ә. (35 — 34-1) = —39 + 37 = 3^— | 


kel 


In Examples 1 to 3 above, the variable k, which runs from 1 to 7 in У; k?, from 
lto4in rie 2^. and from 1 to n in Sf, (34 — 3^ !), is called the summation 
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index. There is no particular reason to use К for the summation index—any letter of 
the alphabet will do. For instance, 


Note that if fis a function and if the integers from 1 to л belong to the domain of 
f. then 


> ДЕ) = Д1) + 02) f) + fin 


k=! 


For instance, if f is a constant function, say f(x) = C for all values of х, then 


Б = fl) + (Qe EG) EEUU S Ge dis G+ с=т 
k=l WA a 
n terms 


The fact expressed by this equation is often written simply as 


Thus, 


7 
У 5 =(7)(5) = 35 (supone > i700 
k=l 


and so forth. 

The sigma notation is especially handy for indicating the sum of the terms of a 
sequence of numbers. A sequence of numbers consisting of a first number a}. a 
second number аз, a third number аз. and so on, is written as aj, йз. ОЗ 
Thus, the Ath term in this sequence is а„, and the sum of, say, the first six terms сап 
be written 

6 
D y = a, 45 аз + а t às + а 
k=] 


Similarly, the sum of the second, third, and fourth terms of the sequence can be 
written 


4 
5; ak = а5 + a3 + ах 
ae 


ә 


Sometimes, in dealing with sequences, it is convenient to start with а zeroth term 
ао. For such a sequence, the sum of the terms az, with k running from 0 to л, can 
be expressed as 


n 
> ak ay ша а» a EA 
k=0 


Some basic properties of summation, which are easy to establish either by inspec- 
tion or by using the principle of mathematical induction, are as follows: 
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Basic Properties of Summation 


Let do. ау, d2, . . . . à, and bo, by, ba.. . . . b, denote sequences of numbers, 
and let A, B. and C be constant numbers. Then: 


1 Constant property MULA 
k=1 


n 


n 
E LM 
2 Homogeneous property D Ca, = C » a 


k=1 k=) 

n n 

и з) ~ 

3 Additive property 2, (ay + bj) = 2, а + 2 
k=1 k=1 


n n n 
4 Linear property > (Aa, + Bb.) = А D dy + B D b, 
A= =i k=1 


9 


9 9 
EXAMPLE 4 Given that >, a, = 121 and У b, = 77, find У, (3a, — 2b). 


k=1 k=] k=) 


SOLUTION By Property 4, 


9 9 9 9 
Y Ga; — 2h) = X. Da + (-2)b,)=3 У a, + (22) >, % 


k=) k=1 k=1 


= 3(121) — 2(77) = 209 


>» 


Special Sums 


н MR NI a(n + 1) 
(i) Sum of successive integers. 2, k = —— — 


k=1 5 


nin + In + 1) 
6 


n 
m ; А 2 
(ti) Sum of successive squares D k- = 
к=} 
3 > 
n(n + IY 
4 


n 
"T 2 3 
(iti) Sum of successive cubes 23 к = 
k-1 


a 1 = Can 
(iv) Sum of successive powers > c= = Sen if C #0, 1 
k=0 d 


Although formulas (i) to (iv) can be derived in various ways. perhaps the quickest 
way to verify them is by using the principle of mathematical induction.* Here we 
prove (i) by mathematical induction. We leave the proofs of (ii). (iii). and (iv) as 
exercises (Problems 24, 26, and 28). If n = 1, the formula in (i) becomes 


_ 1+) 


а ә 


ГА 


*For a review of the principle of mathematical induction, sec Appendix С. 
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which is obviously true. Now, we assume that (i) holds for a particular value of n, 
and try to show that it holds for the next value, л + 1. Thus, we assume that 
` n(n + 1) 
күзле с 
k=] ү 
Adding п + | to both sides of the last equation we find that 
Є n(n + 1) 
У k+(n+ ye ub 
kel ES 


"+1 
А - n(n + 1) 2in + 1) n(n + 1) + 2(n + 1) 
that is, >; Касае p MI 


ise] - = = 


Therefore, we have NS LL 7 Dii t+ D * 1] 


2 


and our proof by induction of formula (i) is complete. Е 


In Examples 5 to 9, use the basic properties of summation and Theorem 1 to 
evaluate each sum, 


20 
EXAMPLE 5 У) (2k? — 3k + 1) 
k=1 


20 20 20 20 
SOLUTION У (2k2—3k +1) = У 22+ X (-3k) + 5.3 (Ргорегіу 3) 
k=l k=l k=] k=1 
20 20 
= 2> 2-3 У) k 20 (Properties 2 and 1) 
k=1 k-1 
(20)(21)(41) (20)(21) 
= 2 ———-34-—— + 
6 2 m 
= 5130 [Theorem 1 (ii) and ()] 8 
EXAMPLE 6 У Sk + 1) 
k=1 
SOLUTION У R(SkK+ I= > (56° +2) = 5 У к + DL 
k=l k=] k=1 kel 


n(n + 1)(2л + 1) 
6 
S$n(n* 1) 21+ ‘| 
2 в -—_ 
4 6 
I5n(n + 1) + 2(2n + 1) 

12 


— n(n + (15n? + 19n + 2) 
m 12 2 


Жк ~ 
= пп + 1° + 
ane ) 
=nin+ 1)| 


=n(n + 1) 
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| 1 1 
ЕХАМРЬЕ 7 1 aW RUE ee 
SOLUTION 
l 1 | l ar] АЕ 
1+—+—+—+ = у = 
2 4 8 эп 3h 5 
k=0 &-0 5 
1-()""! 
E 1 ^ = 2a T [Theorem | (iv)] M 


EXAMPLE § The sum of the first 100 odd positive integers 


SOLUTION As А runs through the integers trom 1 to 100, 2k — 1 runs through 
the first 100 odd positive integers. Thus, 


100 100 100 

us = 100(101 

У er- =A 4 => | = 2| 199099] _ 100 = 10,000 a 
ESI "mg A—I Е 


п 
EXAMPLE 9 > С* C=, | 
= 


SOLUTION Formula (iv) in Theorem 1 cannot be used directly here because k 
starts with the value 1 rather than 0. However, by "splitting off the zeroth term" ' in 
part (iv) of Theorem 1, we see that 


u ы = са 
С D С* = D GS 
КІ &=0 [= 
Therefore, 
Soad eee) E 1. 
< | =e | =E | = & [= 
" ПСС) m ш i 
= VETA jc 


The Area Under a Parabola 


In Example 1, page 291, we used the method of slicing to calculate the area A under 

the parabola у = x? between x = 0 and x = 1, and we found that A = 5 square unit. 

However, we never really proved that the method of slicing works. At best, our 

argument was merely plausible since it was based on Leibniz's idea that a differen- 

tial can be thought of as an infinitesimal. Now, using the sigma notation, we can 

give а more conclusive argument that the area in question really is з square unit. 
In Figure la, the interval [0, I] is subdivided into л subintervals 


[LESE аа Е 
Pia dmg mim mm gud ^ nag 


of equal length t/n. Above each subinterval we have formed a corresponding cir- 
cumscribed reetangle. Evidently, the height of the kth circumseribed rectangle is 


Figure 1 


y 


50 
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(k/n)*, and its area is (1/n)(k/n)*. An estimate of the area A 
can now be obtained by adding the areas of the n circum- 
scribed rectangles: 


EG 


Now n is a fixed number (a constant) in the summation, so 
we can use Property 2, page 302, to write 


но РЕА е ЈА у 


nsus n 6 
О 2 EE] 
6n? 6n? 
Or 
pe E 
3 2n бл? 


Moreover, since the approximating rectangles are circum- 
scribed, 


ar 2 
3 2n 6n“ 


In Figure 1b, we again subdivided the interval [0, 1] into n 
subintervals of equal length, but we formed the inscribed 
rather than the circumscribed rectangles. Evidently, the 
height of the Ath inscribed rectangle is [(k — 1)/n]*, and its 
area is (1/n)[(k — 1)/n]*. Again, we obtain an estimate of the 
area A by adding the areas of the л inscribed rectangles: 


= 
| 
— 
ЕХЕ 
th 
Ш 
M= 
ae ы 
ЯЗ 
2 “~ 
2 
| 
= 
м 
t2 
| 
| 
Se 
w 
Ms 
vitm. 
=- 
N 
| 
о 
= 
+ 
_ 
cs 


1 E + 1)2л +11) 2n(n + 1) | 
= CUP -— — шо чш ш шь п 
п 6 2 
L 2n? — Зп + ] 
6n? 
2n? — 3n +1 Қ 1 


1 
6n? 3 2n 6n? 
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Moreover, since the approximating rectangles are inscribed, 


+—><A 


1 1 
3 2n 6n? 


The above considerations show that for every positive integer n, 


As n becomes larger and larger, both 


1 1 1 1 1 1 
——-——+—— =А=—+-—— + — 
3 2n 6n- 3 2n 6n* 
1 1 4 l " 1 N 1 
a - air ue e к 
2n Оли 3 2n бп? 


approach j as a limit. Since the constant number А is "trapped" between two 
quantities, both of which can be made to come as close to $ as we please, it follows 
from the squeezing property for limits* (page 63) that A =}. 


* Actually, the squeezing property applies to limits as a continuous variable x approaches a 
real number a—and here we have limits as the integer-valued variable п becomes larger and 
larger without bound. However, the basic principle is the same. 


Problem Set 5.1 


In Problems 1 to 8, write out each sum explicitly and then find its 
numerical value. 


6 S 

E^ ox > >л? 
k=l k=] 
A _ 

3 sin — 4 У < 
= 1 J jaj = 
$ 5 

5x 6 3 
ài КК-1) il 
3 3 

> = в к= 
Kai Шш em wae 


In Problems 9 and 10, assume that У), а, = 23, У , by = 99, 
and Mi^, c, = —14. Find the numerical value of the indicated 
sum. 


19 


9 2 (5а, ar 3b,) 
k=l 


19 
10 > (2а, — 3b, + 4c, — 5) 
koh 


In Problems 11 to 20, use the basic properties of summation and 
Theorem 1 to evaluate the sum. 


50 


30 
II Grea Еа 
E! 


к=1 
100 100 

13 Ws 19 > 5t*: —55) 
k=1 1-0 
У SÍ! 1 

15 Kk tal) 16 2, = ) 
B= ENA КАШ 
п] п 

17 У p 18 У, (ay — ag—1) 
k=l A=] 
У S 1 

19 У, -1r 20 2, —— 
k=l 1 10’ 


21 Using the method of circumscribed and inscribed rectangles, 


find the area under the parabola y = x? between x = 1 and 
х= 2. 


22 Using the method of circumscribed and inscribed rectangles, 
find the area under the graph of у = x^ between x = 0 and 
х= 1. 


t2 
„ч 


24 


Give an alternative proof of part (i) of Theorem | by completing 
the following argument: Let e A = S. Then 


Se ie ЗЕЕ Т у, 
Writing the same sum in the opposite order, we have 
YS д че (= [yar ote 3p e 


Adding the last two equations and combining corresponding 
terms, we obtain 


28 =(n +1) + (n+ 1) 4+¢°-4+ (л +1) 


from which the desired formula follows. 


Use the principle of mathematical induction to prove part (ii) of 
Theorem 1. 


Prove the telescoping series property: 
n 
E (by E by-i) zx b, че bo 
k=1 


(Hint: Notice that part of each term cancels with part of the next 
term.) 


26 


29 


30 


31 
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Use the principle of mathematical induction to prove part (iii) of 
Theorem 1. 


Use the result in Problem 25 to show that the sum of the first n 
odd positive integers is п”. [Hint: Let b, = K?.] 


Use the principle of mathematical induction to prove part (iv) of 
Theorem 1. 


Use the result in Problem 27 to give an alternative proof of 
part (1) of Theorem 1. 


Use the triangle inequality (Theorem 1, page 7) and the prin- 
ciple of mathematical induction to prove the generalized triangle 
inequality: 


n 


> ак 


k=1 


a 


= > lai] 


&-1 


Give an alternative proof of part (iv) of Theorem 1 by complet- 
ing the following argument: Let C # 0, 1 and put AN ED С* = S. 
Then SC = Xto C**!, so $ — SC = C? — С"*!, and the de- 
sired formula follows from the last equation. 


5.2 The Definite Integral 


Figure 1 The method of circumscribed and inscribed rectangles, used in Section 5.1 to find 
the area under the parabola y = x? between x = 0 and x = 1, is easily generalized. 
Indeed, suppose that f is a continuous function such that f(x) = О fora = x = b, and 
we wish to find the area A under the graph of f between x = a and x = b (Figure 1). 


By a partition of the interval [a, b]. we mean a sequence of n subintervals 


y 


[Boo n Mo. (es Balle [tos Balls oe se [ХЕ | 


where xo = a and x, = b (Figure 2). The subinterval [x,—;, x,] is called the Ath 
subinterval in the partition, and its length is denoted by 


Thus, the length of the first subinterval is Ax, = x, — xo, the length of the second 
subinterval is Ах» = x» — ху, and so on. There is no requirement that all subinter- 


vals in the partition have the same length. Denote the partition 
[е Sile [е Bealls [eka Hells o о s o no Sl: 


by the symbol 9. 


Figure 2 AVIA S: Ах 
SSS = К 
Г E 12 xm Xy d 
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Ву the norm of the partition Ф, in symbols 


||| 


we mean the largest of the numbers Ах, Ах», Ахз, . . . , Ax, representing the 
lengths of the n subintervals in P. Note that two or more of the numbers Ax,, Ax», 
Ахз, ... , Ax, may have the same largest value |||. In particular, if all the 
subintervals in the partition Ф happen to have the same length, then 
b—a 
Ax, = Ах = Ах) = +. = Ax, = 
n 
= (7 
so that llel = 


in this special case. 

We now choose a number from each subinterval in the partition P. Let c, denote 
the number chosen from the first subinterval [xo, xı], let с> denote the number 
chosen from the second subinterval [x,, х], and so forth. Thus, c, denotes the 
number chosen from the Ath subinterval (Figure 3). The partition P, together with 
the chosen numbers cj, C2, . . . , Cn, is called an augmented partition and is 
denoted by #*. 

On each subinterval of the partition Ф, we now construct a rectangle as in Fig- 
ure 4. Notice that the Ath rectangle has the kth subinterval [ху , x;] of length Ax, as 
its base and extends to the point (cz, /(сх)) on the graph of f. Since the height of the 
kth rectangle is f(c), its area AA, is given by 


Figure 4 AA, = (с) Axy 
(ск. f (cy) ; (ЛС) 


(со. /(с›)) ЖА 


The sum 


n 


23 AA, = > flex) Ax, 
k=] k= 1 


of the areas AA, of the rectangles determined by the augmented partition P* is 
called the Riemann sum corresponding to P* for the function f. This terminology is 
used in honor of the German mathematician Bernhard Riemann (1826—1866), who 
did some of the early definitive work on the problem of giving a precise mathemati- 
cal formalization of the integral of Newton and Leibniz. 
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Evidently, the Riemann sum provides an approximation for the area A under the 
graph of f between x = a and x = b. that is, 


ARES AA, — АХ flex) Ax, 
k=1 Ref 


If an exceedingly large number of very skinny rectangles are involved in the Rie- 
mann sum, this approximation will be quite accurate. 


EXAMPLE 1 Find the Riemann sum for the function f(x) = 1 + x? on the interval 
[—1, 2]. using the augmented partition * consisting of the six subintervals 


[-35.—2]; [73:0]. 10, 21, I5. 1). [ie £T Da] 


p= сз = Cz = 1 с5 = $ сь = 2 


tole 
су 
J 
| 


with — c = — 


Sketch a graph showing the six rectangles corresponding to this Riemann sum. 


SOLUTION For the given partition, each of the six subintervals has length 2 unit, 


Bernhard Riemann а 
that is, 
Au = Ах» = Ax = Ax, = Axs = Axe p E 
Also, 
Кс) =1+ (3) = fles) =1+ 1 = 2 
fle) =1+0=1 Жс) = 1+ @? = F 
Д GY IE = у= uw 9 
Therefore, the required Riemann sum 15 given by 
6 
2, fico Ах, 
k=1 
= fear + fc) xs + (сз) Ax, + (ад) Pas + files) Ars + f(eg) Axe 
= ($8) + (D + (8)(5) + (2) + GE) + (A 
Figure 5 = 000 


LR 


ftia Figure 5 shows the six rectangles whose areas are the terms in the Riemann sum. W 


As you can see from Figure 5, the Riemann sum 


6 
Pj fe Ax, = bis 
k=1 


provides an approximation to the area under the graph of f(x) = 1 + x? between 
x = —] and x = 2. For a better approximation, we could take an augmented parti- 
tion with a smaller norm (and hence with more rectangles). 

In general, if f is a continuous function and f(x) = 0 for a = x = b, the approxi- 
mation 


A= >, fic) Ax 


k=1 


for the area A under the graph of f between x = a and x = b becomes better and 
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better as the number of rectangles increases and their widths decrease. Since this 
can be accomplished by taking the norm |7 of the partition smaller and smaller, 
we might expect that 


п 


lim > Flex) Ах 


1—0 
ДЕ fiai 


should exist and give the exact area A. 

As the discussion above indicates, the area under the graph of a continuous 
function may be found by evaluating the limit of a Riemann sum. However, nothing 
in the construction of the Riemann sum 


n 


У fi) Ax 


k=1 


corresponding to an augmented partition for a function f requires that the function be 
continuous, that its values be nonnegative, or that there be any particular association 
with area—all that is required is that f(x) be defined for every x in the interval 
[а, b]. As you will see in Chapter 6, there are many quantities other than areas that 
can be obtained as limits of Riemann sums. Thus, we make the following defini- 
tion. 


The Definite (Riemann) Integral 


n 


If the limit 7 ши 4 > Кс) Ax, exists. then the function f is said to be integrable 
KH z A] 


on [a, b} in the sense of Riemann. ЇЇ f is integrable, then the definite (Riemann) 
integral of f on the interval [a. 5] is defined by 


rb n 
J Кх) dx = s > Plex) Ал 


a i k=1 


The limit indicated in Definition 1 is to be understood in the following sense: To 
say that a number L is the limit of the Riemann sum У с) Ax, as the norm 
||?|| approaches zero means that for each positive number e (no matter how small), 
there exists a positive number 6 (depending on є) such that 


25 fie) Ax, — < € 


к=1 
holds for every augmented partition ® with |101 < 6. 


The notation f^ f(x) dx for the definite integral is deliberately chosen to be similar 
to the notation f f(x) dx for the indefinite integral (antiderivative). The advantage of 
this is seen in Section 5.4. Because of the similarity of notation, you must be careful 
not to confuse the definite integral f^ f(x) dx with the indefinite integral f f(x) dx. 
Note that the definite integral is a толрег—а limit of Riemann sums— whereas the 
indefinite integral represents all functions that are antiderivatives of the integrand. 


Figure 6 


X 


[^ 
area= | f(x)dx 
га 


THEOREM 1 


THEOREM 2 
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We call f^ f(x) dx the definite integral from a to b of the function f. The 
interval fa, b] is called the interval of integration, and the numbers a and b are 
known as the lower and the upper limits* of integration. The function f. or the 
expression f(x), is called the integrand, just as it is for the indefinite integral: 


integral upper limit 
iu" "n ud of integration 
ДИ 
| f(x) dx 
a 
lower limit Ve integrand 


of integration 


If the function f is integrable on the closed interval [a. b] in the sense of Riemann. 
we simply say that f is integrable on |a, b] or that Ја Дх) dx exists. If f^ f(x) dx 
exists, it can be shown that it is a uniquely determined real number (Problem 38). 


Existence of the Definite Integral 


Virtually every function encountered in practical scientific work is integrable on any 
closed interval contained in its domain. This includes not only all continuous func- 
tions and all monotone (increasing or decreasing) functions, but also all functions 
that are bounded and ‘‘piecewise continuous" ог “piecewise monotone" as well. 
The proofs of the integrability of such functions can be found in more advanced 
textbooks on analysis; here, we content ourselves with precise statements of some 
of the existence theorems for definite integrals. 


Existence of the Definite Integral of a Continuous Function 


If f is a continuous function on the closed interval la. b], then f is integrable on 


[а, 5]. 


For instance, a polynomial function is integrable on any closed interval since 
polynomial functions are continuous. 

The function whose graph is shown in Figure 6 is not continuous, but it is piece- 
wise continuous on the interval [a, b] in the sense that [a, b] can be partitioned into 
a finite number of subintervals such that f is continuous on each subinterval. The 
function f is also bounded on the interval [a. b] in the sense that there are fixed 
numbers A and B such that A = f(x) = B holds for all values of x in [а, b]. The 
integrability of any such function is ensured by the following theorem. 


Existence of the Definite Integral of a Piecewise Continuous, 
Bounded Function 


If f is a bounded and piecewise continuous function on the closed interval [a. Б]. 


then f is integrable on [a, b]. 


*This use of the word ‘‘limit’’ must not be confused with the limit of a function or with the 
limit of Riemann sums in Definition 1. 
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The function defined by 
] 
| — for x >0 
До) =+ x 
1 for x =0 


is piecewise continuous but not bounded on the interval [—1, 1] (Figure 7). A 
glance at Figure 7 suggests that great care should be taken in talking about the 
**area'' of the region under the graph of an unbounded function. Theorem 3 gives 
further evidence for the necessity of such care. 


Boundedness of Integrable Fuuctions 


For instance, the function f whose graph appears in Figure 7 is not integrable on 
{—1, 1]. since it is unbounded on this interval. 

The following theorem can be useful in deciding whether certain functions are 
integrable. 


Change of a Function at Finitely Many Points 


If f is defined and integrable on [a, Б] and if h is also defined on [a, b] and 
satislies A(x) = f(x) for all but a finite number of values of x in [a, 5], then Л is 
also integrable on [a, 2] and 


b b 
| рх) dx = | f(x) dx 


a a 


Calculation of Definite Integrals by Direct Use 
of the Definition 


The definite integral f? f(x) dx of any integrable function f can be calculated by 
selecting any sequence of augmented partitions 


ж ж * * 

Py ^ Pa A P3 » ао SP ооо 

such that іт ||| = 0, calculating the Riemann sums corresponding to each 
n—+r 


augmented partition, and finding the limit as n — +% of the resulting sequence of 
Riemann sums. In doing this, it is often convenient 10 consider only partitions of 
la, b] consisting of n subintervals of the same length 


b-a 


n 


Furthermore, in augmenting these partitions, it is often helpful to select the numbers 
Cis Єз, €3, . . . 5 C4 at the left endpoints (or at the right endpoints) of the subin- 
tervals. 


In Examples 2 and 3, evaluate the definite integral directly by calculating a limit of 
Riemann sums. Use partitions consisting of subintervals of equal lengths, and aug- 
ment the partitions by using the left or right endpoints of the subintervals as indi- 
cated. If possible, interpret the result as an area. 
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EXAMPLE 2 | х^ dx — (left endpoints) 
0 


SOLUTION Let ,, denote the partition of the interval [0, 2] into л subintervals of 
equal lengths 


2—0 2 
Ax = = — 
n n 
Figure 8 (Figure 8). Thus, the augmented partition ? consists of the п subintervals 
Ах Ах Ах Ах [EO aca SOs. К ам ЗАЗ (2 Sa, 2] 
= SSS ні. eons IMS 
1 1 1 j 1 D = = e =) ~ ч 
FER are рург poU a A with сү = 0, со = Ay, з = 20x, ...,c, = 2 — Ах 
Evidentiyaork = M2. 3, n, we have 
2 (к= |) 
Gp Es = I) Are = == 
n n 
Consequently. the Riemann sum corresponding to РЁ for the function f(x) = x? is 
given by 
n n n 2(k — 1) 39 n 16 
2 fico Аъ = 2, (GP Av = ХУ E == У — UL A 
k=l k=1 к=1 n LEE ka” 
Using the properties of summation in Section 5.1, we have 
n n 16 ў 16 n 
У дсй Ач = У k- = 2, k-i 
k=1 kei P" е 
IG. о, К 
= — У K – 3k? + 3k- 1) 
U pa 
1 n n x п п 
= =| Pegs as D 1) 
п ‘k=l k=) k-1 Seg * 
16 | n?(n 1192 n(n + l)2n + 1 акы 
EU [Dm = QU ae 8 + Ашы кш n| 
n 4 6 2 
s ее a r 
nt 4 n wr 
Figure 9 Therefore. 


2 n 2 1 \ 
| ede= dim > fic) Ay = lim des )=4 
0 Nore pot п- +2 


2 
n un 


Since x? = 0 for 0 = x = 2, we may interpret the result 


as stating that the area under the graph of f(x) — x? between x = 0 and x = 2 is 
4 square units. Because f(x) = x? is an increasing function on the interval 
[0, 2]. inscribed rectangles are obtained by forming augmented partitions 47 for 
which cy, €. Сз, . . . . c, are the left endpoints of the subintervals; for instance, 
Figure 9 shows the case where n — 4. 
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Figure 10 


1 
EXAMPLE 3 | X dx (right endpoints) 


Ax Ax Ax Ax =H 
Lo S = Ee S N ety, а Eos. - Р. 
a ie Sa mei. se Se бы Ж-А. SOLUTION Let Ф, denote the partition of the interval 
-2 -2t Av Ea 27x -J*3AY “89 EA 1 


| -2, 1] into n subintervals of equal lengths 


1-(-2 3 


n n 


(Figure 10). Thus, the augmented partition 47 consists of the л subintervals 


[2 =2 (2 ae A, ce 24-2 Sod, [227 28 2) у —29 PS A. 
ss AU EARN 


CN Е (On Sa De oS Se ices) A EM c, ] 


with 


Evidently, 
3 
=) t 1 = 2 + (2) 
п 


ба = 


Consequently, the Riemann sum corresponding to £7 for the function f(x) = x is 


given by 
п п п 3k E E n 9k 6 
EN = Dagar D (> = 2)(2) = > > = a 
k=1 k=1 431 g kei n 
io су a 6 
Ето et 
it рие". ж m п 
_ а ъ= = 
n^ 2 p, n 
9 1 
Bed (чеш 
2 п 
Therefore, 
< 9 1 9 3 
| xdx= lim 2 fle.) Ax, = lim E is = = 6| =—- E 
=> п +2 = n—>t= L2 п. 2 


Since the function f(x) = x has negative values on the interval [—2. 1], we cannot 
interpret the integral 
[ 
-2 


Lp = === 
= 


аѕ ап агеа. 


b 
The Definite Integral f f(x) dx for a = b 


In the definition of the definite integral f^ f(x) dv, it was assumed that a < Б, so 
that [a, b] is a closed interval. For certain purposes, it is convenient to be able to 
deal with expressions such as f^ f(x) dx without worrying about whether a < b. 
This is accomplished by the following definition. 


DEFINITION 2 
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b 
The Definite Integral f fx) dx fora = b 


(i) I£ fis any function and a is a number in the domain of f, then we define 


J fix) dx 20 


a 


(ii) If a > b and f is integrable on [b. a], then we define 


b a 
| Дх) ах = 4 f(x) ах 
b 


a 


EXAMPLE 4 Evaluate 


(a) T Boc O [> vs 
=2) 1 


SOLUTION 


(a) By part (i) of Definition 2, | x dx a 0. 


1 
(b) By Example 3 above, | x dx = — 3. Therefore, by part (ii) of Defini- 


tion 2, 


Problem Set 5.2 


[n Problems 1 to 4, find the Riemann sum for each function on the 
prescribed interval, using the indicated augmented partition. Also, 
sketch the graph of the function on the interval, showing the rectan- 
gles corresponding to the Riemann sum. 


1 f(x) = 3x + 1 on [0, 3]. P* consists of (0, 2], È, 1], [1, 2], 
[£, 2], [2, $], and (8, 3] with c = 4, co = 1, сз = 8, са = 2, 


a 2 


cs = $, and сє = 3. 


2 f(x) = 2x? on [0, 3]. 9* consists of [0, 3], (1, 1 
(2. 3], and [2, 3] with c = 4, с = 
and cg = 3}. 

3 f(x) = 1/x on [1, 3]. 9* consists of [1, 3], I$, 2], (2, 2], and 


(2. 3] with сү = $, co = 1, сз = 1, and c4 = H. 


3 
3 an NES M 
fis CAS e (en 


4 f(x) = 1/22 + x) on [- 1, 2]. 9* consists of [-1, —4], [-3, 0]. 
(0, 3], (2, 1], [1. 3], and (2, 2] with e; = —1, о = —2, сз = 0, 
Фа “Ыл = M Er @ =, 


In Problems 5 to 14, evaluate each definite integral directly by cal- 
culating a limit of Riemann sums. Use partitions consisting of sub- 


intervals of equal lengths, and augment the partitions by using the 
left or right endpoints of the subintervals as indicated. 


3 3 
5 | 2x dx (right endpoints) 6 { 2x dx (left endpoints) 
0 0 
7 
7 f (2x — 6) dx (left endpoints) 
4 
3 
8 Í (9 — x2) dx (right endpoints) 
1 
-1 
9 ү (x? — x — 2) dx (right endpoints) 
10 | о aa (right endpoints) 
0 


2 
11 | (x? + 2) dx (left endpoints) 
0 


=й 
12 i (4 — x?) dx (right endpoints) 
=2 
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о 
13 | (1 = 2x7) dx (deft endpoints) 
a 


r2 


14 (a) | (x? = 40 + 2) dx (left endpoints) 
ii 


(b) (х2 — 4x + 2) dx (right endpoints) 
1 


In Problems 15 to 28, indicate whether each definite integral exists 
and give a reason for your answer. 
ii 
l6 | — eh 
о «X 
1 


1000 1 

5 | dx 
1 x 
rt 

v | jal dx 18 | к= 
“= WAS 


0 
19 | x* dx 
1 


100 
20 | П) dx 
1 


э X forOSx< 1 
21 | f(x) dx, where f(x) = 4 x 1 forl=x<2 
$ [= а? forl =r =S 
2 7 for x 4 | 
2 | (x) dx, where f(x =| я 
| f(x) dx, where f(x) 2 Е 


23 | tan х dx 


ajA 

24 | sec x dx 
n a/4 
т 

25 | cos 2x dx 


0 


7/2 
26 | sin |x| dx 
-т/2 


17/2 п 
<5: 
27 | tan x dx 28 | sin“ x dx 
T n 


/2 
In Problems 29 to 34, evaluate the definite integral. 


о 
29 | 2x dx (see Problem 5) 
3 
1 
30 i (9 — x?) dx (see Problem 8) 
3 
31 | (X — x = 2) dx (see Problem 9) 
1 
32 | - (4 — x2) dx (see Problem 12) 
= 
3 
33 Í (xt = 2x3 + x? — x + 5) ах 
3 
34 | tan x dx 


35 Use Definition | to evaluate fj 7 dx as a limit of Riemann sums. 
Interpret the result geometrically. 


736 It can be shown that f} (1/x) dx = 0.693 (correct to three deci- 
mal places). Estimate J} (1/x) dx, using a Riemann sum involv- 
ing 10 circumscribed rectangles with equal bases. 


37 Use Definition 1 to prove that if a < b, then f^ 1 dx = b — a. 


38 Prove that if a definite integral exists, it is unique; that is, prove 
that there cannot be two different numbers L, and L» that satisfy 
the conditions on L given immediately after Definition 1. (Hint: 
Suppose L4 # La and let e = 11 — Lal.) 


5.3 


Basic Properties of the Definite Integral 


The basic properties of the definite integral can be proved deductively from the 
formal definition given in Section 5.2 (Definition 1). For the most part, we do not 
give such proofs; however, we state these properties as theorems and interpret them, 
when possible, in terms of our intuitive idea of area. 


THEOREM 1 
Figure I 


Y 


b 
If K is a constant, then i K dx = K(b — a). 


Integral of a Constant Function 


a 


If а < b and K > 0, then Theorem | can be interpreted geometrically as stating 
that a rectangle with width b — a and height К has an area of K(b — a) square units 
(Figure 1). If b < а, then by Definition 2 in Section 5.2, 


b a 
| K dx= — | K dx 
b 


a 
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and the same geometric interpretation applies to a rectangle of height K units and 
width a — b. Finally, if a = b, the equation 


| К dx = K(a — a) 


just says that О = 0. 
Two special cases of Theorem 1 are of interest: 


b b rb 
| dx = i ldx=b-a and | 0 dx = 0(b – a) = 0 


a a a 


EXAMPLE 1 Find [735 (—7) dx. 


SOLUTION Ву Theorem 1, 


THEOREM 2 Homogeneous Property 


If f is a function, К is a constant, and [5 f(x) dx exists, then f^ Kf(x) dx exists 
and 


› гр 
Kf(x) dx = К | f(x) dx 


"a 


Figure 2 shows the underlying geometric reason for the homogeneous property; 
namely, when f is multiplied by K, the rectangles whose areas are involved in the 
Riemann sum have their heights multiplied by K, and so their areas are multiplied 


by K. 


Figure 2 


y 


(c, KAO) Kf 


area = fic) Av 

area = Кус) Ax. 

(с, fic) 
\ 


Kf(c) 


EXAMPLE 2 Given that /?? f(x) dx = —13, find f}? 52f() dx. 


SOLUTION Ву Theorem 2, 


27, 


2:3 
| 52f(x) dx = 52 f(x) dx = 52(—13) = —676 
! 1 
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Figure 3 THEOREM 3 


" 


area = f(c) AV 


(c. fte) 


area = g(c) Av 


area = [fic) + g(c)] Ax 
(c. fle) + gi) 


/*€ © THEOREM 4 


fic) + gle) 


(c) 


Additive Property 


Let f and g be functions, and suppose that f^ f(x) dx and f? g(x) dx exist. Then 
P Lf) + g(x)] dx exists and 


b b b 
| [fa) + у] dx = | feo dx + | р(х) dx 


а 


The underlying geometric reason for the additive property of the definite inte- 
gral can be seen in Figure 3, which shows corresponding rectangles involved in 
Riemann sums for f, g, and f + g. The area of such a rectangle for f+ g is 
[f(c) + gtc)) Ax = f(c) Ax + g(c) Ax; hence, its area is the sum of the areas of the 
corresponding rectangles for f and for g. 


EXAMPLE 3 Given that f!5; f(x) dx = 2.77 and f} g(x) dx = —1.32, find 
Де 10) + 00) de. 


SOLUTION By Theorem 3, 


13 13 13 
| [ fx) + g60] dx = | f(x) dx + | g(x) dx 
-1 -7 


= 
= 2.77 + (—1.32) = 1.45 [| 


The homogencous and additive properties of the definite integral can be com- 
bined to yield the following property. 


Linear Property 
Let A and B be constants, and suppose that f and g are functions for which 
[7 fx) dx and [^ g(x) dx exist. Then f^ [Af(x) + Ве(х)] dx exists and 


b 


b 
fix) dx +В | etx) dx 


b 
| [АДх) + Be(x)] dx = А 


a a a 


EXAMPLE 4 Given that [3 х? dx = ?1! and f3 x dx = 5, find f3 (10x* + 16x) dx. 


SOLUTION By Theorem 4, 


3 


E E 
i (10x* + 16x) dx = 10 | x? dx + 16 | x dx = 10€25 + 6C) SNE? [| 


By using the principle of mathematical induction, the linear property can be 
extended to more than two functions. Thus, for example, we have 


| (Ax? — 3x? + 7х — 8) dx 
0 


=4 S tiep (tm) fe ах +7 E dx + (—8) | dx 
0 0 о 


0 


-4 Í eda | gans] T dx 
0 (0) 0 0 


Figure 4 


THEOREM 5 


THEOREM 6 


PROOF 
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Additivity with Respect to the Interval of Integration 


| Suppose that the function fis integrable on a closed bounded interval / and that a. 
b, and c are three numbers in /. Then f£ f(x) dx, f^ f(x) dx. and f$ f(x) dx exist 
and 


b 


FD йд | f(x) ах 
a b 


For the special case in which a < b < c and f(x) = 0 fora = x = с. Theorem 5 
has the following geometric interpretation: The area under the graph of y = f(x) 
from x = a to x = c is the sum of the area from x = a to x = b and the area from 
x = b to x = c (Figure 4). From this special case, the result for other orderings of a, 
b, and c can be derived by using Definition 2 of Section 5.2. For instance, suppose 
that a < c < b. Then 


| f(x) dx = 


b с b 
I Дх) dx = | Лх) ах + i Ах) dx 


Solving the last equation for f f(x) dx, we obtain 


c b b b c 
| f(x) dx = | БО abe = | f(x) dx = | fx) dx + | f(x) dx 
a a c a b 


We leave it as an exercise for you to check the remaining cases (Problem 59). 


EXAMPLE 5 Given that [2,f() dx 7 and that f3 Дх) dv = —5, find 
Ix (x) dx. 


SOLUTION Ву Theorem 5, 


3 2 3 
| fix) dx = | f(x) ах + | Дх)ах=7+(—5)=2 
-1 =l 2 


Although we illustrated Theorems 1 through 5 geometrically for only those cases 
in which the definite integrals can be interpreted in terms of area, we must empha- 
size that these theorems hold in all cases. even if no such interpretation is possible. 
In the next section, we present a general method for evaluating definite integrals. 
Meanwhile, the following theorem gives some special integrals to aid in the illustra- 
tion of the basic properties. 


Two Special Integrals 


We prove (1) and leave the proof of (ii) as an exercise (Problem 60). To begin with, 
suppose that a < b. Let P, denote the partition of the interval [a, b] into л subinter- 
vals of equal length 
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Thus, /£ó, consists of the n subintervals 
fa, a + Ax], [a+ Ax, at 2 Ax], .... [a t (n— 1) Ax, b] 
and the kth subinterval is 
[a + (К — 1) Ax, а + k Ax] 


fork =1, 2, 3, ... . n. To obtain an augmented partition ?%, we choose the 


CEs Сә, 0 ve у Cn 
to be the right-hand endpoints of the corresponding subintervals, so that 

c =a +t k Ax 
fork = 1,2, 3... ., n. Thus, the Riemann sum for f(x) = x corresponding to 4/7 
is 


Y с, Ах = У, (а + К Ax) Ах 


k-1 k-1 


2. fici) Ax, 
k=] 


H 
M= 
тис. 
a 
+ 
= 
> 
=з || 
= 
м 
~ 
> 
| 
= 
025 - 


| 
Ms 
po 
E 
> 
| 
a 
+ 
>> 
P елы 
> 
| 
a 
— 
сз 


| 
м 
E 
> 
5 
ES 
M= 
> 
2070 
> 
a 
A 


| 
З 
= 
& 
м 
+ 
—— 
~ 
ЕЗ 
S 
Me 
~ 


a(b — a) Bessa n(n + 1) 

eT | eee 
n n 

ntl 

2n 


alb — a) + (b — ay 


Ыр 1 
b- | + (р – (2«43] 
( a)jja + ( a) эл 


Therefore, 


h n 
| xdxz tim > fíci) Ax, = „lim, (b — aa +(b- als + +)| 


= (b — аа + (b — ax3] = Mb — аЬ + a) = b? — а?) 


This proves (i) for a — b. If a — b, then (i) is obviously true since both sides of the 
equation are zero, Finally, suppose b < a. From what has already been proved, we 
have 


Í x dx = ka? — b?) 


b 
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and it follows from Definition 2 in Section 5.2 that 


b a 
| Pek = -| x dx = —}(a? — b?) = 1b? — а?) 


a b 


In Examples 6 to 8, use the basic properties of definite integrals to evaluate each 
expression. 


3 
EXAMPLE 6 | (x — 1)? dx 
SOLUTION Ву the linear property (Theorem 4), we have 
3 3 3 3 3 
| (pg = | (х2 — 2x + Dar= | 2-2 | raa | dx 
Therefore, by Theorem 6 and Theorem 1, 


3 
| tp? acci -25- 340 - 5] «8-223 


2 
EXAMPLE 7 | || dx 

-3 
SOLUTION For —3 = x = 0 we have |x| = —x, whereas for 0 < x = 2 we have 


|x| = x. This suggests that we use Theorem 5 to break the interval of integration 
{—3, 2] into the two intervals [—3, 0] and [0, 2]. Thus, we have 


2 0 2 0 2 
| |x| dx | |x| dx + | |x| dx = i (=e) det | x dx 
=3 5 0 -3 o 


0 2 
x dx + | x dx = —{3[0? — (-3)2]} + 122 – 03) 
0 


=3+2= % 
а x?- 1 for x <0 

EXAMPLE 8 | f(x) dx, where f(x) 24 x — 1 forO=x<1 (Figure 5) 
Б 3 for x = 1 


SOLUTION 


4 0 1 4 
| fix) dx = | F(x) dx + | f(x) dx + | Хо) dx 
=® =2 o 1 


Figure 5 


0 1 4 
-Í 2-)&+| а-па 3 dx 
=F} 0 1 


0 0 1 1 4 
-Í 2a- | ЕГ aca | dx 
2 = 0 0 1 


See» = [@ = иЕе 
8 
3 


Note, in the above calculation, that we have 


1 1 
| f(x) dx = | (x — D dx 
o 0 
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THEOREM 7 


in spite of the fact that 


f#1-1 
(Figure 5). This is justified by Theorem 4 of Section 5.2, since 
Јо) = х— 1 


for all values of x in 10, 1] except x = 1. 


Nonnegative Property 


If f is an integrable function on the interval [a, b] and if f(x) = 0 for all values of 


b 
x in [a, 5], then | food ах = 0. 


Theorem 7 is geometrically evident since if f(x) = 0 for a = x = b, then 


b 
Í fa) dx 


is supposed to represent the area under the graph of y = f(x) between x = a and 
x = b (Figure 6). 


EXAMPLE 9 Show that / x? dvs fà x dx. 
SOLUTION For 0=x=1, x? = х holds; hence, x — х? = 0. By Theorem 7, 


1 
f (х= х) dx z 0 
0 


that is, 


From the last inequality, 


that is, х 
| хэ ах = | x dx 
0 0 


The argument given in the last example is quite general. Indeed, suppose that f 
and g are integrable functions on the interval (а, b] such that f(x) = g(x). Then, 
g(x) — fix) = 0, so that by Theorem 7 


b 
| Lew) — feo] dx = 0 
that is, 


b b b b 
fewa- | wazo or [ras | g(x) dx 


THEOREM 8 


THEOREM 9 


THEOREM 10 


PROOF 
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Therefore, we have the following theorem. 


Comparison 


If f and g are integrable functions on the interval [a, Р] and if F(x) = g(x) holds 


for all values of x in [a, b], then [ /(х) dx a g(x) dx. 


a 


Theorem 8 provides the basis for the following theorem. 


Absolute-Value Property 


If f is integrable on the interval [a, b], then so is [f| and 


b 


b 
Дх) ах| = | | f(x)| dx 


A rigorous proof of Theorem 9 would require an argument to show that |f} is 
integrable, but this is beyond the scope of this book. However, assuming that f and 
|/| are integrable functions on the interval [a, b], we can derive the inequality in 
Theorem 9 as follows: Applying Theorem 8 to the inequality 


=I] = fe) s | feo 


we obtain 
b 
f- — |F| dx sj f(x) dx =] |/(х)| ах 
that is, 


b b b 
= | Мо) dxs | Дх) dx= | | f(x)| dx 


It follows from Rule (iii) on page 7 that 


b b 
| Јо) dx| = | [Fæ] dx 


The following property of the definite integral plays an important role in our 
forthcoming proof of the fundamental theorem of calculus. 


Mean-Value Theorem for Integrals 


Suppose that f is a continuous function on the interval [a, b]. Then there exists a 
number с in [a, b] such that 


b 


KOO aye | fŒ) dx 


a 


By Theorem 1, page 167, the continuous function f on the closed interval [а, b] 
takes on a maximum value, say, B, and a minimum value, say, A. Thus, 
A = f(x) = B holds for all values of x in [a, b). By Theorem 8, then; 

b 


b b 
| Alda fix) к= | В ах 


а 
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By Theorem 1, 


b b 
A dx — A(b — a) and | B dx = B(b — a) 


b 
Hence, A(b— а) = Í fx) dx = B(b — a) 


But b — a > 0, so the latter inequality can be rewritten as 


b 
fo) dx = В 


А = 
раа. 
Now the intermediate-value theorem for continuous functions (Theorem 1, 
page 150) implies that f takes on every value between any two of its values. Thus, 
since A and B are two such values of f and since [1/(b — а)] f^ f(x) dx lies between 
these two values, there must exist a number c in (a, b] such that 


l b 
fic) -—— | fo dx 
bap d). 


b 
that 1s, Ко) (р-а) = | f(x) dx 


If f(x) = 0 for a S x € b, the condition f(c)(b — а) = / feo dx (Figure 7) 
means that the area under the curve v = f(x) between x = a and x = b 15 the same as 
the area of a rectangle whose base is the interval [a, b] and whose height is f(c). 


Figure 7 


O ас b 
area under curve = area of rectangle 


Thus, if the curve у = f(x) were ‘‘flattened оц” between x = a and x = b so as to 
have constant height f(c), then the area under the curve would stay the same. In this 


sense, the number 
b 


1 
re ly зун 
ib =a df 
represents an *'average value," or a **mean value," of the function f between x = a 
and x = b. We make this idea official with the following definition. 


DEFINITION t Mean Value of a Function on an Interval 


Let f be an integrable function on the interval [a, b]. Then the mean value of f 
on fa, b] is given by 


b 


x) d. 
раа. Д 
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The mean-value theorem for integrals just says that a continuous function f on an 
interval {a, b] takes on its own mean value at some munber c on this interval. 


EXAMPLE 10 Find the mean value of the function f(x) = x? on the interval [1, 4], 
and find a value of c on this interval such that f(c) gives this mean value. 


SOLUTION The desired mean value is given by 


] RM. Lif n 
| ойе = I[Le = i = 7 
ái j| T 3 3 


We need to find a value of c with 1 = c = 4 such that f(c) = c? = 7. Evidently, 
(c Vi. 


In a definite integral 
b 
| Дх) ах 


there’s no particular reason to use x as the variable of integration—any other letter 
would do. In fact, 


b 
| Хх) dx 


is a number depending on а, b, and the function f; it really has nothing at all to do 
with x. In other words, the variable of integration in a definite integral is a dummy 
variable," so that, for instance, 


1 1 1 1 
| а= | ea | па | у? dy = 112 — 07) = 1 
o o o o 


More generally, 


b 


b 
f(x) ах = | Sit) dt 


a 


Often it is necessary to consider a definite integral in which one or both of the 
limits of integration are variable quantities. For example, if the upper limit of 
integration is a variable quantity and the lower limit of integration is fixed. then the 
value of the integral will be a function of the upper limit. Since it is customary to 
use the symbol x for the independent variable whenever possible, we might be 
tempted to write such a function as 


g(x) = | | f(x) ах 


however, the x in the expression f(x) dx is the (dummy) variable of integration and 
must not be confused with the independent variable x in the expression g(x) and in 
the upper limit of integration. Therefore. in such a situation we use another symbol | 
for the variable of integration and write, for instance, 


g(x) = | f(t) dt 


G 
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Problem Set 5.3 


In Problems 1 to 30, use the basic properties of the definite integral 


to evaluate the expression. 


1 

nf (—2x) dx 
5 
3 

"| (2x + 1) dx 


3 
17 (3x? — 2x + 1) dx 


=? 


19 Í КОША 
3 


21 Í І 4x(2x — 7) dx 
a 


0 1 
23 | Тас | x dx 
E 0 


т 4 
2 охра | ex- na 
0 T 


26 i х2 dx — Í x? dx 
-1 1 
1 

27 | |x| dx 
-2 


29 | - be] ах 
1 


4 
2 | (7 + т) dx 
-5 
0.75 p is 
af (1 + V2 — V3) dx 
0 


25 


-4 
6 | (—4) dx 


s | 2 dx 


10 | eoi: 
3 


c 
18 | (—2r? + Ax + 5) dx 


- 
20 | (2x + 1} dx 
1 


а 1 
a | ха | х dx 
-1 


a 


28 Í [к — Till ees 


30 P 1х] dx 


In Problems 31 to 34, evaluate the given expression. You may as- 
sume that f$? cos x dx = 1 and ff” sin? x dx = 7/4. 


31 | = (3 cos x — 2 sin? x) dx 
0 


7/2 
32 i cos? x dx (Hint: sin? x + cos? x = 1.) 
0 


0 
33 3 cos x dx 


т/2 


7/2 
34 | cos 2x dx (Hint: cos 2x = 1 — 2 sin? x.) 
0 


In Problems 35 to 38, evaluate the definite integral. 


4 2x? forO=x=2 
as | X) dx, w : =| 
5 , f(x) dx, where f(x) 4 for bee em 


! for x 7 0 
36 | F(x) dx, where f(x) = | a 3 E 
[| =х їт—2<х=<0 


3 
T О 
ptu зе Дш) | ab ge forO<x=3 


T 0 for x =0 
38 | F(x) dx, where f(x) = 4 x * 1 forü c x«1 
0 forx= 1 


39 Use the nonnegative property or the comparison property to de- 
cide whether each inequality holds. Do not evaluate the definite 
integrals involved. 


1 І 
(а) | E avs | dx 
0 0 


(c) os | sin x dx 
0 


(b) | eac<[ ха 
1 1 


1 


@ о=][ [чї 


1 1 ra we 
(e) Í E | хб dx (f) | sinx dx = | хах 
0 0 0 


0 


E 


40 If 0 < K = f(x) holds for all values of x in [а, b]. prove that 
0 < f^ f(x) dx. [Hint: Use the comparison theorem and the fact 
that [^ К dx = K(b — a).] 


In Problems 41 to 48, find the mean value of the function f on the 
interval [а, b] and find a value of c in [a, b] such that f(c) is equal to 
this mean value. 


4l f(x) 2 x + 5 on [1. 3] 

42 f(x) = х? on [-3, -1] 

43 f(x) = x? — 2x + 3 on [-1, 5] 

44 f(x) = (x — 2)(x + 3) on [-3, 2] 

45 f(x) = |x| on [-2, 5] 46 f(x) = x on [a, b] 
47 f(x) = Ax + B on [a. 5] 48 f(x) = x? on [-a. a] 


SECTION 5.4 TUE FUNDAMENTAL THEOREM OF CALCULUS 327 


In Problems 49 to 58, use the properties of the definite integral to stant. Find the mean value of F if the spring is stretched from 
justify each statement. s = ato s = b. Also find a value of c between a and b such that 
3/4 1 1 the value of F when s = c is the same as this mean value. 
osf 1 + cos x) 4 so | ee к= | x dx . 
arf | yes 0 í 0 62 Suppose that f is a continuous function such that [2 flix) dx = 0 
0.8 e 1/2 1/2 for every closed interval [a, b]. Prove that fis the zero function. 
5 E U = J [e 2 . " А 
= | urges | каа get us | ku UE | а 63 15 it true that when a perfectly elastic spring is stretched, the 
2 D a work done is equal to the product of the mean force (see Prob- 
53 | sin x == [ an ede = { sin x dx lem 61) and the distance through which the spring is stretched? 
т 0 0 Justify your answer. 
1000 ч Á— ыы Е 399 
54 | (1776 + м5) FOE (| 64 Suppose that f and g are integrable functions on [a, b| such that 
— 1000 | fx) = eGo| = К for every number x in [a, b], where К is a 


1 1 5 positive constant. Prove that 
55 | КО КЕШ av = | матта - | Vx? de | А 
i d р = K(b- a) 


b (b 
i HCD) Bae = | g(x) dx 


EST B m 
36 | VERS dx | Var 3 dx + | V5x° + 3 dx =0 
4 4 =й 


(Hint: Use the absolute-value property.) 


57 | de | dx = Г dt " | dy 65 Prove that Theorem 10 continues to hold even if a = b; that is, 
h Web ae ELE e THF з 1+у? show that if f is continuons on the closed interval between a and 
b, then there exists a number c on this interval such that 


fle): (b — a) = J? feo dx. 


66 If f and g are integrable functions on [a, b], prove that 


dy 


p dx S k dz 
58 = =з: | —— i: Se a 
Lo WA SP ae by WAL SP i Wl SB 


59 Assuming that Theorem 5 is correct for the special case in which 
a<b<c, and considering that the case a<c<b has 
already been discussed, check the result for the remaining cases: 


b b 
= | [r| ах + | le(x)| dx 


a a 


b 
| [fG) + е(х)] dx 


b<a<c,b<c<a,c<a<b, and c <b <a. Also, check 67 Find formulas for (a) f} dt. (b) fù t dt, and (c) f% 1? dr. 
the result for the cases in which two of the numbers a, b. and c 1 
are equal. 68 If f(x) = Ax + Bx + C, find a formula for 


60 Prove part (ii) of Theorem 6. £ | $ fi) di 
61 The force required to stretch a spring from its relaxed position di 
through s units is given by F = ks, where К is the spring con- (Hint: Use the results of Problem 67.) 


5.4 The Fundamental Theorem of Calculus 


In this section, we state and prove a theorem that establishes a profound connection 
between antidifferentiation and definite integration—a theorem so useful and so 
important that it is known as the fundamental theorem of calculus. We begin by 
giving an informal argument that leads to this theorem; then we illustrate the useful- 
ness of the theorem in several examples; and finally we give a formal proof of the 
theorem. 

You might already suspect that a connection exists between the indefinite and the 
definite integrals. After all, in Section 4.7, we used indefinite integration to find 
areas by the method of slicing, whereas our definition of the definite integral in 
Section 5.2 was suggested by the idea of the area under a curve. Here is an informal 
argument to make this connection more explicit: 


328 


Figure 1 


d^ 
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у= Дх) 


Suppose that f is a continuous function on the interval [a, b] and that f(x) = 0 for 
а € x € b. Let A denote the area under the graph of f between a and x (Figure 1). 
By the method of slicing (see page 292), we have 


dA = f(x) dx 


Let g be any antiderivative of f, so that 
| Лх) dx = g(x) + С 


where C is the constant of integration. Because dA = f(x) dx, it follows that 
A= |а = | finde = еб) + 


When x = a, we have A = 0 (Figure 1); hence, 
0= g(a) + C or C = —g(a) 
Substituting C = —g(a) into the equation A = g(x) + C, we find that 
A= g(x) — gia) 


The total area under the graph of f between a and b is obtained by letting x = b in 
the last equation. But the total area under the graph of f between a and b is also 
given by the definite integral 


b 
| f(x) dx 
and so it follows that 


b 
| f(x) dx = g(b) — g(a) 


Although the argument given above requires that f(x) = О fora = x = b, the final 
result holds even if this requirement is not satisfied. Thus, we have the following 
informal version of the fundamental theorem of calculus: 


b 
If [ло dx = g(x) + C, then | f(x) dx = g(b) — gta). 


A formal statement and proof of the theorem are given shortly (Theorem 2, 
page 335). 


EXAMPLE 1 Use the fundamental theorem of calculus to evaluate f? 4x? dx. 


SOLUTION Because 
IE dhe = x С 
we can take g(x) — x* and conclude that 


| 4x? dx = g(2) = g(1) = 7% = 1* = 15 
1 


The simple notational device introduced in the following definition makes the 
fundamental theorem of calculus easier to state and to use. 


DEFINITION 1 
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Special Notation 


If g is any function and if g(a) and g(b) are defined, then 


b 
g(x) | = g(b) – g(a) 


a 


b 
is read “‘g(x) evaluated between x = a and x = b." For in- 


a 


stance, in the previous example with g(x) = x*, we can write 


The notation g(x) 


> 


Í di? ake = д 
1 1 


Using this special notation, we can rewrite the fundamental theorem of calculus in 


the form 
b b 
f(x) dx = | | хо | 
Indeed, if ILS dx = g(x) + C 
then 
b b 
| | ло | = 140) +С], = 200) ЕСТЕ [ela) С] = о) g(a) 


Notice how the constant of integration С cancels ош in the calculation above. 
Therefore, in using the fundamental theorem of calculus to evaluate a definite 
integral, the constant of integration in the corresponding indefinite integral can 
safely be neglected. 


In Examples 2 and 3, use the fundamental theorem of calculus to evaluate the 
definite integral. 
Д 


EXAMPLE 2 | (х? — 3x? + 2x + 3) dx 
=i 


SOLUTION 


5 


| (х — 3x? 2x + 3) ах = D (х5 — 3x? + 2x + 3) | 
I 


zl 


2 


х“ 
= = -v ext x) 
E X X 
=] 
Da 
= [= - 28+ 2+ 30| 
4 


E 4 
: [: E = cp exc) 
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T/3À 
EXAMPLE 3 | sin x dx 
0 


T/3 
SOLUTION | sin x dx = | | sin Er ax 


о 


т/3 


= (—cos x) 


Note that the fundamental theorem of calculus, 


b 


E dx — | [ло | 


а 


works even if а = b (Problem 69). 


i3 
П аР 9) А 

EXAMPLE 4 Evaluate | ; dt by using the fundamental theorem of 

calculus. : { 

SOLUTION 


| mg 32 9 
e 6-2 0 
9) 1 2 3 


3 


Sometimes it is useful to split the interval of integration into two (or more) 
subintervals before using the fundamental theorem of calculus. 


EXAMPLE 5 Use the fundamental theorem of calculus to evaluate fő |1 — x| dx. 


SOLUTION Forx = 1, we have 1 — x = 0; hence, |l — x| = 1 — x. On the other 
hand, if x > 1. we have 1 — x < 0; hence, |1 — x| = —(1 — x) = x — 1. This sug- 
gests that we split the interval of integration [O, 2] into the two subintervals [0, 1] 
and [1, 2]. Thus, by Theorem 5 in Section 5.3, 


2 1 2 І 2 
| пла [ пла | i-a | а-»&+] (ОШ 
0 o 1 o 1 


S E-i- ШШШ 


0 2 i = 
Change of Variable in a Definite Integral 


Suppose we want to evaluate the definite integral 


| xe ake 
| ey. 
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Since we propose to use the fundamental theorem of calculus, we begin by using the 
change of variable u = x? + 2 to evaluate the corresponding indefinite integral. 
Thus, 

du = 3x? dx 50 x? dx = 4 du 


and we have 


f а | 1 du 
(x? + 2)? и? 
1 


1 A | gr 
Eust di = С 
3 3 =l 


—1 
———+С=-— + 
Зи 368 + 2) 


Therefore, 
gc EN P EUN 
1 3(8 + 2) 3(1 + 2) 90 


[ iud x —1 
п CPOE 3G8 + 2) 


The calculation above can be shortened by changing the limits of integration in 
accordance with the change of variable. Indeed, the limits of integration in the 
original definite integral refer to the variable x, a fact that is sometimes emphasized 


by writing 
жал ae ahi 2 sgh 
EUREN rather than EUNT ROS 
hes (GE ар ZIP p (Ga 


To make the change of variable u = x? + 2, we notice that 


when x = 1 we have uv = 1° + 223 
and 
when x = 2 we have н = 2? + 2 = 10 


Thus, we can abbreviate our previous calculation as follows: 


x=2 x dx и=10 14и 1 10 E 1 = 
Paras m oF mae Ос шс кте 
(CG 2) u 3 4 З хи 


х=1 u=3 
ác = Ee rU. 
3 \ 10 3 x 3) 90 
More generally, if you change the variable from, say, x to, say, и = g(x) in a 


definite integral, not only must you change the integrand just as you do for indefi- 
nite integrals, but also you must change the limits of integration. Thus 


gib} 
| f) du 


gía) 


t0 


В 


b 
| fle@|g'@) dx = 


In Examples 6 and 7, use a change of variable to evaluate the integral. 


1 
EXAMPLE 6 | x V9 = Sx? dx 


0 


SOLUTION We make the change of variable u = 9 — 5х2, noting that du = 
—10x dx, or x dx = — 75 du. Also, и = 9 when x = 0, and и = 4 when x = 1. 


ә 
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Therefore, 


il mi 
| xV9 — 5х? dx = | V9 — Sx? x dx 


0 x=0 


и=4 = = [| 4 
= A. () du — E i Ми du 
1 9 1 3/2 9 
== || ul? du = — L 
10 J, 2 4 
= o OW i 
15 15 15 


7/3 
EXAMPLE 7 | cos? t sin 1 dt 
0 


SOLUTION We make the change of variable и = cos t, noting that du = 


—sin г dt, or sin t dt = —du. Also, u = 1 when t = 0, and и = + when t = 7/3. 
Therefore, 
1/3 | 1/2 1/2 1 
\ cos t sin f dt = | и?(—4и) = =| и? du = | и? du 
0 1 1 1/2 
= me Jt а! La. Е 
3 lum 3 24 24 


The Derivative of an Integral 
Suppose that 
IET dx = g(x) + C 


so that 
de 
ed == Ди) 
ах 

Now, by the fundamental theorem of calculus, 


| К) dt = g(x) — gla) 


where we have written the variable of integration as г to avoid confusing it with the 
upper limit of integration x. Since g(a) is a constant, we have 


ei e d 1 1 
— | fit) dt = [g() — gla) = — g(x) — — gla) = Дх) — 0 = Дх) 
ake dL. dx dx dx 


га f(t) dt = fix) 
(ied, 


a result that can be regarded as an alternative version of the fundamental theorem 
of calculus because it is so closely related to the fundamental theorem. A formal 
statement and proof of this result are given shortly (Theorem 1). 


Thus we have 
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In Examples 8 to 10, find the indicated derivative. 


EXAMPLE 8 cm | dt 
m dx 0 SEE fe 
gi f 7 1 
SOLUTION == zur da 3 
ake ds Si 4b fe 5+ х 


gi qe 
EXAMPLE 9 а ese x dx 

dv 7/2 

d 


v 


SOLUTION csc x dx = csc v 


dv Js 
d 1 
EXAMPLE 10 — | /4+47 ad 
dx 2, 
ПА и к= d { “ — * 
SOLUTION = V4 + tdt = — (- V4 + га) 
ake dh, dx n 


Tm 
=== V4 t tdt 
dx 1 
Weal se dr 
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The derivative with respect to x of a definite integral whose limits of integration 
are functions of x can be found by combining the formula given above and the chain 


rule. The technique is illustrated in the following examples. 


In Examples 11 and 12, find the indicated derivative. 


GN a = 5 
EXAMPLE 11 — if y= (S? 3 TAF di 
dx и 3 


и 
SOLUTION We put и = х2, so that y = | (St + 7)? dt and 
3 


dy 
du 


Therefore, by the chain rule, 


dy dy du А 2 
= з (б db muse 
dx du dx | | i 
Вее 
EXAMPLE 12 D,y if y = VIERT dr 


3at+2 


о 
SOLUTION v= | VIS ae Ета 
=x 0 


—x Siem 
= Ма + | VI+r dt 
0 0 


hence, Dy = —VI-F (=x¥ (71) + МТ x 2) (3) 


= V1 +x 4+ 3V1 + (3х + 2y 


d u b: z " А 
= = Es (5t + 7)?” dt = (5и + 7)?” = (Ge + ту” 
M43 
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THEOREM 1 


PROOF 


Proof of the Fundamental Theorem of Calculus 


We now give a formal proof of the fundamental theorem of calculus. Here we begin 
by giving a formal statement and proof of the alternative version involving the 
derivative of an integral. Using this as a basis, we can then prove the fundamental 
theorem itself. 


The Derivative of an Integral 


Let f be a continuous function on the closed interval [b, c], and suppose that a 
is a fixed number in this interval. Define the function g with domain [b, c] by 


g(x) = | f(t) dt 


for x in [b, c]. Then g is differentiable on the open interval (b, c), and 
g(x) = fix) 


holds for all x in (5, c). Furthermore. g is continuous on [b, c], and at the 
endpoints b and c, we have 


2.00) = ДЬ) and е (с) = fc) 


Suppose that x belongs to the open interval (b, с) and that Ax is small enough that 
x + Ax also belongs 10 (b, c). Then 


x XctÀa 
g(x) = | f(t) dt and ga + Ах) = | f(t) dt 


Therefore, by Definition 2 in Section 5.2 and Theorem 5 in Section 5.3, 


rtir 


f(t) dt + | f(t) dt 


a x+Ay xa 
-Í f(t) a+ | f(t) а= | f(t) dt 


Since f is continuous on the interval [b, c], it is also continuous on the closed 
subinterval between x and x + Ах. By Theorem 10 in Section 5.3, there exists a 
number x* on the closed interval between x and x + Ax such that 


х+Ах x 
g(x + Ах) – g(x) = | WON ER = | fa) а = | 


xti 
| S(t) dt = f(x*)[(x + Ах) — x] = fo) Ax 


Consequently, 


(х + Ат) Gs 
a(x + Ах) — g(x) = f(x*) Ах or sae = f(x*) 
m 
Since x* lies between x and x + Ax, it follows that x* approaches x as Ax ap- 
proaches zero. Therefore, 


g(x + Ax) – g(x) 


(х) = lim 
g(x) Ar>0 Ax 


= Исо) 

where we have used the continuity of f in the last equation. This establishes the 
desired result for values of x on the open interval (5, c). The proof that one-sided 
derivatives of g at the endpoints b and c give the values of f at these endpoints is 
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similar and is left as an exercise (Problem 68a). Because g is differentiable on the 
open interval (b, c), it follows from Theorem 1, page 96, that g is continuous on 
(b, c). Using the fact that the one-sided derivatives of g exist at the endpoints b and 
с. and arguing as in Theorem 1, page 96, we can easily show that g is continuous 
on the closed interval [5. c] (Problem 68b). 


In Theorem 1, notice that the function g is an antiderivative of the function f on 
the open interval (5, c). This fact is often phrased informally as follows: A continu- 


ous function f always has an antiderivative g. 


THEOREM 2 The Fundamental Theorem of Calculus 


Let f and g be continuous functions on the closed interval [a, P]. and suppose that 


REDE TRU 
holds for all values of x in the open interval (а, b). Then 


b 


f(x) dx = g(b) — g(a) 


PROOF Define a function G with domain [a, 5] by 


G(x) = f f(t) dt 


for x in [а, b]. By Theorem 1, С is continuous on [a, b], and 
С'(х) = fœ) 
holds for all x in (a, Б). On the open interval (a, b), we have С’ = f = g'; hence, 
(C= gE 
By Theorem 1, page 252, there exists a constant C such that 
G(x) - е(х) = С 


for all values of x in (а, b). 
Since G and g are continuous from the right at a, we have 


C= lim, C = lim, [G(x) — 2()] 


= lim GO — hm g) = G(a) = gla) 


But G(a) = | f(t) dt — 0 
Hence, C —0 — g(a) = —g(a) 
and so G(x) — g(x) = —g(a) 


holds for all values of x in (a, b). Using the last equation and the fact that С and g 
are continuous from the left at b, we have 


~ gla) = lim [—g(a)] = lim [GG) — g@)] 


= lim. (EG) = lim g(x) = G(b) — g(b) 


336 CHAPTER 5 ТИЕ DEFINITE INTEGRAL 


Therefore, 
G(b) = g(b) — gla) 
that Is, 
b 
f(t) dt = g(b) — g(a) 
Consequently, 


b 


b 
Кх) dx = | Jf) dt = g(b) — gla) 


a 


and the theorem is proved. 


Problem Set 5.4 


In Problems 1 to 45, use the fundamental theorem of calculus to 
evaluate each definite integral. 


1 | 3x dx 
о 
4 
з | (71) dt 
1 
—3 
s | 5x* dx 
1 


3 
7 Í (3x + 4) dx 


(x = 3x? + 1) dx 


+ 2)? dx 


13 ay Лу? dt 


17 sec I tan t dt 


19 


sec? u du 


oom dy 
0 E rmm) 


23 [у ^| = x dx 


21 


„| 
| 
E 
5 he cos x de 
[| 
| 
Le 


8 ах | x dx 
25 | — 26 SSS 
ya VIX o Gtx) 2 
ч P өө ! ELS 
2 | DEN 27 | МӘ + 1 de 28 | => 
Ш 0 0 x + бх+2 
0 W 0 
4 | (—4u) du 29 | су == 30 | (SES ЕЕ 
5 T Vx—6 3 
16 1 т п/3 
6 | “дг 31 f 2 sin 3x dx 32 | (2 + cos 31) dt 
0 o 0 
IT 0 1 
8 | (4 — 8x + 3x°) dx 33 | sec? — dy 34 f sec сал 
zł 1 4 0 4 4 
уе е | т! ті Еа е 
1O а Оаа) 35 esc — cot —- dt 36 (te [| = =) а 
|] 1/2 3 3 т/2 2) 2 
nu Td WE 117/12 2 
12 [2 37 | sin“ x cos x dx 38 Duk S in 
1 o "sa sin” 2x 
21+ Lae, "P | 
14 39 | cos? 0 sin 0 d0 40 | Vit) + t di 
1 п/4 -1 
n/3 [3 3 A 
16 | sin гай 41 | з= дах 42 | NV2(|x| = x) ах 
-m/A 0 = 
7/6 3 3 
18 | csc? y dy 43 | yl2 — y| dy 44 | [xx dx 
п/4 Q = 
7/2 5 a2 
ст a -m AUR for x = 0 
20 ү esc z cot 2 dz 45 Г dx, where f(x) = И + ду? юг 
22 | (2х + 3)! dx 46 Does the following computation violate the nonnegative prop- 
0 erty of definite integrals? 


1 == = 1 1 1 ! 
Pah | wd dk | +, «=|-+]| Exc |= =>» 
0 Lt X E 


In Problems 47 to 58, use the alternative version of the fundamental 
theorem of calculus to find the derivative. 


47 | (P +1) d 
dx 0 


48 4f (и — 2w + 1) dw 


ө [4 

Rum 

[5 [522 
dx 1+5 h Its 


d X 
5] +f sin g dt 


d 19 
52 Lf sec? t dt 


п 


Ж 1 
53 D, | М2 + 4а 54 D, | (PD — 31+ D? dt 
-I х 


1 4 
55 р, | (wl? + 3)25 dw 56 D, | Was? + 7 ds 


ДД rd * 
57 с (| VIF a+ | VET ar) 
X 22 0 


X ] 
58 Di | dt 
D 
In Problems 59 to 66, use the alternative version of the fundamental 
theorem of calculus together with the chain rule-to find dy/dx. 


dt 
9+2 


3x Sear il 
59 y= | (5° + 1)’ dt 60 y= | 
1 1 


1:2 ssl 
61 y= | (w — 3)? dw 62 y= Í Vs? — 1 ds 
1 1 


0 2 
63 »-['vi*3a & y= | Vu — 1 du 
= x] 


3x7 +2 


65 у = Vf * li а &»-[ vri 


x 


67 Given that и and v are differentiable functions of x and that f is 
a continuous function, justify the equation 


zl fü) dr = = fo) Ë - дш) © 


68 Complete the proof of Theorem 1 by attending to the following 
details: (a) Prove that g4(b) =f(b) and that g'(c) = f(c). 
(b) Prove that g is continuous on [b, с]. 


69 Show that the fundamental theorem of calculus works even if 
а 2 b; that is, show that if f and g are continuous functions on 
the closed interval |b, a] and if g'(x) = f(x) for x in the open 
interval (b, a), then f^ f(x) dx = g(b) — g(a). 
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70 The operator of a trucking company wants to determine the opti- 
mal period of time T (in months) between overhauls of a truck. 
Let the rate of depreciation of the truck be given by f(r), where г 
is the time in months since the last overhaul. If K represents the 
fixed cost of an overhaul, explain why T is the value of у that 


t 
minimizes g(t) = r^! Ik + | Дх) a|, 
_ 0 


71 The marginal cost of processing a certain grade of tuna fish is 
given by 200 — 30 V/x, where x is the number of cans in thou- 
sands and the cost is in dollars. What would be the total increase 
in cost if production were increased from 4000 to 25,000 cans? 


72 Find the maximum value of the function 


fix) = К thar 
0 


on the interval [—1, 2]. 


73 (a) Show that f5 |t| dt = x|x|/2 by considering the separate cases 
x = O and x > 0. (b) Use the result in part (a) and the alternative 
version of the fundamental theorem of calculus to prove that 


а (ad) oy 
dx 2 


74 Use the method suggested by Problem 73 to find an antideriva- 
tive of the function f(x) = |x|". 

75 Find the mean value of each function on the interval given. 
(a) fx) = + 1on[1, 4] (b) fv) = — I on [1, 3] 
(c) Ax) = Vx on [I, 9] (d) fix) = |x| + 1 on fa, b] 

76 Show that fo* fit) dt + fà f(—t) dt is a constant by taking the 


derivative with respect to x. (Assume that fis continuous.) What 
is the value of this constant? 


In Problems 77 to 80, sketch graphs of f and g. 


I fort 0 -f 
пша. m5. ‚ gix) LS 
вуд" ооо = Г (1) dt 

fa т?» A Ў 


79 fit) = [| for -3 = t = 3, gix) = | fit) dt for —3 <x <3 
0 


= 2 fort =0 
80 fir) = | г for 0 <= s tx) [ fit) dt 
zz 
2t fort5 


81 Assume that f is a differentiable function and that f" is continu- 


ous. Explain why D, | fit) dt = | руй) dt + fla). 
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5.5 


Figure 1 


Approximation of Definite Integrals— 
The Trapezoidal Rule and Simpson's Rule 


The fundamental theorem of calculus enables us to determine the numerical value of 
a definite integral f^ f(x) dx provided that we can find an antiderivative g of the 
function f. However, in practical applications of calculus, it is sometimes difficult 
or impossible to find an antiderivative g of f such that g(b) and g(a) can be calcu- 
lated explicitly. In these cases, numerical methods of approximation can be used to 
estimate the value of the definite integral to within acceptable error bounds. 

In this section, we present some methods for estimating the value of a definite 
integral P f(x) dx by formulas that use the values of f(x) at only a finite number of 
points on the interval [a, b]. These methods involve only simple computations and 
thus lend themselves well to the use of calculators or computers. 

Perhaps the most obvious way to approximate the definite integral 


b 
| f(x) ах 


is to use its very definition as a limit of Riemann sums. Thus, we can select a 
partition Ф with a small norm, augment Ф to obtain ?*, evaluate the corresponding 
Riemann sum, and observe that 


п b 
Y flex) Ах, = Í fe) dx 
k=l a 


Figure 1 illustrates how this procedure, with п = 5, is used to estimate 


! ] 
=: 
0 ] ap se 


The areas of the five rectangles are shown in Figure 1, and the sum of these areas, 
which is approximately 0.834, provides an estimate for the integral above. The true 
value of this integral, rounded off to four decimal places, is 0.7854, so the estimate 


1 
1 
| z dx = 0.834 
О [кыр ae 


is not particularly good. To obtain a reasonably accurate estimate by this method, 
we would have to partition the interval [0, 1] into a very large number of sub- 
intervals. 


The Trapezoidal Rule 


Figure | makes it clear why the above estimation of 


: ] 
| = ee 
0 Il ap ae 
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is so crude—the five rectangles overhang the region under the graph of 
1 

eS ee 

6 14+ x? 
so that their total area ts considerably larger than the desired area. 

Evidently, a much more accurate estimate is obtained by adding the areas of the 

five trapezoids shown in Figure 2. Each of these trapezoids has the same width, 
namely, 3 unit. Since the area of a trapezoid is given by one-half the sum of the 


lengths of its two parallel edges times the distance between these edges, the total 
area of the five trapezoids in Figure 2 is 


тшсп пеп 
2 5 2 5 2 5 2 


l 
2 26 29 34 4l 4 


The numerical value of this total area, rounded off to four decimal places, is 
0.7837. Therefore, by this ‘‘trapezoidal method,” 


ii 
1 
| — E dy = 077837 
О || ae ie 


The trapezoida! rule for estimating definite integrals in general is given by the 
following theorem. 


THEOREM 1 Trapezoidal Rule 


Let the function f be defined and integrable on the closed interval [a, b]. For 
each positive integer n, define 


У Va 
Ia m DENS T te Ey yt = Ax 


and yk = fla + К Ах) for k=0,1,2,... 


b 
Т, = | fx) ах 


The approximation becomes better and better as л increases in the sense that 


b 


lim T, = | f(x) dx 


nx 


a 


PROOF Let Ф, be the partition of [a, b] consisting of л subintervals of equal length 
DET 


n 


Ах = 


Thus, the subintervals in Ф, are 


lxo. Xi]. [х1, x2]. Peo. Хз],...,‚[хл—-1, Xn] 
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where 
Xo =a x, =b and Ses n 
Tot 461525255 n (Figure 3). Evidently, 
xı =a + Ax, x;-a*t2AÀx, ху=а+3 Ах, . ,xX7actkAx, . 3 
and X,—atnAx-b 
Figure 3 


y 
(Xp, Yr- Gay) 


J 
x 
a=Xy х x Xk-i Ху Xai 
x, =6 
Now, augment the partition £^, by choosing the points су, C2, Сз ‚ s. Ch Where 
Ср = ху, Со = X9, Сз = X4, ..., Cp SE 4з and Cn = Xn 
Then 
Кс) = f(x) = fla + К Ax) = y, 
and the corresponding Riemann sum is given by 
У fij) Ах = » x - (X у») ах = i» "77+ Yn) Ах 
к= 1 k=l k=1 
z [9 1. «ке + а дк Oe 
= (20+ ++ t») Ax о at Ах 
wq a m T, + ЛЬ) — fla) А: 
2 2 
Т, + [ fib) — fla)\(b — a) 
2n 
Therefore, 
< b) — fab — а 
T,- Ў fc) Ax, - 1-90 79) 
k=1 2n 
so that 
с ру b 
lim 7, = lim У fi) Ax = lim Le) SOs ет = 
п—» x nx "ey nx 


b b 
| fix) dx - o - | fix) dx 
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If f(x) = 0 for a = x = b, then Theorem | admits a simple geometric explanation 
since the quantity Т, represents the total area of all the trapezoids shown in Figure 3 
(Problem 16). 


I [n Examples 1 and 2, use the trapezoidal rule, Т, = f^ fœ) dx. with the indicated 
value of u to estimate the given definite integral. 


1 
EXAMPLE 1 | МІ + х? ас п= 4 
0 


SOLUTION Here [a, b] = [0, 1] and н = 4, so 
p= i| — i 1 
Kr те EM 
n 4 4 
Also, 
yk = КО + К Ax) = V1 + (K/AP 


fork = 0, 1, 2, 3, 4; hence, 


: = VE 
ЛО Е VE) 
== v0] 
baa н o LC uel экг 
Therefore, 
y ўа. 
ТА = (2° + Уу + + уз + x) Ax 
= V/65 12 №91 eg 
= (—+—— + V— + — + — 
2 8 8 8 2 4 
= (0.50 + 1-01 + 1.06 + 1.19 + 0.71)(0. 25) = (4.47)(0.25) = 1.12 
Thus, 


1 
| Сат ло 
0 


JB dx 
EXAMPLE 2 SSS ре 5 
zc ЕЕ 
SOLUTION Here 
2 = || 1 1 25 
дуў = = — and Ж LUE LoS = 
5 5 1+(1+k/5)? 25 + (5 + А)? 


for k = 0, 1, 2, 3, 4, 5. Therefore, 
Tas G iis ЧЕ о 
= (0.2500 + 0.4098 + 0.3378 + 0.2809 + 0.2358 + 0.1000)(0.2) = 0.323 


hence, 


= ak 
| = 101923 
1 [ECL 
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The following theorem, whose proof can be found in more advanced textbooks, 
provides an upper bound for the error involved in using the trapezoidal rule. 


THEOREM 2 Error Bound for Trapezoidal Rule 


Suppose that f" is defined and continuous on [a, b] and that M is the maximum 
value of |f"(x)| for x in [a, b]. Then, if Т, is the approximation to f^ f(x) dx 
given by the trapezoidal rule. 


G (b — ay 


Ta о 


а 
b ]2n 


EXAMPLE 3 Use the trapezoidal rule to estimate /т dx/x with n = 6, and use 
Theorem 2 to find a bound for the error of the estimate. 


SOLUTION We have 


2-1 1 п e 
6 6 “1 +k/6 6+k 


for k = 0, 1, 2, 3, 4, 5, 6; hence, 


yo7$-1 у= у = $ уз = 8 уз = уз = тї Yo = 15 
Therefore, 
T= @+#+ +++ +Ю@ 
== (0,5 + 0.8571 + 0.75 + 0.6667 + 0.6 + 0.5455 + 0.25)(0.1667) 
== 0.6950 
so that 
2 ak 
| —— == 0.695 
EU 
Here, 
| | ; l Ре 2 
=== TEDS == and J QS == 
As Ae ae 


Since f" is a decreasing function on [1, 2]. its maximum value on this interval is 
taken on at the left endpoint 1. Hence, in Theorem 2, 


MES 


In Theorem 2 we also put b = 2. a = 1, and n = 6, to conclude that the error in the 
estimate above does not exceed 


Since sts < 0.005, the estimation [7 dx/x = 0.695 is correct to at least two decimal 
places. 
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Simpson’s Rule 


A third method for approximating the value of a definite integral is known as 
Simpson’s rule, or the parabolic rule, and is usually more efficient than either the 
direct use of the definition or the trapezoidal rule. The method is based on the use of 
a number of adjacent regions having the shape shown in Figure 4 to approximate the 
area under the graph of f. (See Problem 33.) The result is the following theorem, 
whose proof is analogous to the proof of Theorem 1 and is therefore omitted. 


THEOREM 3 Simpson's Parabolic Rule 


Let the function f be defined and integrable on the closed interval [а, b]. For each 
Figure 4 positive integer n, define 


/ 


Ах 
Ma = 3 (Уо Чуу + 202 Sys 2y4 + - 2 оу шш + Yon) 


arc of a parabola 
у= Ах? +Bx+D 


and y = fla + k Ax) fork = 0, 1, 2 


Then 


cb 
Son == | F(x) dx 


with the approximation becoming better and better as л increases in the sense that 


b 


lim | Son = f(x) dx 


THE 
n a 


© In Examples 4 and 5, use Simpson's parabolic rule, S5, = f^ f(x) dx, to estimate 
the definite integral, using the indicated value of n. 


T 
EXAMPLE 4 | (+x)! dki:n=4 
о 


SOLUTION Here, the interval [0, 1] must be subdivided into 2n = 8 parts, each 
of length Ax = (1 — 0)/8 = 3. Thus, 


Е ЕА 


50 
YX--0721 y= +} = $ з= 01+ 071 ф 
= ОРОТ Н у на) = yll HTS 
ув = (95 =, у= (1+ 2) LL ув = (1+ 8) =34 
Therefore, 


Ax 
$55 = Sg = = (Yo + Av) hls 2y2 + Aya БЯ 2у4 SF 4ys ae '6 + 4у+ Р ys) 


= ИЙ ак + 6 + te Aa der is + 3) 
= 34 (1 + 3.5556 + 1.6000 + 2.9091 + 1.3333 + 2.4615 


+ 1.1429 + 2.1333 + 0.5000) 
= (16.6357) == 0.6932 
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THEOREM 4 


Consequently, få (1 + x) ! dx == 0.6932. Incidentally, the correct value, rounded 
olf to five decimal places, is få (1 + х)! dx = 0.69315. п 


1 
EXAMPLE 5 | WS ас n= 3 
о 
SOLUTION Here 


{ =@_ 1 
бы = ——= — 


6 6 
T i «(Se [6% = 2 — [1296 – KF 
pe 6 6° 1296 
ior k= (@ il, 2. 3, ay © (бу EEES, 


Son = S6 = 1 (1 + У + 2VER + ФУЕН + 2V8 + AVR + 0) 
= d&(1 + 3.9985 + 1.9876 + 3.8730 + 1.7916 + 2.8782) 


[ 
= (15.5289) = 0.8627 = | ЛЕЕ [| 
0 


The following theorem, whose proof can be found in more advanced textbooks, 
provides an upper bound for the error involved in using Simpson’s parabolic rule. 


Error Bound for Simpson’s Parabolic Rule 


Suppose that the fourth derivative f(x) is defined and continuous on [a, b] and 
that № is the maximum value of | f (0| for x in [a, b]. If $5, is the approximation 
to f° f(x) dx given by Simpson’s parabolic rule, then 


[5 = "Кә т 
^ wd 1 ы осе 


(EXAMPLE 6 Use Simpson's parabolic rule to estimate fj dv/x. making certain 
that the error of estimation does not exceed 0.001. 


SOLUTION Here, 


1 1 А 2 А, 6 24 
Хо) = аа) ра f'u-— 700 = – = ГОО ти 
3 à 4t X X 
Since f'" is a decreasing function on [1, 2], its maximum value on this interval is 
taken on at the left-hand endpoint 1. Hence, in Theorem 4, 
al 


4 
NUS s 4 and =b-a=2-1=1 


so the error of estimation cannot exceed 
{5 
(b — a) зл 1 а 1 
2880n* 2880n* 120п* 


Therefore, we require that 1/(120n*) = 0.001, that is, 25/3 = n*. The smallest 
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value of л satisfying the latter inequality is л = 2. Thus, we estimate f1 dx/x. using 


Sən = S4. We have 
so 

21 =” os = кк 
ences 


It follows that f} dx/x = 2227 
off to five decimal places, 3335 = 


= дш ca eee) E 


with an error not exceeding тосо. In fact, if we round 
0.69325, while the correct value of f} х/х, 


rounded off to five decimal places. is 0.69315. 


Theorem 4 has an interesting consequence: Simpson's parabolic rule gives 
the exact value of f^ f(x) dx if f is a polynomial function of degree not exceeding 3. 
The reason for this is just that for such a polynomial function, / is the zero 
function; hence, in Theorem 4, № = 0. Thus, taking л = 1 in Theorem 3, we obtain 
the following theorem. 


THEOREM 5 


Let f be any polynomial function whose degree does not exceed 3. Then 


b = 
(ху ах = = 


Prismoidal Formula 


b 


2 ло аР an $ Ы 2 + f| 


EXAMPLE 7 Use the prismoidal formula to evaluate fà (x^ + 1) dx. 


SOLUTION | (х5 + 1) dx = 2103 + 1) + 4013 +1) + (22 + 1)] = 6 
0 


Problem Set 5.5 


Elin Problems 1 to 12, use the trapezoidal rule, Т, = JË f(x) dx, with 
the indicated value of n to estimate the integral. 


1 = 
i | үү", | pA 
O 9 


: Niet m 


X 
A Me 
0 xx 


;in-3 


nm 


gc33 2) = ————; р = 4 
РЗ. 


8 3 
| (4 + x2)? айх:п=6 s | V14x° dun-27 


sin x 
N = + o f” 
Vi+x Ar X 


п/4 т ` 
е sin x 
11 | tanxdx;n=4 12 | 
0 0 "rds 


in-5 


n=4 


dx; n=6 


13 Use Theorem 2 to find an error bound for the estimate in Prob- 
lem 1. 
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(£14. Use Theorem 2 to find an error bound for the estimate in Prob- 
lem 2. 


15 Suppose that f(x) = 0 for all x in (a, Б] and that the graph of f 
is concave downward on [a, b]. Explain geometrically why 
T, = f? fix) dx in this case. 


16 If f(x) = 0 for a S x € b, show that the quantity Т, in Theo- 
rem 1 represents the total area of all the trapezoids in Figure 3. 


{ln Problems 17 to 26, use Simpson’s parabolic rule, $5, = 
fe f(x) dx, with the indicated value of n to estimate the integral. 


4 
18 | х?Мх + 1 ах; п= 4 
0 


R dx 10 d 
i» | En » | ——n-4 
I Rico se sear || 2 Uses 


2 HA 2 dx 
n f IND — x^ dr; n=3 2 | ———— ;п 
0 hy NAY SESS 


23 [м +х*ах;п=4 
o 


=2 
24 | Vli-xdunz-24 
о 


1/2 71/3 
25 | Veos x dx; n = 3 26 | esc x dx; п= 4 
0 


m/6 


(127 Find the smallest value of п for which the error involved in the 
estimation $5, = f? dx/x does not exceed 0.0001. (Use Theo- 
rem 4.) 


(£28 Use Simpson's parabolic rule, S5, = JE fod dx, with n = 1 to 


- [6130 


3M 


32 


33 


(£134 


estimate f$} dx/x. Give an upper bound for the error of 
estimation. 


On geometric grounds, 4 [у V1 — x^ dx = s. Why? Using 
Simpson's parabolic rule, $5, = fà УІ — x^ dx, to estimate 
So V1 — x^ dx, give an estimate for v. Use n = 2. 


Use the procedure of Problem 29 to estimate 7 taking п = 5. 
Compare the result with the correct value of m, which is 
316159 


(а) Use the prismoidal formula to prove that 


| (Ах? + Bx! + Cx + D) dx = xi (2Ba* + 6D) 
(b) Prove the formula in part (a) directly using the fundamental 
theorem of calculus. 


Prove the prismoidal formula directly using the fundamental the- 
orem of calculus. 


Prove that by a suitable choice of the three coefficients A, B, 
and D, the graph of y — Ах? + Bx + D can be made to pass 
through any three points of the form (c, p), (c + Ax, q), and 
(c + 2 Ax, r) (Figure 4). 


A loaded freighter is anchored in still water. At water level, the 
boat is 200 feet long and for each k = 0, 1, 2. . . . , 20 has 
breadth y, at a distance 104 feet from the bow. Assume that 
yo = О and узо = 0. (a) Use Simpson's parabolic rule to write a 
formula giving the approximate area of the water-level section of 
the boat. (b) Recalling an exploit of Archimedes, write a for- 
mula for the approximate number of tons of freight that should 
be removed to raise the level of the boat by 1 foot. (Assume that 
the water weighs 64 pounds per cubic foot.) 


5.6 


Figure 1 


Areas of Regions in the Plane 


Z We already used the definite integral to calculate areas of regions under the graphs 


of continuous functions. In this section, we develop methods for using the definite 
integral to find areas of more general regions in the plane. 

Suppose that f is a continuous function on [a, b] and that f(x) = 0 for a = x = b. 
Thus, the graph of v = f(x) lies under the x axis between x = a and x = b (Fig- 
ure 1). Let A denote the area of the region under the x axis and above the graph of 


y = f(x) between x = a and x = b. Notice that the graph of y = —f(x) is the mirror 
image above the x axis of the graph of y = f(x); hence, A is also the area under the 
graph of y — —f(x) between x — a and x — b. Therefore, 


(b b 
A =| =/@) ах = =| f(x) dx 


a a 


Figure 2 


total area A =A,+A, 


Figure 3 


Ш 


Figure 4 
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More generally, suppose that f is a continuous function on [a, b] and that f(x) 
takes on both positive and negative values for a = x = b (Figure 2). If you wish to 
calculate the area A of the region between the graph of f and the x axis from x = a to 
X = b, you can begin by dividing the interval [a, b] into subintervals over which f 
is either positive or negative. If [c, d] is a subinterval of [a, Б] and f is positive over 


(c, d), then 
d 
| fx) dx 


gives the area under the graph of f between c and d; however, if f is negative over 
(с, d). then the area above the graph of f between c and d is given by 


d 
= | f(x) dx 


The total area A is obtained by adding the areas corresponding to all such sub- 
intervals. 


EXAMPLE t Find the area A between the graph of f(x) = 1x? and the x axis from 
x—--—ltox-2. 


SOLUTION А sketch of the graph of f (Figure 3) shows that it falls below the x 
axis on the interval [—1, 0]. Therefore, we cannot find A simply by calculating 


since the area below the x axis provides a negative contribution to this integral. 
However, by splitting the interval [ — 1, 2] into two subintervals, we obtain the area 
A as follows: 
0 

+ [x] 
=l 


A=-| 1х? ах+ | i dx —[hx*] 
- 0 


0 


= js + 12 = 15 square units 


Areas by Slicing Using the Definite Integral 


The method of slicing, introduced in Section 4.7, enables us to find areas of regions 
by solving a differential equation of the form dA = | ds. We now show how such 
areas can be calculated by using the definite integral. 

In this section we consider only regions R in the plane that satisfy the following 
two conditions: 


1 The boundary of R consists of a finite number of straight line segments or 
smooth arcs which can meet іп a finite number of "corners," or ‘‘vertices.”* 


2 The region К is bounded in the sense that there is an upper bound to the 
distances between the points of R. 


A region R satisfying conditions | and 2 will be called an admissible region. The 
region R shown in Figure 4 is an example of an admissible region. Notice that such 
a region is permitted to have a finite number of *holes,"" provided that the bound- 
aries of these holes satisfy condition 1. The boundaries of the holes, if any, are 
regarded as part of the boundary of R. 


348 CHAPTER 5 THE DEFINITE INTEGRAL 


We assume that any admissible region R in the plane has an area A square units 
associated with it. The following theorem shows how to calculate A in terms of a 
definite integral. 


THEOREM 1 Areas by Slicing Using the Definite Integral 


Let R be an admissible region, and choose a convenient reference axis called, 
say, the s axis (Figure 5a). At each point along the s axis, erect a perpendicular 
line, and suppose that the region А is entirely contained between the two perpen- 
diculars at s = a and s = b, а < b. Let the perpendicular at s intersect А in one 


or more line segments of total length /(s). Then the area A of the region А is given 
by b 
A= | l(s) ds 


Figure 5 


Although a rigorous proof of Theorem | is beyond the 
scope of this textbook, we give an informal argument to indi- 
cate its plausibility. Figure 5b shows a partition of the refer- 
ence axis consisting of subintervals 


[50^ 51], [51, s2]; ® * ж» [Semis Skl, guo omg [д5 Sal 


where a = so and b = s,. We have augmented this partition 
by choosing numbers сү, C2, Сз. . . . . c, from the successive 
subintervals. Above each subinterval [s,_;. s] we have con- 
structed a rectangle of width 


эму. = у = үлп 


and of length /(c,). Fork = 0, 1, 2. 3... . . n, the area of 


the Ath rectangle is 
l(cy) As, 


Evidently, the desired area A is approximated by the sum of 
the areas of all these rectangles: 


A = 5 с) As, 


k=1 


As the norm of the partition approaches zero and the rectan- 
gles become narrower and more numerous, the approxima- 
tion obviously should improve. The sum on the right is a 
Riemann sum, and its limit as the norm of the partition ap- 
proaches zero is, by definition, the definite integral in Theo- 
rem |. Therefore, the result 


b 
A - | l(s) ds 


a 


seems geometrically reasonable. 


EXAMPLE 2 Find the area A of the region А bounded by the 
graphs of the equations y? — 2x and y — x — 4 (Figure 6). 


Figure 7 


(x, foo) 


(х,2(х)) 
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SOLUTION We use Theorem 1, taking the y axis as the reference axis. To deter- 
mine the points of intersection of the two graphs, we solve the two equations 
y? = 2x and y = x — 4 simultaneously. Substituting y = x — 4 into y? = 2x, we 
have 


(x = 4)? = 2x 
x= 10x + 16 2 0 
Factoring to solve the latter equation, we obtain 
(x —2)x – 8) = 0 so x=2 or x=8 


When x = 2, then 


When x = 8, then 
y=x-4=8-4=4 


Therefore, the two graphs meet at (2, —2) and at (8, 4). 

The point on the graph of y? = 2x with ordinate y has abscissa х = у2/2, and the 
point on the graph of y = x — 4 with ordinate y has abscissa x = y + 4 (Figure 6). 
"Therefore, 


Wy) = (y+ 4) 2 for =2 =у=4 


By Theorem 1, 


E 4 m 
A= Io dy = | (v+4-+)a 
72, an s д 

n (2 ЕРА 
2 6/1, 


The Area Between the Graphs of Two Functions 


Let’s consider the problem of finding the area A of an admissible region bounded 
above by the graph of y = f(x), below by the graph of y = g(x), on the left by the 
vertical line x = a, and on the right by the vertical line x = b (Figure 7). If we take 
the x axis as the reference axis, then /(x) is the distance between the points (x, f(x)) 
and (x, g(x)); hence, 


х= oom CS) 
Therefore, by Theorem 1, 


b 


Lf) — g(x] dx 


a 


In Examples 3 to 5, find the area A of the indicated region. 


EXAMPLE 3 The region between the graphs of y = x + 2 and y = х2. 
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Figure 8 SOLUTION То determine the points of intersection of the two graphs, we solve 
E the two equations y = x + 2 and у = x? simultaneously and find that the intersec- 
tion points are 
yzx? у=х+2 (= Л) апа (2. 4) 


(Figure 8). Notice that the graph of y = x + 2 lies above the graph of y = x? be- 
tween x = — | and x = 2. Therefore, using the formula above with f(x) = x + 2 and 
g(x) = x?, we find that 


Та beers E 


Е А = |. ота теи i 
k 72 mic 
10 330. 9 | 
= E = (-2) = Т square units 


Figure 9 
EXAMPLE 4 The region bounded by y = x and y = х". 


SOLUTION The two graphs are sketched in Figure 9. By symmetry, the portion 
of the region in quadrant III has the same area as the portion in quadrant |. There- 
fore, the area A of the entire region is twice the area of the portion in quadrant I. 
Consequently, 


4 


1 2 
E A NS 
a=2| a x^) dx (5 ) 


s 1 | 1 ? 
= 2\|— — 0) = = square unit 
4 2 


0 4 


EXAMPLE 5 The region bounded above by у = cos x, below by y = sin x, on the 
left by х = 0, and on the right by x = 7/4 (Figure 10). 


SOLUTION 
п/4 п/4 
А = | (cos х — sin x) dx = (sin x + cos x) 
0 0 
Figure 10 № V2 
=o =) -0 + 1) = V3 1 square unit 


y 


Areas Bounded by Graphs of **Piecewise-Defined"" Functions 


The following example illustrates the method for finding the area between the graph 
x ofa "piecewise-defined"" function and the x axis. 


y=cosx 


EXAMPLE 6 


(a) Find the area between the graph of y = f(x) and the x axis from x = —2 to 
X = 5, where f 15 the function defined by 


RO ifx«0 
HO) = s 
f х2-х- 2 ifO<x<3 
16 — 4x if 3zx 


(b) Find | л 
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Figure 11 SOLUTION 


(a) Figure 11 shows a sketch of the graph of f with the desired area A shaded. 
From the figure, we see that 


0 ES \ = 3 
a-| (2-3)a- | -r-d | (x? — x — 2) dx 
ER AP 0 2 


4 5 
+ | (ul) — л = | (OU) = э wie 
3 4 


2 " 


(2-а) 


0 


4 5 
+(16х — 2x7) | — (16x — 2x7) 
3 4 
as Шр it 
= —— +—+4+ 2+ 2 = — square uni 
3 Е g quare units 
5 0 у 2 3 
(b) Í f(x) dx = (2 + I) dx + | (x? — x = 2) ах 
=2 = i ‹ 


) 


5 
+ | (16 — 4x) dx 
3 


EIN 3 2 E 5 
= inem + a=.) + (16x — 2x?) 
lor m es 2 0 3 
3 
= 3- 2 ros cm 


Again, in the example above, notice that 


> 3 
| fo» dx = EX 
does nor give the area between the x axis and the graph of y = f(x) from x = —2 to 
X — 5 because the area below the x axis provides a negative contribution to the 
integral. 
Problem Set 5.6 
In Problems 1 to 14. sketch the graph of each function, and find the 8 g(x) = х? — 602 + 88; а= 0, Б= 4 


area between the graph and the x axis from x = a to x = b. C Ge TERI 


1 fx) =1-x:a=-1,b=1 10 f(x) = х"; a =0, р = 1, where п > | 


à gag es cs mms bns т 


11 f(x) = sin 2x; a = 0, b= ТТ 


3h()-2-x;a--l.b-l 
4 Е() = 2-9; а= -3, b=3 12 g(x) = cos [3a =0.b= т 
§ Ga) = х a= —-2. b=2 


6 Н(х) =x 6х + 5; а= 1, b 53 оа ас 


> | 


peak 
: 4 


7 fix) = х — 4x7 + 3x, a =0, b= 2 14 FQ) = sin x cos x; а = -т, b= т 


„ы 
un 
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In Problems 15 and 16, find the area A of the shaded region in the 
indicated figure in two ways: (a) by using the x axis as reference axis 
and (b) by using the y axis as reference axis. 


15 Y 


In Problems 17 to 40, (a) sketeh the graphs of the two equations, (b) 
find the points of intersection of the two graphs, and (c) find the area 
of the region bounded by the two graphs. 


17 f(x) = x? and g(x) = 2x +3 


P 


18 ror and 7x — 2y = 20 


19 f(x) = —c — 4 and g(x) = —8 


20 y = Vx and y=x 


21 у= х – хап y= х 

22 f(x) = x? and g(x)-x 

23 fix) = —x? + Ax and g(x) = x? 

24 f(x) = х2 + 1 апа g(x) = Ах + 1 
25 f(x) = 10x — x^ and g(x) = 3x – 8 
26 f(x) = x^ — 8x and g(x) = —x? 

27 х= (у — 2) andx — y 


28 y? = 3x and y= x 


29 x = 6y? — 3 and x + 3y = 0 

30 x = 4у2 – | and 8r- 6y + 3 = 0 
31 f(x) 2 x? and g(x) = Vx 

32 у= 2x? — х? andy = 2x х? 

ao yee aml = 

34 y = |x| and y = x* 

35 х= ү – 2 andx =6-y? 

36 х= ү? -vandx2y- у? 

37 fix) = x|x| and g(x) = 2° 

38 f(x) = —x and g(x) = 2x — 3x? 


39 f(x) = cos x and g(x) = 1 — eos x for — x xz 


v |a 


40 f(x) = 3 — |x| and g(x) = sec? A 


In Problems 41 to 44, find the area of the region bounded by the 
graphs of the given equations. 


Jil pea, gc x o. xcd 


43 у= 2 – x, у =x", and above y = Vx 
44 y = хў, y = 0, and y = 3x — 2 (first quadrant) 


In Problems 45 to 50, sketch a graph of the function f, find the area 
between the graph of f and the x axis from x = a to x = b, and find 
fo f(x) dx. 


Se а = em || 
ЕГЧ Vx (sc lca = r 
45 тоох for a v 7:2 | RN 
Bu 18 for эу <=? 
=p =e 3 [ife =з Saree 
46 f(x) = 4 x + 2x І for -2<x=1, a=-5,b=4 
e for 1«xz4 
х + 6x —7 for -7 =x = 6 
47 Д) = 4 х2 40+ 5 for -6<x=0; а= -7,b-8 
|х — 5| for O<x=8 
ON [т З= SS D 
E ns jue ESQ o T 
Др = dumis for О. = fm pone 
Wik + 1 for 4<x=6 
х? 1 for -l =x<0 
х2 for ЖО = Ga EN t 
0/5) T ү fo 25x44" "ДШ 
cag em dl fon 4=x=8 


x for -3zx«0 


(x? + 1)2 

50 fix) =+ Vx for 0<х<4;а=-—3,Ь= 12 
vê — 120+ 32 for 4<x=10 
5 for 10 < х= 12 


REVIEW PROBLEM SET 353 


51 Use the method of slicing to find the area of the triangle whose 
vertices are the points (1, 1), (2, 4), and (4, 3). 


52 Use the method of slicing to find the area of the trapezoid whose 
vertices are the points (1, 1), (6, 1), (2, 4), and (5, 4). 


Review Problem Set, Chapter 5 


In Problems 1 to 6, write out each sum explicitly and then find its 
numerical value. 


5 3 
1 > (5k +3) 20 Уз@+1)? 
k-1 i=l 
4 3 
k ч 1 
3 4 : 
2, & ap It ey 1ш 1 
E ar Кт 
5 Ж cos — 6 tan —— 
k=1 k k=0 3 


In Problems 7 to 10, evaluate the sum by using the basic properties 
of summation. 


7 Le 19 8 > (6/*! — 67) 
k=1 j=l 

9 > (34 3/+1) 10 > (+1) 
j-0 k=0 


11 Find the sum of the first 1000 even integers: 
244-4648 +++ +2000 


12 Use the principle of mathematical induction to show that 
D Qk— 1) = n?. 


13 For doing a certain job, you are offered $0.01 the first day, 
$0.03 the second day, $0.09 the third day, $0.27 the fourth 
day, and so on, so that your daily earnings are tripled each day. 
(a) Using the X notation, write an expression for your total 
earnings after 14 days of work. (b) Use the basic properties of 
summation to evaluate the sum in part (a), and write the answer 
in dollars. 


n 


Д І NX 
14 Evaluat = (н у E eer 2 
valuate 2, je VOC RFK k k+l 


15 Evaluate the Riemann sum DE. ср) Ax, corresponding to 
the augmented partition [0, 1], [4, 2]. [5, 3]. [3, 1] with c, = 1, 
€? = 8, сз = &, and cy = § if f is given by f(x) = х2. Interpret 
this Riemann sum as an approximation to a certain area. 


16 (a) Suppose that f is an integrable function on the interval 
[0, I]. Use the definition of the definite integral to express 


as a certain integral. 


" .5 


: ; k ne 
(b) Write fim D —. as a definite integral. 
п->+® (к= п 


In Problems 17 to 20, find the Riemann sum corresponding to each 
augmented partition for the indicated function, sketch the graph 
of the function, and show the Riemann sum as a sum of areas of 
rectangles. 


17 f(x) = х? x, Ф? is the partition of [1, 3] into four equal sub- 
intervals with су, сә. сз, and c4 chosen so that all approximat- 
ing rectangles are inscribed 


18 f(x) = x? — 1, Ф? is the partition of [1, 4] into four equal sub- 
intervals with су, c», сз, and c4 chosen at the midpoints of these 
subintervals 


19 Same as Problem 17, except that all approximating rectangles 
are to be circumscribed. 


20 f(x) = 16 — x?, P7 is the partition of [0, 4] into four equal 
subintervals with су, сз, сз, and c4 chosen so that all approxi- 
mating rectangles are circumscribed 


In Problems 21 to 24, evaluate each definite integral directly by 
calculating a limit of Riemann sums. Use partitions consisting of 
subintervals of equal lengths, and augment these partitions by using 
left or right endpoints of the subintervals as indicated. 


4 

21 Í (x? + 1) dx (left endpoints) 
1 
3 

22 Í (х? + x) dx (left endpoints) 
1 
4 

23 | (x? + 1) dx (right endpoints) 
1 


0 
24 | (x? — 2x + 3) dx (right endpoints) 
-1 
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In Problems 25 to 32, indicate whether each definite integral exists 
and give a reason for your answer. 


P100 б 2 З 
Ila] i dx 

25 | M д mw = 

Jt x (Odi 

ра eee [ {х 
п | МТ ах в | са 

t li Mose ge 
29 | а 

Лу соѕх 


5 


| u^ for x «0 
» | X) ах, where f(x -f rdi 
ПЛОД SERM ig for x = 0 


т 
31 i cot x dx 


0 


27 X 
32 | csc — ах 


0 = 


In Problems 33 and 34, use the indicated previous result to evaluate 
the definite integral. 


1 
33 | Q? + D dx (see Problem 21) 
4 


1 
34 | (х? + x) dx (see Problem 22) 
3 


7/2 


35 Evaluate f 


m/2 


cot x dx. 


a/2 
36 Is | tan x dv defined? If so, what is its value? 


3 
37 Is f(x) = [[x]] continuous on [0, 3]? Does | f(x) ах exist? 


0 


Why or why not? 
38 By using the definition of the definite integral, prove that if K 
b 
is a constant, then | K dx = K(b — a). 


a 


In Problems 39 to 48, assume that f} f(x) dx = 6, f3 f(x) dx = 7, 
[3 ва) dx = 8, and f^ cos? x dx = 7/4. Use the properties of 
definite integrals to evaluate each expression. 


3 П 
39 | (—5)/(х) dx 40 [ f(x) ах 
i 3 


rs 3 
41 | Lf) + Зе(х)] dx 42 | [4260 = 2/(х)] dx 
3 5 
S m/2 
43 | fl ах 44 cos? x dv 
1 m/2 
5 е ; 
: 1 ЈАЛ for lsx<3 
45 | h(x) dx, where h(x) = fee (ME m mE 
E 0 for, = ] 
46 | F(x) dx. where F(x) = + fx) kay I= gece 3 
1 


52 for х = 3 


a | Е 
0 


1 
48 | H(x) dx, where H(x) = | 
* 


3 cos? x) dx 


1 + fx) 


for | sxs3 
fet ey fl < 


fo3«xs5 


49 True or false? 


10 10 , (o 
(a) | HED aR = | fix) dx 2f fix) ах 
П 6 i 


3 
(b) i make 
2 


— 


3 ‚ [* 
a(x) dx 2f g(x) dx 

50 Suppose that f is an integrable function on [a, b] and that 

|А) = K holds for all values of x in [а, b], where K is a 


constant. Prove that [^ fix) 4х| = K\b — a]. 


In Problems 51 to 55, without evaluating the integrals involved, 


show that the inequality holds. 
І ; 1 
E | ах _ = | ах 
о л" fy ll SF ae 


3 3 
51 | xdxvs | “а 
t i 


m/3 usi lm 3 
sin x 
54 | cos x dx € | dx 


7/6 7/6 X 
m/A 7/4 
55 | sin x dx = cos x dx 
0 0 


56 Assume that f and аге continuous functions on [«, b] and that 
K is a constant. Show that 
b 


h b 
2K f fg) dx = Í [Fœ]? dx + K? Í Lg)? dx 


(Hint: 0 < | f(x) = Ke.) 


57 Verify the inequality in Problem 51 by using the fundamental 
theorem of calculus to evaluate the integrals. 


58 Use Problem 56 to derive the Cauchy-Bunyakovski-Schwarz 
inequality: If f and g are continuous functions on [a, b}, then 


2 b 


b b 
| ДОх)е(х) | =| [До]? a | Leo]? dx 


a a 


| Hint: First take care of the case in which f^ [gG)]? dx = 0. 
Then, assuming that f^ [ eG)? dx # 0, let К in Problem 56 be 
the ratio of f^ fé go) dx to f^ Lg dx.] 


In Problems 59 to 64, find the mean value of the function f on the 
indicated interval, and find a value of c in the interval for which f(c) 
is equal to this mean value. 


59 f(x) = 3x + 1 on [0, 4] 
60 f(x) =x? + 2 on [0, 3] 
61 f(x) = 4 — x? on [0, 2 


- e 


62 f(x) = 4 + 33? on [- I. 1] 
63 f(x) = |x| on [-1, 3] 
64 f(x) = x|x| on [-2, 1] 


In Problems 65 to 88. use the fundamental theorem of calculus and 
the properties of definite integrals to evaluate the integral. 


ü 
66 | Зу? dy 
-4 


68 Г 9 V/z dt 
8 


3 
65 | (4x + 3) dx 
0 
: г 
67 | 6N/x dx 
0 
1 3 
69 | Qt + 312) dt 70 i (Зи — DG? + 1) du 
0 0 
1 1 
71 | (22 + 2)°4: 12 | S(x — Vx? dx 
EST 0 
3 3 
73 | (x + |al) dx 74 | |x + 1] dx 
=f} EST 


I 
7s | Wit 1 dt 


п |. Dee dx 
1 (1 + x7)? 


4 
76 | xx] dx 
-1 
1 [——— 
78 | x'Vx* + | ах 
а 
» | (Ix — 1| + |= 20 dx с е 
A Vx + 10 
п/4 
82 | tan и sec? u du 


на үе sec? 20 20 
tan? 20 


7/8 
81 | sin 4x dx 
0 
83 | sin y cos y dy 
‘7/6 
Dam Эт 
85 | [sin x| dx 86 ie cos |x| dx 
0 0 


| = xe for 0=x<1 


3 
7 | fx) dx, where fs) = 43^ — 1. forlsx«2 
o 


Agar for 2= x= 3 
=R for -l=x<0 
88 | g(x) dx, where g(x) = 4 \ x41 ТОО 
С ХУТ + x ТО 


In Problems 89 to 99. use the alternative version of the fundamental 
theorem of calculus to find the derivative. 


89 D, | (At + 19? qr 
3 


90 £ | Bw? — 7)? dw 
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91 g'(x), where g(x) -f (81 + 512 — 13)? dt 
1 


Ё? 


92 h"(r), where hir) = | VI + x! dx 


0 
1000 2) 
A p. | Nur. 
- ул +8 


го 
94 <) [и] dw 
uio d 


t 


0 
95 e"(1), where g(t) =Í \Vl+x ах + | МІ + и? dw 


І 0 


0 
96 h'(t), where h(t) = | 
t 


97 р, | ый 
1 


dx |. ах 
ПИЕ 


1+? 


1 (5 t9 NE 
Е | 3 dt 
3 


Ш = a КЕП 
dx kee tte 


5r-t ү 
99 р, | cos (n? + 1) dw 
are 


100 Assuming that all required derivatives and integrals exist: 


d \ gi) 
(a) Find Ed [f Лее) dr — | fao au. 


ela) 
b gib) 
(b) Conclude that | fletet) dr = | Ди) du. 
а gia) 


101 Find the maximum value of each function g on the interval 
indicated. 


(a) g(x) = I (^ — 4t + 4) dt on [0, 4] 
0 


(b) g(x) - | (Vt — г) dt on [0. 1] 
ü 


102 Suppose that the function f is piecewise continuous and 
bounded on the interval [а, bj. and define g by g(x) = 
Дк f(t) а. Prove that g is continuous on [a. b]. 


In Problems 103 to 110, indicate whether each statement is true or 
false. You may assume that all required derivatives and integrals 
exist, that functions appearing in denominators are nonzero, and so 
forth. If the statement is false. give a specific example to show it is 
false. (Such an example is called a counterexample.) 


b „ [Р b 
103 | Fig x) dx i| fx) af g(x) dx 


b Я b b 
104 | fœ) dx = fix) | g(x) dx + g(x) Í fo» dx 


i=) 
ui 
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[b b b 4 
106 | fe) dx = (ЛОЛ — | Вох) G0 dv, where 118 Í wG = n =a 
“a a a 0 


h'(x) = gx) 


107 Í Дх) dx 20. if f is an odd function V3tx 
a 9 ENR 
1 fk li 120 | Sagi = 3 
108 | fiki) dt = fit) dt, where К is a constant о ИКИ 
ka I3 
|297 121 | а. п= 3 
109 I g(x) dx} = | Je] dx о 2+шх 
! a a 1 fm 
B: ; 5 , Я = 22 pu v dx; n — 
110 1f f is a decreasing function, then the function g defined by 12 | cos ~~ хуп 


g(x) = fő f(t) dt is also decreasing. 


In Problems 123 to 134, (a) sketch the graphs of the equations, (b) 


© In Problems 111 to 116, use the trapezoidal гше, Т, = fa f(x) dx. find the points of intersection of these graphs, and (c) find the area 
with the indicated value of п to estimate the integral. of the region bounded by these graphs. 
Iu ie x V16 = х? d п= 4 [Шужа mdi oem 
0 
д 124 y = x°, the y axis, and y = —27 
112 | М4 + х" ах; п = 4 125 у=9 — x? and y = x? 
1 à : i 


m 126 21? + 9x = 36 and 3x + 2у = 0 
113 | \/125 + х д; п = 5 " d 
127 y 22x^ and y 2 x^ + 2x + 3 


28 ү2 = – = 2 = —Wx—2 
n [ves /64 — x! dx; п = 8 128 y 4(x — 1) and у Xx — 2) 
129 2x + 3у + 1 20 and x - 32 (у 1)? 
ns] sec x ах; п= 6 уе eS il, о 4 
LU 


134 у=4- x? and y = 4 — 4x 
132 x = įv? — ) and y = 4x — 16 
133 У = 9x, y? = —3(x — 6), and v = —3 


т/2 
ne | ci wake eS 7 
LU 


{In Problems 117 to 122, use Simpson's parabolic rule, $5, = 
J? f(x) dx, with the indicated value of п to estimate the integral. 134 у 


—16(x — 1) and y? = 1$ (x + 3) 


117 | — T dx; n24 135 Find the area of the region bounded by the curve y = — &x? 


and the tangent to this curve at (3, —2). 


APPLICATIONS OF THE 
DEFINITE INTEGRAL 


In Chapter 5 we used definite integrals to find the area of plane regions. Here we 
apply definite integrals to the problem of finding the volume of three-dimensional 
regions. In addition, we consider applications of definite integrals to the calculation 
of arc length, surface area, consumer’s surplus, blood flow, work, and energy. 


Figure 1 


Q 


Figure 2 


LJ 


base В, 


base В, 


6.1 


Volumes of Solids of Revolution 


The techniques used in Section 5.6 can be modified to express the volume of a 
three-dimensional region S as an integral. We assume that any three-dimensional 
region 5 which has a ‘‘reasonable shape'' has a definite volume V($) cubic units 
associated with it. We refer to such a region as an admissible three-dimensional 
region, or simply as a solid. In particular, any three-dimensional region having the 
following two properties is a solid: 


1 The boundary of $ consists of a finite number of smooth surfaces that can 
intersect in a finite number of edges. These edges, in turn, can intersect in a 
finite number of vertices. 


2 5 is bounded in the sense that there is an upper bound to the distances 
between the points of 5. 


For instance, a solid spherical ball, a solid right circular cone, a solid cube, or the 
solid region between two coaxial right circular cylinders would satisfy the above 
conditions (Figure 1). 

A solid consisting of all points lying between an admissible plane region B, and a 
second admissible plane region B5 obtained by parallel translation of B, is called a 
solid cylinder with bases B, and В, (Figure 2). All the line segments joining points 
on the base B, to corresponding points on the base B» are parallel to one another. If 
all these line segments are perpendicular to the bases, then the solid cylinder is 


357 
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solid nght cylinder 


Figure 4 


inner cylinder 5, 


outer cylinder $, 


Figure 5 


(a) 


Figure 6 


(a) 


called a solid right cylinder (Figure 3). The distance, measured perpendicularly, 
between the two bases of a solid cylinder is called its height. Henceforth, we 
assume that the volume of a solid right cylinder is its height times the area of one of 
its bases. 

If one solid $, is contained in a similar but slightly larger solid $5, then the 
three-dimensional region $5 consisting of all points in $5 that are not in S, is some- 
times called a shell (Figure 4). Notice that 


V(S3) = V($5) — V(S)) 


that is, the volume of the shell is the difference between the volumes of the larger 
and the smaller solids. For instance, in Figure 4, the volume of the right cylindrical 
shell is given by 


V(S3) = V(S2) — V(S,) = ar3h — arith 


The Method of Circular Disks 


In this section and the next we develop methods for finding the volumes of solids 
called solids of revolution. Solids of revolution are formed as follows: Let R be an 
admissible plane region, and let / be a line lying in the same plane as R but touching 
R, if at all, only at boundary points of А (Figure 5a). The solid S "swept out," or 
generated, when R is revolved about the line / as an axis is called a solid of revolu- 
tion (Figure 5b). 

Consider the special case in which R is the region under the graph of a continuous 
nonnegative function f between x — a and x — b (Figure 6a). Denote by 5 the solid 
of revolution generated by revolving R about the x axis (Figure 6b). Figure 6c shows 
an *'infinitesimal"" portion dV of the volume V of 5 consisting of a circular disk of 
infinitesimal thickness dx, perpendicular to the axis of revolution and intersecting it 
at the point with coordinate x. Evidently, the radius r of this disk is given by 
r= f(x). 

The disk in Figure 6c can be thought of as a solid right 
cylinder whose base is a circle of radius r and whose height is 
dx. The area of its base is mr”: hence, its volume dV is given 
by 

dV = пг? dx = подр ах 
The total volume У of the solid 5 should be obtained Бу 


"summing'"—that is to say. integrating—all the infini- 


tesimal volumes dV of such disks as x runs from a to b. 
(b) 


(b) 
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Therefore. we should have 


x=b 
y= | dV = | 


х=а а 


b b 
Tifa] ах = a | FOT dx 


The calculation of volumes of solids of revolution about the x axis by the formula 


b 
у= т | [Ао] dx 


а 


is called the method of circular disks. Although our derivation of the formula 
using Leibnizian infinitesimals may not be mathematically rigorous, the formula is 
correct. In Section 6.3, we outline a more conclusive argument. 


The shape of a solid of revolution is 


{ In Examples 1 and 2, use the method of circular disks to find the volume V of 
found in these elevators 


the solid S generated by revolving the region R under the graph of the given func- 
tion f on the indicated interval [a, b] about the x axis. Sketch the graph of f and 
the solid S. 


Figure 7 EXAMPLE 1 f(x) = x? on [1. 2] 


SOLUTION Here, 


mi [йу ж 


ү=т{ 
1 
= т| (x3)? dx 
1 
2 952 
= z | © dk = ue 
1 77 
128 1 127 d 1 А 
= | = zi = 7 cubic units (Figure 7) 
7 dix 7 


EXAMPLE 2 f(x) = Va? — х? on [-а, a] 


SOLUTION Here, 


Figure 8 y y 


V= т | WED 09 = т | (Va? — х?)2 dx 


a 5 ^ x? 
| (a^ — x^) dx = mla? = <) 


de-s 


The graph of f(x) = Va? — x° on [—a, a] is a semicircle (Figure 8a), and the 
corresponding solid of revolution is a sphere of radius a (Figure 8b). The formula 
V = ia^, obtained here by the method of circular disks, is the familiar formula for 
the volume of a sphere of radius a. 

Of course, a plane region can be revolved about the y axis rather than the x axis, 
and again a solid of revolution is generated. For instance, suppose that R is a plane 
region bounded by the y axis, the horizontal lines y = a and y = b, where a < b, 
and the graph of x = g( y), where the function g is continuous and g( y) = 0 for 


a 


ei 


S 3 JT EUM 
Sp | | e -——— ee 
3 E 3 


(a) (b) 


m 
Q 
SS 
| 
== 
5 
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Figure 9 У a € y € b (Figure 9a). Figure 9b shows the solid of revolution 5 generated by 
revolving R about the y axis. In Figure 9b, 


dV = тг? dy = т{г(у)]? dy 


у=Ь b b 
hence, V= | dV = | т[в(у)]/#4у= т | feODy dy 


у=а а а 


x =рю(у) 


~y 


Use of the formula 


b 
e y= a| [eC dy 


a 


to calculate the volume of a solid of revolution about the y axis is also called the 
method of circular disks. 


EXAMPLE 3 Find the volume of the solid 5 generated by revolving the region К 
bounded by the y axis, the line y = 4, and the graph of y = x^ with x = 0 about the 
y axis. Use the method of circular disks, and sketch both К and S. 


SOLUTION Solving the equation y = x? for x in terms of y and using the fact that 
xz 0, we have x = Vy (Figure 10). By the method of circular disks, 


4 4 nd 
v-s| (S dy = т] yds = (2) 
0 0 2 


4 
= 8m cubic units a 
0 


Figure 10 
The Method of Circular Rings 


Volumes of solids of revolution more general than those considered above can be 
found by using the method of circular rings. This method works as follows: Sup- 
pose that f and g are nonnegative continuous functions on the interval [a, 5] such 
that f(x) = g(x) holds for all values of x in [a, b], and let R be the plane region 
bounded by the graphs of f and g between x = a and x = b (Figure Па). Let S be 
the solid generated by revolving R about the x axis (Figure 11b). Here we consider 
an infinitesimal portion dV of the volume V of S consisting of a circular ring, or 
washer, of infinitesimal thickness dx, perpendicular to the axis of revolution and 
centered at the point with coordinate x. The base of this circular ring is the region 


Figure 11 


J 
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between two concentric circles of radii f(x) and g(x) (Figure 1 1c); hence, the area of 
this base is z[fCO]? — m[g(x)]? square units. It follows that 


dV = (mL fix)? — т[ g(x) 7} dx 


Therefore, 
x=b b b 
У = Г ауе | ULP — 71260) ах = | {Lf — [2601] ах 


Figure 12 Thus, we have the formula 


b 
Var | ПД]? — Геор} ах 


for finding the volume of a solid of revolution about the x axis (Figure 11) by the 
method of circular rings. 


EXAMPLE 4 Using the method of circular rings, find the volume V of the solid 5 
generated by revolving the region R about the x axis, where R is bounded by the 
curves y = x? and y = х + 2. 


SOLUTION The points of intersection of the two curves are (2, 4) and (=I, Jl 
(Figure 12a). By the method of circular rings (Figure 12b), we have 


v-s[. (c «22 - e m m | " c EE EE 
1 =i] 


2 [E ( al 
к= TE — — — —— 
= 15 15 


23 05 
"(2 + 2x? + Ах — Z) 
3 5 


7247 k " 
= cubic units 


Naturally, the method of circular rings works for solids 5 generated by revolving 
plane regions R about the y axis rather than the x axis. Thus, in Figure 13a, the plane 
region R is bounded on the right by the graph of x = F( y), on the left by the graph 
(o of x = G(y), above by y = b, and below by y = a, where a < b. If R is revolved 
about the y axis, then a solid of revolution S is generated (Figure 13b). The circular 


Figure 13 
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Figure 14 


inside radius, q/y- 
outside radius, 2 
thickness, dv 


ring perpendicular to the axis of revolution and centered at the point (0, y) has 
infinitesimal volume dV given by 


dV = TAFOD] — [С(у)]?} dy 


y=b b 
hence, у = | dV = | TEOD — [С( у)]?} dy 
Therefore, to find the volume of a solid of revolution about the y axis (Figure 13) by 
the method of circular rings, we use the formula 


EXAMPLE 5 Use the method of circular rings to find the volume V of the solid of 
revolution 5 generated by revolving the region R about the y axis, where R is the 
plane region bounded on the right by the graph of x = 2, on the left by the graph of 
y = x3, and below by the x axis. Sketch R and 5. 


SOLUTION Тһе region R and the solid 5 are shown in Figure 14a and b, respec- 
tively. Let F(y) = 2 and G(y) = Vy. By the method of circular rings, 


8 
V= л | LEO? — 1GCOT) ау 
0 


so 
8 r | А , 
\ = г | [4 — (Му)? dy = z (ay ш 2 уз) 
0 | = | 
96 647 А | 
= т\32———) = —— cubic units 
5 5 


The method of circular rings is also effective for solids generated by revolving 
plane regions about axes other than the x or the y axis. This is illustrated by the 
following examples. 


EXAMPLE 6 Use the method of circular rings to find the volume of the solid 5 
obtained by revolving the region R about the line x = 6, where R is bounded by the 
graphs of y? — 4x and x — 4. 


SOLUTION From Figure 15, the inside radius of the circular ring at level y is 2 
units, and its outside radius is 6 — ( y?/4) units; hence, 


RUNG: 
dV = n| (6 = al x | dy 
4 


Integrating, we obtain 


4 


4 у? | Е 
= п |е = — 3y? ES 32) dy = "(2 — y? 5р эзу) 


384 384 1687 : 4 
a eon = = 5 cubic units 


-4 
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Figure 15 


Figure 16 У 


(0, 8)=B уе о 


axis of revolution 
(a) 


EXAMPLE 7 In Figure 16, the curve OP has the equation y = x°. Find the volume 
of the solid of revolution generated by revolving the region 


(a) OBP about the line y = 8 
А = (2, 0) 


(b) ОАР about the line x = 2 
Figure 17 9 


(c) OAP about the line y = 8 
у= 8 B dx—- er А rev of 


SOLUTION 
IAN A volution 


(a) When the region OBP is revolved about the axis y — 8, the infinitesimal 


rectangle of height 8 — x^ and width dx shown in Figure 17 sweeps out a 
circular disk of thickness dx and radius 8 — x?^. Its volume is given by 


dV = п(8 — x?) dx = «(64 — 16 + x9) dx 


Therefore, 
yal av=] т(64 — 16x? + x9) dx 
x=0 0 
ag x! 2 
=F (ва — 4x! + = 
7 /1g 
Figure 18 y _ 576т 


cubic units 


(b) When the region OAP is revolved about the axis x = 2, the infinitesimal 


rectangle of height dy and length 2 — Vy shown in Figure 18 sweeps out a 
circular disk of thickness dy and radius 2 — Vy. Its volume is given by 


dV = т(2 — Vy)? dy = т(4 — 4y!” + y?) dy 


Therefore, 
amt 8 
VE dV = | п(4 — 4yl/3 di 2/3) dy 
у=0 0 
3 8 
= "(4 = 3y¥3 m ys) 
| À с 
3 0 
i 167 
axis of " 
revolution 


5 cubic units 
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Figure 19 v 


axis of 
P revolulion 


mal volume 


Therefore, 


Problem Set 6.1 


In Problems 1 to 8, find the volume of the solid generated by revolv- 
ing the region under the graph of each function over the indicated 
interval about the x axis. 


1 Ax) = 3х°; [—1, 3] 
ду О = МАК Ses I E] 


CE 


5 F(x) = V2 + x^ [0, 2] 


2 g(x) = 3Vx; [1, 4] 
4 GG) = |x|; [—2, 1] 
Gof) = [ab as x93. 2] 


8 f(x) = tan x; |o. = 


т 
7 g(x) = sec x; lo. 4 | 3 


In Problems 9 to 16, find the volume of the solid generated by 
revolving the region bounded by the graphs of the given equations 
about the y axis. 


9y-2x,y-8.andx = 0 10 у = х,у = 4, andx = 0 

tt y? = 4x, y= 4, and x = 0 

12 у= x? + 2, у= 4, and x = 0 (first quadrant) 

П aa ale 0) 14 у = 2x7,y = 2,апіх = 0 
15 x = Усоѕ (ту/4), y = 0, and y= 1 

16 x = csc (1у/6), v = 1, and y = 2 

In Problems 17 to 30, find the volume of the solid generated by 
rotating the region bounded by the given curves about the indicated 


axis. Use the method of circular disks or the method of circular 
rings. 


17 у= x? and y = 2x about the x axis 


18 y = x? and y? = x about the x axis 
19 у= x? and у = x about the y axis 


20 y 


x? + 4 and y = 2x? about the у axis 


(c) When the region OAP is revolved about the axis y — 8, the infinitesimal 
rectangle of height x^ and width dx shown in Figure 19 sweeps out a circular 
ring of thickness dx with inside radius 8 — x^, outside radius 8, and infinitesi- 


dV = q|8? — (8 — oy] dx = п(16х° — x*) dx 


у= | av-[ PU ods 
0 


x=C 


› 
: 

a (ae - х. 
7 


a PEE 
= cubic units 
0 7 


2] у= х?, x = 2, and the x axis about the y axis 
22 y = 2x, y = x, and x + y = 6 about the x axis 
23 y? = 4x + 16, and the y axis about the y axis 
24 y = 3x, y =x, and x + y = 8 about the y axis 
25 у= x? and у? = x about the line x = —1 

26 у= хў, x = 0, and y = 8 about the line у = 8 
27 y = Ax — x? and y = x about the line x = 3 

28 y = x? — x and y = 3 — x? about the line у = 4 


29 y = cos x, y = sin x, x = 0, and x = 7/4 about the x axis [Hint: 
cos? x = 4(1 + cos 2x) and sin? x = 4(1 — cos 2x).] 


30 x = cos y + sin y, x = соѕ у —siny, у= 0, and y= 7/2 
about the y axis 


In Problems 31 to 38, find the volume of the solid generated when 
the given region in Figure 20 is rotated about the axis indicated. In 
Figure 20, the curve OP has the equation y — Зх? for O= x x 2. 


» 


Figure 20 (0,1228 


31 OAP about the x axis 32 OBP about the x axis 


33 OBP about the у axis 34 OAP about the y axis 


35 OAP about the line AP 36 OBP about the line AP 


37 OBP about ihe line BP 38 OAP about the line BP 

39 Find a general formula for the volume of the solid generated 
when the region OAP in Figure 20 is revolved about the axis 
х'= а, fora. 


40 А torus, or anchor ring, is a doughnut-shaped solid (Figure 21) 
generated by revolving a circular region R about an axis in its 
plane that does not cut the region R. Find the volume V of such a 
torus if the radius of R is a and the distance from the center of R 
to the axis of revolution is Р. (Hint: In working this problem 
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by the method of circular rings, you will encounter the integral 
s JE cu 3 TSM 

[£4 Ма? — x^ dx. Notice that this integral represents the area 

of a semicircle of radius a; hence its value is їла?) 


Figure 21 


axis of 
revolution 


6.2 The Method of Cylindrical Shells 


In this section we present an alternative method for finding the volume of a solid of 
revolution based on cylindrical shells rather than on circular disks or rings. We 
begin by considering the volume V of a solid right circular cylinder of fixed height 
h, but with variable radius x (Figure 1a). Here 


dV=lnxhdx 4 


У = лх?һ 


lf the radius x is increased by a small amount Ax = dx, then 
the volume V is increased by a corresponding amount AV 
(Figure 1b). Evidently, AV is the volume of a thin cylindrical 
shell of height Л with inner radius x and thickness Ax = dx. 
Using the differential to approximate AV. we have 


AV = dV = d(mx^h) = 2axh dx 


As Ax approaches zero, this approximation becomes better 
and better. Thus, a cylindrical shell of height h, inside radius 
x, and infinitesimal thickness dx has an infinitesimal volume 


dV = 2«xh dx 


You can remember the formula dV = 27xh ах by imag- 
ining that the cylindrical shell (Figure 1b) is cut vertically and 
"unwrapped'' to form a rectangular slab of height A and 
thickness dx (Figure 1c). The length of this slab is approxi- 
mately the inner circumference of the shell, 2 тх units: hence. 
its volume is approximately 


(2хтх)(А)(4х) = 2тхА dx cubic units 


Now, let R be a region in the xy plane bounded above 
by the curve y = f(x), below by the curve y = g(x), on the 
left by x = а, and on the right by x = b, where 0 <a < b 
and f(x) = g(x) for a = x = b (Figure 2a). Let 5 be the solid 


366 


Figure 3 
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(tbi 


Figure 2 


P JO) 


Ja 
|) о" 
h= fix) g(x) 


(a) 


of revolution generated by revolving R about the y axis (Figure 2b). Consider the 
rectangle with infinitesimal width dx and height h = f(x) — g(x) situated above the 
point (x, 0), as in Figure 2a. As R revolves about the y axis to generate S, this 
rectangle sweeps out an infinitesimal portion dV of the volume of the solid S having 
the shape of a cylindrical shell of height  — f(x) — g(x). inside radius x, and infini- 
tesimal thickness dx. Hence, by the argument in the preceding paragraph. 


dV = 2тхА dx = 2тх|/(х) — gix)] dx 


Integrating the differential equation above, and noting that x runs from a to b, we 
obtain 


Е em 


b b b 
У = dV = | 2mx[ f(x) — gQ)] dv = 2s | x f(x) = gCo] dx 


Sd a 


Therefore, the volume V of the solid generated by revolving the region bounded by 
у = fix), у = g(x), x = a, and x= b (Figure 2a) about the y axis is given by 


b 
V= 2s | х) = g(x)] dx 


a 


Use of this formula to calculate volumes of solids of revolution about the y axis is 
called the method of cylindrical shells. 


EXAMPLE 1 Let R be the plane region bounded by the graphs of y = x? yide 
x = 1, and x = 3 (Figure За), and let S be the solid generated by revolving А 
about the y axis (Figure 3b). Use the method of cylindrical shells to find the vol- 
ume V of S. 


SOLUTION 


E 3 
v= 2s | x3 — 1) dx = эт] (x57? — x) dx 
1 1 


B ERU 2 3? p 12 
= [Ie E £) = EE PA. a e Е = || 
| 2/5 7 2 7 2 
543 — 3 M 
=27( = cubic units 
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Figure 4 With obvious modifications, the method of cylindrical shells works for solids 

y generated by revolving plane regions about the x axis—or, indeed, about any axis 
lying in the plane of the region. For instance, consider a region R in the xy plane 
bounded on the right by the graph of x = F(y), on the left by the graph of x = 
G( y), below by the horizontal line y = a, and above by the horizontal line y = b 
(Figure 4). Then the volume V of the solid generated by revolving R about the x axis 
is given by 


b 
V= 2. | y[F(y) = GCy)] dy 


a 


axis of 
revolution 


EXAMPLE 2 Find the volume of the solid generated by revolving the region R 
bounded by the curves y = іх and y = V/x about the x axis. 

SOLUTION On the right boundary of R we have y = 4x, so that x = F( y) = 2y; 
on the left boundary of R, we have y — Vx, so that x = G( y) = y? (Figure 5а). The 


Figure 5 two boundary curves intersect at (0, 0) and (4, 2). Thus, by the method of cylindri- 
cal shells, 
2 д 2 o dys y* 2 
V= 2m | yQy — у) dy = 2s | (2у2 – уз) dy = эт zu = 
0 0 3 4 4 lg 
em SR = = = Зл bi it 
20 4 g CUBIS mus 


Comparison of the Ring and Shell Methods 


In Figure 6, suppose that the plane region R is revolved about the indicated axis of 
revolution to generate a solid of revolution S. The volume V of S can be calculated 
either by the method of circular rings or by the method of cylindrical shells; the 
(a) result will be the same. Of course, the computations involved may be easier if one 
method is used rather than the other. 

Figure 6 contrasts the method of circular rings (Figure 6a) with the method of 
cylindrical shells (Figure 6b). Notice that the circular rings are generated by infini- 
tesimal rectangles perpendicular to the axis of revolution, whereas the cylindrical 
shells are generated by infinitesimal rectangles parallel to the axis of revolution. 
For the method of circular rings (Figure 6a), 


b 
у= | (rà — ri) ds 


a 


E Figure 6 axis of axis of 
revolution revolution 
method of method of 
circular rings: cylindrical shells: 
Ver | (5 D ds V= 2f rh ds 


9 (a) (b) 
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Figure 7 


where ғу is the inner raaius, г» is the outer radius, and ds is the thickness of the 
circular ring. For the method of cylindrical shells (Figure 6b), 


where ғ is the inner radius, ^ is the height, and ds is the thickness of the cylindrical 
shell. In either case, the limits of integration are chosen so that the rectangles in 
Figure 6a or 6b sweep out the region R as the variable of integration goes from a 
to b. 

It is neither necessary nor desirable to memorize the formulas for volumes by the 
ring or shell methods. Indeed, after some practice sketching or visualizing circular 
rings and cylindrical shells, you can quickly set up the appropriate integrals. 


EXAMPLE 3 Let А be the plane region bounded by the graphs of y = vios у= 1, 
and x = 4 (Figure 7). Find the volume V of (ће solid 5 generated by revolving R 
about the line v = —2. 


SOLUTION Let's try the method of cylindrical shells. (In Problem 27, we ask 
you to calculate the same volume by using the method of circular rings.) When 
revolved about the line y = —2, the infinitesimal rectangle of length ^ and width dy 
shown in Figure 7 generates a cylindrical shell of radius ғ, thickness dy, height Л, 
and volume dV = 2arh dy. From Figure 7, we see that 


г=у+ 2 апа h=4-y? 


ES m а o lh 
2 revolution hence 
dV = 2arh dy = 2m(y + 2)(4 — y?) dy = 2т(-у? - 2y? + 4y + 8) dy 
As у runs from 1 to 2, the infinitesimal rectangle in Figure 7 sweeps out the region 
R. Hence, 
у=2 2 
У = | dV = | 2a(—y? — 2y? + Ay + 8) dy 
у=1 1 
y* 2y? 4 2 44 109 677 : А 
IO TD EE SEI оу t Syl =2лту——;————— NONE Ше 
4 3 1 3 12 6 
Problem Set 6.2 
In Problems ! to 10, use the method of cylindrical shells to find the 5 К is bounded by the graphs of у = xà, y 2 x? + 1, x = 0, and 
volume V of the solid of revolution generated by revolving each х= 1. 
region А about the у axis. р з 
Е 6 R is bounded by the graphs of y = Vx, (6— ШЕ Ж! 
1 R is bounded by the graphs of y = x? + 1, y = 0, x = 0, and х= 27. 
х= 1. 
j 7 R is bounded by the graphs of Зх — 2y + 1 = 0, y 2x. x = 1, 
2 R is bounded by the graphs of y = Мх + x, у= 0, х = 1, and апд х = 3. 
X — 4. 
x 8 R is bounded by the graphs of y = VI — х2, y= -VI — x. 
3 R is bounded by the graphs of y = Мх" + 1, y = 0, x = 0, and and x = 0 and lies in the first and fourth quadrants. 
х= 1. А 
i 9 R is bounded by the graphs of y = sin v, y=0, x = М/т/?. 
4 R is bounded by the graphs of у = Vx + 1, y = 0. x = 3. and and x = Мт. 


x=8. 


10 R is bounded by the graphs of y = cos х2, y = sin x^, x = 0, and 
х= Ут/2. 


In Problems 11 to 16, use the method of cylindrical shells to find the 
volume V of the solid of revolution generated by revolving each 
region R about the x axis. 


11 
^i 
= 

Ш 
N 
~) 
= 

11 
= 


11 R is bounded by the graphs of y 
12 R is bounded by the graphs of y = Vx, y = 2, and x = 0. 
13 R is bounded by the graphs of x = 4Vy, у= 4, and x = 0. 


14 R is bounded by the graphs of x = y°V1+y*, х= 0, and 
y= iL 


15 R is bounded by the graphs of x = y? + 1, x 2 y V1 + у, у= 
0, and y = 1. 


16 R is bounded by the graphs of y = x", y = x", x = 0, andx = 1, 


where n < m. 


In Problems 17 to 20, use the method of cylindrical shells to rework 
the indicated problem. 

17 Problem 5 in Problem Set 6.1 

18 Problem 22 in Problem Set 6.1 

19 Problem 25 in Problem Set 6.1 

20 Problem 28 in Problem Set 6.1 

In Problems 21 to 26, use either the method of circular rings or the 
method of cylindrical shells to find the volume V of the solid of 


revolution generated by revolving each region about the indicated 
axis. 


21 R is bounded by the line y — 16 and the parabola y — x^; about 
the x axis. 


22 R is the same region as in Problem 11, but the axis of revolution 
is y = 27. 
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tv 
„ы 


R is the same region as in Problem 21, but the axis of revolution 
is x = 20. 


24 R is bounded by the graphs of y = 20° — 9x? + 12x, y = 0, 
x = 0, and x = 3; about the x axis. 


25 К is the region in the first quadrant above the graph of y = x? and 
below the graph of y = x + 2; about the line x = —2. 


26 R is the region in the second quadrant above the graph of y — 
—х? and below the graph of y = 3х2; about the line y = —3. 


27 Use the method of circular rings to rework Example 3 on page 
368. 


28 Use the method of cylindrical shells to show that the volume of a 
right circular cone is one-third of its height times the area of its 
base. 


29 Find the volume of the solid generated by revolving the right 
triangle with vertices at (a. 0), (b, 0), and (a, Л) about the y axis. 
Assume that 0 < a < b and h > 0. 


30 Let V be the volume of the solid of revolution generated by 
revolving a region R, which lies to the right of the у axis. about 
the y axis. If b is a positive constant, show that the volume of the 
solid of revolution generated by revolving R about the axis x — 
—b is given by V + 27bA, where A is the area of А. 


31 Let К be the region between x = —a and x = a bounded above 
by the graph of y = b V1 — (х/а)? and bounded below by the x 
axis, where a and b are positive constants. The fooiball-shaped 
solid S generated by revolving R about the x axis is called an 
ellipsoid of revolution. Find a formula for the volume V of $ in 
terms of a and b. 


32 Rework Problem 40 in Problem Set 6.1, using the method of 
cylindrical shells. 


33 A cylindrical hole is bored through the center of a sphere of 
unknown radius. However, the length of the hole is known to be 
L units. Show that the volume of the portion of the sphere that 
remains is equal to the volume of a sphere of diameter L. 


6.3 


Figure 1 


Section 6.1. 


reference 


Volumes by the Method of Slicing 


In Sections 4.7 and 5.6. we studied the method of slicing for determining the areas 
of admissible plane regions. In this section we use an analogous method, also called 
the method of slicing, for finding the volumes of solids. Actually, this method is 
just a generalization of the method of circular disks or circular rings presented in 


In order to calculate the volume V of a solid $ by the method of slicing. select a 
convenient reference axis, and let A(s) be the area of the cross section of 5 inter- 
cepted by the plane perpendicular to the reference axis at the point with coordinate s 
axis (Figure 1). Suppose that the entire solid $ is contained between the plane at s = a 
and the plane at s = Б, where a < b. 
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Figure 2 


Figure 3 


volume of Ath slab = A(s% ) As, 


Figure 4 


A(s)- 


In Figure 2, let dV denote the infinitesimal volume of the portion of the solid $ 
between the plane perpendicular to the reference axis at the point with coordinate s 
and the corresponding plane at the point with coordinate s + ds. Here ds represents 
an infinitesimal increase in the reference coordinate. Evidently, dV is the volume of 
an infinitesimal solid cylinder of height ds with base area A(s); hence, 


dV = A(s) ds 


The total volume V of the solid 5 should be obtained by summing—that is, 
integrating —all the infinitesimal volumes dV as s runs from a to b. Therefore, we 
should have 1 

V= | A(s) ds 

This argument in which we use Leibnizian infinitesimals, although perhaps not 
mathematically rigorous, produces the correct result. A more conclusive argument, 
based directly on the definition of the definite integral, can be made as follows: 

We partition the reference axis into п subintervals 


[бб ello: [She Salle 2 e e a Weis Mula ere eo patio Sal 


(Figure 3). Above each subinterval [s,— 1, $4] of this partition we have constructed a 
circumscribed cylindrical slab of thickness Азу. The cross-sectional area of such a 
slab is approximately A(s;,), so its volume is approximately A(s,) Asg. Therefore, 


V= > A(sQ Аз 


k=0 


As the norm of the partition becomes smaller and smaller and the number of slabs 
increases while the slabs get thinner and thinner, the approximation becomes better 
and better. In the limit, as the norm of the partition approaches zero, 


n b 
> A(s;,) As, approaches | A(s) ds 


k=0 a 


by definition; therefore. we have 


rb 
= | A(s) ds 


a 


EXAMPLE 1 Find the volume of a solid whose base is a circle of radius 2 units if 
all cross sections perpendicular to a fixed diameter of the base are squares. 


SOLUTION Figure 4 shows the square cross section of the solid at a distance s 
units from the center O along the fixed diameter. The reference axis is taken to lie 
along this diameter. If x is the length of one side of the square, then, from Figure 4 
and the Pythagorean theorem, 


boe; 

[NS NS 

CEN ES 22 gr ET EE 
2 4 


Therefore, the area of the square is 


Als) = x? = 4(4 — 52) = 16 — 45? 


Figure 5 


reference 
axis 


ІРА = 30 ст 
14B 1= 10 cm 
slicing plane 


Figure 6 


reference axis 
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By the method of slicing, the required volume is 


v=- Ae & = | Mie = 4% ds dies аи 


—2 = 


= 138 cubic units 


EXAMPLE 2 Find the volume of a solid right circular cone of height 30 centime- 
ters if the base radius is 10 centimeters. 


SOLUTION Ме choose the reference axis (Figure 5) pointing downward. The 
cross section of the cone cut by the slicing plane at level s is a circle of radius [274 
and area A(s) = 7|QR|?. We find |QR| in terms of s by similar triangles as follows: 


OR _ ав 
РОГ (РА 


that is, 


Consequently, 


AG) = «08 = xs) _ л” 


By the method of slicing, the volume of the cone is therefore given by 


30 W 52 
у= | A ds | —— uh 
0 0 9 


„= = (30) = 10007 cubic centimeters 


This coincides with the volume as calculated by the familiar formula—one-third the 
height times the area of the base. 


(EXAMPLE 3 Gasoline is stored in a spherical tank of radius r = 10 meters. How 
many cubic meters of gasoline are in the tank if the surface of the gasoline is 3 
meters below the center of the tank? Use a calculator to find the number of cubic 
meters rounded off to two decimal places. 


^ SOLUTION Тһе cross section of the tank cut by the slicing 
plane at level s is a circle of radius |QP| and area A(s) = 
т|ОР|? (Figure 6). We find |QP[" in terms of s by the Pythag- 
orean theorem as follows: 
[РР + OCP = (ср 
that is, 
lap? = |cPP - joc? 
= EN 
Consequently, 
A(s) = т” — 52) = п(100 — 52) 
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Figure 7 


Figure 8 


reference 
axis 


CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 


Oh-------- 


referen 
axis 


slicing plane 


Notice that the surface of the gasoline is at level s = —3. Therefore, by the method 
of slicing, the volume of the portion of the sphere occupied by the gasoline is 
given by 
-3 -3 c 
V= | A(s) ds = | т(100 — 52) ds = (1005 — =| 
-10 


-—10 


=3 


10 


(28 


s — 10»? 
a| i0 -5 - lE z| 100(—10) - à ) | 
2000 1127 


= —291т + т = E = 1180.19 cubic meters 


EXAMPLE 4 А solid right circular cylinder has a radius of 3 units. A wedge is cut 
from this cylinder by a plane through a diameter of the base and is inclined to the 
base at an angle of 30°. Find the volume of the wedge. 


SOLUTION Let the reference axis lie along the intersection of the plane and the 
base of the cylinder, with the origin O at the center of the base (Figure 7). The 
cutting plane for the method of slicing intersects the wedge in a triangular cross 
section TPQ, whose area WU 

PQ| - IPT| 

we must find in terms of the coordinate s of the point 7. Triangle OTP is a right 
triangle, and |OT| = |s| while |OP| = 3; hence, 


lop? = jor? + [Pre 
so Рт = [OPP - [OTP = 9 - ls? = 9 = s? 


A(s) = $ 


Referring to right triangle ТРО, we have 
|РО| = |PT| tan 30° 


Therefore, 


A(s) = ШРО|-|РТ| = ЗЇРТ| tan 30° [РТ 


= 4PT/? tan 30° 


Since |PT|? = 9 — 52, 
A(s) = n (9 — s?) tan 30° = P (9 — a (9) 
5 2 S an 2 AY 3 


By the method of slicing, 


| T 1 „ V3 
V= A(s) ds = p ze ds 
-3 m 3 
3 
= SB (os -— ) 


3 


V3 
= 8 = (=) 
Ec s 


Мз 
== = 09 = 6V3 cubic units 


If B is an admissible plane region and P is a point not lying in the same plane as 
B, then the three-dimensional solid consisting of all points lying on straight line 
segments between P and points of B is called a solid cone with vertex P and base B 
(Figure 8). The perpendicular distance Л between the vertex Р and the base B is 
called the height of the cone. 
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If a reference axis is chosen perpendicular to the base B, then a slicing plane at 
a distance s from the vertex P will intercept the cone in a cross-sectional region 
which is similar to the base B. Furthermore, the linear dimensions of this cross 
section are proportional to its distance s from P. Since the area A(s) of the cross 
section is proportional to the square of its linear dimensions, A(s) 1s proportional to 
52. Thus, А 
A(s) = Ks* 
where К is a constant. When s = h, then 
A(s) = A(h) = area of base B 


Therefore, 
; A 
ADERE so K= x: 
E 


Figure 9 


Hence, 


By the method of slicing. 
h h 1 í h 
A(h) , Ath а 
у= [лов | on | sads 
0 o Rm k Ж% 
2 _ Alh) А h? h 


ADM Mme ү 
"ico. Үе 


Ah) f S3? 
mem 


Hence, the volume of a solid cone is given by one-third of its height times the area of 
the base. 


EXAMPLE 5 The Great Pyramid of Cheops at Al Giza, Egypt. has a square base 
230 meters on each side and a height of 147 meters (Figure 9). Find the volume V 
of the Great Pyramid. 


SOLUTION The pyramid is a solid cone with height 147 meters and base area 
(230r square meters. Hence, its volume is 


V = 4147)(230)? = 2,592,100 cubic meters 


Problem Set 6.3 


I A certain solid has a circular base of radius 3 units. If cross 
sections perpendicular to one of the diameters of the base are 
squares, find the volume of the solid. 


5 Find the volume of a spherical shell whose inside diameter is Y, 
units and whose outside diameter is Y; units. 


6 The base of a solid is the region in the xy plane bounded by the 


2 Find the volume of a solid whose base is a circle of radius 5 oval-shaped curve (x/4)? + (y/3)? = 1 (an ellipse). Every cross 


centimeters if all cross sections perpendicular to a fixed diameter 
of the base are equilateral triangles. 


3 A monument is 30 meters high. A horizontal cross section x 
meters above the base is an equilateral triangle whose sides are 
(30 — x)/15 meters long. Find the volume of the monument. 


4 A tower is 24 meters tall. A horizontal cross section of the tower 
x meters from its lop is a square whose sides are 73(x + 1.5) 
meters long. Find the volume of the tower. 


section of the solid perpendicular 1o the x axis is a semicircle. 
Find the volume of the solid. 


The base of a solid lies in a plane, and the height of the solid is 
5 meters. Find the volume of the solid if the area of a cross 
section parallel to the base and s meters above the base is given 
by the equation (a) A(s) = 3s? + 2, (b) A(s) = s! + 5. 


Use the method of sliciug to find the volume of a solid right 
circular cyliuder of radius r and height A, taking the cross sec- 


374 


10 


11 


CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 


tions perpendicular to a fixed diameter of the base. You may 
хэ ғ отат. Ly m3 
assume that f^, Vr — s* ds = iar. 


The Department of Public Works of East Mattoon intends to cut 
down a diseased elm tree 4 feet in dian eter. They first cut out a 
wedge bounded below by a horizontal plane and bounded above 
by a plane that meets the horizontal plane along a diameter of the 
tree at a 45° angle. What is the volume of the wedge? 


A solid right circular cylinder has a radius of r units. A wedge is 
cut from this cylinder by a plane through a diameter of the base 
circle, and the plane inclines to this base circle at an angle 6. 
Find a formula for the volume of this wedge. 


The plans for a wave-guide antenna are shown in Figure 10. All 
dimensions are in meters. Each cross section perpendicular to 
the central axis (the x axis) is an oval-shaped region whose area 
is 7y^/2 square meters. where y is the distance from the center 
of the oval to its upper edge. The upper and lower boundaries 
of these cross sections are parabolas y = jb + 1 and 
y = = — 1. Find the volume enclosed by the wave guide if 
its length is 1.5 meters. 


Figure 10 


12 


Figure 11 


cross-sectional ~~ 
The portion of a cone (not necessarily a circular cone) formed by 
cutting off the top by a plane is called а frustum. If the cutting 
plane is parallel to the base, then the distance between the cut- 
ting plane and the base is called the height Л of the frustum. 
Show that the volume V of the frustum shown in Figure 11 is 
given by V = (h/3)(A + V/Aa + a) cubic units. 


base area 


base area A 


13 


(c] 14 


Show that the volume of a solid cylinder (not necessarily a cir- 
cular cylinder and not necessarily a right cylinder) is given by its 
height times the area of one of its bases. 


The reentry vehicles used during Projects Mercury, Gemini, and 
Apollo were each shaped roughly like a frustum of a right cir- 
cular cone (Figure 12). Find the volume of such a reentry vehicle 
if its base is a circle of radius 2.7 meters, its top is a circle of 
radius 1.4 meters, and its height is 2.8 meters. 


Figure 12 


15 


Figure 13 


16 


Find the volume of the spherical segment of one base shown in 
Figure 13 if the radius of the sphere is r units and the height of 
the segment is А units. 


Find the volume of a solid whose cross section made by a plane 
perpendicular to a reference axis at the point with coordinate s 
has area given by 


ау + bsc forO Ssh 
0 otherwise 


A(s) = | 


Express this volume in terms of Ag.= A(0), A, = А(А/2), and 
A» = А(А). (Hint: Use the prismoidal formula, Theorem 5 on 
page 345.) 


17 A tent is made by stretching canvas from a circular base of 
radius a to a semicircular rib erected at right angles to the base 
and meeting the base at the ends of a diameter. Find the volume 
enclosed by the tent. 


18 Find the volume of the spherical segment of two bases shown 
in Figure 14 if the sphere has radius r, the height of the segment 
is Ay, and the lower base of the segment is A; units from the 
bottom of the sphere. 


Figure 14 


Figure 15 


19 A regular octahedron is a solid bounded by eight congruent 
equilateral triangles (Figure 15). Find the volume of an octahe- 
dron if each of its eight bounding triangles has sides of length /. 
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20 Find the volume of the spherical sector shown in Figure 16. 


Figure 16 


21 A tower is 60 meters high, and every horizontal cross section is 
a square. The vertices of these squares lie in four congruent 
parabolas whose planes pass through the central axis of the 
tower and which open outward away from this central axis. Each 
of the four parabolas has its vertex in the upper square base of 
the tower, and each of these parabolas has a horizontal axis. The 
diagonals of the upper and lower bases of the tower are 2 and 12 
meters long. respectively. Find the volume enclosed by the 
tower. 


22 Two right circular cylinders of radius r have central axes meet- 
ing at right angles. Find the volume V of the solid common to 
both cylinders. 


6.4 


Arc Length and Surface Area 


Figure 1 


wire of length s 


bent into 


curve of 
arc length s 


In this section, we give two further geometric applications of the definite inte- 
gral: the calculation of arc length and the calculation of the area of a surface of 
revolution. 


The Arc Length of a Curve 


If a straight piece of wire of length s is bent into a curve C, we understand that the 
curve C has arc length s (Figure 1). For instance, the arc length of a circle of 
diameter D is known to be given by s = 7D. Here we do not attempt to give a 
formal definition* of arc length, but we assume that you have an intuitive under- 
standing of this concept. 

Now, let f be a function with a continuous first derivative on some open interval / 
containing the closed interval [a, b]. We give an informal derivation of a formula 
for the arc length of the portion of the graph of f between the points (a, f(a)) and 


*See Problems 41 and 42 (pages 382 and 383) for an indication of a formal development. 
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(b, f(b)) (Figure 2). Let s denote the arc length of the portion of the graph of f 
7 between the points (а, f(a)) and (x, f(x)), where a = x = b. If x is increased Бу an 
AUT infinitesimal amount dx, then y = f(x) will change by a corresponding infinitesimal 
amount dy, and likewise s will increase by an infinitesimal amount ds (Figure 3). 
Notice the infinitesimal right triangle with legs |dx| and |dy| 

and with hypotenuse ds. By the Pythagorean theorem, 


(ds)? = (dx)? + (dy 


-fi y (2) Је» 
Hence, 


l а= yi (0) а= гета 


(b, fib) 


Integration of the differential equation above gives the arc length 


Figure 3 en 
= \ ds 


ВА 


of the graph of f between the point with abscissa a and the point with abscissa 5. 
Thus, 


b 
s= [VIF (POR ax 


a 


EXAMPLE 1 Find the arc length of the graph of the function f(x) = x^? — 1 be- 
tween the points (8, 3) and (27, 8). 


SOLUTION Here f'(x) = 8х7 1/3, so the desired arc length is given by 


27 27 
s={ МЛ че [ЙГ ac= | Vi + ix ах 
8 


2 Qy? 3 +4 27 = а 
-| Je vestium. 
8 Ox" 8 


Making the change of variable и = 9x? + 4 and noting that du = 6x? ах, 
и = 40 when x = 8, and r = 85 when x = 27, we have 


х=2 = и= 85 du 
s= EV + 4— = Ho 
XD 3 18 
л=8 и=40 
3/2 |85 853/2 ET 402/2 
=£ = ——_——— = 19.65 units 
ay D 


I]EXAMPLE 2 Set up an integral representing the arc length of the portion of the 


parabola y = x^ between the origin and the point (2, 4). Then use Simpson's para- 
bolic rule, $5, = fa V1 + [f COP dx. with n = 2 to estimate this integral and thus 


the arc length. 
SOLUTION Here dy/dx — 2x, so the desired arc length is given by 


s=[ vi FOR ac | МТ ak 
0 0 
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To find the quantities needed for Simpson’s parabolic rule with n = 2, we subdivide 
the closed interval [0, 2] into 2л = 4 equal subintervals by means of the points 
хь = k/2 fork = 0, 1, 2, 3, 4. Now let 


y= VI t4 = VI 
so that 
» ME — V2 v=o, — VIO and ae», = VIT 


1/2 
Then Son = S4 = ET + Ау + 2у5 + 4y3 + yy) 


1 /z == 
E ih 4V2 + 2V5 + AVIO + V17) 


Evaluating 54 and rounding off to two decimal places,we have 
$4 = 4.65 


hence, the desired arc length is approximately 4.65 units. (Incidentally, the correct 
value of the desired arc length, rounded off to four decimal places. is 4.6468 units.) E 


If we express the equation of the curve between two points in the form x = g(y), 
where g’ is a continuous function in the closed interval [c, d], then the arc length of 
the graph of g between (g(c), c) and (g(d), d) is given by the formula 

p "" TISGP GP а Ѓ T К ( day Р 
s= у] dy = =) 
э i L À dy 5 


c 


EXAMPLE 3 Find the arc length of the graph of the equation 8x = у? + (2/5?) 
from (ё, 1) to (22, 2). 
SOLUTION Here x = fy? + 1y 7, so 

dx 


е и 
ду X 


| 

2 

ll 
[Ж] 

| 


The desired are length is given by 


ej 1 ( S) а= |" ju e 
1 dy’ ^ 1 V 2 238 { 
2 1 
4 


Figure 4 
The Area of a Surface of Revolution 


surface 
area A 


Once again, we do not attempt to give a formal definition of the ‘‘surface area" of 
a solid 5 (Figure 4). Suffice it to say that if the solid 5 has surface area A, then the 
same amount of paint required to apply a uniformly thin coat to the surface of 5 
would be required to apply a uniformly thin coat to a flat surface of area A. 
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Figure 5 


lateral 
surface 
area A 


Figure 7 


To find the surface area A of the right circular cone shown in Figure 5a, we cut 
the cone along the dashed line and flatten it out to form a sector of a circle, as in 
Figure 5b. The slant height a of the cone is the radius of the sector, and the arc 
length of the sector is the circumference 27r of the base of the cone. 

The sector in Figure 5b is part of a circle of area та? with circumference 27a. 
The ratio of the area A of the sector to the area za? of the circle is the same as the 
ratio of the arc length 27r of the sector to the total arc length 27a of the circle; that 
is. 

A m 


== or A = mar 
па 27a 


Now, consider the frustum of a right circular cone shown in Figure 6. The surface 
area А, of this frustum is evidently the difference between the surface area of the 
large cone with slant height а and base radius rz and the surface area of the small 
cone with slant height a — s and base radius гу (Figure 6). Thus, by the formula 
previously obtained for the surface area of a cone, 


Айла ж п(а = т = mal = Бу 


By similar triangles, a/r; = (a — s)/r,, so 
(ipn E — S or = 


Therefore, 


SP» lar 8» 
(r5 — ry) F asri = nsr ats — S(T 


As = т 
У rnr 2 


Notice that (rj + r2)/2 is the radius of the cross section of the frustum midway 
between its two bases and 27(r, + r5)/2 is the circumference of this midsection. 
Hence, the surface area A, of a frustum of a right circular cone is given by 


ry trs 
2 


the circumference of its midsection times its slant height. 

We now consider the problem of finding the surface area A of the surface of 
revolution generated by revolving the portion of the graph of the nonnegative con- 
tinuous function f between the lines x = a and x = b about the x axis (Figure 7). Let 


ha 


surface 


dA = ?nf(x)ds 
area A j 


(a) (b) 


Figure 8 


JF 


F(x) = mx 


(a) 


(b, mb) 
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ds denote the infinitesimal are length of the portion of the graph of f above the 
interval of infinitesimal length dx, as shown in Figure 7a, and let x denote the 
coordinate of the center of this interval. When the infinitesimal arc of length ds is 
revolved about the x axis, it generates an infinitesimal frustum of a cone of slant 
height ds whose midsection has radius f(x) (Figure 7b). The surface area of this 
infinitesimal frustum is 


dA = 2mf(x) ds 


Assume that the function f has a continuous first derivative, so that 


ds = V1 + [f'COP? dx; hence, 
dA = 2mfG) V 1 + LÉ'GOP dx 


The desired surface area A can now be obtained by integrating dA, so, for revolution 
about the x axis, 


b 
A =| 2qafG) V 1 + [fk dx 


a 


that is, 


x=b 
A= | 2л]/](х) ds where ds = V1 + [ОЈ dx 


E, 


EXAMPLE 4 Let m be a positive constant. Find the area of the surface of revolu- 
tion generated by revolving the graph of f(x) = mx between x = 0 and x = b, where 
b is a positive constant, about the x axis. Interpret the result geometrically. 


SOLUTION When the graph of f between x = 0 and x = b is revolved about the x 
axis, it generates a right circular cone of height b with base radius тр (Figure 8). 
Here f'(x) = m, so the integral formula for surface area gives 


b 
A= | QamxV 1 + m? dx 
0 


b 


= (27V1 + т?т | Ead 


0 
= e uy A = nmb Vi + m? 
Since the slant height of the cone is the distance from the origin to the point (5, mb), 
ihe slant height is Vb? + nb? = БУЛ +m. Therefore, the formula 
А = qmi? Vi + т? = TOVI + n ynb 
corresponds to the previously derived formula 
A = (slant height)(base radius) 


for the surface area of a right circular cone. 


I EXAMPLE 5 Find the area of the surface obtained by revolving the curve y = Vx 
between x = 1 and x =4 about the x axis. Sketch the curve and the surface. 
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Figure 9 SOLUTION The curve, part of a parabola, and the corresponding paraboloid of 
revolution are shown in Figure 9. Here dy/dx = 1/(2V/x), and 


b P3 ‘dy E "Nm 1 
Ap = Dap || WV ae 1+ (2 dx 22m | Vx,| 1 + — dx 
1 dx 1 4x 
3 1 
=2т] "me 
1 4 


We make the change of variable и = x + 4, noting that du = dx, so 


х=4 1 и= 17/4 2 5 
А21 | х+--4с=2т| Ми du = 2n (20?) 
bail 4 hey 3 5/4 


4m ([{ 17 \?? 5 \3/2 
L 3 Ies 4 A Bi (=) | = 30.85 square units B 


Y 


17/4 


EXAMPLE 6 Find the surface area of a sphere of radius г. 


SOLUTION The sphere of radius r is generated by revolving the semicircle 
whose equation is 


dy _ zx 
dx =? 
Figure 10 is not defined on the closed interval [—r, г]. But it is defined on the open interval 


(—r, r). Thus, we let e be a small positive number, calculate the surface area of the 
portion of the sphere generated by revolving the part of the semicircle between 


x = —r + eand x =r — e about the x axis, and then take the limit as є approaches 
zero. The desired area A is, therefore, given by 
Z6 dy 
A= tim, | 2m Vr? — ү +(® 4 
Gc cass 


= lim, on | Vr? - 42 jb 
e—0' =ғ+є 


= lim, 27 A rdx= lim, а. 


= = Кє ао cras 
= lim, 2ar{(r — є) — (-r + €)] 
€— 


= lim, 2ar(2r — 2e) = Алт? 
є—0 


This confirms the familiar formula А = 4zr? for the surface area of a sphere. B 


If the axis of revolution is the y axis, then the corresponding formula for the 
surface area of the surface of revolution is given by 


yed 
| 2arg( y) ds where ds = V1 + [g'( y)? dy 


yw 
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Figure 11 (EXAMPLE 7 Find the area of the surface obtained by re- 
volving the curve y = x? between (0, 0) and (2, 4) about the y 
axis. Sketch the curve and the surface. 


yY o 


SOLUTION Тһе curve, part of a parabola, and the corre- 
sponding paraboloid of revolution are shown in Figure 11. 
Here, x = g(y) = Vy, and we have 


= 
| AGENS [| ar t 
y=0 dy 
E 1) y= 29 |, "m 
v 
2 17 ү IE Y 
a ү 4 


А 


I 
t2 


КИ 
PER, 

E 
a 


has: 


^ 36.18 square units 


Problem Set 6.4 


In Problems 1 to 14, find the arc length of the graph of each equation In Problems 15 to 18, set up an integral representing the arc length 
between the indicated points. of each curve, and then use Simpson's parabolic rule with п = 2 
(that is, with four subintervals) to estimate this arc length. 
1 y = 4x + 3 from (0, 3) to (2, 11) 


2 у= —2х + 1 from (-1, 3) to (2, —3) Т та, (2, u 
M x E 
3 y = mx + b from (0, b) to (a, ma + b) 
16 y — x? from (1, 1) to (2, 8) 
б њ (1 >) о (з i| 2 
y =— + — from (1, == , — 5 / 2d 
6 2x 3 3 y=] “© from (1, 0) to (2. | z 
El 5 у= x? from (0, 0) to (4, 8) ! d 


18 у = sin x from (0, 0) to (7, 0) 


[С] 6 x = ły? from (0, 0) to (1, 8) 
7 x = y? + 4 from (5, 1) to (12, 4) 19 Suppose that a particle P moves in the xy plane in such a way 
К that, at time г, its x and y coordinates аге given by х = f(t) and 
8 у= (1 — x2)3? from e = to (1, 0) y = g(t), where f and g are functions with continuous first deriv- 
i 8' 8 atives. Write an integral that gives the arc length of the path of P 


between the instant when ¢ — a and the instant when ¢ = b, 
where a < b. [Hint: (ds)? = (dx)? + (dy)*.] 


4 

10 x= 304 PM from E 3 : ) to ES 2) 20 Let f be a function with a continuous first derivative, and let As 
8 4у 8 16 denote the are length of the graph of f between the point (a, f(a)) 

11 12xy = 4x4 + 3 from (1, 5) to (3, 18? and the point (a + Ax, f(a + Ax)). If Al denotes the length of 

the straight line segment joining the point (a, f(a)) and the point 
y l E 17 ) GE ) (а + Ax, fla + Ax)), prove that lim (Al/As) = 1. 
c = — + ч 2 3 D Ах 

12 х 5 Dy from 60° 1j to 480 х= 
DEM es] 7 67 

13 х= 233 dE У from E pu a) to (£, 2) In Problems 21 to 26, find the area of the surface of revolution 

y 


obtained by revolving each curve about the x axis. 


= [ 4 gm 
Gl 14 =] vie + — 1 dt from (1, 0) to 21 y= 3x + 2 between (0, 2) and (3, 11) 


3 3 5 op 
E 2 22 y^ = kx, where & is a positive constant and y = 0, between 
M impo ) j ) 
(s J UM hea (a, Vka) and (b, УХБ), where 0 < a < b 


fod 
ә 
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[S23 y = x? between (0, 0) and (2, 8) 
= T vA з уз 
24 у= V2v — x^ between (=. = ) апа (e 5 ) 
; gi 1 a T3 
025 y= z + рр between Urs and (2, =) 
Уй = eS 
26 y= 4 x V] — х between (0, 0) and I =) 


In Problems 27 to 30, find the area of the surface of revolution 
obtained by revolving each curve about the y axis. 


127 у = 4x? between (0, 0) and (3, 36) 
[928 y? = x? between (0, 0) and (4, 8) 


29 y* = 9x between (0, 0) and (5. 2) 


3 
ў ] 13 7 
(30 x = — + — between Я 1) and D 2) 
I2N y 12 6° 
Ein Problems 31 and 32, use Simpson's parabolic rule with n = 2 
(that is, with four subintervals) to estimate the area of the surface of 
revolution obtained by revolving each curve about the x axis. 


31 y = sin x between (0, 0) and (7, 0) 
32 y = $V9 — x? between (0, 2) and (2, $ V5) 


33 Find a formula for the tota! surface area (lateral surface plus 
base) of a right circular cone of height A with base radius г. 


34 (a) If the linear dimensions of a right circular cone are multiplied 
by a positive constant А, how is its total surface area affected? 
Why? (b) Complete the following sentence: If the linear dimen- 
sions of a solid 5 are multiplied by a positive constant k, then the 
surface area of 5 is 


35 The astroid, or tetracuspid, х2/ + y? = ] (Figure 12) was 
first studied by Johann Bernoulli in 1691—1692. Find (a) the arc 


Figure 12 y 


x2/3 + y2/3 = 


length of the astroid and (b) the area of the surface of revolution 
obtained by revolving the portion of the astroid in the first and 
second quadrants about the x axis. 


36 Suppose that the function fis nonnegative and has a continuous 
derivative on [a, 5]. Let So denote the arc length of the graph of 
f between (a, f(a)) and (b, f(b)), and suppose that Ао is the area 
of the surface of revolution generated when this graph is re- 
volved about the x axis. Let k be a positive constant, and define a 
function g by g(x) = f(x) + k. Express the area A of the surface 
generated by revolving the graph of g between (a, g(a)) and 
(b, g(b)) about the x axis in terms of Sy and Ag. 


37 One cubic centimeter of a certain substance is formed into n 
equal spheres. (a) What is the total surface area of all these 
spheres? (b) What is the limit as n grows larger and larger with- 
out bound of the total surface area in part (a)? (c) Assuming that 
the rate at which this substance dissolves in a certain solvent is 
proportional to its surface area, explain why it dissolves more 
rapidly if it is first ground into a fine powder. 


38 An organism in the shape of a sphere with a semipermeable 
surface is suspended in a fluid having the same density, d grams 
per cubic centimeter, as the organism. Nutrients diffuse through 
the surface from the fluid into the organism at the rate of k grams 
per second per square centimeter of surface, and waste products 
diffuse into the surrounding fluid at the same rate. To sustain 
itself, the organism requires at least b grams of nutrients per 
second per gram of its own total weight. Find an upper bound R 
for the radius r of the organism. 


39 A sphere of radius r is inscribed in a right circular cylinder of 
radius r. Two planes perpendicular to the central axis of the 
cylinder cut off a spherical zone of area A on the surface of the 
sphere. Show that the same two planes cut off a region on the 
cylinder with the same surface area A. 


140 The Torrid Zone is the region on the surface of the earth between 
the Tropic of Cancer and the Tropic of Capricorn (Figure 13). 
The Tropic of Cancer is the parallel of latitude that is 23.45? 
north of the equator, and the Tropic of Capricorn is the parallel 
of latitude that is 23.45? south of the equator. Find the area of 
the Torrid Zone if the radius of the earth is 6.371 х 10? kilome- 
ters. (Hint: Use the result of Problem 39.) 


Figure 13 


41 Let f be a continuous function on the interval [a, b]. A partition 
P of |a, Б] consisting of the subintervals [xo. x1]. [xi, x2]. 


KEG: [X%»-1. x4] determines points Po = (xo. f(xo)). 
Р, = (xi, К). Р» = (xo, Дхә)).....Р„ = (Xn. f(x,)) on the 
graph of f above the endpoints of the subintervals in the partition 
Ф. (Figure 14 shows the case л = 4.) The polygon consisting of 
the line segments PoP}. PaPa, PPS, . . . , Р„-\Р„ 15 called a 
polygon inscribed in the graph of f. Let 


denote the total length of the inscribed polygon corresponding to 
the partition Ф. If 


s= lim L(9) 
Well 


exists, then the graph of f is called a rectifiable curve, and s is 
called its arc length. 1f Ax, = x; — хуу, show that 


L9 S Mil Leah fir 
k=1 
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Figure 14 


42 In Problem 41, assume that f has a continuous first derivative on 


{a, b]. Using the mean-value theorem, show that for each К = 
1, 2. 3. .... n. there exists a number c, in the interval 
[хк-1. X] such that fx.) — fy.) = f'(ej) Ах. Using this re- 
sult, rewrite L(4) as a Riemann sum, and thus obtain the for- 
mula s = f^ V1 + [f'GO] dx for arc length. 


Figure 1 


Work, Force, and Energy 


In Chapter 4 we used antidifferentiation to calculate the work done by a variable 
force. Here we show how the definite integral can be used in calculating work, 
force, and energy. 


Work Done by a Variable Force 


In Section 4.5, we showed that if a particle P moves along the s axis under the 
influence of a possibly variable force F acting parallel to the s axis (Figure 1), then 
the net work W done by F on P satisfies the differential equation dW = F ds. If a 
and 5 are coordinates of two points on the s axis, we can take the definite integral 
from s — a to s — b of both sides of the differential equation to obtain 


sa 


gives the work done by F in moving P from a to b. 


EXAMPLE 1 А force F given by F = (s?/3) + 1 pounds acts on a particle P on the 
s axis and moves the particle from s — 2 to s — 5 feet. How much work is done? 
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Figure 2 


pump 


original 
liquid level 


final 


bj- A liquid level 
V 
y C 
(а) 
О 
: us x surface area A(s) 
Po Жа volume A(s) ds 
ds 
5 
(6) 
Figure 3 


SOLUTION Тһе work done is given by 


5 57.3 a fl 
[ra=] Ес M) 
2 2 3 12 


ак 
> 4 


o9 T SET 


EXAMPLE 2 A spring has a natural length of 0.25 meter. If a force of 30 newtons 
is required to stretch the spring 0.05 meter, how much work is done in stretching the 
spring 0.15 meter? 


SOLUTION Ву Hooke’s law, the force F on the spring is proportional to its 
displacement: F = ks. When s = 0.05 meter, we have F = 30 newtons; hence, 
k — 30/0.05 — 600 newtons per meter. Therefore, F — 600s, and the work done is 
given by 


0.15 0.15 0.15 
| F ds = | 600s ds = 300s? = 6.75 joules 
о 


0 0 


Work Done in Pumping a Liquid 


A container C contains a liquid weighing w units of force per cubic unit of volume 
(Figure 2a). It is desired to pump some of this liquid up above the rim of the 
container to a certain height and then discharge it. To calculate the work done by the 
pump, we establish a vertical s axis with its origin at the level up to which the liquid 
is to be pumped. For simplicity, let the positive direction on the s axis be down- 
ward. 

Assume that the level of the liquid at the start of the pumping is s = a and that its 
level at the end is s = b. Suppose that the cross-sectional area of the surface of the 
liquid at level s is A(s) square units. The infinitesimal slab of liquid between level s 
and level s + ds has a volume of A(s) ds cubic units and weighs wA(s) ds units of 
force (Figure 2b). The infinitesimal work done in raising this slab through s units to 
the level of the origin is given by dW = swA(s) ds, so the total work required to 
pump the liquid from level s = a to level s = b is given by 


b 


s=b b 
dW = | swA(s) ds = м | SA(S) ds 


s=a a a 


EXAMPLE 3 Water, which weighs 9800 newtons per cubic meter, fills a hemi- 


spherical reservoir of radius 5 meters. The water is pumped out of the reservoir up 
to a level 6 meters above the rim until the surface of the remaining water is 4 meters 
below the rim of the reservoir. How much work is done? 


SOLUTION In Figure 3, we have chosen a vertical reference axis pointing 
straight down through the center of the reservoir with its origin 6 meters above the 
rim. When the upper surface of the water is at the position with coordinate s, its 
radius a satisfies 


йз (в =@ S 
by the Pythagorean theorem. Hence. the cross-sectional area A(s) is given by 
A(s) = qa? = п|25 — (s — 6)2] 


At the start of the pumping, s = 6 meters; at the end of the pumping, s = 10 meters. 


Figure 4 


pressure P 
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Therefore, the work done is given by 


10 10 

w | sA(s) ds = 9800 | sm|[25 — (s — 6y] ds 
6 6 

| 10 


- osooz(- =. А 


/ 


6 


= (5.9584 x 105) = 1.8719 x 107 joules 


Compression or Expansion of a Gas 


It requires work to compress a gas; conversely, when a gas expands, it does work 
upon its surroundings. Consider. for instance, a quantity of gas in a cylinder of 
radius r closed by a movable piston (Figure 4). Set up a reference axis parallel to the 
central axis of the cylinder, denote the coordinate of the piston by s. and let c be 
the coordinate of the end of the cylinder. 

Denote the pressure of the gas by P units of force per unit area, and let V 
represent the volume of the gas in cubic units. The force F on the piston is given by 


F = ar?P 


the product of its cross-sectional area and the pressure of the gas. The volume V of 
the gas is the volume of a cylinder of radius r and height c — s; hence, 


А Ж zy F 
V = mr(c— 5) = лг?с — ar’s 


Therefore, a 
dV = —ar? ds or i= - 
men 


The work done on the gas by the force F in moving the piston from s to s + ds is 
given by 
dW = F ds = (arp) | 


V 

za dV 

pe: 

Consequently, if the gas is compressed from an initial volume Vo to a final volume 
Vi. the total work done is given by 


Mi Vi Vi 
= | aw = | pyav=-| P ау 
V Vi 


у=, 


0 о о 


By switching the limits of integration, we can remove the negative sign, so that 


Notice that if the gas is being compressed, its volume decreases, so that V, < Vo 
and W is positive. 

If the gas is expanding, it does just as much work on its surroundings as would be 
required to compress it back to its original volume. Hence. if a gas expands from an 
original volume Vo to a final volume V4, it does an amount of work given by 
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Figure 5 


Figure 6 
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unit cross-seclional 
area 


surface of liquid 


© EXAMPLE 4 One cubic foot of air at an initial pressure of 50 pounds per square 
inch expands adiabatically (that is. without transfer of any heat energy) to a final 
volume of 3 cubic feet according to the adiabatic gas law Р = kV” ! ^, where k is 
a constant. Find the work done. 


SOLUTION When V = 1, P = 50 pounds per square inch = (50)(144) pounds 
per square foot. Therefore, (50)(144) = KC 17), sok = (50)(144) = 7200. Hence, 
б = 7200V- !3, V, = 1. V, = 3, and 


Vi 3 
У = i PdV= | 720017 "+ qv 
V 1 


o 


WES 


(2200-03) 
zm | 


—18,000(3 93 — 1793) = 6400.9 ft Ib 


li 


Force Caused by Fluid Pressure 


If an admissible plane region R is exposed to a fluid under pressure, there is a 
resulting hydrostatic force F on А. 1f the pressure of the fluid is constant over the 
region А, say with a value of P units of force per square unit of area, then F = PA, 
where A is the area of К. However, if P is not constant over К, integration is 
required to find F. 

Here we consider a special case of the problem of calculating F—the situation in 
which the plane of the region А is vertical and А is submerged іп an incompressible 
liquid of constant density. If such a liquid has w units of weight per cubic unit of its 
volume, then a column of this liquid # units high and with unit cross-sectional area 
has a volume of л • 1 cubic units and a weight of ww * h* 1 = wh units (Figure 5). 
This weight causes a total force of »/: units spread over the 1 square unit at the 
bottom of the column: hence. the pressure at the bottom of this column is given by 
P = wh. In words, the pressure at a point in an incompressible liquid of constant 
density is the product of its weight per unit volume and the distance of the point 
below the surface of the liquid. 

Now, let R be an admissible plane region placed vertically beneath the surface of 
an incompressible liquid of constant weight per unit volume w (Figure 6). Establish 
a vertical s axis for reference, pointing downward, with its origin at the surface level 
of the liquid. Denote the total length of a horizontal cross section of R at level s units 
below the surface of the liquid by /(s). The pressure P at depth s is given by ws units 
of force per square unit of area; hence, the infinitesimal force on the strip of height 
ds at depth s (Figure 6) is given by 


dF = P dA = (ws)[I(s) ds] = ws/(s) ds 


Therefore, if А lies entirely between the horizontal lines s = a and s = b, the total 
hydrostatic force on R is given by 


s=b b b 
Е = | dF = | wsl(s) ds = | sl(s) ds 


“s=a a a 


C/ EXAMPLE 5 Find the force exerted on the semicircular end of a trough if the 


trough is full of water and the semicircular end has a radius of 3 feet. Assume that 
the density of water is given by w — 62.4 pounds per cubic foot. 
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Figure 7 SOLUTION From Figure 7 and the Pythagorean theorem, 
l 2 F 2 / 34 
I +55 = 3° or LANO = 


The desired force 1s given by 


3 2 
к=» | T 25 V9 — 52 ds = 62.4[—2(9 — s? i 
0 0 
= (62.4)(18) = 1123.2 Ib 
Energy 
| If a particle Р of constant mass m moves along a linear scale because of an unop- 
Figure 8 posed (possibly variable) force F (Figure 8), then Newton’s (second) law of 
P motion—force equals mass times acceleration—can be written 
mass 771 | ) i E 

1 П 

4 s ч Е = та or = т 

dt 


Thus, Newton’s law of motion is really a second-order differential equation 
whose solution (subject to suitable initial-value conditions) gives the equation of 
motion of the particle. To obtain this solution, two successive antidifferentiations 
are required. In order to carry out these antidifferentiations, we need to know F 
explicitly as a function of time f. 

Even if we don't know F explicitly as a function of г, it is possible to carry out the 
first of the two antidifferentiations, at least formally. This can be done either by 
multiplying by dr and integrating or by multiplying by ds and integrating. 

Multiplying F — m(dv/dt) by dt and integrating, we have 


[ra- Гап [атс 


The quantity ту, mass times velocity, is called the linear momentum of the parti- 

cle P and plays an important role in dynamics. Thus. the idea of momentum arises 

naturally from Newton’s law by a first antidifferentiation with respect to time. 
Multiplying F = m(dv/dr) by ds and integrating. we have 


dv d. 1 1 
IL ds = [5 ds = т jen ау = т | у ау = (v) + С = ту? +С 
а а 2) 2) 


The quantity #ту?, one-half mass times the square of velocity, is called the kinetic 
energy of the particle P. Thus, the notion of kinetic energy arises naturally from 
Newton’s law by a first antidifferentiation with respect to distance. 

As we mentioned earlier (see Figure 1), the work done by the force F in moving 
the particle from s = a to s = b is given by 


s=b b 
W = | F ds 
XO a 
Since IL ds = іту? + С 
s=b b s=b 
Д 
we have Ww = | Е ds = іту? = imvg— іту 


s=a a s—a 


where уһ is the velocity of P at s = b and v, is the velocity of P at s — a. 
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The equation 


м 
LIN 


which expresses the fact that the work done by the force F in moving the particle P 
from s — a to s — b is equal to the resulting change in the kinetic energy of P, is 
called the work-energy theorem. 

The work that would be done by the force F in moving the particle P from its 
present position s to an arbitrary but fixed reference position—say. the point with 
coordinate b—is called the potential energy V of P. Thus, 


b 5 
v-| Fds- - | F ds 


5 b 


By the alternative version of the fundamental theorem of calculus (Theorem 1, 
page 334) it follows that 


that is, 


The last equation can be taken as an equivalent definition of potential energy V. 

The kinetic energy $m? of the particle P represents the capacity of P to do work 
owing to its motion. The potential energy V of P also represents the capacity of P 
to do work, not because it is moving, but because of where it is located. For 
instance, if the particle is connected to a spring and the spring is stretched, then 
work can be done by letting the spring return to its natural length. The total energy 
E of the particle is defined to be the sum of its kinetic energy and its potential energy 


Е = іту? +V 


EXAMPLE 6 Prove the law of conservation of energy for the particle P discussed 
above; that is, show that the total energy E remains constant as the particle moves 
along the s axis. 


SOLUTION It will be enough to show that dE/dt = 0. We have 


B 3 lv ау ly dV d 
ше (Lim? + v) =m oa V “ш-ке 
dt dt / dt dt dt ds dt 


In the International System of units (SI), the basic unit of mass is the kilogram 
(approximately 2.2 pounds), the basic unit of distance is the meter (approximately 
39.37 inches), and the basic unit of time is the second. One newton is the force 
necessary to accelerate one kilogram of mass by one meter per second per second. If 
mass, distance, time, and force are measured in Kilograms, meters, seconds, and 
newtons, respectively, then energy—kinetic, potential, or total—and work are 
measured in joules. In lifting а 1-pound weight through 1 foot, you do approxi- 
mately 1.36 joules of work. 


Figure 9 
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Vertical Motion in a Gravitational Field 


An object of mass m kilograms near the surface of the earth is acted upon by a 
constant force of gravity F newtons and if allowed to fall, accelerates with a con- 
stant acceleration g ~ 9.8 meters per second per second. We refer to the gravita- 
tional force F as the weight of the object. According to Newton’s law, 


F = mg 


the weight of an object (near the surface of the earth) is obtained by multiplying its 
mass by the acceleration of gravity. In particular, one kilogram weighs approxi- 
mately 9.8 newtons. 

In the following examples. suppose that a projectile P of mass m is fired verti- 
cally upward from the surface of the earth at time г = 0 with an initial velocity vo 
(Figure 9).* Take the s axis pointing straight upward with its origin at the surface of 
the earth. Then the (constant) force F of gravity on the projectile is acting down- 
ward; hence F is negative. The acceleration a of P is also negative; hence, a — —g 
and 

Е = та = -mg 


We take s = 0, the surface of the earth, as the reference position for the calcula- 
tion of the potential energy V of P. Thus, 


0 0 0 
У = | Е аз = | (—mg) ds = (—mgs)| = 0 — (—mgs) = mgs 


EXAMPLE 7 Find the equation of motion s = f(t) of P. 
SOLUTION We have 
= = a= cm or dv = —g dt 


Hence, v= [ceo dt = —gt + С, 


When г = 0, we have v = vo, and it follows that C, = vo. Therefore, 


Because v = ds/dt. we can rewrite the last equation as 


ü 
AT —gt+ vo or ds = (—gt + vo) dt 
t 
Hence, s= Í (—gt + vg) dt = —igr? + vor + Cz 


Since s = 0 when г = 0, it follows that С» = 0, and the equation of motion is 


*In these examples we assume that the air resistance can be neglected and that the decrease 
in the force of gravity as the particle moves away from the center of the earth can also be 
neglected. 
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EXAMPLE 8 Find the speed |v| in terms of s. 
SOLUTION From Example 7, 
v2 —gttw and s= —4gt? + vor 


Eliminating ¢ from these two equations, we find by simple algebra that 


2 $] 
y^ = уб — 2gs 


| = Vive — 2gs 


EXAMPLE 9 Find the maximum height Л to which the projectile climbs in terms of 
the initial velocity vo. 


Hence, 


SOLUTION To maximize s, we set 


In Example 8, we found that 


so, setting v = 0 and s = л, we obtain 


0 = 1 — 2gh 


or 


EXAMPLE 10 Find the kinetic energy and the potential energy of P as functions of 
time f. 


SOLUTION By the result of Example 7, we have 

Amv? = bm(—gt + vo) = dmg?r? — mgvot + invi 
Similarly, the potential energy is given by 

V = mgs = mg( —1gt? + vot) = —bmg?r) + mgvot 
EXAMPLE 11 Find the (constant) total energy E of P, and explain what happens to 
the kinetic energy and to the potential energy of P as it climbs from s = 0 to s = Л. 
SOLUTION By the results of Example 10, we have 

Е = іту? + V = ding 


As P climbs from s = 0 to s = Л, there is a trade-off between the kinetic and 
potential energies. At the start, when = 0 and s = 0, all the energy is kinetic, and 
the potential energy is zero. As P climbs from s = 0 to у = Л, the kinetic energy 
decreases and the potential energy increases. Finally, when s = Л, the kinetic en- 
ergy is zero (because v = Q), and all the energy is potential. 
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Problem Set 6.5 


1 


10 


How much work in foot-pounds is done in stretching a spring of 
natural length 12 inches from 15 to 18 inches if the final stretch- 
ing force is 25 pounds? 


A spring has a natural length of 30 centimeters. A force of 200 
newtons is required to compress the spring by 3 centimeters. 
How much work is done in compressing the spring from its 
natural length to a length of 25 centimeters? 


A reservoir is in the form of a hemisphere of radius 3 meters. If 
it is filled with salt water weighing 10,110 newtons per cubic 
meter, how much work (in joules) is required to pump all the salt 
water out over the rim of the reservoir? 


Water is pumped directly up from the surface of a lake into a 
water tower. The tank of this water tower is a vertical right 
circular cylinder of height 20 feet, with radius 5 feet, whose 
bottom is 60 feet above the surface of the lake. The pump is 
driven by a 1.5-horsepower motor. Neglecting friction, how 
long will it take to fill the tank with water? Assume that water 
weighs 62.4 pounds per cubic foot and that 1 horsepower 15 
33,000 foot-pounds per minute. 


A conical cistern is 6 meters across the top and 4.5 meters deep 
and is filled to within 1.5 meters of the top with rainwater 
weighing 9800 newtons per cubic meter. Find the work in joules 
done in pumping the water over the top to empty the tank. 


An elevator weighing 10,000 newtons is lifted through 60 me- 
ters by winding its cable onto a winch. Neglecting friction, how 
much work is done if the cable weighs 150 newtons per meter? 


A water trough is 6 feet long and has a cross section consisting 
of an isosceles trapezoid with altitude 4 feet, upper base of 3 
feet, and lower base of 2 feet. If the trough is filled with water 
weighing 62.4 pounds per cubic foot, how much work will be 
required to pump all this water up to a level 20 feet above the top 
of the trough? 


An object immersed in water is buoyed up by a force equal to the 
weight of the water that the object displaces (Archimedes’ prin- 
ciple). Find the work required to completely submerge a spheri- 
cal float of negligible weight if its diameter is 0.3 meter. As- 
sume that the water is in such a large reservoir that its level rises 
negligibly as we submerge the float and that the water weighs 
9800 newtons per cubic meter. 


A cable that is 25 meters long hangs vertically from a winch. If 
the cable weighs 20 newtons per meter, how much work is done 
in winding the cable onto the winch? 


A uniform girder of length L meters and weight w newtons lies 
horizontally on the ground. How much work in joules will be 
required to pivot the girder about one of its ends into a vertical 
position? 


ct 


12 


[С] 13 
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The piston іп а cylinder compresses а gas adiabatically from 50 
to 25 cubic inches. Assuming that PV!? = 100, where P is the 
pressure in pounds per square inch and V is the volume in cubic 
inches, how much work in foot-pounds is done on the gas? 


Gas being compressed in a cylinder satisfies the equation 
РҮҮ? = constant, where y is a constant greater than 1, if the 
compression takes place adiabatically (that is, without heat pass- 
ing into or out of the cylinder). If the compression takes place 
isothermally (that is, at constant temperature), then the gas satis- 
fies the equation PV = constant. lf a gas is compressed from an 
initial volume Vo to a final volume V;, will more work be re- 
quired for adiabatic or for isothermal compression? 


Steam expands adiabatically according to the law РҮ!“ = 
constant. How much work is done if 0.5 cubic meter of steam at 
a pressure of 2 х 10* newtons per square meter expands by 60 
percent? 


A small compressor is used to supply pressurized air for filling 
tires. The compressor is driven by a 1500-watt electric motor, 
and its air tank has a volume of 0.02 cubic meter. Suppose we 
start from a normal atmospheric pressure of 1.013 x 10? new- 
tons per square meter. How long will be required to bring the 
pressure in the air tank up to 5 X 10° newtons per square meter? 
Assume that the compression takes place adiabatically, so that 
Pv! = constant, and recall that one watt is one joule per sec- 
ond. 


[lln Problems 15 to 21, use the fact that water weighs 9800 newtons 
per cubic meter (approximately 62.4 pounds per cubic foot). 


15 


16 


17 


18 


19 


What force must be withstood by a vertical dam 30 meters long 
and 6 meters deep if the water level is at the top of the dam? 


A water main in the shape of a horizontal cylinder 1.9 meters in 
radius is half filled with water. Find the force on the circular gate 
that closes the main. 


A rectangular oil can is filled with oil weighing 9114 newtons 
per cubic meter. What is the force on one side of the can that is 
0.2 meter wide and 0.4 meter high? 


A tank їп the shape of a horizontal right circular cylinder of 
radius 0.5 meter is half filled with water and half filled with oil. 
The oil, which weighs 9114 newtons per cubic meter, floats on 
top of the water. Find the total force caused by these liquids on 
the circular end of the tank. 


The face of a vertical dam has the shape of an isosceles trapezoid 
of altitude 16 feet with an upper base of 42 feet and a lower base 
of 30 feet. Find the total force exerted by the water on the dam 
when the water is 12 feet deep. 


39 


20 


21 


2 CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 


A horizontal tank in the shape of a right circular cylinder of 
radius 2 meters is sealed, and water is forced in until the tank is 
exactly half full. Find the total force on one end of the tank 
caused by the resulting air and water pressure. Take normal at- 
mospheric pressure to be 1.013 х 10? newtons per square 
meter. 


A water trough has a cross section in the shape of an isosceles 
triangle with its apex pointing downward. If the trough is 0.6 
meter wide and 0.4 meter deep, find the force on one end when 
it is full of water. 


Show that for a region R submerged as shown in Figure 10, the 


force F caused by a liquid weighing w units of weight per unit 
volume is given by 


xo f? 5 
F- a [h(s)]* ds 


Figure 10 
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surface of liquid 


A S-cent piece has a mass of about 5.2 x 107° kilogram. 
(a) How many newtons does a 5-cent piece weigh? (b) How 
many joules of work are required to lift a S-cent piece 1 meter? 
(c) If 5 cents will buy 1.8 х 10° joules of electric energy, ap- 
proximately how many 5-cent pieces could be lifted 1 meter for 
5 cents' worth of electricity? 


An elastic spring with a spring constant of k newtons per meter is 
stretched from its relaxed position through L meters. How much 
(potential) energy in joules is stored in the stretched spring? 


(a) Is the work necessary to stretch a spring from 21 to 22 centi- 
meters the same as the work necessary to stretch it from 22 to 23 
centimeters? Explain. (b) 15 the work necessary to lift a 5-cent 
piece from 21 to 22 centimeters above ground level the same as 
the work necessary to lift it from 22 to 23 centimeters? Explain. 


A weight of 1 metric ton (1000 kilograms) is dropped from a 
height of A fcet, and it hits the ground with the same kinetic 
energy as that possessed by a car of mass 1.2 metric tons travel- 
ing 88 kilometers per hour. Find Л. 


Given that the potential energy of a relaxed spring is zero and 
that the spring constant is 500 newtons per meter, how far must 
the spring be stretched so that its potential energy is 200 joules? 


Two particles P, and P5 with masses ту and m» are moving on 
the s axis with variable velocities v, and v». A variable force of 
attraction exists between the two particles, so that the force ex- 
erted on P, by P; is Fy and the force exerted on P3 by P; is F5. 


29 


30 


Given that —F, = F5. prove that the sum mv, + mov; of the 
linear momentum of P, and the linear momentum of P5 remains 
constant during the motion. 


A particle P is moving along the positive s axis under the influ- 
ence of a force F. The total energy E of P is zero, and its poten- 
tial energy is given by V = — 1/5. (a) Find the velocity v = ds/dt 
of P in terms of s. (b) If s = 25 meters and v is negative when 
t = 0, find the equation of motion of P. (c) If s = 25 meters and 
v is positive when / = 0, find the equation of motion of P and 
show that the velocity v of P is positive for all t > 0. (d) Given 
the information in part (c), find lim. y: 


Consider the mass-spring system in Figure 11 in which the mass 
m is suspended by a perfectly elastic spring with spring constant 
k. The mass of the spring itself and air friction are to be ne- 
glected. The origin on the vertical s axis is chosen so that when 
the mass and spring are hanging in equilibrium, the s coordinate 
of m is zero. The mass т is lifted to the position with coordinate 
5 = Ag and released at time ¢ = 0 with an initial velocity vg = 0. 


Figure 11 y 


32 
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(Sce the discussion at the end of Section 4.6.) (a) Given that the 
potential energy V is zero when the mass passes through the 
origin, find a formula giving V in terms of s. (b) Find the (con- 
stant) total energy E of the mass-spring system. (c) Find the 
velocity of the mass when it passes through the position s = 0 
the first time after it is released. (d) Discuss the trade-off be- 
tween the potential and the kinetic energies as the mass oscil- 
lates. 


Two positively charged particles with charges of 1 coulomb 
apiece repel each other with a force equal to &/r? newtons, where 
r is the distance in meters between the particles and the constant 
k is given by k = 8.99 x 10°. Suppose that one of the particles 
is fixed at the origin and the other particle, call it P, is free to 
move along the positive s axis. Find the potential energy V of P 
in terms of s, given that lim. V=0. 


Figure 12 shows an s axis with its origin at the center of a homo- 
geneous solid sphere of radius r meters and with constant density 
of w kilograms per cubic meter. A particle P of mass m kilo- 
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grams at the point with coordinate s on the axis will experience a 
gravitational force F given (in newtons) by 


= fors=r 


| —4Gmarw 
Е = 35s 


4 
E = ©з foO0zs-r 


where С = 6.672 x 1071! N-m?/kg? is Newton's universal 

constant of gravitation. (a) Find the potential energy V of P in 

terms of s if lim V = 0. (b) Find the escape velocity for Р 
$—xX 


starting on the surface of the sphere. 


Suppose that a projectile P of mass m is fired vertically upward 
from the surface of the earth at time t = O with an initial velocity 
vo. Neglecting air resistance and neglecting the decrease in the 
force of gravity as the projectile moves away from the center of 
the earth, find a formula for the kinetic energy of P in terms of 
its height s above the surface of the earth. 


Figure 12 $ 


(134 Work Problem 33. continuing to neglect air resistance, but tak- 
ing into account the decrease in the force of gravity as the pro- 
jectile moves away from the center of the earth. Take the radius 
of the earth to be 6.371 x 10° meters and the mass of the earth 
to be 5.983 x 10% kilograms. 


6.6 Applications to Economics and 
the Life Sciences 


We now present a few simple, but typical, applications of the definite integral to 
economics and the life sciences. 


Consumer’s Surplus 


Suppose that the demand equation 


р = f(q) 


relates the price p per unit of a commodity and the number of units q of the com- 
modity that will be demanded at that price by consumers in a given period of time. 
Usually, fewer units of the commodity are demanded as the price per unit increases, 
and when the price reaches a sufficiently large value, say c dollars per unit, none of 
the commodity is demanded. Thus, we assume that 


c = f(0) 


Now suppose that the actual market price, po dollars per unit, is less than c dollars 
per unit and that the corresponding demand, qo units, is positive. Thus, 


Po = f(qo) 


Clearly, those consumers who are willing to pay more than po dollars per unit 
benefit from the fact that the price is only po dollars per unit. Economists measure 
this benefit, the consumer's surplus, by the integral 


€ 


consumer's surplus — | q dp 
Po 
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We now derive an alternative formula for the consumer's surplus in terms of the 
function f. To begin with, notice that the revenue R dollars to the producer for the 
sale of q units of the product at p dollars per unit is given by 


R= pq 
If we take the differential on both sides of the last equation, we obtain 
dR = p dq + q dp Or q dp — —p dq * dR 
Therefore, 
c p-c p=e 
consumer’s surplus = Í q dp = | (—p) dq + | dR 
Po Itn Paro 


р=с р=с 
= – pdq+R 
P=Po P=Po 


Now, since q = фо when p = po and q = 0 when p = c, we can rewrite the last 
equation as 


p=c p=c. 4=0 


га=0 
consumer's surplus = -| p dg + R 
9= 4o P=Po 


Чо 
-[ p dq + c-0 — родо 
0 


qo 
- | p dq + pq 
о 


Р=ро. 9= 90 


qo 
m | р dq — podo 
0 
Therefore, since р = f(g), we have 


qo 


consumer's surplus = | /f(g) dq — f(qo)qo 
0 


EXAMPLE 1 The demand equation for coal in a particular marketing area is p = 
200(600 — 105 — q^), where q is the demand in thousands of tons per week and p 
is the price in dollars per thousand tons. If the current price is $80,000 per thousand 
tons, find the consumer's surplus. 


SOLUTION Неге, fig) = 200(600 — 10g — q?) and ро = $80,000. Solving the 
quadratic equation 


80.000 = 200(600 — 10до — qo) 


for qo, and recalling that go cannot be negative, we find that до = 10. Therefore, 


qa 


consumer's surplus — fa) dq — f(qoqo 
0 


10 
= | 200(600 — 10g — 4?) dq — (80.000)(10) 
0 
10 
— 800,000 


a 


q 
200( 6004 -5g - £) 


700.000 _ 


3 2332999995 
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Production over a Period of Time 


When a new production process is set in motion, the rate of production is often 
rather slow at first because of “‘bugs’’ in the production techniques, unfamiliarity 
with new methods, and so forth. As the bugs are worked out and the personnel 
become accustomed to the new methods, the rate of production ordinarily increases 
and, after a suitable period of time, approaches a steady value. 

Thus. let x denote the number of units of a certain commodity produced in the 
first г units of working time by a new process, so the derivative dx/dt represents the 
rate of production at time t. Then. according to the fundamental theorem of calcu- 
lus. the total number of units of the commodity produced during the interval of time 
from t = a to t = b is given by 


EXAMPLE 2 Solar Electric Company has set up a new production line to manufac- 
ture small wind-powered generators to be used as alternative energy sources. The 
rate of production 1 weeks after the start is dx/dt = 300[1 — 4000 + 20)7 2] gen- 
erators per week. How many generators аге produced during the fifth week of 
operation? 

SOLUTION From the end of the fourth week, when = 4. to the end of the fifth 


week. when t = 5, the number of generators produced is 


5 
= 6300 — 6200 


4 


h 300[1 — 400(t + 20) = 300( 1 ЗЬ 200) 
k 5 1+ 20 


= 100 generators 


Pollution 


The rate at which pollutants are introduced into a given ecosystem may vary with 
time as a consequence of a number of factors. For instance. the rate at which a 
factory dumps pollutants into a lake may increase as the level of production in- 
creases and as antipollution devices in the factory wear out and become less effi- 
cient. If we denote by x the number of units of pollutant accumulated in a given 
ecosystem after t units of time, the rate of pollution of the ecosystem is given by the 
derivative dx/dt. Consequently. the total number of units of pollutant accumulated 
in the ecosystem during the interval of time from t = a to t = b is given by 


jr=b =b dx 
x| = | === di 
dt 


f=a fie, 


EXAMPLE 3 Filters at the O.L. Factory, designed to remove sulfur dioxide from 
vented air, are replaced every 90 days. However. г days after the filters are changed, 
they allow sulfur dioxide to escape into the atmosphere at the rate of 25V 1/10 
pounds per day. How many pounds of sulfur dioxide are introduced into the atmos- 


phere over one 90-day interval? 
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SOLUTION Making the change of variable u = 1/10, we have 


9 


= 4500 Ib ш 


0 


EO m 2 7 
{ 25 1m dt = 250 | ul? du = 250(—- n) 


0 


Blood Flow in the Circulatory System 


Provided that certain factors (such as pressure and viscosity) are held within pre- 

scribed limits, blood will flow smoothly through a cylindrical blood vessel in such a 

way that the velocity v of flow increases continuously from a value close to zero at 
Figure I the wall of the vessel to a maximum value at its center. Figure 1 shows a cross 
section of the blood vessel perpendicular to its central axis and an infinitesimal 
circular ring of width dr at a distance r from the center. Assume that the velocity v 
of blood flow depends only on r; then the infinitesimal volume of blood dV flowing 
across the circular ring in unit time will be given by 


dV = v(2arr dr) 


the product of the velocity of flow across the circular ring and the area of this ring. 
lf R denotes the radius of the blood vessel, the total volume of blood passing the 
entire cross section in unit time will be given by 


fr=R r-R 
| dV =27 | vr dr 
r=0 = 


r=0 


In 1842, the French physician Jean-Louis-Marie Poiseuille (1799-1869) deter- 
mined experimentally that for nonturbulent blood flow, 


v = kR? — r°) 


where k is a constant depending on the viscosity of the blood, the length of the blood 
vessel, and the difference in blood pressure between the two ends of the vessel. 


С EXAMPLE 4 Suppose that blood is flowing through an artery of radius R = 0.25 
centimeter according to Poiseuille's equation v = &(R? — 7°) with k = 90. Find the 
rate of flow of blood through the artery. 


SOLUTION The velocity v of the blood flow r centimeters from the center of the 
artery is given by 


v = КК? — P) = 90((0.25)? — г] = 5.625 — 90r cm/s 
Hence, the rate of flow, measured by the total volume V of blood passing a cross 


section of the artery in | second, is 


0:25 


Е 0.25 
is | vr dr = 2s | (5.625 — 90r?)r dr = 27 | (5.625r — 90r?) dr 
0 


19] 0 
us Bre 90(0.25)* | 
=n See _ o 
2 4 


V 


11 
to 
ч 


^10 
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Problem Set 6.6 


1 Consider the demand equation 4 = 100(4 — Ур). (a) Solve the 
demand equation for p in terms of q. (b) Calculate the con- 
sumer's surplus when the price is po — $1 per unit, using the 
definition of consumer's surplus as the integral fp, 4 dp. 
(c) Calculate the consumer's surplus, using the alternative for- 
mula f$ f(g) dq — f(qo)go. where p = f(q). 


2 Sketch a graph showing an arbitrary demand curve p = f(g) and 
a point (go, po) on this curve. Shade in an appropriate region on 
your figure whose area corresponds to the consumer's surplus 
when the price is po dollars per unit. 


3 On the basis of market surveys, a manufacturer determines that 
5000 souvenirs will be sold per week in a certain resort area if 
the price is $1 per souvenir. but that for every 5-cent increase in 
price per souvenir, 500 fewer souvenirs per week will be sold. 
Find the demand equation for the souvenirs, and calculate the 
consumer's surplus if the souvenirs are priced at $1.25 each. 


3 Suppose that the supply equation p — 2(q) relates the price per 
unit of a commodity and the number of units g of the commodity 
that the producers would be willing to supply per unit of time at 
that price. Supposing that the producers would be unwilling to 
supply any of the commodity if the price drops as low as c 
dollars per unit, so that c = g(0), and that the current selling 
price of the commodity is po dollars per unit, economists define 
the producer's surplus as the value of f? q dp. If po = g(qo). 
show that the producer's surplus is given by pogo — fà. 8\4) dq. 


5 Heron Motors has set up an assembly line for their new steam- 
powered automobile and expects to be producing them at the rate 


10 


of 30\ 7 automobiles per week at the end of weeks. How many 
automobiles do they expect to produce during the first 36 weeks 
of production? 


Suppose that the rate of production of a new product is 


ali Е CY] 


units per week at the end of t weeks, where А and К are positive 
constants and p is a constant greater than 1. Find a formula for 
the number of units produced during the nth week of production. 


A factory is dumping pollutants into a lake at the rate of 177/600 
tons per week, where г is the time in weeks since the factory 
commenced operations. After 10 years of operation, how much 
pollutant has the factory dumped into the lake? 


In Problem 7, assume that natural processes can remove up to 
0.015 ton of pollutant per week from the lake and that there was 
no pollution in the lake when the factory commenced operations 
10 years ago. How many tons of pollutant have now accumu- 
lated in the lake? 


A cylindrical blood vessel has a radius R — 0.1 centimeter, and 
blood is flowing through this vessel with a velocity 
v = 0.30 — 30r centimeters per second at points r centimeters 
from the center. Find the rate of flow of the blood. 


If blood is flowing in a blood vessel according to Poisenille's 
equation v = k(R? — r^), show that the volume V of blood that 
flows across a fixed cross section of the vessel in unit time is 
given by V = (zk/2)R". 


Review Problem Set, Chapter 6 


In Problems | to 12, use any convenient method to find the volume 
of the solid generated by revolving the region bounded by the given 
curves about the indicated axis. 


Vx. y = 0, and x = 8 about the x axis 


- 
= 
Ш 


2 y =x, у = 0, and x = 1 about the у axis 


3 x! +4 = 4y, x = 0, and y = x about the x axis 


4 y=, x = 1. and y = 0 about the line x = —2 
5 y =x and y = 2x about the y axis 


6 x! = 4(1 — y) and y = 0 about the line y = 3 


7 y = 2/x and y = 3 — x about the y axis 


8 
9 
10 


13 


14 


y? = 4x and x = 4 about the line x = —2 

y =x, у = 1, and y = 4 about the y axis 

The loop of у? = x'(x + 4) about the y axis 

y =x, x = 4, and y = 0 about the line y = —2 

y= Vx and у = 18 — х2, to the right of x = 1. about the y axis 


Find the volume of the solid generated by revolving the region 
bounded by a circle of radius 3 centimeters about a line in its 
plane that is 7 centimeters from its center. 


A solid is generated by revolving the region bounded by the 
graph of y = f(x), the lines x = 0 and x = a. and the x axis about 
the x axis. Its volume for all values of a is given by the equation 
V = а? + 7a. Find a formula for f(x). 
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15 


17 


18 


19 


20 


22 


Figure 1 


A solid paraboloid of revolution is generated by revolving the 
region bounded by the graph of y = b V/x/a, the x axis, and the 
line x = a about the x axis. (a) Sketch the paraboloid of revolu- 
tion. (b) Find the volume of the solid by the method of circular 
disks. (c) Find the volume of the solid by the method of cylindri- 


cal shells. 


A vessel has the form generated by revolving the graph of y — 
1X? about the y axis. If 4 cubic units of liquid leak out of the 
bottom of the vessel per minute, at what rate is the depth of 
liquid changing at the instant when the depth is 4 units? 


Sketch the graph of the portion of the parabola Ах” = B^y lying 
in the first quadrant, where A and B are positive constants. Find 
the volume of the solid generated when the region bounded by 
this parabola, the y axis, and the line y — A is revolved about the 
y axis. Compare the answer with the volume of a cylinder of 
height A and base radius B. 


For each positive integer л, let U, denote the volume of the solid 
generated by revolving the region under the graph of y — x" 
between x = О and x = 1 about the y axis. Let V, be the volume 
of the solid generated by revolving the same region about the x 
axis. Evaluate 


(a) lim U, (b) lim V, (c) lim 
n— x nx nx Va 

Find the volume of a solid whose cross section perpendicular to 

the x axis is a square x units on a side for 0 = x = 2. 


Find the volume of a solid whose cross section perpendicular to 


the x axis is an equilateral triangle |x| units on a side for 
— 2 ES em S. 


A spire is 26 feet high. A horizontal cross section x feet above 
the base is a rectangle whose long side is (26 — x)/13 feet long 
and whose short side is (26 — x)/20 feet long. Find the volume 
of the spire. 


A conoid is a wedge-shaped solid whose lateral surface is gener- 
ated by a line segment which moves so as always to be parallel 
to a fixed plane and which has one endpoint on a fixed circle and 
the other endpoint on a fixed line, with both the circle and the 
straight line being perpendicular to the fixed plane (Figure 1). If 
the distance from the fixed line to the plane of the circle is Л 
units and the circle has radius a units, find the volume enclosed 
by the conoid. 


23 A solid is generated by a variable regular hexagon which moves 
so that its plane is always perpendicular to a given diameter of a 
fixed circle of radius a, with the center of the hexagon lying in 
this diameter and two opposite vertices lying on the circle. Find 
the volume of the solid. 


24 Liquid in a reservoir evaporates at a rate (cubic units per unit 
time) proportional to the surface area of the liquid exposed to the 
air. Show that no matter what the shape of the reservoir, the 
surface of the liquid drops at a constant rate. 


25 A football-shaped solid is swept out by a variable square that is 
perpendicular to the x axis and whose center lies on the x axis. In 
sweeping out the solid, one vertex of the variable square follows 
the curve y = }V 49 — x in the ху plane between x = —7 and 
x — 7. Find the volume of the solid. 


26 A horn-shaped solid is generated by a variable circle whose 
plane turns about a fixed line. The point of the circle nearest the 
line describes a quadrant AB of a circle of radius a, and the 
radius of the variable circle is c0, where 8 denotes the angle 
between the variable plane and its initial position when it passes 
through A. Show that the volume of the hom is given by V — 
qme (8a + 37c). 


In Problems 27 to 38, find the arc length of the graph of each equa- 
tion between the points indicated. 


27 (= 8}? = x from (0, 8) to (1, 9) 
28 у? = 40 from (4, 4) to (32, 16) 
29 y = 37. from (0, 0) to (4, 28) 


30 y = Дх + (2/x°)) from (1, 3) to (2, #8) 


31 y? = ii? from (0, 0) to (1, 3 


— 


+ from (88, D to Œ, D 

33 у= (x + 17 + 2 from (3, 10) to (8, 29) 
x À 1 

34 y=| Vr + 2t dt from (0, 0) to | VP FH ai) 
0 0 


35 (x + 1)? = 4y° from (-1, 0) to (1, 1) 
36 x = &(y + 1)??? from (38, 3) to (18, 8) 


37 y= i vor - 7-1 arfrom(1,0)t0(2. | Мо - 0-1 а) 
1 1 


38 у= V4 — x from (—2, 0) to (2, 0) 


[EIn Problems 39 to 42, set up an integral representing the arc length 
of each curve, and use Simpson's parabolic rule with л = 2 (that is, 
with four subintervals) to estimate this arc length. 


39 у = 2 Vx from (1, 2) to (4, 4) 
40 y = 2(1 + х2)! from (0, 2) to (1, 2V2) 
41 у= x? from (0, 0) to (1, 1) 


э. ( | = d ) 
S| candi 409 uo | EE 
42 y | EE rom (0, 0) to | l TEF 
43 Use the arc length formula to verify that the straight-line dis- 
tance d between the points P, = (xi, yj) and P5 = (х5, у») is 


given by d = Vix = ху) + (уз ур). 


44 Suppose that the function f has a continuous first derivative on 
an open interval containing the closed interval [0, 1] and that f 
is monotonically decreasing on [0, 1]. Assume that f(0) = 1 and 
fO) = 0. Write an integral for the amount of time T required for 
a particle P of mass m to slide frictionlessly down the graph of 
y = f(x) trom (0, 1) to (1, 0) under the influence of gravity. 


In Problems 45 to 54, find the area of the surface of revolution 
obtained by revolving each curve about the axis given. 

45 y = 3Vx from (1, 3) to (4, 6) about the x axis 

46 y = 3x from (0, 0) to (2, 12) about the y axis 

47 y = x? from (1, 1) to (3, 27) about the x axis 

48 y = 4€ from (0, 0) to (1, 4) about the y axis 

49 v = 1i from (0, 0) to (3, 9) about the x axis 


х^ 


2 1 А i 
50 y= a + pon from (1, 2) to (3, H3?) about the x axis 
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51 y = 1х2 from (0, 0) to (4. 4) about the у axis 
52 у? = x! from (1, 1) to (4, 8) about the y axis 


53 у? = 9 — x from (0, 3) to (9, 0) about the x axis 


5 
ns Р > А 
54 у= F 3 from (1, 4$) to (2, $% ) about the x axis 


128 

55 Find the work done in pumping all the water out of a full cistern 
in the shape of a hemisphere of radius r feet surmounted by a 
right circular cylinder of radius r feet and height h feet. 


56 A tank is made in the shape of a right circular cylinder sur- 
mounted by a frustum of a cone as shown in Figure 2. How 
much work is done in pumping the tank full of water from the 
bottom? 


Figure 2 


57 A cable that is 30 meters long and weighs 4 newtons per meter 
hangs vertically from a winch. Find the work done in winding 
half of the cable onto the winch. 


58 A cable that is / units long weighs w units of force per unit of 
length and hangs vertically from a winch. If a weight W hangs at 
the end of the cable, how much work is done in winding & units 
of the cable onto the winch? 


59 How much work is done compressing 400 cubic feet of air at 15 
pounds per square inch to a volume of 30 cubic feet, provided 
that the compression is adiabatic (РУ! = constant)? 


60 A vertical masonry dam in the form of an isosceles trapezoid is 
70 meters long at the surface of the water, 50 meters long at the 
bottom, and 20 meters high. Find the total force that it must 
withstand if the water is level with the top of the dam. 


61 A right triangle ABC is submerged in water so that edge AB lies 
on the surface and edge BC is vertical. Find the total force on a 
face of the triangle caused by the pressure of the water if 
[BC| = 6 meters and |AB| = 2 meters. 


62 A mass m is falling freely near the earth’s surface. At a certain 
instant, t = 0 seconds, the mass is sọ units above the ground and 
is falling with a velocity vg. Take the s axis positively upward 


400 
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with its origin at ground level. (Thus, vg is negative, and the 
acceleration of gravity is —g.) (а) Find the velocity of the mass 
in terms of its distanee s above the ground. (b) Find the increase 
in the kinetic energy of the mass between s = sy and s = s}, 
where 0 = s; = so. (e) Find the potential спегру V of the mass in 
terms of s if the potential energy is zero when 5 = sp. 
(d) Compute the decrease in the potential energy of the mass 
between s = so and s = sı, where О = s, = so. (e) Find the ki- 
netic energy A and the potential encrgy V of the mass in terms of 
the time /. 


The velocity of a 100-kilogram sled is 20 — 27 meters per see- 
ond at time г seconds. Find the change in its kinetic energy 
between ¢ = 0 and t = 10 seconds. How much work is done in 
stopping the sled? 


A rod of length Р is spinning n times per second about one of its 
ends. The material of whieh the rod is composed has a density of 
f(x) mass units per unit of length at a distance of x units from the 
stationary end. Find an integral representing the kinetic energy 
of the spinning rod. 


Joe, Jamal, and Gus have set up a lemonade stand. The demand 
equation for lemonade is p = – (42/100) — (79/20) + 30, 
where p is their asking price in cents per glass and q is the 
number of glasses demanded. If the asking price is 15 cents per 
glass. find the consumer's surplus. 


66 


67 


68 
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Rebecca, Joshua, and Miriam have grown 100 pumpkins, which 
they are planning to sell. They believe that they can sell all their 
pumpkins at a price of 75 cents each, but that each 25-cent 
increase in price per pumpkin will result in the sale of 20 fewer 
pumpkins. What is the consumer's surplus if they sell the pump- 
kins at the price that brings them the maximum revenue? 


A former mathematics professor is going into business as an 
income tax consultant and expects to be receiving 100 V^ dollars 
per week in consulting fees г weeks after opening a new office. 
The fixed expenses for office rental, telephone, newspaper ad- 
vertisements, and so forth will amount to $200 per week. What 
is the consultant’s net profit after 49 weeks in this new job? 


Suppose that a new employee at Solar Electric Company гап 
solder 50 — 50/V1 + 1 connections per hour at the end of ¢ 
working hours. How many connections does the employee sol- 
der during the first 8 working hours? 


Blood is flowing smoothly through a cylindrical artery of radius 
R in such a way that its velocity r units from the center is given 
by v = A(R? ~ r°) units per second. Here К is a constant de- 
pending on blood pressure, viscosity, and so forth. A drug is 
administered which inereases the radius of the artery by 5 per- 
cent. Calculate the percentage increase in the rate of flow of 
blood through the artery. 


7.1 


TRANSCENDENTAL FUNCTIONS 


Algebraic and trigonometric functions, useful as they are, are not sufficient for the 
applications of mathematics to physics, chemistry. engineering, economics, and the 
life and earth sciences, In this chapter, we add the inverse trigonometric, logarith- 
mic, exponential, and hyperbolic functions to our repertory. In order to better un- 
derstand the inverse trigonometric functions and the relationship between logarith- 
mic and exponential functions. we begin by considering the general idea of the 
inverse of a function. 

All the functions that can be built up from algebraic, trigonometric, logarithmic, 
and exponential functions by addition, subtraction, multiplication, division, compo- 
sition. and inversion are called elementary functions. Although nonelementary 
functions sometimes have to be used in applied mathematics, the elementary func- 
tions are sufficient for our purposes in this textbook. 


Inverse Functions 


Many calculators have both a squaring key (marked x?) and a square-root key 
(marked Vx). For nonnegative numbers x, the functions represented by these keys 
**undo each other'' in the sense that 


squaring function square-root function = 
X ee xL э Мх? = х 
апа 
square-root function E squaring function 3 
> п == MÀ (Vx y. = 


Two functions related in such a way that each ""undoes'" what the other “does” are 
said to be inverse to each other. Not only do most scientific calculators have keys 
corresponding to a number of important functions, but they also can calculate the 
values of the inverses of these functions. 
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In order that two functions f and g be inverscs of each other, we must have the 
following: For every value of x in the domain of f, f(x) is in the domain of g and 


n. 3 
E) je elf] = х 
Likewise, for every value of x in the domain of g, g(x) is in the domain of f and 
X pis g(x) el =y 


In other words, f and g are inverses of each other if and only if 


(gef x) = glf@] = x 


for every value of x in the domain of f and 


(fe gx) = flgco] = x 


for every value of x in the domain of g. A function f for which such a function g 
exists is said to be invertible. 


In Examples 1 and 2, show that the functions f and g are inverses of each other. 


sep Il 
5 


EXAMPLE 1 f(x) = 5x — 1 and g(x) = 


SOLUTION The domain of f is the set R of all real numbers. For every real 
number x, we have 


(ye — Ju | S 
(ico ey = gC) = eese = = с "sm ^g 
The domain of g is also the set R of all real numbers, and for every real number x, 
we have 


(fe axe) = fisco = (05) -5( 2) - 1 is 


yey 


EXAMPLE 2 f(x) = and g(x) = PES 


SOLUTION The domain of f is the set of all nonzero real numbers. If x = 0, we 
have 


ge Na) = gLfC9] = 


| 
os 
EN 
ә 
5 
S 
brc. 
ll 
t 
| 
pe S 
Ad = 
D» 
RA 
a О 
ll 
(— 3) 
t 
| 
PET UM 
гә 
4 le 
ш 
— 
Б 
i 
> 


wee ШИ 


The domain of g is the set of all real numbers except 2. If x # 2. we have 


Ast face 


2 


" | | 
(fo gx) = fleco --—) 5 


Figure 1 


a 


Figure 2 


У 1 Я Я 
E mirror image of 
graph of f s 


passes 
under 
itself 


Figure 4 
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Geometrically, f and g are inverses of each other if and only if the graph of g is 
the mirror image of the graph of f across the straight line y = x (Figure 1). This fact 
will be clear if you note first that the mirror image of a point (a, b) across the line 
у = x is the point (b, a). But if f and g are inverses of each other and if (a, b) 
belongs to the graph of f, then 


b = f(a) so g(b) = g[f(a)] =a 


that is, (b. a) belongs to the graph of g. Similarly, you can show that if (b, a) 
belongs to the graph of g, then (a, b) belongs to the graph of f (Problem 42). 

Not every function is invertible. Indeed, consider the function f whose graph 
appears in Figure 2. The mirror image of the graph of facross the line v = x isn't the 
graph of a function, because there is a vertical line / that intersects it more than 
once. (Recall the vertical-line test, page 26.) Notice that the horizontal line L ob- 
tained by reflecting / across the line y = x intersects the graph of f more than once. 
These considerations provide the basis for the following test (see Problem 43). 


Horizontal-Line Test 


A function f is invertible if and only if no horizontal straight line intersects its 


graph more than once. 


EXAMPLE 3 Use the horizontal-line test to determine whether the functions 
graphed in Figure 3 are invertible. 


Figure 3 y y 


(b} 


SOLUTION 


(a) Any horizontal line drawn above the origin will intersect the graph of f 
twice. Therefore, f is not invertible. 


(b) No horizontal line intersects the graph of F more than once; hence, F is 
invertible. 


If a function f is invertible, there is exactly one function g such that f and g are 
inverses of each other; indeed, g is the one and only function whose graph is the 
mirror image of the graph of f across the line y = x. We call g the inverse of the 
function f, and we write g = f^ '. The notation f! is read "f inverse." If you 
imagine that the graph of f is drawn with wet ink, then the graph of f^! would be 
the imprint obtained by folding the paper along the line y — x (Figure 4). 

The fact that the graph of f~! is the set of all points (x, у) such that (у, x) belongs 
to the graph of f provides the basis for the following procedure. 
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Algebraic Method for Finding f^! 


Step 1 Write the equation v = f(x) that defines f. 
Step 2 Interchange x and v in the equation obtained in step 1; that is, 
change y to x and change all xs to y's so that the equation becomes 


х= (у). 
Step 3 Solve the equation in step 2 for у in terms of x to get у = f'(x). 
This equation defines f !. 


EXAMPLE 4 Use the algebraic method to find the inverse of the function f(x) = x? 


Figure 5 
for x = 0, and sketch the graphs of f and f^! on the same coordinate system. 


M 


SOLUTION We carry out the algebraic procedure: 
Step I y=x?  forxz0 
Step2x=y? fory 20 


Step 3 Solving the equation x = у> for у and using the condition that y = 0, 


he Мт 


we obtain 


Therefore. = 
f i) = Vx (Figure 5) 


EXAMPLE 5 Let f(x) = 2x + 1. 


(a) Use the algebraic method to find f~}. 
(b) Check that f '[f@)) = x for all values of x in the domain of f. 
(c) Check that /[ f '()] = x for all values of x in the domain of f~}. 


SOLUTtON 
(a) We carry out the algebraic procedure. 
Step 1 y 22x +1 
Step 2 x-2v* 1 
Step 3 Solving the equation x = 2y + 1 for y. we find that 
ee) 
Therefore, 
100) = 20 = 1) 
(b) fal ol = Cnt Tr Hl) jax 
(c) ЛУ Ol - fie — DT ЕЕ - I+ 1 х 


In working with inverses of functions, you must be careful not to confuse f~ (x) 
and [f(x)]~'. Notice that f'(x) is the value of the function f^! at x, whereas 


1 
(eo = 
í fe) 
is the reciprocal of the value of the function f at x. For instance, in Example 5 


above, 


fy sf =) whereas [feo]! = ве 
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The Inverse-Function Rule 


Now we give a rule, called the inverse-function rule, that enables us to find the 
derivative of the inverse of a function. First we give an informal derivation of this 
rule; then we state the rule more formally as a theorem (Theorem 1). 

Suppose that f is an invertible and differentiable function and that 


=) 
Тһеп, 
к= a f Cy) 
hence, using Leibniz notation, we can write the derivative of f^ !( v) as 
е gum) 
dy dy 4 
assuming that this derivative exists. However, by the chain rule, 
dx dy 
dy dx dx 


ийй 


Solving the last equation for dv/dy, we obtain the following: 


Inverse-Function Rule Using Leibniz Notation 


In words, this rule just says that under appropriate conditions, the derivative of the 
inverse of a function is the reciprocal of the derivative of the function. In Theorem 1 
below, we give a more formal statement of this rule. 


EXAMPLE 6 Let y = 3x7 — 4x + 2 for x > 3. Find the value of x when y=2, 
and find the value of dv/dy when у = 2. 
SOLUTION When y = 2, we have x > $ and 

Oe 3x7 — TE or 3x7 – 4х = 0 


that is, 


~ 
шз 
m 
| 
4 
ke 
= 
Il 
e 
£e 
3 
a. 
= 
V 
tolto 


Therefore, 


Now, by the inverse function rule, 
due d - 1 mA 
dy dy/dx 3х? – 4x + 2)/dx | 6x—4 


Therefore, when y = 2 and x = ER we have 
dx 12 1 Ж ш 
dy 63)-4 4 
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The Inverse-Function Theorem 
Now we give a precise statement of the inverse-funetion rule in the form of a 
theorem. In order to understand this theorem, suppose that f is a differentiable and 
invertible function and 

Yu fio 
so that х= Wy) 
as we saw above. Thus, assuming that dy/dx # 0 and that f 15 differentiable, we 
have the inverse-funetion rule 


ded 
dy dy/dx 


as before. Notice that since 


1х d 
= py T 
dy dy 
d "e 
^ SUL ffo) = [71 ) 
dx dx 


the inverse-function rule ean be rewritten in the form 
(f-')'(x) = € 
— Уй бй 
In many applications of the inverse-function rule, our main concern is to calculate 
the derivative (f—')’ of the function f~'. Because it is traditional to use x as the 


independent variable. we often prefer to use the letter x rather than the letter y in 
the formula derived above. Thus, we have 


-1 П д = ] 
Va gui = eal 


Our motivation is complete, and we can state the theorem. 


THEOREM t Inverse-Function Rule, or Inverse-Function Theorem 


Let f be a function whose domain is an open interval /. assume that f is differen- 
tiable on /, and suppose that f'(c) # 0 for every number c in /. Then f has an 
0 inverse f !, f ' is differentiable, and 


Figure 6 


(Л !)'(х) = 


| 
ff "ol 


holds for every number x in the domain of f~!. 


(и, и) Not only does the inverse-function theorem give us a formula for calculating the 
derivative (f ')’ of the inverse of f, but also it guarantees the existence of f ' as 
well as its differentiability. For this reason, its proof is too technical to be given in 
this textbook. However, you can see geometrically why f 1 is differentiable by 
considering the graphs in Figure 6. Recall that the graph of f^ | is the mirror image 

—————e x  Ofthe graph of f across the line y = x. By hypothesis, fis differentiable; hence, the 
graph of f has a tangent line at each point (и, v) with v = ftu). Evidently, its mirror 


(u,v) 
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image—the graph of f^ '—also has a tangent line at each point (v, u) with u = 
f^ v). But to say that the graph of f~ ! has a tangent line at each point is to say that 
it is a differentiable function. 

Use of the inverse-function rule in the form 


| 


HA 
PUS E 


is illustrated in the following examples. 


EXAMPLE 7 Let f be the function defined by f(x) = x^ +x +1. 
(a) Show that / 7! exists. 
(b) Find (f£ ^))'(D. 

SOLUTION 


(a) Since f'(x) = 3x? + 1 # 0 for all real numbers x, it follows from Theo- 
rem 1 that f^! exists. 


(b) Evidently, f(0) = 1. so f^! (1) = f^ ![/(0)] = 0. Hence, by Theorem 1, 
ш у d) 
МгО зора 


EXAMPLE 8 Suppose that the hypotheses of the inverse-function theorem are sat- 
isfied by the function f, that f(3) = 7, and that f'(3) = 2. Find (f^ (7). 


SOLUTION Since f(3) = 7, it follows that (7) = 3. Hence, 
1 1 1 


Ya) = 


GC SS a т = ул а 
ШОЛ 7G) 2 
Problem Set 7.1 
In Problems 1 to 6. show that the functions f and g are inverses of Figure7 у y 
each other. 
3 i 
I f(x) = 2x — 3 and g(x) = z Э а 
2 fix) = x? and g(x) = Vx 0 à 0 и 
1 1 y 
3 f(x) = — and g(x) = — 
x x 
De = 3) PL А 
ojos- ао оо (a) т (b) 


5 Д) = Wx + 8 and AG) Se =e 


6 f(x) = x? + 1 for x= 1 and g(x) = Мх 1 


7 Use the horizontal-line test to determine whether the functions 
graphed in Figure 7 are invertible. (c) 
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8 Under what conditions is a linear function f(x) = mx + b 
invertible? 

9 The three functions graphed in Figure 8 are invertible. In each 
case, obtain the graph of the inverse function by reflecting the 
given graph across the line y = x. 


Figure 8 y 
t 


(b) 


G 


(c) 


10 Sketch the graph of f(x) = |x — 1|. and determine whether f is 
invertible. 


In Problems 11 to 20, (a) use the algebraic method to find f~'. (b) 
check that f. '[f(x)] = x for all values of x in the domain of f, (c) 
check that f [f ^ (3)] = x for all values of x in the domain of f~ ', and 
(d) sketch the graphs of f and f ^! on the same coordinate system. 


x2 

П ft)-22x-5 12 fi) = №. 

BEO E 14 fay = 1+ Vx 

15 Дх) = 1 = 28 16 f(x) = х*— 1 

17 me y i$ у= 

fap X AS = x+2 

3x-7 

IDEE : 20 fx) = (w+ 35 – 2 
ies Il 


21 If a. b, c, and d are constants such that ad # bc. use the alge- 
braic method to find the inverse of f(x) = (ax + b)/(ex + d). 


22 If f(x) = V4 — x^ for 0 = х = 2, show that f is its own inverse. 


In Problems 23 to 29, find the value of x when y = a, and use the 
inverse-function rule dx/dy = 1/(dy/dx) to find the numerical value 
of dx/dy when y = a. 

Dm omae 24 a = 64, y =x 0 


OS gem 4. weg d Dee lhe =] 


PILIS wE 
26 a= Өл жың 27 а= —11$ = e 
1 E T 
28 ст ae SIN pep mE 
25 BY 
M gres SVS, NS onem 
3 3 Wie — || 
30 If f is the function defined by 
5i if xx] 
йу = lke s 
ams ifx>9 


find (f ~')'(x) if it exists. 


In Problems 31 to 36, use the given information and the inverse- 
function theorem to find (f )'(a). (You may assume that the hy- 
potheses of the theorem are satisfied.) 
31a-27,f(327,f£(3)-2 

802 а= o Cs A) = sf o em T^. eS © 
3ae-l.f-Dz -2,f(0.— == ш 
а= 4.50) = 8. Л) = 3,70) 78. pd = I 


35 а = way) = EE м 


2 2 2 


£z 


36 a = 0, f(0) = 0. f'(0) = 1 


37 Let f be the function defined by f(x) = (x + D/(Qx = 3). (a) 
Show that 10) = (3x  D/Qx — 1). (b) Calculate (f ^ ')'(0) 
by using part (a) and the quotient rule. (с) Calculate (f^ ')' (0) by 
using the inverse-function theorem. 


38 Let f be the function defined by f(x) = (2x — 1)/(3x = 2). (a) 
Show that f ! = f. (b) Calculate (7 )'(x) by using part (a) and 
the quotient rule. (c) Calculate (f^ )'(x) by using the inverse- 
function theorem. 


39 Let f be the function f(x) = 2x? - x + 1, x> 1. (a) Use the 
algebraic method to find f 71. (b) Calculate (f^ ')’(2) by using 
part (a). (c) Calculate (f^ )'(2) by using the inverse-function 
theorem. 


40 Let f be the function f(x) =x? — à? + 1, x» $. Use the 
inverse-function theorem to find (f ^ !)'(5). [Note that f(2) = 5, 
sof (5) = 2. 


4l Let f be the function fa) = (х? = D/G? + 1) for x 0. 
Since f(1) = 0, it follows that f ~'(0) = 1. Use the inverse-fune- 
tion rule to find (f ^ )'(0). 
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42 If g is the inverse of the function f and if (b, a) belongs to the time since the anesthetic was administered. Assuming that f is 
graph of g, show that (a, b) belongs to the graph of f. invertible, write an equation for C in terms of t. 
43 Complete the argument to justify the horizontal-line test by 46 1f fis an invertible function, show that the range of f is the same 


showing that if no horizontal line intersects the graph of f more 


hoes T as the domain of f ' and that the domain of f is the same as the 
than once, then f is invertible. 


range of f~’. 
44 A function f is said to be one-to-one if whenever a and Р are in 3 OE В er 
the domain of f and f(a) = f(b), it follows that a = b. Using the 47 Sketch the graph of any invertible function f; then turn the paper 
horizontal-line test, show that f is invertible if and only if it is over, rotate it 90° clockwise, and hold it up to the light. Through 
the paper you will see the graph of f '. Explain why. 


one-to-one. 
45 Suppose that the concentration C of an anesthetic in body tissues 48 If f is an invertible function, show that / 7! is also an invertible 
satisfies an equation of the form г = f(C), where t is the elapsed function and that (f ^)! = f. 
7.2 Inverse Trigonometric Functions 
Figure 1 In Section 7.1 we saw that by reflecting the graph of an invertible function f across 


the line y = x we obtain the graph of the inverse function f! (Figure 1). However, 
in order for f to be invertible, no horizontal line can intersect its graph more than 
once. 

Because the sine function is periodic, any horizontal line y = k with -1 =k = 1 
intersects the graph of y = sin x repeatedly (Figure 2), and therefore the sine func- 
tion is not invertible. But consider the portion of the graph of y — sin x between 
x = —т/2 and x = 7/2 (Figure За). No horizontal line intersects this curve more 
than once, so its reflection across the line y — x (Figure 3b) is the graph of a 
function. This function is often called the inverse sine and denoted by sin '. 

Of course, the terminology *'inverse sine function” and the notation sin”! aren't 
really correct because the sine function (defined on the set of all real numbers) has 
no inverse. Because of this, some people use the notation Sine (with a capital S) for 
the function in Figure За and Sin! for its inverse in Figure 3b. Another source of 
difficulty is the possible confusion of sin ! x with (sin x) ! = l/sin x = esc x. 
To avoid such confusion, many people use the notation *'arcsin x,” meaning the arc 
(or angle) whose sine is x, rather than sin! : 


x. Because both the notations ѕіп x 
and arcsin x are in common use in mathematics and its applications, we use them 
interchangeably. Thus, we make the following definition. 


Figure 3 y y 


y=sinx 


(b) 
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Figure 4 
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DEFINITION t 


y=sin x 


= aresin X 


The Inverse Sine, or Arcsine 


The inverse sine, or arcsine, function, denoted by sin. ', or arcsin, is defined by 


if and only if х= sin y and 


In words, sin”! x is the angle (or number) between — 1/2 and 1/2 whose sine is x. 
The graph of 

j= Sine ey OT у= агсѕіл x 
(Figure 4) shows that sin”! is an increasing function with domain [— 1, 1] and range 
[= 7/2, 7/2]. The graph appears to be symmetric about the origin, indicating that 
sin”! is an odd function; that is, 


sin ! (—x) = -sin ! x 

A scientific calculator can be used to find approximate values of sin х (or 
arcsin x). (If a calculator isn't available. you can find these values by reading 
Appendix D, Table I backward.) Some calculators have a SIN ^! key; some have a 
key marked ARCSIN; and some have an INV key which must be pressed before the 
SIN key to give the inverse sine. Again, you must be careful to put the calculator in 
radian mode if you want sin”! x in radians—otherwise, you will get the angle in 
degrees (between —90° and 90°) whose sine is x. For purposes of calculus, we 
almost always want the answer in radians. 


EXAMPLE 1 Find: 


(а) Sine (b) arcsin (— V/3/2) (с) sin7! 0.7321 


SOLUTION 


(a) Here a calculator isn't needed because we know that 7/6 radian (30°) is an 
angle whose sine is 1. Thus, because — 7/2 = 7/6 = 77/2. we have 


: D 
sin "ir - 
(b) Again we don't need a calculator because we know that — 7/3 radians 
(— 60°) is an angle whose sine is ~V3/2. Thus, since ^ 7/2 = – п/3 x 7/2, 
we have 


arcsin ( 5 = 3 

(c) Using a 10-digit calculator in radian mode, we obtain 
sin! 0.7321 = 0.821399673 

(In degree mode, we get sin’! 0.7321 = 47.06273457?.) 


The remaining five trigonometric functions—cosine. tangent, cotangent, secant, 
and cosecant—are also periodic; hence, they are not invertible. However, by re- 
stricting each of these functions to suitable intervals on which they satisfy the 
horizontal-line test. we can define corresponding inverses just as we did for the sine 
function. Figure 5 shows the intervals usually selected for the cosine and tangent 
functions. Thus, we make the following definitions. 
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DEFINITION 2 The Inverse Cosine, or Arccosine 


' or arccos, is | 


The inverse cosine, or arccosine, function. denoted by cos ^ 
defined by 


(usc ges y if and only if Хх = cos y 


DEFINITION 3 The Inverse Tangent, or Arctangent 


The inverse tangent, or arctangent, function, denoted by tan’ !, or arctan, is 
defined by 


В ж т T 
tan !x-y if and only if x= tan y and и 


Figure 5 


In words. cos ^! x is the angle (or number) between О and т 
whose cosine is x. Likewise, tan”! x is the angle (or number) 
between — 3/2 and 7/2 whose tangent is x. 

x The graph of у = cos ! x. obtained by reflecting the curve 
in Figure 5a across the line у = x, shows that соѕ ' (or arccos) 
is a decreasing function with domain [—1. 1] and range 
[0. т] (Figure ба). Notice that the graph of cos ! is not 
symmetric about the origin or about the y axis. Thus, in spite 
of the fact that cosine is an even function, cos! is not. 

у The graph of у = tan’! x, obtained by reflecting the curve 

in Figure 5b across the line y = x, shows that tan’! (or arc- 

tan) is an increasing function with domain R and range 

(— 7/2, 7/2) (Figure 6b). Notice that the lines y = — 7/2 and 

y = 7/2 are horizontal asymptotes. The graph appears to be 

symmetric about the origin, indicating that tan! is an odd 

function; that 15, 


ап! (—x) = —tan ! x 


EXAMPLE 2 Find: 
(a) cos! (- V2/2) (l(b) arccos 0.6675 


(c) arctan V3 (9) tan! (—2.498) 
Figure 6 y 
р 
т у= tan ix 
2 = arctan x 


у= соѕ-1х 
= агссоѕ х 


(а) 
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Figure 7 


hyp 213 


adj = 3 


opp = 2 


SOLUTION 


(a) If cos”! (- V2/2) = y, then -V2/2 = cos v and 0 = у = я. Therefore, 
y = 37/4. 
(b) Using a 10-digit calculator in radian mode, we find that 

arccos 0.6675 = 0.839950077 


(c) If arctan V3 = y, then МЗ = tan y and —7/2 < y < 7/2. Therefore, 
y= m/3. 


(d) Using a 10-digit calculator in radian mode, we find that 
хап! (—2.498) = —1.190013897 
If you enter a number x between — 1 and ! in a calculator, take sin”! x, and then 
take the sine of the result, you will get x back again. Thus, 


Sime sin 
Гоо 1—0 


Do you see why? Therefore, we have the identity 
sim (Gin л к= for -l<x=1I 
However, if you try the same thing the other way around, first taking the sine and 


then taking the inverse sine, you might not get your original number back. For 
instance, starting with x = 2, we get (on a 10-digit calculator in radian mode) 


€ sin | 
2" 0,909297427 1— —— 9 1.141592654 


The reason is simply that їп! 0.909297427 is the number between — 7/2 and 7/2 
whose sine is 0.909297427, and 2 does not lie between — 7/2 and 7/2. However, if 
you start with a number between — 7/2 and 7/2, take the sine, and then take the 
inverse sine, you will get your original number back. In other words, 


туе е T 
sin ! (sin x) = x for srac 


Similar rules apply to cos and cos апа to tan and tan ' (Problems 41 and 42). 

It is sometimes necessary to find the exact values of expressions such as 
sin (tan ^! 3). (Notice that if you used a calculator. you would obtain only an ap- 
proximation to the value of this expression.) The following example shows how to 
find the exact values of such expressions by sketching an appropriate right triangle. 


EXAMPLE 3 Find the exact value of sin (tan ! 2). 


SOLUTION Ме begin by sketching an acute angle @ іп a right triangle such that 
0 = (ап ! 3; that is, tan Ө = 5. This is accomplished simply by letting opp, the side 
opposite Ө, be 2 units long and adj, the side adjacent to 0, be 3 units long (Figure 7). 
Then, by the Pythagorean theorem, the length of the hypotenuse is given by 
hyp = Vopp? + ad? = V2? + 3? = V13 


It follows that 


2 о 2 
sin (tan 2) = şin 0 = —— = = 


Figure 8 


adj =V 1 - x2 


opp = х 
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The method illustrated in Example 3 above works more generally, as in the 
following example. 
EXAMPLE 4 Show that for —1 <x = 1. cos (sin ! x) = МІ — х. 


SOLUTION Again, we begin by letting Ө = sin `! x, so that sin Ө = x. We con- 


sider first the case in which @ is an acute angle; that is, 0 < 0 < 7/2,or0<x< 1. 
This allows us to rig up a right triangle with vertex angle 8 simply by taking 
hyp = 1 and opp = x. so that 

opp x 
hyp 1 


sin 0 = 
(Figure 8). Ву the Pythagorean theorem. 
hyp" = орр* + adj? 


and it follows that 


mL 


adj = Vhyp – opp? = V1? – 2 = У1 – r 
Therefore, for 0 <x < 1, we have 
adj ЕЕ = 
4g) e Gs de ы WV I Б 
hyp 1 
That cos (sin! x) = V1 — x when x = 0 and when x = 1 can be verified by 
direct calculation. For instance. 


cos (sin ! 0) = cos 0 = | = V1 — Q* 


cos (їп! 


1 


and a similar calculation confirms the equation for x = 1. Thus, for 0 = x = 1. we 


h ЕЕЕ "p eS 
EE cos (sin ! x) = V1 — x* 


Now, let's consider the case in which —1 = x < 0. Then 0 < —x = 1, and by what 
has already been proved, 


cos [sin (—x)] = V1 —(-x» = V1 — x* 
But cos [sin ! (—x)] = cos (—sin ! x) = cos (sin ! x) 


and it follows that 
cos (sin! х) = V1 — х 
holds for — 1 = x < 0 as well as for O = x = 1. Therefore, it holds for ^1 =x = 1. 


The standard trigonometric identities can be used to help simplify expressions 
involving inverse trigonometric functions. The method is illustrated in the following 
example. 


EXAMPLE 5 If —1 x € 1, simplify the expression cos (2 sin ! x). 


SOLUTION Let y ^ sin! x. By the double-angle formula (see inside front 
Cover), 


cos (2 sin”! x) = cos 2y = 2 cos? y — 1 = 2[cos (sin ! х)]> — 1 


Therefore, using the formula cos (sin ! x) = V1 — x^ from the preceding exam- 
ple. we have 


cos (2sin ! х) 22(V1— 42) – 1 = 201 22) - 1 = 1 222 
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The Inverse Cotangent, Secant, and Cosecant 


1 1 


Because the remaining inverse trigonometric functions— cot, sec !, and сс 
(that is, arccot, arcsec, and arccsc)—are easily calculated by using tan` d (ges 
and sin !, you'll rarely find special keys for these functions on scientific calcula- 
tors. 

Figure 9a shows the portion of the graph of the cotangent function that is used, by 
reflection across the line y — x, to form the graph of the inverse cotangent function 
(Figure 9b). Thus, the inverse cotangent function is defined as follows. 


DEFINITION 4 The Inverse Cotangent, or Arccotangent 


The inverse cotangent, or arccotangent, function, denoted by cot’ , or arccot, 
is defined by 


cot 'x=y if and only if х= cot y and WSS i 


The following identity is useful when you are using a scientific calculator to 


evaluate cot! x: 


For all values of х, 


Figure 9 


To confirm this identity, suppose that 
! cott u «x» T 
| у= соі! х 


т 
Then х= cot y = tan (= = y) and О<у<т 


Since 0< y < m, it follows that 


р cx 
T т T 
Hence, SS == SH PSS 
2 ps 2 
ur ur T 
Or aes e ү с с 
2 D NE 2 
Therefore, 
y 
| e ) | T = T З T 
ЕЕ —- = аш (oa y where -— «—-y«— 
т ат 2# gi 2 2 T p 
and so by Definition 3 we have 
y2cot x 
m = arccot x tan 1 = ur = 
2 as 
? TT ад 
" that is, Ya кш d 
Hence, со = cn tàn! x 


(b) and the identity is confirmed. 


Figure 10 


n a — =— 
_ 


DEFINITION 5 


DEFINITION 6 


у= ѕесх, О <х «т. х 
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2 EXAMPLE 6 Evaluate cot”! (—2.334). 


SOLUTION Using a 10-digit calculator in radian mode, we obtain 


cot ! (—2.334) = E — tan ! (—2.334) = 1.570796327 — (—1.166007964) 


= 2.736804291 


Unfortunately, two different definitions for the inverse secant are in wide use; the 
same is true for the inverse cosecant. One definition makes it relatively easy to 
evaluate these functions on a scientific calculator, but requires absolute values in 
certain calculus formulas. The other definition does not require the absolute values, 
but makes it more difficult to evaluate the functions on a calculator. Because most 
people these days routinely use a calculator to evaluate trigonometric and inverse 
tngonometric functions, we prefer the definition that simplifies these calculations. 
If you use formulas from other sources, it is essential to check which definitions of 
sec^! and csc”! the author chooses to employ. 

In this textbook, we choose the portions of the graphs of the secant and cosecant 
functions shown in Figure 10 for purposes of defining the inverses of these func- 
tions. Thus, we make the following definitions. 


п 


" 


(b) 


The inverse secant, or arcsecant, function, denoted by sec !, or arcsec, is 
defined by 


if and only if 


The inverse cosecant, or arccosecant, function, denoted by csc ^, or arcesc. is 
defined by 


if and only if х= ссу v0 and 
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Figure 11 Y У 


са у = сс !х 
= aresec x т = агссѕс х 


(а) 


The graphs of the inverse secant and inverse cosecant, obtained by reflecting the 
graphs in Figure 10 across the line y = x, are shown in Figure 11. Notice that the 
domains of sec”! and csc ! both consist of all real numbers x with |x| = 1. 
The following identities, which are consequences of the facts that sec y = 1/cos y 
and csc у = 1/sin у, are useful for evaluating sec ^! x and csc! x with a calculator: 


1 
r— — Fer |х 1 esc 5 — зи 


1 For |x} > 1. sec! x = совт 


We leave the proofs of these identities as exercises (Problems 69 and 70). 


EEXAMPLE 7 Evaluate сс! (—3.514). 
SOLUTION Using a 10-digit calculator in radian mode, we obtain 


Pen 
-3.514 
— —0.288564093 


esc! (—3.514) = sin"! ( ) = sin”! (—0.284575982) 


[Notice that it isn't necessary to write down the intermediate result 
sin. ! (—0.284575982)— we did so only so you could check your calculator work.] E 


Problem Set 7.2 


In Problems 1 to 22, evaluate each expression without using a calcu- у 
lator or tables. 7 sin! = 8 cos ! 0 
= mS | 
I ып 1 2 агсѕіп = 9 ааш; y 10 arctan | 
/5 3 
У i well ) V3 
т ср шашу we = Aun 
3 OM 5 ) 4 cos ( > 1] tan (—1) 12 tan 3 
Уз ЖУ: 
5 arccos | без M 13 arctan (- 22) 14 ап”! V3 


15 cot! (-1) 16 cot! V3 


“ү v3 
17 arccot d 


19 arcsec (—2) 


18 sec”! V2 


20 csc”! V2 


22 агссѕс (C2) 


E] In Problems 23 to 40. use a calculator (or Appendix D. Table 1) to 
evaluate each expression. Give answers in radians. 


23 arcsin 0.6442 24 arccos 0.6675 
25 cos ! 0.9051 26 tan ' 0.2500 

27 arctan 2 28 sin^! (—0.5495) 
29 tan! (—3.224) 30 cos! (-) 

31 агсѕіп (—0.5505) 32 arccos te =) 
33 cos"! 12 34 ап! ix 
35 cot”! 3.217 36 arcsec 1.732 

37 sec! 2.718 38 сс! (—3.709) 
d9 че. 34.747) 40 агссѕс (—5.432) 


41 Show that 


(a) cos ! (cos x) = x forü x x т 


(b) cos(cos х) = х for -l Sx=1 


42 Show that 


(a) tan! (tan v) = y for —7/2<y < 7/2 


(b) tan (tan x) = x for all values of x 


(c) сог! (cot у) = y forO<y¥< т 


(d) cot (cot! x) = x for all values of x 


(e) sec"! (sec у) = v огуз п/2 апі 0 =у= т 


(f) sec (sec! x) = х for |x| = 1 


(g) esc”! (esc y) = v for y #0 and -7/2 = y = 7/2 


1 


(h) esc (esc! x) = x for |x| = 1 


In Problems 43 to 59, find the exact value of each expression with- 
out using a calculator or tables. 


п 
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51 cos (sin! ———) 52 


53 tan (sin ^! 3) 


55 sec (cos ! тб) 


59 cot (arccsc 


417 


7 NE 
sin (2 arcsin 3) 


54 tan [arcsec ( —5)] 
56 csc [cot^! (—2)] 
il 


2 ee eh 
58 sec (2sin  $) 


60 To the nearest thousandth of a radian, find the two vertex angles 
a and B of a 3-4-5 right triangle (Figure 12). 


Figure 12 


In Problems 61 to 70. show that the given equation is an identity. 


е 


61 cos” 


| 


sin’! х for -ls=x=<1 


62 cos’! (—x) = т — cos ! x for -1 = x=] 


63 sin (cos! x) = VI = х for -l=x=1 


64 tan (sin x) = 


‘ X 
65 sin (arctan x) — 
Nall 


| Я Г 
66 tan (= агссоѕ x) SN E 


67 tan (tan ! x + tan” 


68 cos (sin! 


ioe Т] 
WA ae 


for all values of x 


- 


lie | 
tonr ese <= [| 
X 


1 NDS 
У = 


| = 559 


х + зіп у) = VI = x — у? + xy — x for 


Sees апа, ess = 


69 sec} x = cos! 


1 | 
— for |x| z 1 
x 


< | ij 
pos 
43 sin (sin 5 
ыш! kn ae 
45 sin (sin A 


47 tan`! (tan 2и 


4 
49 sin (arctan i) 


44 sul s25) 
cos cos 4 


46 tan (arctan 3) 


| ee a 


50 cos [arctan (—2)] 


] 
70 csc! x = sin! — for |4¥ =) 
x 


In Problems 71 to 74, simplify each expression. 
71 sin (2 sin"! x) for -l sx = 1 
72 sin (esc! x) for |x| = 1 


73 cos (sin ! x — cos ! x) for —l Sx=1 
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M 
un 


76 


77 


78 


cos (2 sec} х) for [x] = 1 Figure 13 


Solve for x: 


ian! 4 + tàn! 3 = sin”! x 


(a) We know that tan. ! x does not mean {Лап x, but there is a 
value of à between 0 and 1 for which the equation tan ' x = 
1/tan x does hold. Use graphs to show this. (€! (b) Use a calcula- 
tor to find the value of x between О and 1 for which tan ! x = 


1/tan x. Round off your answer to four decimal places. 


A picture а meters high hangs on a wall so that its bottom is b 
meters above the eye level of an observer. If the observer stands 
x meters from the wall (Figure 13), show that the angle Ө sub- 


i ee Figure 14 
tended by the picture is given by 


a+b b 
0 = arctan — arctan — 
x 
Two parallel lines, each at a distance a from the center of a circle 
of radius r, cut off the region of area A shown in Figure 14. 
Show that 


a . à 
A = 2a Vr — а? + 2r arcsin — 
7 


circle of 
radius r 


7.3 


Derivatives of and Integrals Yielding 
Inverse Trigonometric Functions 


Rules for differentiation of the inverse trigonometric functions can be obtained 
informally by implicit differentiation. For instance, suppose that u is a differentiable 
function of x and that —1 <и < l. Let 


1 


y=sin u so that siny =u 


Assuming that y is a differentiable function of x, we implicitly differentiate the last 
equation with respect to x to obtain 


( ) dy du dy | du 
66S у) === o === 
ба ах dx 


cosy dx 


Therefore, using the identity 


cos (sin! u) = VI — ш? 
(see Example 4 on page 413), we have 


dy 1 du 1 йи 1 du 


и = — = = = 


cosy dx — cos(sin ! u) dx 


= Sn 
dx dx 


5 


1 = еШ 


Thus, we have the differentiation rule 


1 dit 


We 4& 
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(For a formal proof of this rule. see Theorem 2 on page 423.) A similar argument, 
which again uses implicit differentiation, yields the rule 


(Problem 22). 


In Examples 1 and 2, differentiate each function. 


EXAMPLE 1 f(x) = sin ! 2x 


d 1 а 2 
SOLUTION f(x) = P gin!) E PERO 500) = VETE 
EXAMPLE 2 g(t) = cos ! гї 
SOLUTION 8"(0) = D, сов! i* = __ __ oo 4. 
i Уї—-(®? ars 


To obtain the rule for differentiating the inverse tangent, let 
у= (ап! и so that tany =u 


Again, assuming that y is a differentiable function of х, we implicitly differentiate 
the last equation with respect to x and obtain 


Te m dy — du dy 1 du 
sec^ y) — = — or I — -—— 
dx dx dx sec v ат 


Using the identity 1 + tan* y = sec? y (see inside front cover), we have 


sec? y = ] + tan? y= 1 +u? 


Therefore, 


(Problem 22). 
In Examples 3 and 4, differentiate each function. 


X 
EXAMPLE 3 F(x) = tan ^! E 


SOLUTION F'(x) _ tan! = а (2) 
f N х) — taan == i 
i dx 5 I G/SF de S 


7 | І 
5 


] + (02/25) 
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EXAMPLE 4 G(t) = cot ! r? 


; d е -d(t?)/dt 21 
SOLUTION Саш) =——со Т аласа — co a 
dt lee (AIF fl 3 d 
The rule for differentiating the inverse secant can be obtained by using the iden- 
tity 
1 Dd 
бес u = cos.) — 
it 
and the rule for differentiating the inverse cosine. Thus, for |u| > 1, we have 
d S d mi -1 EE -1 Ee 
— seci e= — qan SS иә 8) 
dx dx u V= o dis Sin VI — (1/2) \ u* / dx 
fos NEM 0 t 
Ме — Die dx аём — MNA. dx 
Now, to simplify the denominator in the last expression, recall that V i = |u| and 
ip = jul; hence, 
ess = [| Ve ЖАЙ 2 
it i - ү it kt = |x| Е соаг = julie — 1 
Та lul lul 
Therefore, 
= 1 du 
ld viu — 1 dx 
quum 
l| Vi = 1 dx 
Iu Examples 5 and 6, differentiate each function. 
EXAMPLE 5 f(x) = sec ! (5x — 7) 
, т 1 4 
SOLUTION SS- see (5х7) = 
dx [5x — 9| V. (5x — 7)* = ш 
5 
[5x — 7| V25x = 70x + 48 
EXAMPLE 6 ii(t) = csc! t? 
Dnm =й” =3 


SOLUTION — A'(n = Р, сс! P = ——_=———— = ——_>— = __ = — Ш 
i eVei рме о |М 


Further calculations involving derivatives of inverse trigonometric functions are 
illustrated by the following examples. 


EXAMPLE 7 Given that tan ! x + tan’! y = 7/2, find dy/dx. 
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SOLUTION Ме use implicit differentiation. Differentiation of both sides of the 
given equation with respect to x yields 
І dy/dx dy Ere 
+ е 0 ог : = 


LE e dx l+x 


EXAMPLE 8 Let f(x) = х ѕіп ! x for —1 € x = 1. Find f' and f", and sketch the 
graph of f. 


SOLUTION For -1«x«] we have 


= X 
f'QG)-sin'x- 


Figure 1 (1-0 
1 2-x 
and "(x) = —— + —— = 
А МЛ Уа) (УТ) 


А-х) = -x sin! (—x) = -(—x sin! x) = f(x) 


so, f is an even function. Also, f'(0) = 0 and f"(0) = 2 > 0, so the graph of f 
shows a relative minimum at (0, 0). Since f"(x) > 0 for —1 < x < 1, the graph 
of f is concave upward (Figure 1). 


EXAMPLE 9 A high tower stands at the end of a level road. A truck driver ap- 
proaches the tower at the rate of 50 miles per hour. The tower rises 500 feet above 
the level of the driver's eyes. How fast is the angle 0 subtended by the tower 
increasing at the instant when the distance x between the driver and the base of the 


Figure 2 tower is 1200 feet (Figure 2)? 
P SOLUTION Since tan 0 = 500/x, we have 0 = tan`! (500/x). Therefore, 
СЕ ыба | 
га - T OS TIENE Си 
ind dt ( 500 ? 500? dt +500? dt 
JE zZ 
x ge 
dx | (50 x 5280) 
Now, = = =) b= ———— fpes — 73.38 fil 
OW E mi/ 3600 /s fs 
hence, when x = 1200, 
40 500 
жс Te 13993) PA isst s 
а 1200* + 5007 


Integrals Yielding Inverse Trigonometric Functions 


Integration of the six inverse trigonometric functions involves the use of techniques* 
that we have not yet introduced. However. we can obtain integration formulas that 
yield the inverse trigonometric functions simply by reversing the differentiation 
rules obtained above. For instance, we have the following three formulas: 


*See Section 8.4. 


t» 


CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


THEOREM 1 


PROOF 


1 
1 | ee ein beets tan = 1 
WA) = 08 


1 
= An! + for u in R 
КЕЕ 


3 —-— = sec ^! |u| + С, for |u| > 1 


нми? — | 


Formulas 1 and 2 follow directly from the rules for the derivatives of sin” ' u and 


tan ` и. To establish Formula 3, recall that for u + 0, 
d |x| 
— |u| = — 
du u 
Hence, 
d |u| 
ус |u| UM 
d du u 1 


— sec! |а| = —M— =-—————==— = ———— 
du Id llViu?—1. JaV нми 1 


holds for |u| > 1. It follows that 


S в _ sec || С г с> 1 
uut —1 


Formulas 1, 2, and 3 can easily be generalized as in the following theorem. 


Integrals Yielding Inverse Trigonometric Functions 


lx 


= Spar rerum 
a 


l es 
— sec 


We prove (i) and leave the similar proofs of (ii) and (iii) as exercises (Problems 73 
and 74). To prove (1). we make the substitution x = au, so that dx = а du, and we 
use Formula | above. Thus, since a > 0, 


f dx Е | а du Е a du 
Var = x? Va? — а?и? Va? NI = и? 
a du 


du 
J -=| Vi- «a 


mae IBS 
-sn'uctC-si'!'—-4C 
a 


dx 
EXAMPLE 10 Evaluate I 
— Е WO) — qe 
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-— А d 
SOLUTION By part (1) of Theorem 1, cm = sin"! pu 3r C. 


dx 
EXAMPLE 11 Evaluate = 
Sera er Wl = tre 


SOLUTION Put и = 4x, so i? = 16x? and dx = du/4. Then 


| dx i du ЗЕ =e 1 mido 
Tms = E sin u = — sin & 3r @ 
Ww Mere Аа 4 4 


ах 


5N 3 
EXAMPLE 12 Find | ==. 
ince ca a 25 + 22 


SOLUTION By part (ii) of Theorem 1. 


i-i a es p 2) AUN tan! V3 tan! 0 
кый ug t => Sees le 
рез CEP EA 2 p MC zi 
By AS) 15 
V3 (an^! x 
EXAMPLE 13 Evaluate > liy. 
SOLUTION Put u = tan! x, and note that du = dx/(Y + а), u = 0 when x = 


0. and и = 7/3 when x = V3. Therefore, 
УЗ -1, 7/3 f „2 \| туз 2 
ta: 5 1 7 
| aef aa (Fn 
0 ll ar ac 0 р 0 18 


S dx 
EXAMPLE 14 Evaluate UM. 
E SINE уз XVx^— 9 


SOLUTION By part (iii) of Theorem 1, 


E dx ( 1 a us 8 1 ETE zio 
TSS Е | —— sec =a z27—ÀSeC Ww IUcLESOC 72 
3/2. xV x? —9 539) 3 зу? 3 


жы SU 


A Proof of the Differentiation Rule for Inverse Sine 


The formal proofs of the rules for differentiating the inverse trigonometric functions 
provide nice illustrations of the use of the inverse-function theorem (Theorem 1, 
page 406). As an example, we give the formal proof of the rule for differentiating 
the inverse sine. Similar arguments (see Problems 75 and 76) will provide formal 
proofs of the rules for the remaining inverse trigonometric functions. 


THEOREM 2 The Derivative of Sin! 


Let f(x) = sin x for —7/2 < x < 7/2. Then f is invertible, f~! is differentiable. 
and 
1 


—} ГА = 
Q Yw тае 4 
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PROOF We have 


/'(х) = cos x #0 for x in the interval E л. т) 


т 
prm 


Hence, by the inverse-function theorem, f is invertible, f~' is differentiable, and 


1 
ууу = 
S 0 ff 63) 


But, by Definition 1 on page 410, 


f у= бш і х 


Therefore, using the identity 


we have 


(7 уо) = 


cos (sin ! x) = МІ — x? 


T l 1 
ХОЛ С cos (їп! x) mE 2 


and the proof is complete. 


The differentiation rule 


d { 1 du 


=m "gg ES —— 
dx Vl1—i1? dx 


as originally stated, is obtained by combining Theorem 2 with the chain rule. 


Problem Set 7.3 


In Problems 1 to 21, differentiate each function. 


(| (es) = ан ek 


3 h(x) = tan^! 


л | 


5 Gu) = sec! г? 
7 fit) = cot”! (02 + 3) 


3 
9 g(x) = esc! —— 
X 


2 


1 
11 Au) = sec^! 


12 f(x) =xV4 = x + 4 іп! = 


5 
==. 


13 f(s) = sin 


[^3 


14 gt) = (cos! 2t - 3 V1 — 47 


NAM ec үе 


wow: 
t cot! — 
2 


2 (х) = cos ! 7x 


4 Н(х) = cot! 


«| 


6 f(x) = esc! x? 


В) = па E 
И zd 
2 
10 f(r) = tan`! 
ji = Bie 


16 F(x) = sec! Vx? + 9 
18 A(t) = t(sin ! t — 3i 


1 5 ER 
б) Йй = а 20 FQ) = SEE 
x 27 ico 


15 Gir) = sec !r-*cesc!r 


[7 pb) news | Bee 


esc! (x? + 1) 


21 р(х) 
at М 


22 Use implicit differentiation to derive the rules for differentiating 


(a) cos! u (b) cot"! u (c) esc"! u 


In Problems 23 to 26, use implicit differentiation to find D, y. 


23 xsin !y= x+y 24 cos”! xy = sin”! (x + y) 


25 tan`! x + cot! y = п/2 26 sec! x + esc! y = 7/2 
5 y 


: йу 40ty) 
27 ify = (2 E а мег) 
y = tan | 2 tan F. show that F- "EN 


tan 124 
28 If y = f (5 + и2)20 du, find D,y. 
0 
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In Problems 29 to 48, evaluate each integral. 


39 


41 


43 


47 


| dx 
4х2 + 9 
| dt 
tV 1617 — 25 
4 dx 
ic = INS 
: dx 
=3 V 12 = х? 


" | dt 
№16 = 9r 


32 | oem 
Er esce 


dx 
x!-9 


du 
6 ees 
9н” + 1 
38 |= 
NX = 
o | du 
u V9u? — 100 
Weak 
af =E 
[1] м 1 2 fe 


- it 2 du З 
м m P 


34 


0 
1 
46 | a 
Bay Cy ares 
1 
du 
48 | —— 
V3 UV 4u^ — 1 


In Problems 49 to 58, evaluate each integral by substitution. (In 
some cases, an appropriate substitution is indicated.) 


» | 


EX) 


Е е (ТАП ч) 


59 Evaluate 


[| S85 1 + sin? (х/2) 


af 


7/3 


cos x 


V36 — sin? x 


sı | - 
db eae 


cos GP) 


sec? t dt 


cse t cot t 
1+9 сѕс2 1 


М1 = 9 тап? т 


а 


E 


A 
dx, u = x^ 


5 
бес 


ах, и = ѕіп х 50 [a 


1+ tam t 
X 
э» 
з= || ст 


x 
>» 


dt, u = 3 csc t 


5 


2 =T ә 
А | cot CA »" 
0 AE 


b#0. 


60 


61 


[65 


[©] 66 


[©]67 


[©] 68 


Figure 3 


69 


70 


du 
t = Cl a 
ушш | 4u^ — 4и + 5 
Sketch the graph of y = sin! (cos х) cos ^! (sin x) in the in- 


terval [0, 277]. 


Find the acute angle between the tangents to the curves y — 
tan ^! x and y = сог! x at their point of intersection. 


A picture 2.13 meters high is hung on a wall in such a way that 
its lower edge is 2.74 meters above the level of an observer's 
eye. How far from the wall should the observer stand in order to 
maximize the angle subtended by the picture? 


Solve Problem 63 for the case in which the picture is Л units high 
and its lower edge is a units above the observer's eye level. 


A ladder 15 meters long is leaning against a vertical wall of an 
office building. A window washer pulls the bottom of the ladder 
horizontally away from the building so that the top of the ladder 
slides down the wall at the rate of 2 meters per minute. How fast 
is the angle between the ladder and the ground changing when 
the bottom of the ladder is 6 meters from the wall? 


A missile rises vertically from a point on the ground 10 miles 
from a radar station. If the missile is rising at the rate of 4000 
feet per minute at the instant when it is 2000 feet high. find the 
rate of change of the angle of elevation of the missile from the 
radar station at this instant. 


A police officer in a patrol car is approaching an intersection at 
80 feet per second. When she is 210 feet from the intersection, a 
car crosses it, traveling at right angles to the police car's path at 
60 feet per second. If the officer trains her spotlight on the other 
car, how fast is the light beam turning 2 seconds later, provided 
that both vehicles continue at their original rates? 


Romeo needs a ladder to elope with Juliet. However, for protec- 
tion, the Capulets' palazzo is surrounded by an 8-foot-high wall 
located 4 feet from the outer wall of the palazzo (Figure 3). 
What is the shortest ladder that Romeo must bring? 


diu 
iter 


Lus WI i 


T sin x 
If0cx« a calculate \ 


Find the area of the region under the graph of y = 3/(9 + 3e 
between x = 0 and x = V3. 
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71 Find the volume of the solid generated when the region bounded 73 Prove part (и) of Theorem 1. 


by the graphs of v = 1/V 1 + x^, x = 1, x 2 0, and y = 0 is 


rotated about the x axis. 


74 Prove part (111) of Theorem 1. 


75 Use the inverse-function theorem to give a formal proof of the 


(Le Gah, = е * vs 
72 (a) Show that т = | TER © (b) Use Simpson's para- rule for differentiating tan. ! x. 
0 y ad А 
bolic rule with n — 2 (four subintervals) to estimate the definite 76 Use the inverse-function theorem to give a formal proof of the 


integral in part (a) and thus estimate 7. 


rule for differentiating sec ^! x. 


7.4 


Figure I 


f(x) = log, x 


(b 2l) 


The Natural Logarithm Function 


Recall from precalculus courses that if 
x= БУ 
then y is called the logarithm of x to the base b, and we write 
y = log, x 


A sketch of the graph of the function f(x) = log, x (Figure 1) reveals that f is 
continuous on the interval (0, с). Furthermore, the graph appears to have a tangent 
line at every point, so f is evidently differentiable. 

Assuming that the function f(x) = log, x is differentiable, we can calculate its 
derivative as follows: Suppose that b > 0, b z 1, and x > 0. Then, using basic 
properties of the logarithm familiar from precalculus courses, we have 


Jie + Ах) = fx) log, (x + Ax) — log, x 


АЕ gu. NES UNIS @ ы 2y Ax 
Er EE mes ы |. Lo jog, (1 ge 
Ar>0 Ах xX anso x Ax X 
= ak lim x log, i + =| = L Пт и log, (1 аР =| 
X Ar>0 Ах d X Ax0 u 


where we have put u = x/Ax. As Ax approaches zero from the right, u approaches 


+œ; hence, 
3 l : 1 1 ; ] и 
Fa) = — lim vlogs |l +t—]=— lim dog D m 
X um u X uote u 
] 1 1 и 
= —]og,| lim 11 +>) 
às ux и 
If we provisionally define ЕС 
e= lim (1 AE =| 
и> + u 


assuming that the limit exists, then f'(x) = (1/x) log, e; that is. 
1 
D, log, = — log, e 
5 
The constant е сап be evaluated to as many decimal places as necessary by vari- 


ous methods. A reasonably good estimate can be obtained by using a scientific 
calculator. 
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. | 1 н 
К) EXAMPLE 1 Use a calculator to estimate е = lim ( + -) 7 


и> x H 


SOLUTION The following table shows values of [1 + (1/1)]". rounded off to 
four decimal places, for selected values of u. 


10,000 100,000 


2559507 2.7048 2.7169 2.7181 2.7183 


Evidently, е = 2.7183. It сап be shown that rounded off to 10 decimal places, 


e = 2.7182818285 


The symbol e is used in honor of the great Swiss mathematician Leonhard Euler 
(1707—1783), who was among the first to recognize the importance of this number 
in calculus. For one thing, the formula 


1 
D, log, x = — log, € 
E) 
becomes especially simple if we choose the base b to be Euler's constant e; indeed, 
log. e = 1, so that 


1 
D буй зс um 
X 


It follows that 


l 
ie dx = log, x + C 
x 


and consequently 


= log. x — log, 1 = log. x — 0 = log, x 
1 


X 1 
Leonhard Euler J zs dt = (loge t) 


Unfortunately, the discussion above suffers from a number of logical gaps arising 
from the fact that, whereas it is clear what is meant by БУ when y is an integer or 
even a rational number, there could be some question about the meaning of b” when 
y is not a rational number. For instance, what does 57У? really mean? This diffi- 
culty can be avoided by starting with the equation 


ndi 
log. x= | = ai) 
we E 


as the definition of a logarithm and then using logarithms to define b”. This is 
exactly what we are going to do; however, to avoid the possibility of circular 
reasoning, we use the symbol **In"' rather than ‘‘log,”’ for the function so defined. 
These considerations lead us to the following definition. 


DEFINITION 1 The Natural Logarithm Function 


The natural logarithm function, denoted by In, is defined by 


| 
nx = | PS forx >0 
1 
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Figure 2 Evidently, the domain of In is the interval (0, 2), and for x > 1, In x can be 
7 interpreted geometrically as the area under the graph of y = 1/t, 1 > 0, between 
t= 1 and t = x (Figure 2). From Definition 1, we have 
zi pal 
кти mi= f Lao 
I í 


Also, forO<x< 1, 
area =Inx 


үү 221] t] 1 1 
Inx2| —шй=-| —ш 
n od Lk t 


(Figure 3). Therefore. 


1 Inx «0 ill QS 0) 


2 Inx=0 ifx = 1 
3 Inx>0 ifx> | 


Figure 3 
x The Derivative of the Natural Logarithm 
Since, by definition, 
A 
1 
nx = | a for x > 0 
area= dnx l 
Qe < 1 it follows from the alternative version of the fundamental theorem of calculus (The- 


orem 1, page 334) that for x > 0, 


| 
D, In x = — 


Combining this result with the chain rule, we obtain the following differentiation 
rule. 


THEOREM 1 The Derivative of In u 


If u is a differentiable function of x and а > 0, then 


1 
D, Inu =— р,и 
u 


EXAMPLE 2 Given y = In (5x + 7), find D,y. 


SOLUTION Applying Theorem | with u = 5x + 7, we get 


1 
Diy = ———— D,(5x + 7) = 
И Sye ar 7 Siue y 
EXAMPLE 3 Find D, (m 2 | 
aa ӨЕ Ду ap 3) 
Х ELS X 
SOLUTION D,\In = D, 
se 8 X x+3 
ap a 3 3 


xX (x + 3y x auc ae 23) 
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EXAMPLE 4 Given f(x) = 5x In Vcos x, find f'(x). 


SOLUTION Using the product rule, we have 


1 = сүп qu # 
"(sy = Sm ае t= —— о ае — s(in W Gos п x) ж 
f Vcosx 2Vcos х 2 


EXAMPLE 5 If In (xy) + 3x + y = 5, use implicit differentiation to find dy/dx. 


SOLUTION Here, we have 


d T x d(3x) " dy d 5 
nak Poe CUR 
айа" а а dx 
ly dy dy 
or (ук) 3+ = 0 
поя dx dx 
Therefore, 
ey. eo m dy — 3*ü/0 — 3yt*y 
X “у dr dx dx 1+ (1/y) у sr Se 
Integrals Yielding the Natural Logarithm 
For и # 0, we have 
i | | DEP 2u u 
КЦ ое = pot dea 
2Vu? |ң 
hence, by Theorem 1, 
1 1 u u u 1 
SWR mue гы п ощ c mpm _ 
|u| n ET MET 8.22 g 


Rewriting the latter equation in terms of antidifferentiation, we obtain the following 
theorem. 


THEOREM 2 Integration of 1/u 


1 
For и # 0. er = In |и| + C. 
u 


In Examples 6 to 10, evaluate the given integral. 


x 
‹ 
х+7 


ЕХАМРІЕ 6 | d 


SOLUTION Ме make the change of variable и = x? + 7, so that du = 2x dx and 
x dx = $ du. Then, since x? + 7 > 0, Theorem 2 gives 


х 1 1 1 
Ea dx = 5 5, easy 0 |н| + С 
1 5 1 5 
mace cop OL ш 
| (In x)? 
EXAMPLE 7 dx 
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SOLUTION Pul и = In x, so that du = dx/x. Thus, 


(In x)? 4 u’ i) = 
dx = ue du = — + C = 3p a 
X 3 3 


EXAMULE 8 fian x dx 


SOLUTION Noting thal | tan x dx = | (sin x/cos x) dx, we pul и = cos x, 50 
that du = —sin x dx. Thus; 
du 
tan x dx = | — = —In |x| + С = —In |cos x| + C B 
it 
ж 
EXAMPLE 9 
EX: 3e Sl 


SOLUTION Put u = x + 1, so that du = dx. When x = —9, и = —8; and when 
x= —5, n = —4. Thus, 


ze А = E 
J di - | M (в) -1|-4[ -1|-8 2n 4— 068 
—8 


—o EX ar d TR ц 
. ce sin 2x 
EXAMPLE 10 SS ttle 
ed 3 + Sicos 24 
SOLUTION We put w= 3 + 5 соѕ 2х, so that du = —10 sin 2x dx, or 
sin 2x dx = — 15 du. When x = 0, u = 8; and when x = 7/4, u = 3. Thus, 
т/а sin 2x 3 ad du | fd 1 * 
—————dx-| — = -— |] — =- — inju 
0 3) ap 5) (el 2x 8 H 10 gs H 10 8 
1 1 
= ——(и3—-118)=——(118-1п3 E 
jg uno gel m ME 


Problem Set 7.4 


In Problems | to 22, differentiate each function. 


Int / 
19 = = x 
A(t) P45 20 H(x) = ‚Пп m 


1 f(x) = In (4x? + 1) 2 g(x) = In (cos x?) EN. пей Л 
3:f(9) = Sin (In x) 4 fi) = tan! (п) Дари wc — ш an 
5 р(х) = x — In (sin бх) 

6 H(x) = In (x + cos x) — tan! x In Problems 23 to 26, find dv/dx by implicit differentiation. 
7 f(t) = sin t In (12 7) 8 GG) = In (4x + x? + 5) p eae 

9 F(u) = In (In u) 10 f(x) = In (ese x — cot x) Sees 


24 y = In |sec x + tan x| — esc у 


sec x Кк ы 
ll h() =x In 12 für) = п ыз j 
uus 5 yo d 25 y In (sin x) — xy" = 
13 g(v) = In (“Му + 1) 14 g(t) = In (P? in 12) 26 In y — cos (x + y) 22 
15 h(x) = In (cos? x) 16 gir) = r? ese (In r’) 


27 (a) Find D, f" cos dt. (b) Evaluate dy/dx if y= 
al C c 

2 8x^ isc = in X fie" In (tan £*) di. (Hint: Use the alternative version of the 

4x! + 1 zu x41 fundamental theorem of calculus, page 332, and the chain rule.) 


17 Дх) = a 
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28 If a > 0 and b > 0, find j | ах d) [ ах 
А | | Na ЖҮ; теу) ea] sb (in ag] 
n = 
х ЖГ. 7 / 
Sya хМа + Vb In Problems 41 to 46, evaluate each definite integral. 
and simplify your answer. | 
mud IB Gh US ui 
41 == 42 == 
x oor f 
r | | 5% x du ? dx 
In Problems 29 to 40, evaluate each integral by using a suitable 43 Еа 
substitution. (In some problems. an appropriate substitution is sug- 1 Va(l + Vx) 
gested.) "e m cos (In x) dx in [| SM sin x " 
d: 1 А B= SS ү 
» | t u=7+5x 2 | 28 um 
"honos 9 + cos = 47 A particle moves along the s axis in such a way that its velocity 
ae at time f seconds is I/(t + 1) meters per second. If the particle 15 


31 | co x dx, и = sin x 


a i sec (In 4x) 4 
Ab 


= 4x dx 
о | х2 +7 


37 | cos п" х) P 


и = In 4x 


2 ыл -nii  Ыь 
22 | (x + 2) In (x +2) 


at the origin at £ = 0, find the distance that it travels during the 
time interval from t = 0 to t = 3. 


34 (= 48 Find the arc length of the graph of y = (x7/4) — (In x)/2 be- 
3 vag" ( 


X (1 + Vx) 


tween (1. 1) and (2, 1 — (In 2)/2). 


36 je dii 49 Find the average (or mean) value M of the function f(x) — 
x 


wy ~- шше 


quee: spielen [кїй Е 50 Find the arc length of the graph of f(x) = 
sec x + tan x 


(In х?)/х on the interval {1, 4]. 


In (cos x) between the 
points (7/4, f(7/4)) and (7/3, f(7/3). 


7.3 


ТНЕОКЕМ 1 


PROOF 


Properties of the Natural Logarithm Function 


Since the natural logarithm function is defined by an integral (Definition 1, 
page 427). we can use properties of the integral to derive properties of In. For 
instance, we have already shown that In is a differentiable function on (0, 2) with 
D, ln x = 1/x, from which it follows that In is a continuous function on (0, 2) 
(Theorem 1, page 96). The following theorem establishes one of the most important 
properties of In. 


The Natural Logarithm of a Product 
If a> 0 and b> 0. then In ab = Ina + In Ё. 


Using Theorem 5, page 319, we have 
ab dt а dt ab dt ab dt 
In ab = — = = — = jha + == 
1 t 1 І а t a t 


In the last integral, we make the substitution г = au, so that dt = a du. Also u = | 
when г = a, and u = b when t = ab. Thus, 


aa ah 9? mi 9" gj 
| Е | S -inb 
t 1 au 1 Hu 


a 


It follows that In ab = In a + In b. 


һә 
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EXAMPLE í Given that In a = 0.6931 and In b = 1.0986, estimate In ab. 
SOLUTION By Theorem 1, we have 


In ab = In a + In b = 0.693] + 1.0986 = 1.7917 LI 


THEOREM 2 'The Natural Logarithm of a Quotient 


lf a > 0 and b> 0, then ncs In a — In Ё. 


PROOF Since a = (a/b)b, it follows that In a = In [(a/b)b] = In (a/b) + In b by Theo- 
rem 1. Solving the last equation for In (a/b), we obtain In (a/b) = In a — In b. Ш 


EXAMPLE 2 Given that In a = 1.0986 and In 5 = 1.3863, estimate In а 
SOLUTION Ву Theorem 2, we have 


In A = [ша аи ово — 1.3868 0677 и 
0] 


If we put а = | in Theorem 2 and use the fact that In 1 = 0, we obtain the useful 
identity 


for b>0 


] 
EXAMPLE 3 Given that In b — 1.6094, estimate In p 
1 
SOLUTION In T = —In b = — 1.6094 [| 
5 


Since log, x^ = k log, x. you might expect that In x^ = k In x. However, as we 
pointed out, there may be some question about the meaning of x^ when & is an 
irrational number. Thus, the following theorem establishes the desired identity only 
for the case in which & is rational. 


THEOREM 3 'The Natural Logarithm of a Rational Power 


If x > О and К is a rational number, then In x^ = К In x. 


PROOF We have 


and 


1 
Dk In x) = k D, Inx = &:— 
X 


THEOREM 4 


PROOF 


SECTION 7.5 PROPERTIES OF THE NATURAL LOGARITHM FUNCTION 433 


Therefore, 
Din x^ — k In x) = LE =0 
XE 
and it follows from Theorem |, page 232, that 
па IH = (С 
for some constant C. Putting x = 1 in the last equation, we find that 
C P Ж Ып 1 — In | =0-k-0=0 
Consequently, 


Inx*‘-kInx=0 or na = Zi 


and our proof is complete. 


EXAMPLE 4 Given that In c = 0.6931. estimate In c!!. 
SOLUTION By Theorem 3. we have 


In c!! = (11) In c = (11)(0.6931) = 7.624 


Monotonicity of the Natural Logarithm 


(i) If 0 « a < b, then In a < In b. 
(ii) If x — 0, y — 0. and In x = In у. it follows that x = у. 


(i) Since D, In x = 1/x > 0 for x > 0. it follows from Theorem 1. page 173. 
that In is an increasing function on (0, =). 


(ii) Suppose that x 0. y > 0, and In x = In у. Then it cannot be that x < y, 
since this would imply that In x — In у. which contradicts In x = In v. Like- 
wise. it cannot be that y < x, since this would imply that In y < In x. again 
contradicting In x — In y. The only remaining possibility is x — v. 
EXAMPLE 5 Solve the equation In (5 — 3x) + In (1 + x) = In 4 for x. 
SOLUTION By Theorem 1, we can rewrite the given equation as 
DIOE BOUR a] = 
Therefore. by part (ii) of Theorem 4. 
(5 — 3х)(1 + х) = 4 
that is, Sie De Shy? = Or She 
Factoring the last equation, we obtain 
(Gee se Ge = thy = (0 


from which it follows that x = —% ог х = |. 

Notice that In (5 — 3x) and In (1 + x) are defined only when 5 — Зх > 0 and 
l + x > 0, so we must take the trouble to check that these inequalities hold for our 
alleged solutions x — -i andes = NP a= = then = 3х =б>0 and 
1+x=3>0: hence, x = —3 is indeed a solution. Similarly, if x — I, then 
5—3x 22 7 0 and | t x = 2 > 0; hence, x = 1 is also a solution. 
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OC RJ = ie ш he | ee 


(approximate) 
In x 


The Graph of the Natural Logarithm Function 


To evaluate In x directly from the definition 


A l 
nx = | = 
1 t 


it is necessary to evaluate the integral on the right. Of course, by using (say) 
Simpson’s parabolic rule, we can obtain an approximate value of the integral and 
thus an approximate value of In x. For instance, using the result in Example 6 on 
page 344, we have 


5 


= al 
In2= | — dt = 0.69325 
po 


with an error not exceeding 0.001. Therefore, we can be certain that In 2 lies 
between 0.69325 — 0.001 and 0.69325 + 0.001; that is, 

0.69225 = In 2 = 0.69425 
Rounding off to two decimal places, we obtain 


IE 2 = 0.60) 


It follows that 


In4 = In 2? = 2 1n 2 = 2(0.69) = 1.38 
me = 1n 2*— 31025 30.0) 52197 
Ing = -In2- —0.69 
Ing = -In4 = – 1.38 
Ing = -In8-« —2.07 and so forth. 


From the considerations above, together with the fact that 
In 1 = 0, we can compile a rudimentary table of approximate 
values of the natural logarithm which is useful in plotting a 
graph of v = In x (Figure 1). The table also shows the corre- 
sponding values of dy/dx = 1/x. By part (i) of Theorem 4, 
the graph of y — In x is always rising as x increases. and 


since 

dy d ( ] | l 

-G 
dx“ а £ 


Kje dea toe ee |) fe OC 


the graph is concave downward. This information can now be 
used to sketch a graph of y = In x (Figure 1). 

Unfortunately, the graph in Figure | does not make it clear 
whether у = In x becomes arbitrarily large as x increases or 
whether the graph has a horizontal asymptote. However, no- 
lice that In 4 — 1.38; hence, 


In 42 | 


Therefore, by Theorem 3, if n is any positive integer, we 
have 


In 4" -nin4n:12 n 


Figure 2 


THEOREM 5 


PROOF 
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This shows that In x can be made as large as we please by taking x large enough; for 
instance, to make In x larger than 1000, it is only necessary to take x larger than 
41000 It follows that 


lim In x = + 
ai 


a 


so the graph of y = In x climbs without bound as x grows larger and larger. In 
particular, the graph of In x has no horizontal asymptote. 
Using the limit just established and the identity In (1/t) = —In t, we find that 


I 
lim Inx= lim In—= lim (-Int)=— lim Int = = 
t f—>+00 1 + 


x—0* t—> +0 


In other words, In x can be made smaller than any given number simply by taking x 
close enough to 0. The fact that 


lim, In x = —« 
0 


X 


shows that the graph of y — In x has the y axis as a vertical asymptote. 


EXAMPLE 6 Sketch the graph of the equation у = In |x}. 


SOLUTION Since In |x| = In |—x|, the graph of y = In |x| is symmetric about the 
y axis. For positive values of x, the graph coincides with the graph of y — In x in 
Figure 1. By reflecting this portion of the graph across the y axis, we obtain the 
entire graph of y = In |x| (Figure 2). 


Range of the Natural Logarithm 


The range of In is the entire real number system R. 


We must prove that given any real number y, there exists a positive real number x 
such that y = In x. Since lim In x = +, there exists a positive real number b so 
* 


x— +o 


large that In b > y. Since lim, In x = ~œ, there exists a positive real number a so 
WS 


small that In a < y. Therefore, because In a < y < In b and In is a continuous 
function, the intermediate-value theorem (Theorem 1, page 150) implies that there 
exists a value of x between a and b such that In x = y. 


Evaluation of Natural Logarithms 


Until now, in dealing with the natural logarithm, we have deliberately avoided 
using a calculator or tables so that you could see clearly how the properties of In 
follow directly from its definition as an integral. Approximate values of In x can be 
found almost effortlessly by using the LN key on a scientific calculator. * 


*If a calculator isn't available, you can use Appendix D, Table 2 to evaluate natural loga- 
rithms. 
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SEXAMPLE 7 Evaluate 
(a) In 7124 (b) in 0.05319 
SOLUTION Using a 10-digit calculator, we obtain 
(a) In 7124 — 8.871224644 (b) in 0.05319 — —2.933884870 
The following examples illustrate the use of the natural logarithm function. 
SEXAMPLE 8 Find the exact volume V of the solid generated by revolving the 


region bounded by the graphs of y = x !Z2, x = 1, x = 4, and y = 0 about the x 
axis. Also find the numerical value of V, rounded off to two decimal places. 


SOLUTION Using the method of circular disks, we have 


4 I 4 1 
У = | mx '/*)? dy = z | = т 
1 f se 


Therefore, by Theorem 2 on page 429, 


V = mn |x|) 


4 
=7r(In |4| — In |1) = z In 4 
] 


Using a calculator or Appendix D, Table 2, we find that 


V = sr In 4 = 4.36 cubic units 


(EXAMPLE 9 To the nearest joule, how many joules of work are required to com- 
press air isothermally* according to the equation PV = C from an initial volume of 
Vo = 107* cubic meter to a final volume of V, = 107° cubic meter if the initial 
pressure is Ро = 10° newtons per square meter? 


SOLUTION Неге 
C = PoVo = (10)(107*) = 10 
and the work done during the isothermal compression is given by 
10 * OE G i9 g 107 1 
w-[ pav= | £w-c| | AV 
10.5 ios V 10-5 V 10-5 V 


(see page 385). Therefore, 


10 * 
= 10010 |1077| — In |107|) = 10(In 1077 — In 107%) 


10 5 


W = 10(in |V|) 


By Theorem 3, we have 
In 107+ = —41n 10 and 1107 = —5 In 10 
so that 
W = 10[—4 In 10 — (—5) In 10] = 10(5 In 10 — 4 In 10) = 10 In 10 
Using a calculator (or Appendix D, Table 2), we find that 
W = 10 In 10 = 23 joules 


*Isothermal compression is compression with the temperature held constant. 
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Problem Set 7.5 


In Problems 1 to б, assume that In a = 0.6931, In b = 1.0986, and 
In c = 1.6094. Use the properties of the natural logarithm to esti- 
mate each quantity. 


1 In ac 2 In - 3 In arc? 
ab yz 1/2 
an 5 In Vb 6 Inc ” 


In Problems 7 to 10, solve each equation for x. 
7 ln (ee = Wyse ites 2 = hive 
8 In (x? — 4) + In (x — 2) = In3 
9 2 а (х 2) =Inx 
10 In (6 —x —2°) – In (х + 3) = In (2— x) 
In Problems 11 to 17. sketch the graph of each function. Indicate the 
domain and the range of the function. Also indicate the extreme 


points and the inflection points of the graph and any horizontal or 


vertical asymptotes. 
11 g(x) = In (2 — x) 12 h(x) = In (~x) 


4 
13 F(x) = In [x + 1| 14 G(x) = In — 


15 A(x) =x In x 16 f(x) = -> 
In x 


17 L() = х= In x 


18 Sketch the graph of the equation x = In y for у > 0. Use implicit 
differentiation to find the slope of the graph at the point 
(ng p) 


19 Find the equations of the tangent and normal lines to the curve 
y = x? In x at the point (2, 4 In 2). 


20 A particle is moving along a straight line according to the equa- 
tion of motion s = In [8t/(4r^ + 5)]. Find the velocity ds/dt and 
the acceleration d^s/dr^. 


In Problems 21 to 24, find the exact area of the region under each 
curve in terms of logarithms. 


1 
21 y = — between x = 5 and x = 7 
x 


22 у= 


between x = 2 and x = 3 
eS 


E 
23 у = between x= 3 and x — 4 


24 у= between x = 2 апі x = 3 
gy jl 


In Problems 25 to 27, find the exact volume of the solid generated 
by revolving the region bounded by the given curves about the x 
axis. Write your answers in terms of logarithms. 

251 + л ж х=, aves ees res (0 

о соо ху о 

27 (ee +2 у Se llo sem 0 


28 Given that In 10 = 2.3025851, use the differential to estimate 
In 10.007. 


E а Problems 29 to 34, evaluate each logarithm. 


29 In 4126 30 In 2.704 
31 In 0.040404 32 In (7.321 x 105) 
33 In (1.732 x 1077) 34 In 7 


1135 Find numerical approximations to (a) the area in Problem 21 and 


(b) the volume in Problem 25. Round off your answers to four 
decimal places. 


36 Show that In (1 + x) = x if |x| is small and that the approxima- 
tion becomes more and more accurate as |a| gets smaller and 
smaller. 


37 Determine the coordinates of the point at which the function 
f(x) = (In x + 1)/x takes on an extreme value. ls the extreme 
value a maximum or a minimum? Is it an absolute or only a 
relative extremum? 


38 Find a general formula for the work done during the isothermal 
compression of a sample of gas from an initial pressure of Po and 
an initial volume of V, to a final pressure of Pj. 


39 The speed of the signal in a submarine telegraph cable is propor- 
tional to x? In (1/x). where x is the ratio of the radius of the core 
to the thickness of the winding. For what value of this ratio will 
the speed be maximum? 


30 A product sells for $25 per unit. The production cost C for x 
units is expressed by the equation C = 250 + x(6 + 2 In x). 
Find the output level that yields maximum profit, assuming that 
all manufactured units are sold. 


41 A lake polluted by coliform bacteria is treated with bactericidal 
agents. Environmentalists estimate that т days after the treat- 
ment. the number N of viable bacteria per milliliter will be 
given by 

В | = 
мо = 100( - in) — 30 


i 
mim]? 
Т; 10 ТОТ ES 


How many days after the treatment does the pollution reach a 
minimum? 
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Figure | 


7.6 


DEFINITION t 


The Exponential Function 


Because the natural logarithm is an increasing function (Theorem 4, page 433), its 
graph can intersect a horizontal line y = k only once (Figure Іа). Therefore, by the 
horizontal-line test, In is an invertible function. Later we prove that In x is exactly 
the same as log, x, from which it will follow that the inverse of In is the function 
х) = е“. In anticipation of this result, we refer to the inverse of In as the exponen- 
tial function. 


'The Exponential Function 


The inverse of the natural logarithm function is called the exponential function, 


denoted by exp. 


Thus, the graph of exp is obtained by reflecting the graph of In about the line y — x 
(Figure 1b). 

Since the domain of In is the interval (0, 2), it follows that the range of exp is 
(0, ©). Likewise, since the range of In is the set R of all real numbers, it follows that 
R is the domain of exp. From the graph of y = exp x (Figure 1b), we see that exp is 
an increasing function and that exp x > 0 for all values of x in К. Also, 


The fact that 


(which later we see corresponds to the fact that e° = 1) is used freely in what 
follows. Also, Figure 1b shows that 


lim ехрх = 0 апа lim ехрх = +% 


х» —% л +оо 
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Properties of the Exponential Function 


Because exp is the inverse of In, we have 


exp (In x) 2 x for x20 


In (exp х) = x for all x in R 


These relations can be used to establish many of the basic properties of the exponen- 
tial function. For instance, we have the following theorem. 
THEOREM 1 Basic Properties of the Exponential Function 
lf x and у are any two real numbers and if k is a rational number, then 


(i) exp (x + у) = (exp xXexp у) 


(ii) exp (Ax) = (exp x)* 


exp x 


exp y 


(1) exp (x — у) = 


PROOF (i) Let A = exp x, so that x = In A: and let B = exp y, so that y = In B. By 
Theorem І of Section 7.5. In A + In B = In AB; hence, x + y = In AB. It 
follows that 

exp (x + y) = exp (In AB) = AB = (exp х)(ехр y) 
(ii) Again put A = exp x, so that x = In A. By Theorem 3 of Section 7.5, 
kx = k In A = In А“; hence, 
exp kr = exp (In A*) = A* = (exp х)“ 
(iii) The proof of part (iii) is left as an exercise (Problem 55). 
Now we replace our provisional definition of e by a formal definition based on 
the definitions of In and exp. The clue as to how this should be done comes from the 


anticipated result exp x = е“. Putting x = 1, we should have exp 1 = e. This leads 
us to the following formal definition of the constant e. 


Figure 2 DEFINITION 2 The Constant e 


M By definition, e = exp 1; that is, e is the positive real number for which In e = 1. 


Graphically, e is determined by the condition that the area 
ЕІ 


А о 
area = ] square unit 
/ 


between x = | and x = e under the graph of v = 1/x is exactly 1 square unit (Fig- 
ure 2). By combining the definition of e with part (ii) of Theorem 1, we obtain the 
following result. 


THEOREM 2 The Exponential of a Rational Number 


If k is a rational number, then exp k = е“. 
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PROOF Put x = 1 in part (ii) of Theorem 1 to obtain exp k = (exp 1)*. By Definition 2, 
exp 1 = e; hence, exp k = e*. п 


By Theorem 2, e? = exp x holds for all rational numbers x, so it is reasonable to 
ask whether it also holds when x is irrational. However, as we originally pointed 
out, if x is irrational, it is perhaps not clear just what is meant by e* anyway. To 
clarify matters once and for all, we simply define е“ to be equal to exp x when x is 
irrational. 


DEFINITION 3 Definition of e* for Irrational Values of x 


If x is an irrational number, we define e^ as follows: 


e` = exp х 


By Theorem 2 and Definition 3, e* = exp x holds for all real numbers х, whether 
rational or irrational. Therefore, In e* = In (exp x) = x; that is, е* is the number 
whose natural logarithm is x. Similarly, e'"* = exp (In x) = x holds for x > 0. In 
summary, we have the following: 


y — e^ if and only if x = ]n у 

cin — Sater 0 

In e* = x for all values of x 

e*** = e*e* for all values of x and v 

e® = (e*)* for all values of x and all rational numbers k 


XY 


е 


= e*/e* for all values of x and у 


Of course, Properties 4, 5, and 6 are just parts (1). (11). and (iii), respectively. of 
Theorem I, rewritten by using Definition 3. 


EXAMPLE I Simplify each of the following expressions: 


! ghic-9 
(a) el (b) eg 273 (c) In e» (d) ЕЗЕШНЩ 
ELT 
SOLUTION 
(a) ета =a 


(b) 27212183 = 7202193 = (e2) ein) = (e2)71(32) = 


ya 
(©) in C= Sx 
1п{х^—9) qa. 
== Ессе и 
Ap s áp 3 


Approximate values of e* can be found by using a scientific calculator. * 


EXAMPLE 2 Use a calculator with an е“ (or EXP) key to evaluate: 


(a) е! (b) е“? (с) е 5.0321 


*If a calculator isn't available, you can use Appendix D, Table 3. 
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SOLUTION Using a 10-digit calculator, we find that 
(a) e! = e = 2.718281828 
(БСО зо 111950377 
(c) e 599?! = 6525093476 x 10^? = 0.006525093476 


= 


Differentiation of the Exponential Function 


From now on, we can use either the notation e* or the notation exp x for the inverse 
of In evaluated at x. In the following theorem, we obtain a most remarkable result: 
The exponential function is its own derivative. 


THEOREM 3 The Derivative of the Exponential Function 
PROOF* Let 
y-ce 
so that 
x=Iny 


Differentiating both sides of the last equation with respect to x, we obtain 


1 
(== D,y 
y 
that is, 
D,y = у 
or 
D,e* = e* 


Combining the result of Theorem 3 with the chain rule, we see that if u is a 
differentiable function of x, then 


D,e" = e" ри 


EXAMPLE 3 If y = e* **, find D,y. 


SOLUTION — D,y = D,e*** = e“ HD + x) = eX **(Qx + 1) 


EXAMPLE 4 Find f'(x) if f(x) = e*9*, 


SOLUTION f(x) = e***D. cos x = e*95*(—sin x) = —sin x e*9* 


EXAMPLE 5 If xe” = tan! x, use implicit differentiation to find dy/dx. 


*A more rigorous proof may be given by using the inverse-function theorem (Theorem 1. 
page 406). 
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THEOREM 4 


PROOF 


d Y d 1 y Mp _ 
SOLUTION mem (OY) es fiam A 50 ee ge c ан 
ах ах ах sr i 


Solving for dy/dx. we obtain 


dy І e | І 


dx (+ х2)хеу xe” (1 + А2) tan^! x x 


EXAMPLE 6 А medical team predicts that the percent P of a city’s population that 


will be infected with a communicable disease t days after the disease is first detected 
is given by СА 
P(t) = 101e7/"° for] =1=15 


How many days after detection will the maximum percentage of the population be 
infected? 


SOLUTION We have 
P'(t) = 10:077719 76) + 10677719 = e110 — t) 
Recall that e* is positive for all values of x; hence, 
eg 19 0 
for all values of z. 1t follows that / = 10 is a critical value and that 
Р) > 0 оте 10 
whereas Pa @ for 10< t « 15 


Therefore, by the first-derivative test, P takes on a maximum value 10 days after the 
disease is first detected. 


Integration of e" 


Theorem 3 can now be used to obtain the following important integral formula. 


Integration of e" 


| е“ ди=е“+С 


By Theorem 3, D,e" = e"; that is, е“ is an antiderivative of e". 


EXAMPLE 7 Evaluate f е" dx. 
SOLUTION Put u = 4x, so du = 4 dx and dx = $ du. Thus, by Theorem 4, 


IE dx — fea Ce fe аи ae + C=te*%+C 


EXAMPLE 8 Evaluate f x?e* dx. 


SOLUTION Put u = х5, so du = 3x? dx, or x? dx = $ du. Thus, 


Iy =l u 1 и їх 
хех ах= з | e" ди = зе + С = зех + С 


EXAMPLE Fi a] - tdem ia 
SNAMPLE 9 Fin = 
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SOLUTION We put и = е", noting that du = ех dx and that e? = (e)? = u?. 
Therefore, 
€? ах du "— к= 
Ss SHS aT e 
Wil =e Wl = qa 


EXAMPLE 10 Find the volume V of the solid generated by revolving the region 
bounded by the curves y = е, x = 0, x = 2, and у = 0 about the x axis. 


SOLUTION By the method of circular disks, 


a 2 
ee = 

| me OF ау = s | e ™ ady 

0 0 


We put и = —8x, so that du = —8 dx and dx = —$ du. When x = 0, u = 0, and 
when x = 2, u = —16; hence. 


cla; 1 т =їб aii ks} 
W = og е“ -—du)=-—= Оа = — gr 
0 8 + 0 
T 
= oy (€ — ЬЕ 
Problem Set 7.6 
] Simplify each expression. In Problems 5 to 24, find the derivative of each function. 
in 5 In Fe 3+4In2- 
(a) e (b) e | (с) е 5 feo = e™ 6 glt) = (е%гу* 
(d) In e!“ (Е) ine (f) en» bo. | 
"IET 7 Bene ene 8 Ки) = exp (sin u) 
2-4 (Inx?)~4 уь 
рну NG (0 КЕ? 9 f(x) = cos (exp x) 10 g(x) = e * cos 2x 
j) elnx—3lny 


2 Solve the following equations for x: 


(а) De qe |) Se 


(b) e* + 20e * = 21 


12 g(r) = tan ! (exp r) 
14 F(x) = exp V4 — x? 


16 g(x) = е" cot 4x 


18 fix) = eY* In Vx 


11 f(t) = e sint 
13 A(x) = er зш 
15 f(t) = ett 


17 h(x) = sec ^! (e?) 


3 Use a calculator with an e* (or EXP) key to evalnate the given 
quantity as accurately as you can. 


(a) е ' (b) e^? 
(e) еу? (f) e* 
(i)e” 


[С] 4 Use a calculator with апе" (or EXP) key to verify each equation 


(c) e? 


(g) e ^H 


(D exp(1— V2) 


for the indicated values of the variables. 


(а) e'e? = е" for x = V2, y= V3 
(b) e*** = ех? for x = V5, у=—т 


(с) (e*)" = e" for x = Щщ 


x 


v3 


y=1- 


>? 


(d) e'™ = = for x = 3.9, у = 2.5 


(h) e © 


ab 


19 G(s) = (1 — er 


20 Диңе cem 


(d) exp (0.5) 


t 


exp (-4) 22 fit) = In : z 


21 fa) = 
/ V se di 


23 f(x) = (8x? — Зх + le? 24 H(r) = ji VA * P dt 
1 


In Problems 25 to 28, use implicit differentiation to find dy/dv. 


25 y(1 + e) – ау? = 7 26 е — sin (x + y) = 2 


29 scm ya er 28e^"Iny* e"Inx 24 


cm 


29 Show that y=e 
pty sy = 0: 


satisfies the differential equation 
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30 Show that v = Sie ™ satisfies the differential 


(d?y/dx*) + 8idy/dx) + 16у = 0. 


equation 


In Problems 31 to 48, evaluate each integral. (In some cases a suit- 
able substitution is suggested.) 
32 fe 7E efi 


34 [e dx 

36 IE * cos x dx 
Ve 

38 | = dH 
No 

% | 


a [е ` sec r tan x dy 


In 5 
afe Зх ү 


a | U +e? dx 
1 


31 


е dy, gom S 


Sei 
QUE +h dx 


j^ 

ji 

n 
eer 

| =; 

| 


Cot x 
e 


csc? x dx, u = cot x 


[e 
0 


1 
| 20е + 1) ах 


0 


d sin 2x : Si ae в“ 
em cos 2x dx 48 ma Ui 
0 ‘0 ga 


In Problems 49 to 51, sketch the graph of each function and indicate 
the intervals where the function is increasing, decreasing. concave 
upward, and concave downward. Also, locate all extreme points, 
points of inflection, and asymptotes. 


49 fix) = e? 50 fix) = е7" 
S1 f(x) = xe * 


47 


Find the area under the curve y = e** — x between x = J and 
x= 


Find the area bounded by the curves y = e", y = e", and x = I. 


Find the volume of the solid generated by revolving the region 
under the curve у = e? between x = 0 and x = 2 about the x 
axis. 


Finish the proof of Theorem 1 by demonstrating that 
exp (x — y) 7 exp x/exp y. 


Find the arc length of the graph of y = (e* + е ‘)/2 from (0, 1) 
to (1, (e + e 3/2). 


57 Let f(x) = e* — 1 — x. Show that f'(x) = 0 if x 2 0 and that 
ГО) = 0 if x = 0. Use these facts to prove that e* = 1 + x and 


that e * > ] — x for all values of x. 


$8 If the x intercept of the tangent to the curve y = e ` at the vari- 


able point (p. q) is increasing at the constant rate of 5 units per 


(959 


[c] 60 


second, find the rate at which the v intercept is changing when 
the х intercept is 10 units. 


If the value of a certain piece of property at time г years is given 
by the equation V = $20,000 — $10,000e 9", find the rate of 
change of V with respect to г when г = 5 years. 


The electric current / in amperes flowing in a series circuit hav- 
ing an inductance L henrys, a resistance А ohms, and a constant 
electromotive force E volts (Figure 3) satisfies the equation 


where z is the time in seconds after the current begins to flow. If 
E = 12 volts, R=5 ohms, and L = 0.03 henry, sketch the 
graph of 7 as a function of r. 


Figure 3 R ohms 
L henrys | amperes 
| 
E volts 
1161 Atmospheric pressure at altitude л feet above sea level is given 


[ci 62 


fci 63 


[С] 64 


by P = 15e 9 9 pounds per square inch. A jetliner is climb- 
ing through 10,000 feet at the rate of 1000 feet per minute. Find 
the rate of change of external air pressure as measured by a 
gauge on board the plane. 


Carbon 14 decays radioactively according to the equation y = 
yoe 9 992. where v grams is the amount left after г years and 
yo grams is the initial amount. (a) Sketch a graph of y as a 
function of t for 0 = t = 10,000 years. (b) Of a 10-gram sample 


of carbon 14, how much will be left after 10,000 years? 


The total potential audience for an advertising campaign num- 
bers 10,000. The average revenue per response is $3, and the 
cost of the campaign is $300 per day, plus a fixed cost of $500. 
To maximize profit, find the number of days that the campaign 
should continue if the number of responses y is given in terms of 
the number of campaign days г by y = (1 — е792')(10,000). 


The concentration C of a drug in a person's circulatory system 
decreases as the drug is eliminated by the liver and kidneys or 
absorbed by other organs. Medical researchers often use the 
equation C = Сое“ to predict the concentration C at a time 1 
hours after the drug is administered, where Co is the initial con- 
centration when z = 0 and & is a constant depending on the type 
of drug. If Co = 3 milligrams per liter and k = 0.173, (a) sketch 
a graph of С as a function of t for 0 = г = 4 hours and (b) find C 
when t = 4 hours. 
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7.7 Exponential and Logarithmic Functions with 
Base Other Than e 


In this section we use the natural logarithm and the exponential function to define b* 
and log, x for values of the base b other than e. Of course, b^ is already defined 
when 5 > 0 and £ is a rational number. In fact, we have the following theorem. 


THEOREM 1 b* for b > 0 and k Rational 


If b > 0 and k is a rational number, then 


а kin 
b^-—e 


PROOF By part (ii) of Theorem 1 in Section 7.6, 
[exp (In b)]* = exp (k In b) 


that is, 
(ОР == ekinb 
Since 
en a b 
it follows that 
b^ - e* In b [ | 


Theorem | gives us the key to the proper definition of b` when x is irrational. 


DEFINITION I Definition of 5* for Irrational Values of x 


If b > 0 and x is an irrational number, we define 


Бх = ех In b 


As a consequence of Theorem | and Definition 1, if the base b is positive, then 
b= erin b 
holds for all real numbers x. Notice that 
b 0 


for all values of the exponent x. 


EXAMPLE 1 


Д : /» 
(a) Using a calculator with a v* key, evaluate л V?. 
g 2 y 


(b) Evaluate e V?'^ 7, and thus confirm that z V? = eV?!» 7, 


SOLUTION 


pa 


(a) mY? = 5.047497266 
(b) eV?!^ т = 5 047497268 


Notice the discrepancy in the last decimal place caused by inaccuracies inherent in 
the calculator. a 
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Basic Properties of b* 


Using the equation b* = ех!" and the known properties of the exponential func- 


tion, we can now derive the basic properties of b`. 


THEOREM 2 Laws of Exponents 


Let x and y be real numbers, and suppose that « and b are positive real numbers. 
Then 


A а“ 


Gi E A AOA (v) "m 


b* 
(ii) : (vi) b^ 
b? 
(10) (b*)* = (vii) In b! = x In 5 


(iv) (aby = 


PROOF We prove (1), (111), (iv), and (v) and leave (ii), (vi), and (vii) as exercises (Problems 
53, 54, and 55). 


(i) b*b* = ех In boy Inb — e? Inb*yin5 — eot» lni = pty 


(iii) Since In e* "^ = x In b, it follows that In b* = x In b. Therefore, 
(бу = о> Ingo = e" In 5 — рух = р 


(iv) (ab)* = ох Inab — e Xn а+1п БУ — e Ina*xinb — е^ 1п do^ Inb — ахь“ 
A alna x 
a anabi та пру — minec cimbrs e = а 
(у) n 5 T6 Ы О CU ре 
b a b ш 


According to the power rule (Theorem 1, page 140). D,x* = &x*~! holds for 
x > 0 and к a constant rational exponent. The following theorem generalizes the 
power rule to arbitrary (constant) exponents. 


THEOREM 3 General Power Rule 


Let c be a constant real number, and suppose that и is a differentiable function of 
x. Then, for u > 0. 


De estem Vober, 


PROOF 


: А р { Dau Т 
П e [Буу BO Sa оү RD) = ak (c S Dy 8 


н 


In Examples 2 and 3, differentiate the given function. 
EXAMPLE 2 f) Sx te~ 
SOLUTION Using Theorem 3 to differentiate x *, we have 


КОЕ рх) + Dew у= (Eas 5р (ЕЕ шш КЕШ. [| 


EXAMPLE 3. g() = (к? +1)” 
SOLUTION 


COD AS + DYE ок аре 1) = Er (v е) ш 
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In applying the general power rule, it is important to realize that the base is the 
variable and the exponent is constant. On the other hand. if the base is constant and 
the exponent is the variable, you can find the derivative by using the formula 


b* =_ ех Inb 
For instance, 
D,2* = Die"? = эше (x In 2) = 2*(In 2) 


More generally, we have the following theorem. 


THEOREM 4 Derivative of Бх 


If b is a positive constant. then D,b* = b* In b. 


PROOF D,b* = D,e* n? = ep (x In pj = b*(In b) = Б: In b 


Of course, Theorem 4 can be combined with the chain rule to obtain the formula 


D,b" = b" In b Ри | 


EXAMPLE 4 If v — 2", find dy/dx 
dy 2 2 sien 
SOLUTION -= 2 (a Ye) S 3m mas eco In 2 
RI 


EXAMPLE 5 Let f(x) = 3""*, Find f'(x). 


SOLUTION — f'(x) = 3"^* In 3 sec? x 


EXAMPLE 6 Find D,(5* en» 


SOLUTION — D,(S*gsns) = d In 5(312)e*n* + 5v 057 * cos ү 
= 5" ех 302 In 5 + cos 39) 


The differentiation formula D,b* = b* In b yields a corresponding integral for- 
mula as follows: 


T е IET bd pec 
ied TONES р 


Thus, replacing x with и, we have 


b" 
fo du = "ys sue provided that b > 0 and b = 1 


In Examples 7 and 8, evaluate the given integral. 


2 
EXAMPLE 7 | TP abe 
1 


x 


SOLUTION i 7 dx = —— 
1 ln 7 


= 49-7 42 


1 In 7 In 7 
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EXAMPLE 8 | 5?" * cos 2x dx 


SOLUTION Put u = sin 2x. so that du = 2 cos 2x dx. Thus, 


| и $5in 2x 
та сот w= | se dlu = T +O 
| =S E “ Ens 2 In 5 


Logarithmic Differentiation 


The properties of the natural logarithm (as developed in Section 7.5) are useful for 
finding the derivatives of functions involving products, quotients, and powers of 
other functions. The technique, called logarithmic differentiation, works as fol- 
lows. 


Procedure for Logarithmic Differentiation 

To find the derivative of a function f. carry out the following steps: 
Step 1 Write the equation y — f(x). 
Step 2 Take the natural logarithm on both sides of the equation. 


Step 3 Differentiate the resulting equation implicitly with respect to x. 


In Examples 9 and 10, use logarithmic differentiation to find dv/dx. 


X 


ENAMRERLO Y. — ү 


SOLUTION Taking the natural logarithm on both sides of the equation у = х“, we 
obtain 
In y = Inx = x Inx 


Differentiating the equation In y = x In x on both sides with respect to x, we have 


| dy 1 
= іП Сас 
х dx xX 
Therefore, 
dy | 
— =y(1 + In x) = x' (1 + In x) 
dx 


QS UTE 


EXAMPLE 10 Y= —.;—— ———M— — 
"EX. xoc Мат ШО яг) 


SOLUTION 


In (x? + 5) + In (5x + 2)°/? — In v (Зх + DG? + 2) 
= In (a? 5) + З In (5x 2) – 1{1п (3x + 1) + In (х5 + DJ 


In v 


so that 


Suy we ase | 
Or 
dy | 24 " 15 3 З | 
— = X - — ———————— — 
dx +5 2(05x +2) 4x41) AQ + 2) 
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Therefore, 
СОЛИ ок P2) ^ | и _ 15 3 9 | 
dx Vx o? 2) Ux? «S " 264 2) 43x+1) — 4G? + 2) 


The Function log, 


The base e — 2.71828 . . . is preferred in all work with logarithms or exponents in 
calculus because of the relative simplicity of the resulting differentiation and inte- 
gration formulas. However, other bases are used in some applications. For instance, 
10810 is used in chemistry for calculating the pH of acids and bases; in computer 
science, log; and logg are used in reckoning with ‘bits’ and “bytes” of informa- 
tion. 

Recall the definition of a logarithm to the base a: If a > 0. a = 1, and x > 0. then 


we say that y is the logarithm of x to the base a and write 
йы Пол 


to mean that 
a=x 


In particular, y = log, x means that e* = x; that is, it means that у = ln x. In other 
words, 


In x = log, x 


The following useful theorem can be used to convert logarithms from one base to 
another. 


THEOREM 5 Base-Changing Formula 


Ifa>0,b>0.a41,b#1, and x » 0, then 


log, x 
Sb- 
lc uu 


log, a 


PROOF We have 
biga Поа — (plogpaylogax = glozgx = y 
Hence, by the definition of logarithm, 
log, x log, a = log, x 


and it follows that 


log, a 


If we put b = e in Theorem 5 and use the fact that log, x = In x, we obtain the 
important formula 
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Using this formula and the properties of the natural logarithm, you can verify the 
properties of loga, such as the following: 


i | 
log, ху = log, x + loga v log, " = log, x — log, y log, x* 2 y log, x 


(Problem 59). Since scientific calculators ordinarily have keys only for In and logio, 
vou must use the base-changing formula if vou want to calculate logarithms to other 
bases. 


(jEXAMPLE 11 Use a calculator and the base-changing formula to find log; 3. 


In 3 
SOLUTION log; 3 = no = 1.584962501 
n 


By using the base-changing formula, we can derive the following rule for differ- 
entiating logarithmic functions. 


THEOREM 6 Derivative of Logarithmic Functions 


Let и be a differentiable function of x with u > 0, and suppose that a > 0 with 
a # 1. Then 


1 
D, log, « = Du 
ulna 


Inu ] 1 Du ] 
Di Inu = c = Р.и 
In a Ina In a u ulna 


PROOF D, loga u = D, 


dy А 
EXAMPLE 12 Find = if y = logio (x^ + 5). 
ege Pura ara ax 


SOLUTION By Theorem 6, 


dy 1 @ жш 2х 


= 8 mE bor + S = SS 
dx (x^ + 5) In 10 dx и ) (x^ + 5) In 10 
EXAMPLE 13 Find D,(log, sin x). 
SOLUTION D, 1 i DE ud c 
SOLUT , logs sin x = ————_ = 
Е sin x In 2 In 2 


Problem Set 7.7 


] Use a calculator with a у" key to find the value of each quantity (a) a'a* = a*** for a = 3.074, x = 2.183, у = 1.075 


as accurately as you can. 
x (b) а: = a*a* for a = 2.471, x = 5.507, у = 0.012 


Cyc, QUE (cy 27 (27 
(e) V2? (f) 77 (g) (V3) V5 (h) 3.0157275% (c) (a*)" = a" for a = 1.777, x = —2.058, y = 3.333 


i o a n av'k 1 а e 1 = а“ 
[] 2 Use a ene with ay key to verify each equation for the lye EM MES се V3 
indicated values of the variables. a 
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(e) (ab) = а" fora = V7, b= n, x = Va. 


(f) (4) = - fora=2+7,b=V2-1.x=V5-—V3 


In Problems 3 to 24, differentiate each function. 


2 fpe ce 4 me ge 
ч деў = ® 6 fa) = 277 
9 а) 8 A(t) = (12 + 1) 
9 G(t) = sau 10 H(x) = gcosa 
IL A(x) = (2 + 52277 12 g(t) = (sin 3" 
3*1 2 
= SEE 
13 f(x) TUE 14 h(x) = 2^" cot x 


15 g(x) = In (5* + 5 7) 16 h(t) = VT 
3B = Jl 


+1 


17 Дх) = 18 FQ) = 47° In (x? + 8) 


27 


l| 4e 8 


19 A(t) = logio 20 f(t) = logs (In cos ft) 


21 F(u) = 3°" logs u 22 g(t) = Vlogs t 
logs (x? + 5) 


23 f(x) = 3*2 


24 F(x) = csc x log; (х? + 1) 
In Problems 25 and 26, use implicit differentiation to find dv/dx. 
25x00) +42 =5 26 3% =x 


In Problems 27 to 38, use logarithmic differentiation to find dy/dx. 


27 у= хУ* 28 у = (cos x)* 
25) yams 30 у= (х + 1)* 
31 у= (х? + 4)" 32 у = (sin х)°®* 
33 у = (x? + 7) (68 + 1)* 34 y = x? sin х? cos (3x + 7) 
ТЕ sin x V1 + cos x 36 y- tan? x 
Vecos x МІ = 4 sec x 

37 cc TN T у= sec x + tan x 

d Ух +8 "o V sec x — tan x 


In Problems 39 to 48, evaluate each integral. (In some cases an 
appropriate change of variable is suggested.) 


In х2 
40 | 3 dx 
X 


39 [5 OS, п к=з 
41 | Que чы быб р =? + de 


42 | ЖЕШ sec? x dx 


gin 1/9 
43 | F dx, и = In x 
44 | 8*** sec x tan x dx 
45 | ое se aly 
46 | 2с ПК 


1 
47 | S = ake 
0 


48 | ~ 3% cos x dx 
0 


(149 Using a calculator and the base-changing formula, evaluate 


(a) log» 25 (b) log; 2 


(e) logy 0.07301 


(c) logs e 
(d) log, 5 
50 Show that for x > 0, In x = M logo x. where M = In 10. 


E51 Which number is larger, e7 or т“? 


52 Find the maximum value of (In x)/x for x > 0, and use the result 
to answer Problem 51 without evaluating e? or т“. 


53 Prove that b*/b* = b* ? for b> 0. 

54 Prove that b * = I/b* for b 0. 

55 Prove that In b* = x In b for b> 0. 

56 For what value of x is f(x) = x", x > 0, a maximum? 
57 Prove that if а > 0 and b > 0, then log, b = l/log; a. 
58 Use Problem 57 and Theorem 6 to show that 


log, е 
EE D,u. 
и / 


D, loga u = ( 
59 Prove that if a>0, a#1, x>0, and y>O, then 
(a) log, xy = log, x + log, у, (b) log, == Поро loga y. 
y 
and (c) log, x” = y log, x. 


60 Suppose that a > O anda 7 l isa given constant. Find D, log, a 
for x 2 0, хз]. 


61 Find the volume of the solid generated by revolving the region 
under the graph of y = 3* between x = 0 and x = 2 about the 
X axis. 


62 If vis a differentiable function of x, then the (point) elasticity of 
y with respect to x is defined to be the limit 


T 
Ax—0 Ax/x 
of the proportional change in y to the proportional change in x. 


Show that if x and y are positive, then the elasticity is given by 
dY/dX, where Y = log, y and X = log, x. 
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Hyperbolic Functions 


Certain combinations of exponential functions, which are related to a curve called a 
hvperbola* in much the same way as trigonometric functions arc related to a circle, 
prove to be important in applied mathematics. These functions are called the 
hyperbolie functions, and their similarity to the trigonometric functions is empha- 
sized by calling them hyperbolic sine, hyperbolic cosine, and so on. The defini- 
tions of the hyperbolic sine and the hyperbolic cosine, abbreviated sinh and cosh, 
are as follows: 


People pronounce **sinh’’ and **cosh"' to rhyme with *'cinch" and **gosh." These 
functions satisfy identities that correspond to standard trigonometric identities, ex- 
cept for an occasional switch of plus and minus signs. For instance, 

cosh? x — sinh? x = 1 

sinh (—x) = —sinh x 


cosh (—x) = cosh x 


4A tu N = 


sinh (x + y) = sinh x cosh y + sinh y cosh x 
5 cosh (x + у) = cosh x cosh y + sinh x sinh у 


and so forth. 


EXAMPLE 1 Prove the identity cosh? x — sinh? x = 1. 


SOLUTION 
н e+ e 2 Pae. м 
cosh? x — sinh? x = =] = =] 
» ey «eg + е^ e^ = you dt e 
4 4 
ех +02 фе? – е? + 0 – е2 4 
4 4 


Like (ће sine function, the hyperbolic sine function is odd, so its graph is sym- 

metric about the origin. Just as sin 0 = 0, so also 

, QU CURES RU и 0 ке 

sinh 0 = Sa 
For large values of x, e^" is very small, and so the graph of у = sinh x is very close 
to but below the graph of y = e*/2 (Figure la). Like the cosine function, the hyper- 
bolic cosine function is even, so its graph is symmetric about the y axis. Just as 
cos 0 = 1, so also 

ponerse 


2 
cosh 0 = ————— = = = | 
2 2 


*See Sections 9.4 and 9.7. 


л 
n 


SECTION 7.8 HYPERBOLIC FUNCTIONS 4 


Figure 1 ү 4 For large values of х, e * is very small, and so the graph of y = cosh x is very close 
to but above the graph of y = e*/2 (Figure 1b). Unlike the trigonometric sine and 
cosine, the hyperbolic sine and hyperbolic cosine functions are not periodic. 

The remaining hyperbolic functions are defined by analogy with the correspond- 
ing trigonometric functions as follows: 


sinh x icc gums Е 1 


cosh х 


cosh х — МА oe 1 


sinh x 5 | sinh x 


We leave it as an exercise for you to sketch the graphs of these functions (Prob- 
lem 10). 


Differentiation of the Hyperbolic Functions 


The differentiation rules for the hyperbolic functions closely resemble those for the 
trigonometric functions except for some algebraic signs. For instance, if u is a 
differentiable function of x, we have 


D, sinh 4 = cosh u Duu and D, cosh u = sinh u Du 


To prove the differentiation rule for the hyperbolic sine, we calculate as follows: 


Е ей — е“ Dye" =. De et + ет“ 
D, sinh u — D. к=. cca = —— So EM = a aa Du = cosh «u Du 


A similar calculation (Problem 32) proves the differentiation rule for the hyperbolic 
(b) cosine. 


EXAMPLE 2 Find D, sinh (5x + 2). 


SOLUTION D, sinh (5x + 2) cosh (5x + 2)D,(5x + 2) 


5 cosh (5x + 2) 


EXAMPLE 3 If y = cosh (In x), find dy/dx. 
dy . а il. 
SOLUTION — = sinh (In x) — In x = — sinh (In x) 
dx dx * 
EXAMPLE 4 Prove the differentiation rule D, tanh x = sech? и D,u. 


SOLUTION Assuming that и is a differentiable function of x, we calculate as 
follows: 


sinh и cosh « D, sinh u — sinh « D, cosh u 
D, tanh и REM кшш U 


Xx ? 
cosh и cosh? u 


2 DOLO 
cosh* u — sinh“ x ] 5 
Sh = << Oh Se iD m 
cosh“ u cosh“ « 
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By inverting the differentiation rules for the hyperbolic functions, we can obtain 
integration formulas. Thus: 


| sinh 4 du = cosh u + C f cosh u du = sinh u + C 


| sech? u du = tanh u + C 


EXAMPLE 5 Evaluate f sinh 5x dx. 
SOLUTION Put u = 5x, so that dx = 3 du and 


cosh u + C 


Бы 


ES 5х dx = | sinh u (2 аи) = i i sinh u du = 


li 


z cosh 5x + C 


The Inverse Hyperbolic Functions 


By analogy with the six inverse trigonometric functions, there are six inverse hy- 
perbolic functions. Unlike the analogous trigonometric functions, the graphs of 
sinh, tanh, coth, and csch satisfy the horizontal-line test. so there is no problem 
about the existence of sinh ^! , tanh™!, coth™}, or csch~!. The graphs of sinh, tanh, 
coth, csch, and their inverses are sketched in Figure 2. In each case, the graph of the 
inverse function is obtained by reflecting the graph of the function about the line 
у= х. 

The hyperbolic cosine and its reciprocal, the hyperbolic secant, аге not invertible 
because their graphs do not satisfy the horizontal-line test. However, the portions of 
these graphs that lie to the right of the y axis do satisfy the horizontal-line test: 
hence, their reflections across the line v = x are taken, by definition, to be the 
graphs of cosh~! and sech '! (Figure 3). 

Since D, sinh x = cosh x > 0, it follows that sinh! is a differentiable function 
by the inverse-function theorem (Theorem 1, page 406). Now, suppose that и is a 
differentiable function of x. and let 


y-sinh'u  sothat u= sinh y 
Implicit differentiation of the last equation gives 
Du = cosh y Dw 


1 
cosh y 


Hence, Dy = Ри 


Since cosh? y — sinh? у = 1 and cosh y > 0, we have 


cosh y = МІ + sinh? y = VI u^ 


and it follows that 


or 


uw 


4 
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Figure 2 


x 


y sinh 


(b) 


(a) 


x 


= csch^! 


(d) 


Figure 3 


y =sech"! x 


(b) 
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Similar differentiation rules may be derived for the remaining inverse hyperbolic 
functions; for instance, 


Р, cosh’ ! м 


D ani u = 


(Problem 50). 


; dy 
EXAMPLE 6 If y = tanh ' (sin 2x), find pl 
JG Ema dx 
dy 1 d 
SOLUTION = = а А 2st 
dx [| — Sr с 
2 cos 2x 
GIGA Dc 2 wse Bye 
cos” 2x 
Problem Set 7.8 
In Problems 1 to 8, prove each identity. In Problems 19 to 22, use implicit differentiation to find dy/dx. 
1 sinh (—x) = —sinh x 2 cosh (~x) = cosh x 19 x? = sinh y 
3 sinh (x + у) = sinh x cosh y + sinh y cosh x 20 sinh x = cosh y 
4 cosh (x + y) = cosh x cosh y + sinh x sinh y 21 sin x = sinh y 
5 1 — tanh? x = sech? x 6 coth? x — I = csch? x 22 tanh? x — 2 sinh y = tanh y 
П Ер hi oetl 8 sinh (1 NC 
ur u oi nins D auc In Problems 23 to 30, evaluate each integral. 
© 9 Use a calculator with an е" (or EXP) key to evaluate the follow- 23 | cosh 7х dx 
ing quantities as accurately as you can. 
"mdi 
(a) sinh [.2 (b) cosh (— 1.4) (c) tanh 0.7 24 | sinh = dx 
(d) coth 1.3 (с) sech 0.6 (f) csch (—0.9) 


: 25 | sech? 3x dx 
[O10 Sketch the graphs of (a) у = tanh x, (b) y =coth x, (c) 


y = sech x, and (d) y = esch x. n? Vx 
26 | = dx 
x 


In Problems 11 to 18, differentiate each function. 


27 | sinh 5x ve 


11 f(x) = sinh (3x? + 5) 12 р(х) = cosh (In x) cosh? 5x 


13 f(t) = In (sinh 2°) 14 fi) = e tanh u T IE ОЕА 
15 A(t) = tanh e” 


] 
» | j 3, si x dx 
16150) = иша ЛАР бу) p eh хаша 


3 


tanh x 
E dt -P 
17 G(s) = зїп '! (tanh s) 18 fix) = | E 30 | sinh* x cosh x dx 
1 0 


3| Evaluate f cosh (In x) dx. (Hint: Use the definition of cosh be- 


fore integrating.) 


32 Derive differentiation rules for (a) cosh и, (b) coth и. (c) sech и, 
and (d) csch и. 


33 Show that if A, B, and К are constants, the function 
у =A sinh Ах + В cosh Ах is a solution of the differential equa- 
tion y" — Ху = 0. 


34 Find the area under the curve у = sinh x between x = 0 and 


х= 1. 
In Problems 35 to 44, differentiate each function. 


35 fix) = sinh“! x? 36 g(x) = cosh '! (sec x) 


37 h(x) = cosh"! = 38 F(t) = tanh ! (sin г) 


39 G(r) = tanh”! Sr 

40 H() = In VP — 1 - rianh ! г 
4l f(x) = x cosh! e? 

42 р(х) = x sinh! x- VI e x? 


43 h(u) = u tanh! (In u) 


45 Let y = sinh! x, so that x = sinh y = 2(e* — е ?). (a) Show 
that (e?)? — 2xe* — 1 = 0. (b) Recalling that e" is always posi- 
tive, solve the quadratic equation in (a) for е? and thus show that 

= х + Мх? + 1. (c) Using the result in (b), show that 
sinh"! x = In (x + Vx? + 1). 


46 Proceeding as in Problem 45, show that 


l| sb se 
1— 


1 
= ге 
tanh x 5 In for |x| < ! 


In Problems 47 to 49, justify the given integral formula by differen- 
tiating the right side. 


dx x 

47 | Pa = sinh! ec for a0 
Va? + х? а 
а 1 E 

48 Lon Š an dE a 
GP a a 


dx X 
49 2 = eciam a>0 
Wir а" a 


50 Derive the differentiation rules for (a) cosh”! and (b) tanh7!. 


51 Use the formula in Problem 47 to evaluate 


| dx 
V9 + х2. 
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52 Use the formula in Problem 47 to find the area of the region 
bounded by the curve у = 16/V 16 + x^ and the lines x = 0, 
у= 0, and x = 3V2. 


53 When a flexible cord or chain is suspended from its ends, it 
hangs in a curve called a catenary whose equation has the form 
y — a cosh (x/a), where a is a positive constant (Figure 4). Find 
the length of the catenary between (—b, a cosh (b/a)) and 
(b, a cosh (b/a)). 


Figure 4 У 


54 The famous Gateway Arch to the West in St. Louis has the shape 
of an inverted catenary (see Problem 53). The equation of any 
such arch takes the form y = А + a[] — cosh (x/a)]. where a is 
a positive constant, Л is the height of the arch, the two bases of 
the arch lie on the x axis. and the apex of the arch lies on the y 
axis. Show that the distance between the two bases of such an 
arch is 2a cosh! [1 + (h/a)] units. 
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THEOREM t 


PROOF 


Exponential Growth and Decay 


One of the most important applications of exponential functions occurs in the study 
of a quantity that grows or decays at a rate proportional to the quantity itself. For 
instance, money invested at compound interest increases at a rate that is propor- 
tional to the amount of money earning interest. We discuss such growth and decay 
in this section. We begin by establishing some useful technical results. 


The Exponential Function as a Limit 


On page 426 we provisionally defined e to be the limit as и — +% of [1 + (1/1)]". 
However, at that stage of the game, this was not really legitimate since we didn't 
have Definition 1 on page 445 at our disposal, so the meaning of [1 + (1/u)]* when 
u is irrational was in doubt. Now we can prove the following theorem. 


e as a Limit 


In the expression [1 + (1/0)[“, we put Ax = l/u, so u = 1/Ax and 
1 Nu 
(1 A —) zu oit) єє 
и. 


Notice that u —> +% as Ах — 0° and that u — —% as Ах — 07. Hence, the equa- 
tions to be established can be written 


e= lim (лымы = aims +A 
Ax—0 Ax—0 


or simply as the single equation 


e= lim (1 + Ах)" 
Ax—0 
To prove this, we use Definition 1 on page 445 to write 
1 
(1 Er А) = eS In (+ Ax) = exp ES In (1 + iv] 
Ах 
The proof will be complete once we show that 


| 1 
Jim, E In (1 + iv =] 


for then 


; | 
1 à d 1/Ах = 1 1 — p = == 
Jim, (1 + Ax) exp К |+ i (UL SE м] сехр Ee 


will follow from the continuity of the exponential function. Thus, let 


f(x) = In x for x — 0 
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1 
so that fü)211-20 je = and 0) =! 
х 
| 1 - fü*Ao0 _  fü1*49-KD0 
Nw. Eu Е ш xo] = жоо Ах B A. Ax 


and our proof is complete. 


THEOREM 2 The Exponential Function as a Limit 


PROOF The equations obviously hold when a — 0. Thus, we can assume that a Æ 0. First 
we consider the case in which a > 0. Put u = h/a, noting that u — +% as h — +90. 
Therefore, 


| а А | а (л/а)а ] ? 1 Vv 
amo Wl sr == lim {1+ 2) = ий (ilar = 
А +00 In4 h— +% h [ropes H 


1 и |а 
lim Є 3E ij | 
и +9 и 


We put v = [1 + (1/1)]", noting that lim v = e by Theorem 1. By Theorem 3on 


ll 


page 446, у“ is a differentiable function of v; hence, it is a continuous function of 
v. Therefore, 


h 
lim (1 ati а. = lim у= ( lim Уу) =ef 
h и> too 


һ->э+%® Pia Б 


Similar arguments take care of the cases in which a < 0 and in which й > =% 
(Problem 50). 


EXAMPLE і Evaluate each limit: 


4 3 2t 
(a) lim (1 +5x) (b) lim (1 +3) 


toto \ 
SOLUTION 


(a) Let h = 1/x, so that x = l/h, and note that h — +% as x —50*. Thus, 


5 h 
lim, (1 + $9 = lim (1 + ij =e 
x—0 Аэ + 


h 
3 2t 3 12 
(b) lim (1 ar = = lim Ir ES 
г>+= t p— +o t 


DE 172 
-| lim (1 =i = (e^ = e 
t— +2 t 


GIEXAMPLE 2 Telephone calls coming into a certain switchboard follow a Poisson 
probability distribution, averaging c calls per minute. The theory of probability 
gives P = „Пт c[1 — (с/п)]' ! as ће probability that exactly one call comes into 


the switchboard during any given 1-minute period. Find P if c = 4 calls per minute. 
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SOLUTION. P= lit, —————— M ——— = 


by Theorem 2. For c = 4, we have P = 4e~* == 0.073 = тббо. and we could expect 
exactly one incoming call during approximately 73 of 1000 one-minute periods. 


Compound Interest and Present Value 


Suppose that a principal P dollars is invested for а term of г years at a nominal 
annual interest rate r compounded л times per year. Thus, the interest is peri- 
odically calculated and added to the principal. The time interval between successive 
conversions of interest into principal, (1/n)th of a year, is called the conversion 
period. 

At the end of the first conversion period, an interest of P(r/n) is added to the 
principal, so that the value of the investment is P + P(r/n) = PH + (r/n)] dollars. 
At the end of the second conversion period, an interest of PHL + (r/n)](r/n) is 
added, and the value of the investment is 


r PG r r p 
СЕДЕ Е аа dollars 
n n Ên n n n 


At the end of the third conversion period, an interest of P[1 + (r/n)]°(r/n) is added, 
and the value of the investment is 


ZU + zy + P(t + =A = pli ar -Jü ар а = p ар zy dollars 


Г \ п! 


and so on. Evidently, at the end of K conversion periods, (ће value of the invest- 
ment is 


eye 
Zr 4r т) dollars 
"n 


Over the term of ¢ years, there will be K = nt conversion periods, so the final value 
S dollars of the investment will be given by 


H|EXAMPLE 3 If you invest P = $500 at a nominal annual interest rate of 8 percent 
(that is, г = 0.08), what is the final value 5 of the investment after a term of t = 3 
years if the interest is compounded (a) quarterly, (b) monthly, (c) daily? 


SOLUTION 
(a) Here n = 4, so 5 = 500[1 + (0.08/4) 7 = 500(1.02)'* = $634.12. 
(b) Here n = 12, so 5 = 500[1 + (0.08/12)]!2 = $635.12. 
(c) Here n = 365, so 5 = 500[1 + (0.08/365) ^? = $635.61. 


When a bank offers compound interest, it usually specifies not only the nominal 
annual interest rate ғ, but also the effective simple annual interest rate R, that is, the 
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rate of simple annual interest that would yield the same final value over a 1-уеаг 
term as the compound interest. Thus, 


- \ad) 


ра + =р(1+ 2) ог += (1+2) 


Therefore, 


(d EXAMPLE 4 A bank offers savings accounts at 8 percent nominal annual interest 
compounded quarterly. Find the corresponding effective simple annual interest 
rate R. 


r n 
SOLUTION R= (1 e^ = = 


0.08 ` 
n’ | 


4 
] ar = — 1 = 0.0824 = 8.24% 


Money that you will receive in the future is worth /ess to you than the same 
amount of money received now, because you miss out on the interest you could 
collect by investing the money now. For this reason, economists use the idea of the 
present value of money to be received in the future. If there is an opportunity to 
invest P dollars at a nominal annual interest rate r compounded n times a year, this 
principal plus the interest it earns will amount to 5 dollars after г years, where 


S= r(i "1 2)" 


Thus, P dollars in hand right now is worth 5 dollars to be received t years in the 
future. Solving the equation above for P in terms of S, we obtain the equation 


for the present value P dollars of an offer of 5 dollars to be received t years in the 
future. 


EXAMPLE 5 Find the present value of $500 to be paid to you 2 years in the future 
if investments during this period are earning a nominal annual interest of 10 percent 
compounded monthly. 


SOLUTION Here 5 = $500, r = 0.10, n = 12, t = 2, and 


-120) 
) — $409.70 


Some banks offer savings accounts with interest compounded not quarterly, not 
weekly, not daily. not hourly, but continuously. The formula for continuously 
compounded interest is obtained by letting n> + in the formula for compound 
interest. Thus, using Theorem 2, we have 


б r nt r` nye r yape 
S = lim 26 +4) = lim alt а, | - p| lim ( +2. | 
пэ + n no n” n— +2 H 


P(e’! = Ре" 
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Therefore, if a principal of P dollars is invested for a term of t years at a nominal 
annual interest rate r, the final value S dollars of the investment is given by 


The corresponding effective simple annual interest rate R, obtained by solving the 
equation P(1 + R) = Pe’? for R, is given by 


R-e-1 


(EXAMPLE 6 The New Mattoon Savings Bank offers a savings account with con- 
tinuously compounded interest at a nominal annual rate of 8 percent. 


(a) Find the corresponding effective simple annual interest rate R. 


(b) What is the final value 5 dollars if P = $500 is deposited in such an 
account for a term of 3 years? 


SOLUTION Here Р = $500, г = 0.08, and г = 3. 


(а) R =e" —) = е098 — | = 0.0833 = 8.33% 
(b) S = Pe" = 5000909 = $635.62 


Solving the equation 
S = Ре" 


for Р in terms of 5, r, апа г, we obtain the formula 
Р = Se" 


for the present value Р dollars of an offer of 5 dollars to be received г years in the 
future if investments during this period are earning a nominal annual interest rate r 
compounded continuously. 


IgEXAMPLE 7 Find the present value of $6000 to be paid to you 3 years in the future 
if investments during this period are earning a nominal annual interest rate of 
9 percent compounded continuously. 


SOLUTION Here 5 = $6000, г = 0.09, 1 = 3, and 
Р = Se^" = 60000" °° = $4580.28 


Exponential Growth and Decay 


Suppose that a positive quantity q is changing in time at a rate dq/dt that is propor- 
tional to q itself; that is, 


where & is the constant of proportionality. If k > 0, then dq/dt > 0, so q is increas- 
ing as time goes on; whereas if k < 0, then dq/dt < О and q decreases as time 
passes. The constant А is called the growth constant. 


Figure 1 4 


k 
а= 40. 


dg k>0 


exponential 
growth 


q =e E A 
к<0 


exponential 
decay 


(b) 
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The differential equation dg/dt = kq is separable, so it can be rewritten as 


1 
taka 
q 
Integration of both sides of the last equation yields 
Ing = kt + C 


where C is the constant of integration. It follows that 


Ing — ек +6 = ek C Or (C fel 


e e q-—e'e 


Suppose that qo is the value of q when t — 0. Then 


qo = eek = eCe? = ос 


Therefore, the general solution of the differential equation dq/dt = kq is 


DEZ toe 


A positive quantity q whose value at time z is given by q = qoe" is said to be 
increasing, or growing, exponentially if k > 0, and it is said to be decreasing, or 
decaying, exponentially if k < 0. Graphs of q as a function of t for exponential 
growth and for exponential decay are shown in Figure 1. 


EXAMPLE 8 Solve the differential equation dq/dt = 3q with the initial-value con- 
dition that д = 2 when ¢ = 0. 


SOLUTION Separating variables and integrating, we have 
dq 
—=3dt so that Ing=3t+C 
q 
Therefore, т 
eng = erc Or g= есе?! 


Substituting q = 2 and t = 0 into the last equation, we find that 


and it follows that 


When one-celled organisms reproduce by simple cell division in a culture con- 
taining an unlimited supply of nutrients, the rate at which the population of 
organisms increases is often proportional to the number of organisms present; 
hence, the growth is exponential. 


I] EXAMPLE 9 Bacteria grown in a certain culture increase at a rate proportional to 
the number of bacteria present. If there are 2500 bacteria present initially and if the 
number of bacteria triples in 3 hour, how many bacteria are present after г hours? 
How тапу are present after 2 hours? How long will it take before there are 1 million 
bacteria present? 


SOLUTION Let q be the number of bacteria present after г hours, so that 


dq 
EL ж 
dt i 
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where k is the constant of proportionality. Separating variables and solving this 
differential equation, we find that 


q = qoe" 


where фо = 2500 is the number of bacteria present when ¢ = 0. When тг = і we 
know that q = Зоо = 7500; hence, 


7500 =V 5007 quc Seque 


From the last equation. it follows that 


— n 3 or k=21n3 


кә | > 


Therefore, 
q = фе = 3500o 0 1^ ^^ = gg шз > 25003)" — 2500s 


Thus, after г hours, there will be 2500(9") bacteria in the culture. After 2 hours, the 
culture will contain 


2500(92) = 202,500 bacteria 


The time f required for the number of bacteria to increase to 1 million can be found 

by solving the equation 

1.000.000 _ 
2500 


1.000,000 = 2500(9') or 9 = 400 


Taking the natural logarithm on both sides of the last equation, we find that 
In 9’ = In 400 or t In 9 = In 400 


Hence. 


Radioactive substances decay at a rate proportional to the amount of the sub- 
stance present; hence, the quantity g of such a substance satisfies a differential 
equation 

d 


k 
dt 4 


with a negative constant k. Separating variables and solving this differential equa- 
tion, we find that 


q= qoe" 


where go is the amount of radioactive material present when г = 0. Although the 
decay constant А gives a measure of how rapidly the substance is decaying, the rate 
of decay of a radioactive material is usually expressed by its half-life—the length of 
time 7 during which exactly half of it will decay. 


© EXAMPLE 10 Polonium, a radioactive element discovered by Marie Curie in 1898 
and named after her native country, Poland, has a half-life of 140 days. Find the 
decay constant k. and sketch a graph showing the amount q grams of polonium 
remaining after г days if the amount when / = 0 is до = 5 grams. 
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SOLUTION The differential equation for q is 


dy _ 


k 
dt 


where k is the decay constant. Separating variables and solving this differential 
equation, we have 7 
q = qoe" 


здо = qoe" or eM =% 
Therefore, 
1 In 2 In 2 
kT = In = —in2 so that k= SS — = —0.005 
p ir 140 
The graph of g = Seco 
is sketched in Figure 2. 
Figure 2 q grams 


E-x v. LI! 
q= Se 3.0057 


t days 
Problem Set 7.9 
In Problems 1 to 8, evaluate each limit. follow a Poissou probability distribution, averaging c patients 
бү M, per hour. According to the theory of probability. 
1 lim (1 ES e 2 lim (1 22) 
hots he nto n P(k) = 
| y | зүп i n(n— 1n —2):-:(n—k- PX we # уа 
3 lim, (1 - 559^ 4 lim (1 = 2) aes kk — D - 2)***1 n n 
5 lim (1 F zy 6 lim (1 + чы gives the probability that exactly k patients will arrive at ihe 
n-»4 x n hx h emergency room during a given l-hour period. Evaluate this 
ү limit and thus find Р(Ё). 
7 lim (1— 40)“ 8 lim (1 + ux 
u—0 u—0 7 


[E In Problems 11 to 16, assume that you have invested a principal P 
dollars at a nominal annual interest rate ғ compounded n times per 
year for a term of t years. Calculate (a) the effective simple annual 
interest rate А and (b) the final value 5 dollars of your investment. 


9 Using a calculator, evaluate [1 + (6/h)]" for successively larger 
and larger values of h, and thus confirm your answer to Prob- 
lem 1. 


10 Patients arriving at the emergency room of a certain hospital 11 Р = $1000, r = 7 percent, n = 1, t = 13 years 
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P = $1000, г = 7 percent, n = 12, t = 13 years 


P = $1000, г = 7 percent, n = 52, 1 = 13 years 


Р = $1000, г = 12 percent, n = 12, ¢ = 13 years 
Р = $50,000, ғ = 13.5 percent, n = 12, t = $ year 
Р = $25,000, г = 15.5 percent, п = 52, г = 1 year 


Suppose that a bank offers to pay a nominal annual interest rate 
of 8 percent on money lelt on deposit for a 2-year term. Assume 
that a principal of $1000 is deposited. Find the final value 5 
dollars after the 2-year term if the interest is compounded 
(a) annually, (b) semiannually, (c) quarterly, (d) monthly, 
(e) weekly, (f) daily, (g) hourly, and (e) continuously. 


Find out the nominal annual interest rate r offered by your local 
savings bank for regular savings accounts and the number of 
times n per year that the interest is compounded. Using this 
information, calculate the effective simple annual interest rate R. 


Suppose that someone owes you $100 and offers to pay you this 
money 6 months from now. What is the present value to you of 
this offer if you currently have an investment opportunity paying 
8 percent nominal annual interest compounded (a) quarterly, 
(b) monthly, (c) weekly. (d) continuously? 


If a sum of money is invested at a nominal annual interest rate of 
7 percent, how leng will it take for the investment to double in 
value if the interest is compounded (a) quarterly, (b) monthly, 
(c) continuously? 


A savings bank with $28 million in regular savings accounts is 
paving a nominal annual interest of 5.5 percent compounded 
quarterly on such accounts. The bank is contemplating offering 
the same rate of interest, but compounding continuously rather 
than quarterly. 1f this plan is implemented, (a) what effective 
simple annual interest rate R can the bank advertise on its sav- 
ings accounts and (b) how much more interest will the bank have 
to pay out per year on these accounts? 


On Jay's 16th birthday, his father promises to give him $50,000 
when he turns 21 to help set him up in business. Local banks are 
offering savings accounts at a nominal annual interest rate of 
7 percent compounded continuously. Jay, who has studied 
the mathematics of finance, says, ‘Dad, ГИ settle for 
dollars right now!” Fill in the blank appropriately. 


Money deposited in a certain savings account doubles every 9.9 
years with the interest compounded continuously. (a) What is 
the nominal annual interest rate? (b) What is the effective simple 
annual interest rate? 


The inflation rate in a certain country has been 11 percent per 
year for the past 5 years. If in that country a loaf of bread now 
costs $1, how much did it cost 5 years ago? 


How much money should you invest at 8 percent compounded 
continuously in order to have $40,000 after 15 years? 


Government economists, monitoring the rate of inflation, often 
report a monthly rate г and the corresponding annual cate R that 


would result if that monthly rate continued for 12 months. The 
understanding is that, on the average, if an article cost P dollars 
at the beginning of the month, then it would cost P + Pr dollars 
at the end of the month; similarly, if an article cost P dollars at 
the beginning of the year, it would cost P + PR dollars at the 
end of the year. (a) Show that R = (1  r)'? — 1. (b) Find the 
annual rate of inflation corresponding to a monthly rate of 1 
percent. 


In Problems 27 to 32, solve each differential equation with the given 
initial-value condition. 


27 


fel 
[297 
[e] 


36 


38 


1 

“t= 54. а= 2 when = 0 

dt 

ак 2y, у= 10 when x = 0 

dx 

ur —4N, N = 40 when t= 0 
dt 

L _ —2y, y = —10 when x = 0 
dx 

ат 10-9, q = 3 whens =0 
dt 

а 
= = —02(80 — x), x = 0 when = 0 


Bacteria grown in a certain culture increase at a rate proportional 
to the number of bacteria present. If there are 1000 bacteria 
initially and if the number of bacteria doubles in 15 minutes, 
how long will it take before there are 2 million bacteria present? 


Bacteria in a culture have a natural tendency to increase by 25 
percent each hour; however, an experimental bactericide present 
in the culture kills 20 percent of the bacteria each hour. How 
much time is required for the number of bacteria to double under 
these conditions? 


Ecologists have determined that the rate at which the population 
of bears in a protected forest area increases is proportional to the 
number of bears. If there were 225 bears in 1977 and 239 bears 
in 1980, how many bears will inhabit the region in 1990? 


If a quantity q is growing exponentially in time with a growth 
constant А. show that the percentage of increase of q in ] unit of 
time is given by (ef — 1) x 100 percent. 


The number of bacteria in an unrefrigerated chicken salad triples 
in 2 hours. In how many more hours will the original number of 
bacteria be multiplied by a factor of 50? 


Suppose that a quantity q is growing or decaying exponentially 
in time and that А is the growth or decay constant. Assume that 
q = qı whent = tj and q = 4 whens = t. If tj # t5. prove that 


{139 


40 


[£141 


42 


[143 


@44 


145 


The bacterium Escherichia coli is found in the human intestine. 
When Е. coli is cultivated under ideal conditions in a biological 
laboratory, the population grows exponentially and doubles in 
20 minutes. Suppose that qo = 10 Е. coli cells are placed in a 
nutrient broth at time z = 0 minutes. (a) Write an equation for 
the number q of E. coli bacteria in the colony ¢ minutes later. 
(b) Find g when ¢ = 60 minutes. 


Prove that the solution q = qoe" of the differential equation 
dq/dt = kq is actually the complete solution. To do this, assume 
that g = f(t) is a solution and that фу = f(0) and then calculate 
DAf(e*). 


At a certain instant, 100 grams of a radioactive substance is 
present. After 4 years, 20 grams remains. (a) How much of the 
substance remains after 8 years? (b) What is the half-life of the 
substance? 


If K x 100 percent of a radioactive substance remains after t 
years, show that the half-life of the substance is T years, where 


T = (t In 2)/(—1n K). 


If the half-life of polonium is 140 days, how long does it take for 
2 grams of polonium to decay to 0.1 gram? 


In the chemical processing of a certain mineral, the rate of 
change of the amount of mineral remaining is proportional to 
this amount. 1f 100 kilograms of mineral has been reduced to 70 
kilograms after 8 hours, what quantity of the mineral remains 
after 24 hours? 


In 1921, President Warren G. Harding presented Marie Curie a 
gift of 1 gram of radium on behalf of the women of the United 
States. Using the fact that the half-life of radium is 1656 years, 
determine how much of the original 1-gram gift was left in 1981. 


Marie Curie with President Warren G. Harding, 1921 
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46 Infusion of a glucose solution into the bloodstream is a standard 
medical technique. The concentration q of glucose in the blood- 
stream ¢ minutes after the beginning of the infusion is governed 
by a differential equation of the form dq/dt = k(A — q), where 
A and k are positive constants that depend on the rate at which 
the glucose is converted and removed from the bloodstream. 1f 
qo is the value of q when ¢ = 0, find a formula that expresses g 
in terms of qo, A, and k. Assuming that gg < A, find lim q and 
interpret the result. АЖ 


(£147 A mobile home initially costs $28,000. If it depreciates at а rate 
that is proportional to its value and if it has a value of $20,000 
after 2 years, what is its value after 10 years? 

148 A cylindrical tank with a vertical central axis is 2 meters high 
and has a cross-sectional area of 9 square meters. The tank is 
initially full of benzene, but there is a leak in the bottom and the 
benzene is running out at a rate proportional to its depth. Find 
the volume of benzene in the tank at the end of 2 days if the tank 


is half full at the end of 12 hours. 


49 In 1960, the U.S. scientist Willard Libby received the Nobel 
Prize in physical chemistry for his discovery of the technique of 
radiocarbon dating. When a plant or animal dies, it receives no 
more of the naturally occurring radioactive carbon (“С from the 
atmosphere. Libby developed methods for determining the frac- 
tion F of the original ІС that is left in a fossil and made an 
experimental determination of the half-life T of (АС. If F is the 
fraction of the original "^C left in a fossil, show that the original 
plant or animal died г years ago, where г = —T(In F/In 2). 


50 Complete the proof of Theorem 2 by considering the cases in 
which a < 0 and in which 4 — —®. 
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(151 An ancient scroll is unearthed, and it is determined that it con- 
tains only 76 percent of its original ‘С. If the half-life of "C is 
T = 5580 years, use the result of Problem 49 to determine the 
age of the scroll. 
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7.10 Mathematical Models for Biological Growth 


In this section, we consider some of the mathematical models currently used in the 
life sciences to describe biological growth. The construction of realistic mathemati- 
cal models nearly always requires the patient accumulation of experimental data, 


Figure 1 sometimes over a period of many years. In Figure 1, we plotted points (t, N) 
V million showing the population № of the United States in the year 1790 + t. according to the 
а U.S. Census Bureau. These points seem to lie along a curve that is reminiscent of 
200 Lo das t the graph of exponential growth (Figure la in Section 7.9). and they therefore 
in OW C suggest the mathematical model 
1790 * t 


150 N= Nae" 


for the growth of the population of the United States. 

In 1798, the English economist Thomas Malthus made similar observations about 
the world population in his Essav on the Principle of Population. Because Malthus 
also proposed a linear model for the expansion of food resources, he forecast that 
the exponentially growing population would eventually be unable to feed itself. 
This dire prediction had such an impact on economic thought that the exponential 
model for population growth came to be known as the Malthusian model. 

Consider a population growing according to the Malthusian model 


Of course, No is the population when г = 0; but what is the meaning of the growth 
constant К? To find out, let's consider how the population changes in 1 year. At the 
beginning of the (f + 1)st year, the population is Noe", and at the end of this year it 
is Noe" * , During the year, the population increase is 


Noe + IW 9 Noe" == os = 24) = No(ete* a. е“) 
= Мое“ (е^ = 1) 
The percentage of the increase in population during the year is therefore given by 


increase during the year Мое“ (е^ — 1) 
ean eee ПО А 
population at the beginning of the year Noe" 
= (е* — 1) x 100% 


In other words, if the yearly percentage increase in population is expressed as a 
decimal K, we have 


fe e D tul ay 


(EXAMPLE 1 According to the U.S. Census Bureau, the population of the United 
States in 1980 was No = 226 million. Suppose that the population grows according 
to the Malthusian model at 1.1 percent per year. 


(a) Write an equation for the population № million of the United States т years 
after 1980. 

(b) Predict N in the year 2000. 

(c) Predict N in the year 2020. 
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SOLUTION 
(a) Expressed as a decimal, 1.1 percent is К = 0.011. Therefore, 
k= In (1 + К = In 1.011 = 0.011 
and we have 
N= Noe" = 226e? 0117 
(b) In the year 2000, £ = 20 and 
N = 2262991100 = 556992? = 582 million 

(c) In the year 2020, г = 40 and 


N = 2262991100 = 55650 = 35] million 


In the example above, the growth constant k = In (1 + К), rounded off to three 
decimal places, is the same as the yearly percentage of population increase ex- 
pressed as a decimal K. This is no accident. Indeed, suppose that K is small, and let 
у = f(x) = In x. By the linear-approximation theorem (Theorem 1, page 249) with 
x, = 1 and Ах = К, we have 


ДО SE AS em 0) se YS 
Here, f(1) = In 1 = 0, and since f'(x) = 1/x, f'(1) = 1. Therefore, if К is small, 


kK=In(l+kK)=K 


In fact, if K = 0.06 (6 percent per year), then the error in the approximation k ~ K 
is less than 3 percent. 

For any growth model, it is interesting to ask when the growing quantity doubles. 
If T is the doubling time for the Malthusian model N — Noe", then 


heen = AN е! or et Г Dekt 
that is, 
Cie =e" or) fe 
Thus, 
КТ = In 2 


and we have the formula 


EXAMPLE 2 If the population of the United States grows according to the Malthu- 
sian model at 1.1 percent per year, in approximately how many years will it double? 


SOLUTION Неге К = 0.011, so 
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Figure 2 


N 


P, = inflection point 


Inhibited-Growth Models 


When one-celled organisms reproduce by simple cell division in a culture contain- 
ing an unlimited supply of nutrients, the Malthusian, or exponential, model N = 
Noe" for the number № of organisms at time / is often quite accurate. In a natural 
environment, however, growth is often inhibited by various constraints that have a 
greater and greater effect as time goes on— depletion of the food supply, build-up of 
toxic wastes, physical crowding, and so on—and the Malthusian model may no 
longer apply. 

If No organisms are introduced into a habitat at time г = 0 and the population N 
of these organisms is plotted as a function of time г, the result is often an S-shaped 
curve (Figure 2). Typically, such a curve shows an increasing rate of growth up to 
a point of inflection P;, followed by a declining rate of growth as the population № 
levels off and approaches the maximum population C that can be supported by the 
habitat. The horizontal line N — C is an asymptote of the graph, and the constant C 
is called the carrying capacity of the habitat. 

There are a number of growth models that produce the characteristic S-shaped 
curve of Figure 2. Many of these models for inhibited growth are obtained by 
replacing the growth constant & in the differential equation 

dN _ 


dt 


for exponential growth by a variable growth factor g(N) that decreases as the 
population N increases. Thus, a differential equation for inhibited growth has the 
form 
dN _ (NN 
dt 3 
where the growth factor g(N) is positive but decreases as N increases. 

Perhaps the simplest model for inhibited growth is the logistic model, obtained 
by using a linear growth factor 


g(N) =k- АМ 


where А and К are positive constants. (Because of the negative sign, g(N) decreases 
as N increases.) Our calculations will be simpler if we let C = k/A, so that A = k/C 
and 
k C= 
(N)=k-AN=k-—N= 
gUN) C C 


k 


Hence, the differential equation for logistic growth takes the form 


where k and C are positive constants. 
To solve this differential equation, we begin by separating variables as follows: 


(C 
SIN e dk el 
(С мм“ ; 
Notice that 
(C 1 1 
= — + E 
(C — N)N СУУУ 
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Therefore. 
ШИШ . „ “^з 
етт EN yg 


Integrating both sides of the last equation, we obtain 


dN dN 
ui = |а or Nan — Ar ar IU se +C, 
(С ==) N 
where Су is the constant of integration. Using the properties of logarithms, we can 
rewrite the last equation as 
N N 


= +С or 
C= А GSN 


In 


Now we take reciprocals of both sides of the last equation to obtain 
С = ү 7 
í = ea = e Сет = one 


where we have put Со = e €'. Thus, 

C (C 
Е С or SS sr Cian 
N N 


Solving the last equation for №, we obtain the equation for logistic growth: 


If No is the value of № when / = 0, we have 


C С 
or No = 


jm Lem 
UN PUT ES 


Solving the last equation for Се, we find that 


In what follows, we consider the case in which 0 < Ng « C. (The case in which 
C = Ng is considered in Problem 8.) Thus, since both C — No and № are positive, it 
follows that Со is positive. Therefore. the denominator 1 + Сое“ in the equation 
for logistic growth is greater than 1, and we have 0 < N < C for all values of t. 
Also, since 


Е Я (C 
lm N= lm meyer = (C 


г + += 1+ Сое“ 1+0 Ё 
the horizontal line N = C is an asymptote of the graph of the equation. We leave it 
as an exercise for you to show that the graph has a point of inflection Р; = (tj. Nj) 
given by 


(Problem 14). 
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EXAMPLE 3 Suppose that the population N million of the United States grows 
according to the logistic model 


C 


N= 
l + Coe M 


where t is the time in years since 1780 and where k = 0.03. Use the following data: 
'The population in 1780 was 3 million, and the population in 1880 was 50 million. 


(a) Find the carrying capacity C. 

(b) Find N in the year 1980. 

(c) Find N in the year 2000. 

(d) Determine when the inflection occurred. 


In each case, round off the population to the nearest 10 million. 


SOLUTION 


(a) From the data given, No = 3 million in 1780 when г = 0. Thus, 


CHiN c3 
Gg EL 
No 3 


and we have 


N C N 3C 
C —u—— BÀ ee е r äp o 
Li E= ду?” 9 34 (C-— 3jg DEB 


Using the fact that N = 50 million in 1880 when г = 100, we substitute into the 
last equation to obtain 


36 3 
a Буса 0 S0[3 4-(C = 3)e ^ | ae 


Thus, 
150 + 50Ce ^? — 150e ^? = 3C Or (3 — 50е 3)С = 150(1 — е7?) 


and it follows that the carrying capacity is 


БОШ ai 
eie n UE ХП кїйє 
3 aber 
(b) Substituting C = 280 in the equation obtained in part (a), we have 
3С 840 


бле ey ae End 
СЕВ о 


Hence, in 1980, when ¢ = 200 years, 


840 


= Me 5 
N 34 2775-0 030300 230 million 


(The correct value according to the 1980 census was 226 million, so our 
logistic model has predicted the correct value with an error of less than 2 
percent.) 


(c) In the year 2000, г = 220 years and 
840 
N = 


а DI Whi 
2 dt 271, 9.93220) 250 million 
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[Compare this with the prediction of 282 million according to the Malthusian 
model (page 469). Notice that the “‘leveling off" built into the logistic model 
has apparently taken hold.] 


f 
(d) m 


(С nd No E 1 
No 


277 Чч 
= — — [п — = 150 years 
0.03 3 E 


268068 > 1 
= ln 
0.03 3 


Thus, according to this logistic model, the inflection would have taken place in 
the year 1780 + 150 = 1930. 


Problem Set 7.10 


[С] | 


E 
cu) 


The population of a small country was 10 million in 1980, and it 
is growing according to the Malthusian model at 3 percent per 
year. (a) Write an equation for the population N million of the 
country / years after 1980. (b) Predict № in the year 2000. 
(c) Find the doubling time T for the population. 


Suppose that a population that is growing according to the Mal- 
thusian model increases by 100K percent per year. Write an 
exact formula (not an approximation) for the doubling time T in 
terms of K. 


The population of a certain city is growing according to the 
Malthusian model, and it is expected to double in 35 years. 
Approximately what percent of growth will occur in this popula- 
tion over 1 year? 


Explain why, for small values of t. logistic growth is approxi- 
mately the same as Malthusian growth. 


The fruit fly Drosophila melanogaster is often used by biologists 
for genetic experiments because it breeds rapidly and has a short 
life cycle. Suppose a colony of D. melanogaster in a laboratory 
is observed to double in T — 2 days. Assuming a Malthusian 
model for growth of the colony, determine the approximate daily 
percentage increase in the size of the colony. 


Suppose that a population is growing according to the Malthu- 
sian model with a doubling time Т. If No is the original size of 
the population when ¢ = 0, show that the population : units of 
time later is given by № = №277. 


Suppose that a herd of 300 deer, just introduced into a game 
preserve, grows according to the logistic model with К = 0.1. 
Assume that the herd has grown to 387 deer after 5 years. 
(a) Find the carrying capacity C of the habitat for deer. (b) Find 
the population N of the herd after 7 years. (c) When does the 
inflection occur in the population of the herd? 


Consider the solution of the logistic differential equation for the 
case in which C = №. (a) Show that Со = 0. (b) If C = No, 
show that N is constant. (c) If C « No, show that N decreases as 
t increases. (d) If C < No, show that the graph of N is concave 
upward for ¢ > 0 and has the line № = C as a horizontal asymp- 
tote. 


9 9 


12 


Figure 3 


On the same (N, 1) coordinate system, sketch accurate graphs of 
(a) the population N of the deer herd in Problem 7 and (b) the 
population N that would result if the herd grew exponentially 
with growth constant К = 0.1. 


In the equation for logistic growth, solve for t in terms of N to 
obtain ¢ = (1/k) In [NCo/(C — N)]. 


In 1800, the population of Sweden was 2.35 million. Suppose 
that the population N has been growing since then according to a 
logistic model with & — 0.023. In 1900 the population of Swe- 
den was 5.14 million. (a) Find the population carrying capacity 
C of Sweden according to the logistic model. (b) Use the logistic 
model to estimate the population of Sweden in 1970. (Note: In 
1970, the population of Sweden was actually 8.08 million.) 


If a certain population N is thought to be growing according to 
the logistic model, the value of the constant К is often found 
experimentally as follows: First. an estimate is made for the 
carrying capacity C of the habitat. Then values of N are meas- 
ured corresponding to several different values of т, and 


т М 
CEN 


у=! 


is calculated for each observed value of N. The points (f, у) are 
plotted on a graph (Figure 3). and a straight line L that “‘best 
fits" these points is drawn. The constant К is taken to be the 
slope of the line L. Justify this procedure. (Hint: Use the result 
of Problem 10 to show that Ar = y — b, where b is the value of y 
when : = 0.) 
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Consider the inhibited-growth model given by the dilferential 
equation dN/dt = g(N)N, where the variable growth factor has 
the form g(N) = [(C/N) — 1]K. Because of its extensive use by 
psychologists to study the learning process, this is often called 
the learning model. (a) Show that the solution to the differential 
equation above is N = С(1 — Coe"), where Cg = 1 — (М/С). 
(b) Show that = С is a horizontal asymptote of the graph of N 
as a function of t. 


Verily the formulas on page 471 for the coordinates (tj, №) of 
the point of inflection for the logistic model. 


The learning model in Problem 13 often provides a realistic 
model for population growth. Suppose the deer herd in Prob- 
lem 7 grows according to this growth model with C — 700, 
k = 0.05, and No = 300. Sketch the graph of N as a function of 
г according to this model, and compare it with the graphs 
sketched in Problem 9. 


Outline a procedure for determining the constant & for the learn- 
ing model in Problem 13. The procedure should be similar to 
that in Problem 12, but with y = In (CAC — №]. 


Suppose that 0 < No « C for the learning model in Problem 13, 
and show that the graph of № as a function of г has no point of 
intlection. 


A seasonal-growth model is described by a differential equa- 
поп of the form dN/dt = (g(N) cos (wt — )]N in which the 
growth factor g(N) is multiplied by a periodic function of t to 
account for seasonal variations in the rate of growth (for in- 
stance, variations caused by seasonal changes in the availability 
of food). If g(N) = k, for all values of №, where k is a positive 
constant, solve this differential equation with the initial condi- 
tion that № = № when г = 0. 


7.11 


[c] 19 


© 20 


Suppose that a particular person learning to type is able to type N 
words per minute after г hours of practice. Assume that at the 
beginning, when 1 = 0, this person can type 10 words per min- 
ute by the ‘*two-finger’” method. If N increases according to the 
learning model in Problem 13 with C = 100 and k = 0.025, 
(a) how many words per minute can this person type after 1 = 30 
hours of practice and (b) what is the rate of improvement dN/dt 
in words per minute per hour of practice when # = 30 hours? 


An advertising campaign is aimed at a projected 100,000 poten- 
tial purchasers of a new high-performance luxury sports car. The 
rate at which more of these potential purchasers become aware 
of the new sports car because of the advertising is proportional to 
the number of people, out of the original 100,000, who have not 
yet become aware of the car. If no one has heard about the car at 
the start of ihe campaign and after 10 days 30 percent of the 
potential purchasers have heard about the car, how many of the 
potential purchasers have heard about the car after 30 days? 


The Gompertz model is the inhidited-growth model given by 
the differential equation dN/dt = g(N)N. where the variable 
growth factor has the form g(N) = (In C — In NX. (a) lf Co is 
any constant, show by differentiation that N = C exp (“Сое ") 
is a solution of the differential equation. (b) For the solution in 
part (a), show that Со = In (C/No), where № = No when t = 0. 
(c) For the solution in part (a), show that N = C is a horizontal 
asymptote of the graph. 


Does the graph of the Gompertz growth equation in part (a) of 
Problem 2] have a point of inflection? If so, what are its coordi- 
nates? 


Suppose that the deer herd in Problem 7 grows according to the 
Gompertz model in Problem 2! with No = 300, C = 700, and 
k = 0.07. Sketch the resulting graph of № as a function of t. 


First-Order Linear Differential Equations 


lf P and О are continuous functions, then a first-order differential equation of the 


form 


Jk... piti on 
dx T i 


is said to be linear. The growth models considered in Section 7.10 were all obtained 
by solving first-order linear differential equations. 

Another important example of a linear differential equation is obtained from 
Newton’s law of cooling, which states that the rate of change of the temperature of 
a cooling object is proportional to the difference between the temperature of the 
object and the temperature of the surrounding medium. Thus. if y denotes the 
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temperature of the cooling object at time ¢ and a is the temperature of the surround- 
ing medium, we have 

dy 

dt 
where & is the positive constant of proportionality and the negative sign in front of 
k is to account for the fact that y decreases as f increases. 


О EXAMPLE 1 An object with an initial temperature of 150°C is allowed to cool in 
a room whose temperature is 25°C. If after 10 minutes the temperature of the object 
has dropped to 120°C, what is its temperature after 30 minutes? 


SOLUTION Let v be the temperature of the object after ¢ minutes, so that by 
Newton's law of cooling, 
MES) 
IA = ы =D 
dt ` 
Separating variables and integrating, we have 
dy dy 
SSS Ph so that == | (EK Bch 
quc S WaS 
Therefore, 
lives c ic ш SIS 
where C, is the constant of integration. It follows that 


$c 35 е a — 95 4E dequo gg y = 25 + Сое“ 


where we have put Со = eC'. Substituting the initial conditions y = 150 when г = 0 
into the equation у = 25 + Coe ^", we find that 


150 = 25 + Сое? = 25 + Co so that (Ca = WSO = 25 = 123 


Therefore, 
{= ЭЕ 105255 


Now, when r = 10, we have у = 120, so that 
120 = 25 + 125e 10) or Тт = дай A 
125 25 
It follows that 
—-]Ok-Ini$ о к= – 1018 b5 = 0.027 
Thus. when t = 30, we have 
3 254 Se Ч 95 E99 5e 7 о BC 


Problems that involve the uniform mixing of various substances often give rise to 
linear differential equations. 


E EXAMPLE 2 A tank initially holds 100 gallons of salt water at a concentration of 
s pound of salt per gallon of water. Water containing 15 pound of salt per gallon 
runs into the tank at the rate of 2 gallons per minute, and the solution, kept uniform 
by stirring, runs out at the same rate. 
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(a) Find an equation for the number of pounds q of salt in the tank at the end of 
г minutes, and sketch the graph of this equation. 
(b) Find the concentration of salt in the tank at the end of 25 minutes. 


SOLUTION The concentration of salt in the tank at time 7 is g/100 pounds per 
gallon. In the infinitesimal time interval dr, 2 dt gallons of salt water carrying 
1502 dt) pounds of salt runs into the tank, while 2 dt gallons of salt water carrying 
(q/100)(2 dr) pounds of salt flows out of the tank. Thus, during the time interval dr, 
the amount of salt in the tank changes by the infinitesimal amount 


Caa- 10)(-“) Ib 
i : 50 


1 =, des dt) = di 
xU cdm. 100 


Therefore, q satisfies the differential equation 


4 d 
qg 10 50 


with the initial condition that 
q = (550100) = 30 Ib — when = 0 
(a) Integrating both sides of the differential equation above. we have 


Н 1 t / 
Гына д = 0) +C or ч dou c “Se” Ж ША 


q (b) 


Therefore. 


q = 10 + Coe! 
where we have put Со = eC. Since q = 30 when t = 0, it follows that 
30 = 10 + (Goce = 10 + Со 


Непсе, Со = 20 апа 


г (min) 


q = 10 + 20e"? (Figure 1) 


(Б) At the end of 25 minutes, there are 


q = 10 20e 775/59 = 10 + 20e7'/7 pounds of salt 


in the tank, so the salt concentration is 


10 + 20e- 1? 


100 = 0.22 pound per gallon 


Integrating Factors 


Until now, we have been able to solve only first-order linear differential equations 
that are separable; however, in general, a differential equation of the form 

dy 
zs or (AGI = (Оц) 

dx 
will not be separable. If such a differential equation is not separable, it can still be 
solved by using what is called an integrating factor. 
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To develop the idea of an integrating factor, we begin by considering a special 
case of the equation above in which Q(x) is (temporarily) replaced by zero, so that 


^M pi = 0 
== S 
dx Ё 
Now, this differential equation is separable. and we can rewrite it as 
dy 
as Poa 
y 


Integrating both sides of the last equation, we obtain 
ine au - [ е dx о |= С, – IET dx 
where C, is the constant of integration. Therefore, 


Ci Л Е —Cig- f Pa) dx 


lr] =e e 


Hence MI te Ce SPW dy or y= Сет Poo dx 
where we have put C = +e €. It follows that 
ye! ^? “үе G 


If we let 
Ф(х) = ef Pods 


we can write our solution as 
yó(x) = C 
The expression уф(х) on the left of the last equation deserves further study. First. 
notice that 


d d ; 1 
q 2 = adel E ef PO d a [ро dx = Ф(Х)Р(х) 


Therefore. 


d dy d ly 
7 [уф(х)] = a d(x) + yg 20 = T A(x) + vo(x)P(x) 


ф | + Р(х) | 
(=r; me — X ` 
dx is 


In other words, if you multiply 
Du ar (GOD 
dx Ў 
by the factor 
Фоо) = ef Pras 


the resulting expression is exactly the derivative of 
уф(х) 


It follows that the linear differential equation 
Та Poy = QU) 
Е о 
ах 4 


can be solved by multiplying both sides by the integrating factor Ф(х). The tech- 
nique is illustrated in the following example. 
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: : : cedi r2 e 
EXAMPLE 3 Solve the linear differential equation p ——y=rxe. 
Реч x x 
SOLUTION The given differential equation has the linear form 


d > 
- + Р(х)у = Q(x) 


with 
2 А 
PX) = – and Q(x) = x^e* 
x 


Here, the integrating factor is given by 
1 


> 


d(x) = e 1 Рх) ах a e 1 2/9 4 = e 2 Iu - Ix? = 


Multiplying both sides of the given differential equation by the integrating factor, 


we obtain 
ae 2 y) (ce) 
уу (те 
x^ ‹ах x 

or 
| dy 2 : 
——-—-—y-e 
х dx x 


Now we know that the left side of the last equation must be the derivative of 


1 у 
yO) = y= = SG 
о X- 


Hence, we can rewrite the equation as 
ail và 
een = е 
dx ^x 


Therefore, 


and it follows that 


Problem Set 7.11 


In Problems 1 to 4, solve each linear differential equation by sepa- 5 An iron ball at a temperature of 90°C is placed in a water bath at 


rating variables. 


dy 
— Rxy-0 
1 " 


3 АМ, e 100 


dt 


a constant temperature of 2°C. After 10 minutes, the ball has 
cooled to 25°C. How many more minutes is required for the ball 
to cool to 10°C? 


[© 6 А body, initially at the temperature 160°F, is allowed to cool in 


dus = ty dr air. The body cools to 100°F after 50 minutes. After 100 min- 


utes, it has cooled to 80°F. What is the air temperature? 


fal 


a 


7 A baked potato at a temperature of 200°F is placed on Melissa’s 
dinner plate. She does not start eating the potato until 7 minutes 
later. After 4 minutes, the temperature of the potato has dropped 
to 175°Е. How hot is the potato when Melissa starts to eat it if 
the air temperature is 70°F? 


8 Ifa roast at a room temperature of 70°F is placed into a refrigera- 
tor with a constant temperature of 35°F, and if the temperature 
of the roast after 2 hours is 45°F, what is its temperature after 
4 hours? 


9 A tank initially contains 50 gallons of water in which 10 pounds 
of salt 1s dissolved. Pure water runs into the tank at the rate of 3 
gallons per minute and is uniformly stirred into the solution. 
Meanwhile, the mixture runs out of the tank at the constant rate 
of 2 gallons per minute. After how long is only 2 pounds of 
dissolved salt left in the tank? 


[С] 10 Solve Problem 9 if the water running into the tank is not pure but 


contains 35 pound of salt per gallon and this water runs into the 
tank at the rate of 2 gallons per minute. 


[111 Air in a chemical laboratory contains 1 percent hydrogen sul- 


fide. An exhaust fan is turned on which removes air from the 
room at the rate of 500 cubic feet per minute. Meanwhile, fresh 
air is drawn into the room through cracks under doors and so 
forth. lf the volume of the room is 10,000 cubic feet, what is the 
concentration of hydrogen sulfide after 5 minutes? 


12 Water containing A kilograms of pollutant per cubic meter flows 


into a reservoir of constant volume V cubic meters at a rate of R 
cubic meters per second. Polluted reservoir water is drawn off at 
the same rate R, so as to maintain constant reservoir volume V. 
Let y denote the concentration of pollutant in kilograms per 
cubic meter at time f. (a) Show that v satisfies the differential 
equation dy/dt = (R/VYA — y). (b) Find the general solution of 
this differential equation. (c) Find the particular solution satisfy- 
ing the condition that y = yo when г = 0. 


13 A flu-like virus is spreading through a city of population 260,000 


at a rate proportional to the product of the number of people 
already infected and the number of people still uninfected. If 600 
people were infected initially and 30.000 people were infected 
after 10 days, how many people will be infected after 30 days? 


14 In Problem 12. suppose that polluted reservoir water is drawn 


off at a rate of r cubic meters per second, where r # R, so that 

the volume V of water in the reservoir does not remain constant. 

Again. let y denote the reservoir concentration of pollutant in 

kilograms per cubic meter at time 1. (a) 1f Vo is the volume of 

water in the reservoir when / = 0, show that V = Vo + (R — ry. 

(b) Show that у continues to satisfy the differential equation 
guy d 


pai n 


(c) Find the general solution of the differential equation in (b). 
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(d) Assuming that y = yo when г = 0, show that 


RAR —r) 


УА + (уу AA) 


In Problems 15 to 20, use an integrating factor to solve each linear 
differential equation. 


dy dy 3 

15 — – 4y = e" 16 ———-2x 
dx d dx 2 i 
dy 2 

[y —— ab Dap = Dae © 
a à te 

18 dy = xy dx + e* cos x dx 
di on 

19 S2 + Qcost2 e 9n 20 pes e 
dt in 


21 A circuit consisting of an inductor of L henrys in series with a 
resistor of R ohms is called an RL-circuit (Figure 2). If / is the 
current in amperes flowing in an RL-circuit because of a driving 
electromotive force of Е volts, then / as a function of time г 


satisfies the first-order linear differential equation 


dl R E 
— + 
dt Hi E 


(a) lf E is constant and if / = 0 when ¢ = 0. solve this differen- 
tial equation for / and find lim I. (b) Assuming that E is a 
tote 


variable, solve the differential equation. 


Figure 2 I 


22 Show that the general solution to the linear differential equation 
dy/dx + P(x)y = Q(x) is given by 


у = e | Po dx [guerre dx 


[23 Solar Industries has a current inventory of 5000 wind-powered 
generators. 10 percent of which are defective. Generators are 
chosen at random from the warehouse and shipped out to cus- 
tomers at the rate of 200 per week. Newly manufactured genera- 
tors are delivered to the warehouse at the rate of 175 per week. 
Because of improved quality control, only 5 percent of the 
newly manufactured generators are defective. What percent of 
the generators in the warehouse will be defective 1 year (52 


480 CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


weeks) from now? (Hint: Let N be the number of defective gen- 
erators in the warehouse ¢ weeks from now. Treat N as if it were 
à continuous variable, write a linear differential equation for N, 
and solve this equation.) 


24 The labor force in a certain industry currently consists of Fo 
individuals of whom v are skilled workers and Fy — yo are un- 
skilled. Workers are quitting randomly at a constant rate of c 
workers per unit time. Replacements are being hired at constant 
rates of A skilled workers and В unskilled workers per unit time. 
Denote by v the number of skilled workers employed by the 
industry at time 2, and treat у as though it were a continuous 


variable. (а) Show that the labor force F at time г consists of 


Fy + Åt individuals, where А = A + B — c. (b) Show that v Sat- 
isfies the first-order linear differential equation 

dE 

= —y = A 

dt p* 


(c) Assuming that A # 0, show that the particular solution of the 
differential equation in part (b) that satisfies the initial conditions 
F = Fo and y = yg when г = 0 is 


A AF, y Fo P 
ge — 8g sr IN) Rx (s - —— 
Жаке a er ч = os 


Review Problem Set, Chapter 7 


In Problems | to 6, show that the functions f and g are inverses of 
each other. 

1 f(x) = x* for x = 0 and g(x) = Ух 

2 fa) 2 3 +v and р(х) = Wr 3 


3 f(x) = and g(x) = R— 
lx a 

М > Я : SS ae hs 
и = =] ot te tor = 5 and AG) E === fti 

PE -i 

Qj a 

8 NJ) — —— lor HS SSS 

f(x) mr VS and 


tolea 


{ 
g(x) = sin ! (— — i) for x= 
x 
6 f(x) = е“ — e “and g(x) = пх + Мх + 4) — In2 
In Problems 7 to 10, sketch the graph of each function, and then 
use the horizontal-line test to determine whether the function is 
invertible. 
7 fs) = 3x + 5 


1 
н) == 
X 


9 Aix) = 32 + 5 


o 


T 


2 


LOVE (x) — sink tor = = a 


ro | 3 


11 Sketch the graph of the inverses of f. g, and h in Figure 1. 
12 Are there values of the constants a. b, с, and d for which the 


А y а р i. Я ; 
function f(x) = ——— is its own inverse? 
cx 


c odi 


Figure I y 3 


In Problems 13 to 16, (a) use the algebraic method to find f ', 
tb) check that ![/(х)] = x for all values of x in the domain of f. 
(c) check that f [^ ' (x)] = x for all values of x in the domain of f}, 
and (d) sketch the graphs of f and f^! on the same coordinate sys- 
tem. 


13 f(x) = 7x — 9 14 f(x) 21—Inx 


г Om 
15 fix) = т 


SOUS 16 f(x) = e + e? forx=0 


17 If f(x) = xà + 3 + 7, show that f is invertible. 


18 Suppose that A, B, and C are constants with A > 0. Let f be the 
function defined by f(x) = Ac + Bx + C for x = —B/(2A). 
Show that the inverse function f^! is given by 


—B + МВ? — ДАС + ДАх ДАС — B? 
1 ptm eee EE 
f (х) = = for х = 4A 


19 Suppose that fis an invertible function. If fis increasing, show 
that f^! is increasing. 


20 Beginning students often confuse f^ Mx) and [f(x)]~1. Is there 
any continuous function f defined on R such that f is invertible 
and f^ !(x) = [fG)] ^! for all values of x in R? 


In Problems 21 to 26, find the value of x when v = a, and use the 
inverse-function rule to find the numerical value of dx/dy when 
y=a. 


EN CIE 22 a= —8,y 2-36 
5х 
3 = = = 
23 a IRS: EE 
УЗ 
24 а = »y=cosxfor0<x<7 


2 


25 a@a=1,y=x+Inx 2$ {л л ука dee n 


In Problems 27 to 29, use the given information and the inverse- 
function theorem to find (f—')'(a). (You may assume that the hy- 
potheses of the theorem are satisfied.) 


27 a-23.f(-5)23,f'(-527 

28 a = 0.1, f(0.1) = 1, f(1) = 0.1, FO) = 3, f'(0.1) = 2 

29 а= п, Кт) = е, Де) = V2, ЖУ?) = m. Ре) = е, 
ГОЦ?) = m 


30 Let f(x) = —2x? + 8c — 5 for x>2. (a) Use the algebraic 
method to find f~}. (b) Calculate (f^ ')'(1) by using part (a). 
(c) Calculate (f~!)’(1) by using the inverse-function theorem. 


© 31 Use a calculator (or Appendix D, Table 1) to evaluate each 
expression. Give answers in radians. 

(a) sin! 0.3750 
(c) cos"! 0.9273 


(b) arccos (—0.3901) 
(d) tan`! 57.29 


(e) arctan 1.425 (f) cos! à 
(g) arcsin (— 3) (h) tan! 8 
(i) cos! (— 19) (j) cot”! 2.731 
(k) sec c V5 (1) ese! (—4) 


32 Evaluate each expression without using a calculator or tables. 
(a) sin! (~ 4) (b) arccos (— V/3/2) 
(c) arctan V3 (d) arcsec V2 
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In Problems 33 to 38, find the exact value of each expression. 


33 cos (tan! 4) 34 sin [arctan (— 35] 


35 sin [sin ! (— 22) 36 tan [arccos (— 3)] 


37 arcsin [sin (197/14)] 


-12 


38 sin (sin! $ + sin! 3) 


In Problems 39 and 40, show that the given equation is an identity. 


Vi-x 
X 


39 tan (агссоѕ х) = 


il \ ү =; 
40 sin (= cos! x} EE К 


2) у 2 


41 Solve the trigonometric equation 6 sin? t + sins — 2 = 0 for: 
if 7/2 = 1 = 7/2. 


42 A ray of light passing through a plate of material with parallel 
faces is displaced, but not deviated (Figure 2); that is, the 
emerging ray is parallel to the ingoing ray. If d is the amount of 
displacement, 1 the thickness of the plate, a the angle of inci- 
dence, and B the angle of refraction, show that 


d 
B = arctan (еа = gas " 
\ І 


Figure 2 


тау of 
light 


In Problems 43 to 56, differentiate each function. 


43 f(x) 22 sin"! 44 (ху) = Ч tan! x^ 


vx 


[Ж е зе 


45 h(x) = sec ! Vx — 1 46 p(x) = агссѕс 


[= 


47 F(t) = cos ! V31 48 GO) = \'агссо5(у* + 1) 


49 Hiu) = i? tan”! ut 56 OS (a py 


1 sec! (д2 + 1) 


51 g(u)- (esc ^ uy 52 h(x) = 


Sings 
$4 d(x) = — 
ae = I 


В) сот 


482 


55 


56 
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мп „н 
(ш) = | (17 + Y dx 
1 


tan ‘x 2\14 
l= 
= | leu dt 


In Problems 57 to 60, find dv/dx by implicit differentiation. 


57 
58 
59 
60 


xcos'(x+y)-7= y 
y tan х — xy* = 15 
Зх sin (x — y) + 107 = xy 


vtan х = халу = 7/2 


In Problems 61 to 74, evaluate each integral. 


61 


63 


65 


67 


dx aav 
--— 62 fe = ey we ain 
E 
(2 dx T | 2x 28 
x 36 Seay 


js x dx 


| dx 68 | dt 
x Vx — 49 iINP-I 


e | sec u tan u du 
V16 = sec? u 


ө | sin x dx з | = dx 


71 


[Г dx м f j 
3) +e h Org 


75 


76 


77 


4+ cos? x 


| ecce ld РА 
1+1? sin? x VI — cot? x 


If y = sin ' (a sin t) + sin ' [a sin (2 — D]. where a is a 


constant, find the critical value(s) +. 


A thin rod (whose weight can be ignored) is 40 centimeters 
long and passes through the center of a small, heavy ball that is 
fixed on the rod at a distance of 10 centimeters from one end. 
The rod is placed in a smooth, hollow hemisphere of radius 40 
centimeters, and the slightly rounded ends of the rod slide fric- 
tionlessly on the walls of the hemisphere. Find the angle that 
the rod makes with the horizontal when it finally comes to rest 
at equilibrium. (At equilibrium the center of mass of the rod 
and ball is as low as possible.) 


An isosceles triangle whose two equal sides are each 6 centi- 
meters long has an included angle @ which is increasing at the 
constant rate of 1° per minute. How fast is the area of the 
triangle changing? 


Angle BAC of a right triangle is computed from measurements 
of the opposite side у = |BC| and the adjacent side x = АС. 
(Angle ACB is the right angle.) Use differentials to арргохі- 


mate the possible error in the calculated value of angle BAC if 
the measurements of x and y are subject to at most ] percent 


error. 


In Problems 79 to 126, differentiate each function. 


79 f(x) = In ( + 7) 


81 g(r) = In (rVr + 2) 
83 р(х) = х2 tan”! (In x) 
1 2 
85 F(u) = Ип иш 
и 
87 fix) = sin x 


89 g(x) = e^ 
Ol дб = sin (23) 


t 


Gop 2 
93 f(t) = In Em 


q.s 2 


95 g(x) = cos ^ x^ — xe 
97 f(x) = tane 
99 f(x) = (3 – еї)? 
(Ж 90 
101 f(x) = In V Y 
~ 103 FQ) = 


105 f(x) = 595* 
107 f(x) = 759" 
109 g(x) = 35:- 22 


merece 


-113 g(x) = Vlogio x 


115 g(x) = cosh e^ 
117 g(t) = csch (e^ 


119 f(x) = eh 

121 g(t) = In (tanh г + sech г) 
123 g(x) = sinh ^! (3x + 1) 
125 f(x) = tanh | е 


80 f(r) = In (cos 3x) 
82 Glu) = 
84 A(x) = sin (In x2) 


In (u — 1)? 


86 С(х) = Vinx 


-88 H(x) = In(x + Vx + I) 


90 H(x) = —xe * 


92 g(u) = e" cot e" 

94 Hix) = In (еї + 5) 
7 96 g(x) = е" In (sin x) 

98 f(x) = et? — 2x + 5) 
-100 g(x) = DI 

102 A(z) = e” cos! е2 


104 с) = хе 
106 g(r) = 3+2 

108 g(x) = (х2 + 72759 
110 H(x) = ес - 2+ 


и 
112 g(u) = logi "m 


] 
14 f(x) = Ñj logio = 
116 H(s) = sinh (sin! s) 


118 FO = tanh (sin x) 


120 e(u) = sinh и? tanh Зи 
122 f(x) = tan ^! (sinh х5) 
124 (ш) = coth! eñ 

126 F(x) = coth! e^* 


127 If (In x)/x = (In 2)/2, does it necessarily follow that x = 2? 
Justify your answer. (Hint: Sketch a graph of y = (In x)/x.) 


128 If (In :9/x = (In 5/3, does it necessarily follow that x — 19 


Justify your answer. 


In Problems 129 to 138, use logarithmic differentiation to find 
dy/dx. 


129 y = (3x) 130 y=x" 
131 y = (sin х)” 132 у = (cosh x)** 
133 y = (tanh! x) 134 y — I NE 
3 7 ZA 
s + sin 3 x” Sin 2 
135 y = cos x E sin“ x e y= x” sin x 
sim x Wil = 3 tan x sec 2x 
?(x + 5)° sin 2 
137 ur 5y sin 2x 
: sec 3x 
138 y = X cot x 


(x DG + 3) (x + 7) 


139 Let a be a positive constant, and define the function f by 
f(x) = a’. Use the fact that f’(0) = a? In a to prove that 
Jim [(a" — D/A] = In a. 


140 Let O0 < a < b, where a and b are constants, and define the 
function p by p(t) = f° x' dx, with the understanding that t is to 
be held fixed while you are calculating f^ x‘ dx. 15 the function 
p continuous at the number — 1? (Hint: Use the result in Prob- 
lem 139.) 


In Problems 141 to 144, use implicit differentiation to find dy/dx. 


141 xe? + xcosy 22 

142 y2* + хе? = 3 

143 cosh (x — y) + sinh (x + y) = 1 
144 logio (x + у) + logio (x — у) = 2 


In Problems 145 and 146, use the fundamental theorem of calculus 
and the chain rule to calculate Dw. 


In x dt 
145 - | 
im sue 


cosh x 
dt 
146 =| 
EE ug 


In Probiems 147 to 166, evaluate each integral. 


TU dx TH | sin (In x) "m 
8 + 3x x 


149 f Wes А -150 [e dx 
2t 


~- dx e dx 
151 к 152 | 
Vx Vi-e^ 
l/x 
153 i mi 154 | 2 iby 
cos“ e* ae 


155 IE -5% dx 156 [= cos 3? dx 
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1/5 
158 | (ЖЫН ЕЗ БЇ Жс Де 
0 


(sinh ! х)? 
160 [Sm m a 
NAILS 


4 545 
137 | = i 

| dS 
159 | csch? x coth x dx 


cosh” ly 


iC) Jh 
SE] 


dx 
162 |= 
V16 +x 


dx dx 
163 j 164 1—2 
Wer = JI V16 — 9x 


165 |S 166 [— 
xV 16 — 4x° xV 16 + 4x° 


167 Using the definition of the natural logarithm, prove that t > In z 
holds for all positive values of t. 


168 Using the result of Problem 167, show that e' > г, hence that 
е"! > f" holds for all positive integers п if t > 0. Conclude that 
e*/xX > (1/n)" holds for all positive integers n if x > 0. (Hint: 
Put г = x/n.) 


169 Using the result of Problem 168, prove that: 


(a) If x > 0, then e'/x > x/4. (b) lim = 


(с) If x 20, then e'/x? > x/27. (d) lim Gub = eem. 
170 Prove that if n is a positive integer, then (a) lim. ex" = +оо 
and therefore (b) lim. хе^ = 0. 
171 Apply the mean-value theorem to In (1 + x) — In 1, and thus 
conclude that x/(1 + x) < In (1 + x) < x holds for x > 0. 
172 Show that lim (sinh x)/x = 1. (Hint: Use the result of Prob- 
lem 139.) 
In Problems 173 to 176, sketch a graph of the given function, indi- 


cating all significant features such as extreme points, inflection 
points, and asymptotes. 


173 f(x) = xe” 174 g(x) = x — cosh! x 
sinh x 
176 F(x) = A 


1 if x=0 


if x zo 
175 h(x) = xe™* Ес 


~177 Find the volume of the solid generated by revolving the region 
bounded by xy? = 1, y = 0, x = 1, and x = е? about the x axis. 


7478 Find the area under the graph of y = 4/V 4x + 9 between 
= 0 andr v. 


179 The normal probability density function f is defined in prob- 
ability theory by the equation 


21 | == | 
io oV2m SE 20? 
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184 
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where « and и are certain constants called the standard devia- 
tion and the mean, respectively, and a > 0. When students 
ask to be graded ‘ton the curve," the curve in question is the 
graph of f. For what value of x is f(x) a maximum and what is 
the maximum value of f(x)? [€ Sketch the graph of f il o = 10 
and и = 75. 


In public health, it is sometimes necessary to screen large num- 
bers of people for certain diseases. When this can be done by 
means of a blood test, the technique of batch testing is often 
more efficient than performing individual blood tests. If N peo- 
ple are to be tested, they are divided into groups of k people. 
and the blood samples from each person in such a group are 
mixed into a single batch. Each of the N/k resulting batches is 
tested Tor the disease. If such a test result is negative, it is 
concluded that none of the people in the corresponding group 
has the disease; if the test result is positive, the people in the 
group are retested individually. By means of a pilot study. it is 
determined in advance that a fraction | — p of the population 
has the disease. The expected number of tests required is then 
given by T = (N/k) + МІ — p^). Find the value of k that mini- 
mizes T for (a) p = 0.95, (b) p = 0.8, and (c) p = 0.7. 


You have just won first prize in the state lottery. and you have 
your choice of the following: (a) $30.000 will be placed in a 
savings account in your name, compounded continuously at the 
rate of 10 percent per year; (b) $0.01 will be placed in a fund in 
your name and the amount will be doubled every 6 months over 
the next 12 years. Which plan should you choose? 


Carry out the following steps to show that the function f defined 
by f(x) = [1 + (a/x)}* is increasing if a is a positive constant 
and x > 0. (a) Use the mean-value theorem to show that there 
is a number ¢ with 

е © 


м E ] 
т (1+2) = апа 
а а t 


м 


* 
Es pee ap 
a 


a | 


(b) From part (a). show that In [1 + (a/:0] = a/(a + x). 
(c) Use part (b) to prove that D,[I + (a/x)]' = 0. 


Interpret the result that f (x) = [1 + (а/х)] is increasing (Prob- 
lem 182) in terms of compound interest. 


Suppose a bank offers savings accounts at a nominal annual 
rate г compounded n times per year. By regularly depositing a 
fixed sum of p dollars in such an account every (1/n)th of a 
year, money сап be accumulated for [uture needs. Such a plan 
is called a sinking fund. If it is required that such a sinking 
[und yield an amount 5 dollars after a term of t years, show that 
the periodic payment p dollars must be 


A radioactive substance has a half-life of 2 hours. How long 
2 a I Ж @ p 
does it take it to decay to ya of its original mass? 
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At 2:00 p.m. a dish of cream that has been standing in a warm 
room contains 150,000 bacteria of a certain kind. At 4:00 р.м. 
there arc 900,000 of these bacteria present. How many were 
present at 3:00 р.м.? 


Black coffee is poured into a cup at an initial temperature of 
200*F. One minute later, the coffee has cooled to 160°F. If the 
room temperature is 80°F, find how many additional minutes 
will be required for the coffee to cool to 110°F. 


Radioactive substance A with half-life (In 2)/a decomposes 
into radioactive substance B with half-life (In 2)/b, where 
а * b; that is, when an atom of substance A decomposes, it is 
transmuted into an atom of substance B. If the number of atoms 
of substance A at time г is given by q = де“, and if y denotes 
the number of atoms of substance B at this same instant, show 
that у satisfies the differential equation (dy/dt) + by = аде“. 


In paleontology, radioactive dating is sometimes used to de- 
termine the age of plant and animal fossils. The age г is calcu- 
lated in terms of the ratio y/q of radioactive "*daughter'"" sub- 
stance В to **mother'' substance A in the fossil. In Problem 188 
assume that y = 0 when г = 0. (a) Derive the equation 


=m dqo 
a b 


— ега) 


for the number of atoms of substance В present at time г. 
(b) Show that 


t= изаа 


а 4 


When a capacitor with capacitance С farads discharges through 
a resistor with resistance R ohms, the current / in amperes 
flowing through the resistor at time г satisfies the differential 
equation dI/dt + [1/(RC)] = 0. (a) lf = Jo when : = 0, finda 
formula giving / in terms of г. (b) If RC = zig and Io = 40 
milliamperes, plot a graph of / as a function of t. 


A new species of plant is introduced on a small island. Assume 
that 500 plants were introduced initially and that the number N 
of plants increases according to the logistic model with k = 
0.62, Suppose that there are 1700 plants on the island 2 years 
after they were introduced. (a) Find the maximum possible 
number of plants the island will support. (b) Find N after IO 
years. (c) When does the inflection occur? (d) Sketch a graph 
of N as a function of time ғ in years. 


An industrial plant dumps 10 pounds of pollutant into a lake 
every minute. Fresh water from streams runs into the lake at the 
rate of 100 cubic feet per minute and mixes uniformly with the 
polluted water, and meanwhile the polluted water runs out of 
the lake into a river at the same rate. The plant commenced 
operations 10 years ago, at which time the lake was unpolluted. 
The lake now tests at 39 pound of pollutant per cubic foot. How 
many cubic feet of water are there in the lake? (Take 10 years to 
be 5.2596 x 10° minutes.) 


8.1 


TECHNIQUES OF INTEGRATION 


Our purpose in this chapter is to consolidate the methods of integration presented 
previously, introduce some new methods, and give a unified development of the 
most important basic techniques of integration. There are really only three general 
procedures for evaluating indefinite integrals: 


1 Substitution, or change of variable 


2 Manipulation of the integrand using algebraic or other identities so as to 
convert it into a more manageable form 


3 Integration by parts 


Although we have made extensive use of the first two methods in the preceding 
chapters, we have yet to introduce a few special tricks of the trade such as trigono- 
metric substitution and partial fractions. The third method, integration by parts, is 
also introduced in this chapter. 

The three general procedures are often used in combination; however, none of 
these procedures—singly or in combination—is guaranteed to be effective under all 
circumstances. Frequently, the choice of the appropriate technique is a matter of 
trial and error guided by experience. 


Integrals of Powers of Sines and Cosines 


In this section we use the integration formulas on page 257, in conjunction with 
appropriate trigonometric identities and changes of variable, to evaluate integrals 
involving products of powers of sines and cosines. 


Integrals of the Form f sin" x cos" x dx 


In order to evaluate f sin" x cos" x dx, where m and n are constant exponents, we 
consider separately the case in which at least one of the exponents is a positive odd 
integer and the case in which both of the exponents are nonnegative even integers. 


485 


486 CHAPTER 8 TECHNIQUES OF INTEGRATION 


Case 1: At Least One of the Exponents т, п Is a Positive Odd Integer 


In this case we use the identity sin^ x + cos? x = 1 to rewrite the integrand either 
in the form F(cos x) sin x or in the form F(sin x) cos x. In the former case, the 
substitution и = cos x is effective, while in the latter case the substitution н = sin x 
works. 


In Examples 1 to 3, evaluate the given integral. 


EXAMPLE I ES x dx 


SOLUTION | SIE ойу = \ sin? x sin x dx = | (1 — cos? x) sin x dx 


Making the substitution и = cos x, so that du = —sin x dx, we have 


[а — cos? x) sin x dx [а = и?)(=аи) = — [а — и?) du 


ne 1 а 
СИСТ + C= —cosix i х +С E 


EXAMPLE 2 | sine cose ie 


SOLUTION | sin? x cos? x dx = | sin? x cos* x cos x dx 


sin? x (cos? x)? cos x dx 


| 
i sin? x (1 — sin? x)? cos x dx 
Making the substitution и = sin x, so that du = cos x dx, we have 
IE x (1 — sin? xy? cos x dx = IET = u°’ du 

= fea — 2и? + и?) du 


= | (и? — 2u* + иб) du = Би? — $и5 + и? + С 


= 4sin? x – 2 sind x +4 sin’ x + C " 
SUE 
sin“ x 
EXAMPLE 3 e ui 
V cos х 
А, sin? x sin^x , j 1—-cos?x , j 
? ———- dv = | — = sin x dr = | —— = sinx dx 
V cos х V cos x Vcos x 
Put u = cos x, so that du = —sin x dx and 
1—cos?x . 1 = и? 
————— sin x dx = — | ———— du = | (W — и 12) du 
V COS X Vu 


22,5b?—24,74C-i(cosxp?2-—2WVcosx* C E 
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In the last example, notice that the technique works even when one of the powers of 
the sine or cosine is not an integer—just so the other power is an odd positive 
integer. 


Case 2: Both of the Exponents m, n Are Nonnegative Even Integers 


In this case the integral f sin" x cos" x dx can be evaluated by using the trigono- 
metric identities 


1:55 1 3 ib 
sin^ x = 5(1 — cos 2x) and cos x = »(1 + cos 2x) 


which are direct consequences of the double-angle formulas 


cos 2x = 1 — 2 sin? x = 2cos?x— 1 
In Examples 4 to 6, evaluate the given integral. 


EXAMPLE 4 | cos? kx dx, where k is a constant, k z 0 


SOLUTION [ сог lee Gi = Га + cos 2kx) dx = à fa +4 | cos 2kx dx 
Je 1 
a2} [св 24х dx 
2 2 


Put и = 2kx, so that du = 2k dx and ах = du/(2k). Thus, 


| \ ] i in 2k 
| os 2kx dx — | cos d du) = Ok | cos u du = єч чь = = Y +C 


It follows that 


x sin 2kx 
Sa er reds S 


sin =) 
— j] + (C 
4k 


[| cos? kx dr =~ + H{ 
2 2 2k 


EXAMPLE 5 | sie x dx 


SOLUTION | on x dx = | (sin? x)? dx = | BA — cos 2х)]> dx 
=+ ја — 2 cos 2x + cos? 2x) dx 
-4 [а-а | cos 2r de +4 | cos? 2x ax 


x 1 = =] 1 e sin 4x 
QE um T 


4 es 


4 


2 8 


)+с 


where we used the substitution и = 2x to evaluate the middle integral and we used 
the result of Example 4 with k = 2 to evaluate f cos? 2x dx. Combining terms and 
simplifying. we have 


"n. E sin 2x sin 4x 
sin” x dx = — — SF ae (€ 
8 4 32 
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EXAMPLE 6 | sins 2x cos? 2x dx 

SOLUTION 

Í sin* 2x cos? 2x dx = Í [201 — cos 4P + cos 4x)] dx 
=} | (1 — 2 cos 4x + cos? 4x)(1 + cos 4x) dx 
=4 [a — cos 4x — cos? 4x + cos? 4x) dx 


= [ac - 3 [ cos tx de = 4 | cos? ax de +4 | cos? axax 


x sin 4x 1/3 sin & 1 t 
(2 : E) +7 | cos? x cos 4x de 


8 32 8\2 16 8 
x sin4dx — sin Хх 1 Í 5 
= — — eH — — şi -4 
16 32 128 8 (1 — ѕіп 4x) cos 4x dx 


To evaluate the remaining integral, put и = sin 4x, so that du = 4 cos 4x dx and 


3| is Lf „ du 
-= 1 — sin* 4 5 4x dx = — TESI S e 
8 ( sin“ 4x) cos 4x dx 8 ( и 4 


T EY 
= —(y—-—}+ 
ot ayo 


sin 4x — sin? 4x 


= + 
32 96 e 
Therefore, 
PR NUES _ x  sindáx  sin&x , sindx.—- sin? 4x 
[ sin 2x cos” 2x dx = ^з > їй a, E +C 
-.X _ іп 8х iho E 
16 128 96 


The following chart summarizes the technique for evaluating integrals of the form 


| sin" x cos" x dx 


where m and л are nonnegative integers: 


Use sin? x = 1 — cos? x, and let и = cos x. 


m is odd 
n is odd 
both m and n are even 


Use cos? x = 1 — sin? x, and let и = sin x. 
Use sin? x = 4(1 — cos 2x) and cos? x = М1 + cos 2x). 


If both m and n are odd, apply the technique to the smaller exponent. 
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Integrals of Products of Sines and Cosines 


Integrals of the form 
| sin mx cos nx dx | sin mx sin nx dx and | cos mx cos nx dx 
play an important role in the mathematical analysis of periodic phenomena. These 


integrals can be evaluated by using the following trigonometric identities. (See 
Problem 38.) 


І sin s cos г = 1 sin (s + t) + 3 sin (s — t) 


чоо s 


3 cos s cos t = 1 cos (s — 0 +40 Б (Стыр) 


EXAMPLE 7 Evaluate | sin 3x cos 4x dx. 
SOLUTION By Identity 1, 


| sin 3x cos 4x dx = | nm sin 7x + 4 sin (—x)] dx = sf (sin 7x — sin x) dx 


cos 7x cos x 


== + TE 
14 2 

Problem Set 8.1 
In Problems 1 to 8, use the identity cos? x + sin? х = 1 and appro- In Problems 15 to 20, evaluate each integral by using Identities 1, 2, 
priate substitutions to evaluate each integral. or 3 above. 

1 | сог x dx 2 ES 4x dx 15 | sia 5x cos 2x dx 16 | sin Ах cos 2x dx 

3 | sins 2t dt 4 | сог 3v dv 17 [ cos 4x cos Зх dx 18 | sin 3t cos 5t dt 

5 | sin’ 2x cos? 2x dx 6 | cos! x sin? x dx 19 | sin 7u sin 3u du 20 { cos 8v cos 4v dv 

y | sine x cos? x dx 8 | sin’ 4x cos? 4x dx In Problems 21 to 34, evaluate each integral. 

E at 2 v dy ey ; 
In Problems 9 to 14, use the identities cos? x = 4(1 + cos 2x) and zil | E д ae | sin 2x cos" 2x dx 
sin? x = 3(1 — cos 2x) and appropriate substitutions to evaluate 
а sin’ x ® 
each integral. 23 Pn 24 | sin? 3x cos* Зх dx 
9 | sin? 3x dx 10 | cos? B dx 29 ав 4x dx 26 | Ysin? 3x cos? 3x dx 
! п/2 cos? x 2/3 5 " 
au T 4 о. 27 i 28 | sin” 3x cos? 3x dx 
1 | sin 5 dt 12 | cos 2x dx LA Wed 
1/2 1/2 
13 | sine u du 14 IE qt cos? at dt 29 V/sin zt cos? at dt 30 | amd ue 
sin? zu 


0 
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п/& т 
А 2 фе 
31 | sin? 2x cos? 2x dx 32 sin? x dx 
0 


Don pe "0x 
5 “5 


0 

1 5 

33 | sin 27x cos 37x dx 3 cos dx 
о 0 


In Problems 35 to 37, let т and л denote positive integers and verify 
each formula. 


ыа 0 if тз п 
35 cos mx cos nx dx = 


Jj T if mn 

m if т = 
% | sin mx sin m dx = {0 : еи 
a T т=п 


т 
37 | cos mx sin nx dx = 0 


oer, 


38 Verify Identities 1, 2, and 3 on page 489 by using the addition 
formulas to expand the right sides. 


39 Find the volume of the solid generated by revolving one arch of 


40 


4 


42 
43 


the sine curve about the x axis. 


Find the volume of the solid generated if the region under one 
arch of the sine curve is revolved about the line y = —2. 


Find the area under the curve y = cos? x between x = 0 and 
па r 


If л is an odd positive integer, show that fZcos" x dx = 0. 


Suppose that a particle is moving on the s axis according to the 
law of motion s = f(t), where v = ds/dt = sin? zt. If 5= 0 
when г = 0, find a formula for f(1), and locate the particle when 
t — 8 seconds. 


Suppose that f(x) — bor à, sin nx, where N is a positive inte- 
ger and a), ao, . . . , ay are constants. Show that 


an = | f) sin mx dx 
7 = 


holds for т = 1, 2, .. . , N. (Hint: Use Problem 36.) 


8.2 


Integrals of Powers of Other 


Trigonometric Functions 


In this section we present some techniques for dealing with integrals of the form 


i tan" и sec" и du or [ cor u csc" u du 


where m and n are nonnegative integers. The simplest integrals of this form are 


| tan u du | cot u du (m = l and n = 0) 


and 


f sec u du IE u du (m = 0 and л = 1) 


To evaluate the integral of the tangent, we write tan и as sin u/cos и and make 


the change of variable v = cos u. Thus, since dv = —sin и du, we have 
sin t dy 
Г и du = | а= | =-In|y +С 
COS u v 


—In |cos u| + C = In |cosu|/! + C 


In sec uj + C 


A similar maneuver handles the integral of the cotangent (Problem 40). 
The integration of the secant and cosecant functions requires a clever trick. To 
find f sec u du, we write 


| sec udu -Í 


sec u(sec u + tan u) 


sec? и + sec и tan н 
iF | == и 


sec u + tan u sec u + tan u 
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and then we notice that the numerator of the integrand is the derivative of the 
denominator. Thus, putting v = sec н + tan н. we have 


dv = (sec и tan u + sec? u) du 
dv 
and so sec и du = | — = In | + C = In [sec u + tan u| + C 
" 
A similar trick— writing csc u as csc u(csc и — cot u)/(csc и — cot u)—effects the 


integration of the cosecant (Problem 40). Thus, we have the following integration 
formulas: 


1 Г и du = In |sec ul + С 


2 IE u du = In [sin u| + C 


3 f sec и du = In |sec и + tan ul + C 


4 fes u du = In |esc u — cot u| + C 


In Examples 1 and 2, evaluate the given integral. 
EXAMPLE t Га 4х ах 


SOLUTION Put и = 4x, so that du = 4 dx. Using Formula 1, we have 


du 1 
tan 4x dx = | tan и — = — | tan u du 
4 4 


= F In [sec u| + C = 4 In [sec 4x] + C 


dx 


EXAMPLE 2 Е Rr 
= cos 5x 


SOLUTION Put u = 5x, so that du = 5 dx. Using Formula 3, we have 
dx du 1 

= sec 5х dx = | sec и — = — | sec и du 
cos 5x 3i 5 


In [sec u + tan ul + C 


бе uj 


In [sec 5x + tan 5x] + C 


Powers of Tangent, Cotangent, Secant, and Cosecant 


In integrating positive integer powers or products of positive integer powers of tan, 
cot, sec, and csc, the identities 


1 + tan? u = sec? и and | + cot? u = csc? u 


can often be used to advantage. The following examples illustrate the techniques. 
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In Examples 3 and 4, evaluate the given integral. 
EXAMPLE 3 [ cor x dx 
SOLUTION 


| cor х ах = Ге х= 1) ах = fese ха fa = ooN [| 


EXAMPLE 4 Га 2x dx 


SOLUTION Ме write tan? 2x as tan 2x tan? 2x and then use the identity 
tan? 2x — sec? 2x — 1 to obtain 


IE 2x dx — [ап 2x tan? 2x dx = fian 2x (sec? 2x — 1) dx 
= | (tan 2x sec? 2x — tan 2x) dx 
= | tan 2x sec? 2x dx — | tan 2x dx 


To evaluate the integral f tan 2x sec? 2x dx, we make the substitution u = tan 2x. 
so that ди = 2 sec? 2x dx and 


7 du 1 и? tan? 2x 
tan 2r secs 2 x dx = |n = udus: —— 6 A 
DNE 4 4 


The integral f tan 2x dx is easily evaluated by the method already illustrated in 
Example 1, page 491. Therefore, 


? 
tan^ 2x 


| an Dy ake = 
4 


1 
ети [sec 2x] + C 8 


To evaluate an integral of the form 
| tan” x sec" x dx 


where т and л are nonnegative integers and either п is even or m is odd, proceed as 
in the following chart: 


Case Procedure 
n is even |. Faetor sec? x out of the integrand, use the identity sec? x = 1 + tan? x 
to rewrite what remains in terms of tan x, and let u = tan x. 
m is odd | Factor sec x tan x out of the integrand, use the identity tan? x — sec? x — 1 


to rewrite what remains in terms of sec x, and let и = sec x. 


Likewise, an integral of the form 
| со" x esc” x dx 


can be evaluated by following the chart above, but with secant replaced by cosecant 
and tangent replaced by cotangent. 
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In Examples 5 and 6, evaluate the given integral. 
EXAMPLE 5 | tan? x sec* x dx 
SOLUTION We follow the procedure for the case in which n is even: 
| tan® x sec* x dx = | tan? x sec? x sec? x dx 
- [ше Шар (єй эў) КД Mx 
= | (tan? x +tan® x) sec? x dx 


Now, we рш и = tan x so that du = sec? x dx and 


ai i 


Га x sec! x dx = СЕ н) du и С 
Ш. IME 
= а т ла oe ae (C 
T 9 


EXAMPLE 6 | cot x esc? x dx 
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SOLUTION Since the integrand involves an odd power of cot x, we follow the 
procedure for the case in which m is odd, but with functions replaced by cofunc- 


tions. Thus, 


| cot? x esc? x dx = | cot? x csc? x(csc x cot x) dx 


- | (cot? x)* esc? x(csc x сої x) dx 


І! 


| (ese? x — 1)? esc? x(esc x cot x) dx 


Putting 4 = csc x, so that du = —csc x cot x dx, we have 


| coP x esc? x dx 


= З, (u® — 2u? + и?) du 
9 
= hu +2 — +С 


1 2 5 
= — lesc? x + 2esc? x — desc? x +С 


The techniques illustrated above are not particularly helpful for evaluating 


| tan" x sec" x dx 


| (н? = I)yuc(-du) = =| (ut — 2u? + Ihe du 


when т is even and n is odd. Using the identity tan? x = sec? x — 1, you can 
always rewrite such an integral as a sum of constant multiples of integrals of odd 


powers of sec x (Problem 42). Methods for evaluating 


| бес” хах 


when л is odd and greater than | are discussed later (see pages 504 and 529). 
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Problem Set 8.2 


In Problems [ to 36, evaluate each integral. 


1 | co 4х dx 


3 | dx 
cos 3x 


5 25 
tan“ 3) dy 


un 


7 i cot! 4x dx 
csc? 3t dt 


tan* 2t sec? 2t dt 


tan? 5x sec? Sx dx 


15 Ге 2x + cot 2x)? dx 


sec? t di 


tan ¢ 


19 | tan? 7x sec* 7x dx 
21 | cot 3x esc? 3x dx 
23 IE 5х sec 5x dx 


25 Га 2x V'sec 2x dx 


6 | cot? 5x dx 
1 

8 Í tan? = dt 

10 | secs 2x dx 

12 | cot? 3x csc? 3x dx 


TX TX 
14 | cor x esc? Zu 


16 | вес 3x + tan 3x)? dx 


n | tan? 3x dx 
V sec Зх 


4 
4 ү х) Ж 
cos x 


22 IE 2x csc* 2x dx 


X x 
24 | cot? = csc? = dx 


26 [ V'tan 7x sec* 7x dx 


27 


2 


© 


31 


ta 
л 


37 


38 


39 


41 


42 


43 


-4 5 
28 | =, 


tan? x sec? x dx = 
cot” 27 


esc? 8х о) 
cot* ja 


[ cot? x? esc? xà dx 


30 | sec? 2x (ап? 2x dx 


32 [x tan? x* sec? л? dx 


7/6 
E 3x dx 34 | 5 sec 2x dx 


7/8 


T/2 п/ҷ 
[ cot? x csc? x dx 36 | tan? x dx 
m/4 0 


Find the area of the region under the curve у = 5 tan? x from 
x= –п/4 to x = 7/4. 


Find the area of the region under the curve y = sec x from 
x= —m/3 to x = 7/3. 


Find the volume of the solid generated when the region under the 
curve y = sec? x between x = 0 and x = 7/3 is rotated about the 
X axis. 


Derive the integration formulas for the cotangent and for the 
cosecant. 


Find the arc length of the curve y = In (sin x) from x = 7/4 to 
x= 7/2. 


Let т and л be nonnegative integers. If т is even and л is odd, 
show that f tan" x sec" x dx can be rewritten as a sum of inte- 
grals of the form f a sec* x dx, where a is a constant and К is an 
odd positive integer. 


Show that f сс u du = In tan (u/2)| + C, and reconcile this 
with Formula 4 on page 491. 


8.3 


Integration by Trigonometric Substitution 


Algebraic expressions not originally containing trigonometric functions can often be 
simplified by substituting trigonometric expressions for the variable. This tech- 
nique, called trigonometric substitution, is particularly useful for evaluating inte- 
grals involving roots or reciprocals of expressions of the form 


ge. 
ar = th 


2 2 2 D 
G^ oP WE or i m 


where a is a positive constant. For instance, to simplify an integrand involving, say, 


3 5 
(en rae 


we might use the substitution 


и = а їп Ө 


- igure 1 


Figure 2 


Figure 3 


(c) 
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to obtain 
Ма? — и? = Ма? — a? sin? 0 = Va'(1-— sin? 0) = Va? cos? 0 = a cos Ө 
Here we are assuming that — 7/2 < 0 < 7/2, so that cos 0 > 0. 
The trigonometric substitution 


Lo Uem or sin 0 = — 


is illustrated geometrically K the right triangle in Figure la. Likewise, trigonomet- 
ric substitutions corresponding to the expressions a^ + i? and i? — а? are suggested 
by the right triangles in Figure lb and Іс. The three trigonometric substitutions 
illustrated in Figure 1 are summarized in the following chart. 


- 2 2 2 2 
и = а їп Ө а — u^ = аг cos" 0 


For the expression 


2 2 
а-и 


2 Д 
а + и? u = а tan 0 а? + и? = а? seco 


и = а ѕес Ө и? — а? = а? tan? Ө 


After using a trigonometric substitution to simplify an integrand and carrying out 
the integration with respect to the variable 0, you can rewrite the answer in terms of 
the original variable by referring to the appropriate right triangle in Figure 1. 


x? dx 
EXAMPLE 1 Evaluate me 
SARI Ц 4— yn 
SOLUTION Make the substitution x = 2 sin 0 (Figure 2), so that 
dx = 2 cos 0 40 and 4—x° = 4-4 sin? 0 = 4 cos? 8 
| оа i (2 sin 0)*(2 cos Ө 40) -Í sin? Ө 


Thus, 293/20 8 2 2 а) 
(4 — ppe (4 cos? 8)? cos? 0 


- Га 0 dð = Ге 0 — 1) d6 
Бао r C 
By Figure 2, tan 0 = x/V4 — x^ and 0 = sin! (x/2); hence, 
| vie 


VELUM gt 


dx 
EXAMPLE 2 Evaluate == 
X^V x^ +9 
SOLUTION Make the snbstitution x — 3 tan 0 (Figure 3), so that 
dx = 3 sec? 0 d0 and 22 +9=9 tan? 6+ 9 = 9 sec? Ө 


TÉ i х " | 3 sec? 0 d0 a 11 sec 0 40 
| юу +9 (9 tan? о 9 J tan? 0 
Е + | ese 1/соѕ 0 JE cos 0 dé 
—.9 2 sim 0/cos? ё © 9 sin? 6 
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In order to evaluate the last integral, we put v = sin 0. so that dv = cos 0 40 and 


0 40 lv | | І 
EIE d -1[$--Zc-- +C=-—csc@+C 
E 9y 9 sin 0 9 


sin? Ө 


From Figure 3, сс 0 = Мх? + 9/x: hence, 


dx ENE us 
х2м + 9 9х 


“ 
) 


dt 
|же. Zo AT. == — 
EXAMPLE 3 Evaluate | > pe 
Figure 4 SOLUTION Make the substitution 1 — 5 sec Ө (Figure 4), so that 
dt = 5 sec Ө tan 040 апа t? — 25 = 25 sec? 0 — 25 = 25 tan? @ 


Thus, 
oe dt 5 sec 0 tan 0 dO 
рм? ~ 25 (125 sec? 0)V 25 tan" 


шш Т a 
(Selma ese oo 


= е. + cos 20) a0=— (9+ sae) +C 
125 2 250 2 
et ee +¢=— (6 tsin o a A 
250 250 
By Figure 4, 0 = sec | (1/5), sin Ө = М? — 25/1, and cos 0 = 5/t; hence 
| dt 21 ( ЕТ Svr? — 25 
PVP 2s 2500 z+ {2 )*c 


2V 3/3 du 
EXAMPLE 4 Evaluate | 


2/3 uN 9i! + 4 ` 
SOLUTION Make the substitution Зи = 2 tan Ө, or u = $ tan 0, so that 


du = 3 sec? Ө d0 and V/Ou? + 4 = V4 tan? 0 + 4 = 2 sec 0 
Here, 0 = tan! (3u/2), so that 0 = 7/4 when и = and 0 = 7/3 when u = 
2V3/3. Therefore, 


з 2 
7/5  $ sec? 0 dO 


peels 7/5 sec 040 
/A 5 tan 0-2 sec Ө 2 


jz ап б 


ERES 
ае 


ju з du = 
2/3 uV9u? + 4 


E l/cos 0 ^» " І 
2 Jj sin O/cos Ө i 2 ^j sin 
1 т/3 1 т/3 
= csc Ө dó = — In [esc 0 — cot 6| 
= #х/4 2 ү 
| | 2 a |-4 / v3 
E m -—-|-mn(V2-t1 — 1 
A Yu van E. 
1 1 
E lin 
2 V6-V3 
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Integrals Involving ax? + bx + с 


If a quadratic expression ax* + bx + c occurs in an integrand, it may be useful to 
rewrite the expression in the form a(x — Л)? + k by completing the square* and then 
to make the substitution и = x — h. 
In Examples 5 and 6, evaluate the given integral. 
| dx 

EXAMPLE 5 E ae EA 
ЕЕ (5 — 4х — ay? 
SOLUTION Completing the square, we have 

$5—4x—x =5-( + 4х) = 5 + 4 – (42 + 4х + 4) 

= 9 – (х + 2)2 = 9 – и2 


where we have put u = х + 2. Thus, du = dx, and we have 


| dx Е | du 
(5 — 4x = xy? (9 — icy? 


Now, we make the trigonometric substitution и = 3 sin Ө, so that du = 3 cos 6 d0 
and 9 — i? = 9 — 9 sin? 0 = 9 cos? Ө. Thus, 


| du 3 cos 6 dé 3 cos 8 40 | dé 
( 


9 — pe Е (9 cos? 9)? 27co 6 9 J cos? 8 


= | sec? өө = bian Ө +С 


Figure 5 Referring to Figure 5, we find that tan 0 = u/V9 — i^; hence, 
| a Жул ANO 2 == i 
= ERA = — tan = = = SS 
| 7 (5 – 4х — x? 9 9У9 — e? 9V5 = 4х = x? 
— x dx 
м9 и? ЕХАМРІЕ 6 [== 
— —— V4e + 8x + 5 


SOLUTION Completing the square, we have 
че Sxet скы) + 5 = 467 + 2x + [йч =) 
= 4(х + 1)? +1=47 + 1 
where we have put и = x + 1. Here, x = u — 1 and dx = dit, so that 


x dx © [iG du 
№4102 + 8x +5 V4? + 1 


Now, we make the trigonometric substitution 2u = tan 0, so that и = 1 tan 0, 
du = 3 sec? Ө d0, and 4i? + 1 = tan? 0 + 1 = sec? 0. Thus, 


(и = 1) du (3 tan Ө — 1)(3 sec? 0) dO. 1 

at!) еа ee 
=4 | (sec 0 tan 0 — 2 sec 0) d0 
= { sec 0 — 5 In [sec 0 + tan 0| + C 


*The technique for completing the square is illustrated in connection with Theorem 1, 
page 33. 
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Here we have 


sec 0 = Мап Ө + 1 


and 


Hence, 


| x dx 
VAC + 8 + 5 


Ма? + 1 = МА” + 80 + 5 


tan 0 = wm о) =e 2 


1 e l VAE E R 
TVen to = In М4 + 80+ 5 + 2х + 21| +С ш 


In the examples above, we have not taken care to impose restrictions on the 
variables so that quantities under square-root signs are nonnegative, inverse trigono- 
metric functions are properly defined, and so forth. For instance, in order to write 


ү аер 


sec Ө = Мап? 0 + 1 in the last example, we should have restricted 0 to values for 
which sec 0 is positive. Furthermore, Figures 1 through 5 apply only to quadrant I 
angles 0. Nevertheless, integral formulas obtained by trigonometric substitution are 
quite often correct in spite of such negligence—for an indication of why, see Prob- 
lems 52 through 54. Of course, an integral formula—once obtained by any method, 
no matter how questionable—cau and should be checked by differentiation (see 


Problem 23). 


Problem Set 8.3 


In Problems 1 to 22, use an appropriate trigonometric substitution to 
evaluate each integral. 


| dx 2 | М9 — x^ 
== у= a 
Xe NATOL— 15 NG 
3 f di 4 у? dy 
СЕ V vV4-y 
eal — 
| сЕ 6 | V9 — 2u^ du 
V4 – Or 
Wo) See i dx 
7 = 1 Q || безш ык 
je i Ac zie ЕЕ ea Se 
t di x dx 
М f EL ‘a [ ie dt 
AV = а" We sp 2 
1 = 
T I 12 is 
iW ч “М4 xx 
dt dx 
13 | cum 14 QR 
М + Са 
А 7 dx dt 
(4°  9y^* Vilor +9 
dx dt 
17 | LEE 18 п 
x'Vx -—4 DNI —4 
dt Vy —9 
19 | 20 22° dy 
м9 — 4 y i 


ЗА ах 4 
21 | = 22 | V 2S = 
3/8 Y 452 + 1 3 


23 Check your answers to Problems 1, 13. and 19 by differentia- 
tion, carefully noting any required restrictions on the values of 
the variables involved. 


24 Evaluate the integral f (x dx)/V 1 — x^ in two ways, and recon- 


cile the answers. (a) Use the substitution u = 1 — x^. (b) Use 
trigonometric substitution. Which method is easier? 


In Problems 25 to 30, complete the square in the quadratic expres- 
sion and then use trigonometric substitution to evaluate the integral. 


| dt 26 | x dx 
(5 = 4 – ry? У = х - к 


(a 
(g^ se Эй ae abr 


5 
2 


"n 


" 1 x dx 
b AV RES 


In Problems 31 to 48, evaluate each integral. (Some of the integrals 
may be easier to evaluate by using methods other than trigonometric 
substitution or completing the square.) 


3] [atts 32 [eve = jl abe 
де = ype 


tdt 2x dx 

33 |= 34 iE 

Е Oe 

35 | = 36 pan T 
VASST BER D ake (12 — 21 + TS 

хах 3 

37 [= 38 [= 

м4 = 2 (c + бх + 1)? 

е“ dx 


39 E 


2507 


EN are iR sec? t dt 
42 рава Д 
Vr + 2х + 2 (tan? t + 9): 
43 E sin v dv | dt 
(25 — cos? vy? {dn > — 4р? 
= f r^ dt [^ dz 
О (25 = 923/2 lna e—e* 


6 D er 
а | Ma 
zi 


1 
48 | (Зу + 2)V9y? + 12у + 34у 
0 


49 Find the area bounded by the curves y — 45/V 16x? — 175, 
у= 0, х= 4, апі х = 5. 


50 Evaluate f (y? dy)/(4 + 3)? by making the hyperbolic substi- 
tution y = 2 sinh t. 


51 Find the volume of the solid generated when the region bounded 


8.4 


л 
кә 


53 


54 


55 


57 


58 
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by the curves у = x/G? + 16)?/?, у = 0, and x = 4 is revolved 


about the x axis. 


Let a > 0, and suppose that it is required to integrate an expres- 
. + + Раа 258 | a 
sion involving Ма? — ic, where |u| « a. Since |u/a| < 1, 


we can make the substitution 0 = sin! (u/a), where 
— п/2 < 0 < 7/2. Show that и = a sin Ө and that 
(a) Va? — и? = a cos 8 (b) du = а cos 0 dé 
(c) csc 8 = іи 0 (d) sec 0 = ——Ó—— 

u жа u 

u З ма? — ac 

(Oita) S (f) cot 0 = ifu AO 

NE = u? 


Using the results in Problem 52, explain why it is not really 
necessary to assume that и is positive in using the trigonometric 
substitution x = a sin 8. 


Discuss the trigonometric substitution и = a tan Ө for the case 
in which и is not necessarily positive. 


Find the arc length of the curve y — sin"! ех from x = In 4 to 


3 
x — In 5. 


A vertical wire of uniform density with total mass M and length / 
stands with its lower end on the x axis at the point (a, 0). If G 
denotes the constant of gravitation, calculate the horizontal com- 
ponent of the force of gravity exerted by the wire on a particle of 
mass т situated at the origin. 


Solve the separable differential equation 
x'dy- Vx —-9dx-0 


Find the surface area generated by revolving the arc of the curve 
x = e between (1. 0) and (e°, 2) about the у axis. 


Integration by Parts 


Nearly every rule or technique for differentiation can be inverted to yield a corre- 
sponding rule or technique for integration. For instance, the technique of integration 
by change of variable is essentially the inversion of the chain rule for differentia- 
tion. In this section we study the integration technique, called integration by parts, 
that results from an inversion of the product rule for differentiatton. 

According to the product rule, 


the function f- g is an antiderivative of f' +g + f- g": 


Or 


gd c gafas 
that is, 


| [/'(х)г(х) + [(х)г'(х)] dx = fag) + C 


[ renew ax + | feve'w dx = fix)g(x) + C 
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The last equation can be rewritten as 
Глос dx = f(x)g(x) — | gx) fx) dx 


provided it is understood that the constant C is absorbed into the constant of inte- 
gration corresponding to f g(x)f'Qx) dx. 
The equation obtained above is easier to remember if we let 


и = f(x) and v = р(х) 
so that du = f'(x) dx and dv = g'(x) dx 


| и dv = uv — | v du 


This is the formula for integration by parts. 


and we have 


EXAMPLE 1 Evaluate fx sin x dx. 


SOLUTION In order to use integration by parts, we put 


и=х апа dv = sin x dx 
so that du = dx and v= | sin x dx = —cos x + Co 


Thus, 


| x sin x dx = IE dv = uv — | v du = x(—cos x + Co) — ficos x ap (Cry) ам 
———— 


u Яу 


Sir os HEP GNC ar | созт dy | Co ах 


= (OS лу ar ACH) лг йй Se ae (б == Cony 


СОЕ 


In the preceding example, the constant of integration Со arising from the prelimi- 
nary integration v = f sin x dx cancels out in the end. In carrying out integration by 
parts, this always happens (Problem 52): hence. the constant arising from the pre- 
liminary integration v = f dv need not be written into the calculation. Thus, we 
would write 


Г. sin x dx = | u dy = uv — | v du = x(—cos x) — | (—cos x) dx 


—xcosx+sinx+C 


In order to use the formula 


u dv = uv — | v du 


to evaluate an integral, you must begin by choosing « and dv. Often the choice can 
be made in several different ways. and a poor choice of u and dv may result in an 


integral 
| v du 
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that is more complicated than the one you started with. Try to choose и and dv so 


that f v du is as simple as possible. 


In Examples 2 to 4, evaluate the given integral using integration by parts. 


EXAMPLE 2 f: sec? x dx 


SOLUTION Here, there seem to be two reasonable choices: 
Choice 1 u-x dv — sec? x dx 
so that du — dx у= [ sec? x dx = tan x 
Choice 2 и = sec? x dv = x dx 
^ x 
so that du = 2 sec* x tan x dx v= IE dx = E 
If we use choice 1, 
| v du = | tan x dx 


whereas if we use choice 2 


2-76 


| 2 sec? x tan x dx 


Evidently, f v du is simpler if we use choice 1. Thus, we let 


u-—x 


du — dx 


IF we хау | udv= w- | v du=xunx- [ nx 
= - — — 


EXAMPLE 3 [in x dx 


SOLUTION 


u=Inx 


1 
du = — dx 
x 


bo 
Thus, fin X в [udv= w- [vau n (а) 
«59 2d x 
и у 


=xinx— | ax 
=xlInx-x+C 


dy 


sec? x dx 


tan x 


dv — dx 


ES s 


x tan x — (—In |cos x|) + С = x tan x + In [cos x| + C 


Here, we don't seem to have much choice, so we put 
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EXAMPLE 4 | x cos x? dx 


SOLUTION Before using integration by parts, we make the substitution 


t=x so that dt = 2x dx 
and 


E cos 22 dx = 3 fe cos x? (2x dx) = 4 | t cos t di 


To evaluate the last integral, we use integration by parts with 


u=t dv = cos t dt 


du = dt v [ cos t dt = sint 


Thus, 


rsp 


| © (айз dx as = 


| tcostdt= (| u av) = Tm = | v du) 
——————: 
и ау 


x 


Р tsin t= | sin r dr) = 40 зїп! + со) C 


he 


= 1002 sin xX + cos л?) + С 


In the formula for integration by parts, suppose that и and v are functions of (say) 
the variable x. Then uv, as well as the indefinite integrals f 4 dv and f v du, de- 
pend on x. Consider the definite integral X=? и dv, where we have written the 
limits of integration as x = a to x = р to emphasize that x (rather than и or v) is the 
variable in question. We have 


x=b 
i и dv = t = | v du) 


E 


the formula for integration by parts of definite integrals. 


e 
EXAMPLE 5 Use integration by parts to find | кш ха 
1 


SOLUTION We put 


u=Inx dv = x? dx 

1 ie 

du= — dx ЧЕТЕ 
a 


Thus, 


| iE шоу = | и dv = (uv) 
i = 


T 
A 

| 
n 
, il 
Ly 

< 

& 


A ml r=} х=] 
E х=е х=е I dx x In x |*** x х=е 
= (In х)\—— =| === === 
3 =l кей d S 5 х=1 9 ux 
om J ES 
= — — — + — = 
3 9 9 9 
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Repeated Integration by Parts 


The formula f u dv = uv — f v du for integration by parts converts the problem of 
evaluating f u dv to the problem of evaluating f v du. By suitable choice of u and 
ау. we can often arrange it so that f v du is simpler than f и dv; however, we may 
not be able to evaluate f v du directly. A second integration by parts might be 
necessary to evaluate f v du. In fact, several successive integrations by parts could 
be required. 


EXAMPLE 6 Evaluate fee dx. 


SOLUTION Putu = x? and dv = e™ dx, so du = 2x dx and v = f e* dx = зе”. 
Thus, 


| xe” dx = uv — | v du = хе? — | xe? dx 
Although f xe™ dx is simpler than the original f xe” dx. a second integration by 
parts is required to evaluate it. Thus, put u; = x and dv; = e? dx, so that du, = dx 
and vy = f e” dx = зе”. Now. 


2 B" 4 2 Tio ey 
[se dx = цуу — | vi du; = хе" — IE (ye iy cmo ж n 


Hence, 


where С = —С,. 


Repeated integration by parts of integrands of the form 
e^ sin bx e^ cos bx 59009 or (ug 27 


where a and b are constants and л is an odd positive integer, leads back to an 
integrand similar to the original one. When this happens, the resulting equation can 
often be solved for the unknown integral. This is illustrated by the following exam- 
ples. 


EXAMPLE 7 Evaluate IE cos x dx. 


SOLUTION Ап initial integration by parts with u = e*. dv = cos x dx, du = 
e* dx, and v = sin x gives 


f et cos x dr етк | e sin xdr с (1) 


A second integration by parts with u; = e^, dv, = sin x dx, du, = e* dx. and vı = 
—cos x applied to f e* sin x dx gives 


| емес da —e GOS үг | e“ cos x dx + C5 (2) 
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Substitution of (2) into (1) yields 
fe cos x dx = e* sin x — (-e cos x + fe cos x dx + c.) +C, (Q3) 


or Je cos x dx = e* sin x + e' cos x — fe cos x dx + Cy (4) 


where we have put C; = —C> + С. Solving (4) for f e* cos x dx, we obtain 


2 | e" cos x dr = e" sin x + e" cos x + С, 


е* sin x + е* cos x 


2 
where we have put С = C,/2. п 


so that fe cos x dx +C 


EXAMPLE 8 Evaluate | sec? x dx. 


SOLUTION Ме already noticed in Section 8.2 that the methods used there are not 
effective in evaluating the integral of sec? x; however, we now use integration by 
parts to find such an integral. Factor ѕес? x as sec x sec? x and put 


и = sec x йу = sec? x dx 


du 


sec x tan x dx у sec? x dx = tan x 

[ sect x dt = [ sec. sec? x dx = sec x tan x — [ sec x tan? x de + Co 
Since 

[ sec x tan? x ds = | sec вес? x – 1) ах = [ sec’ x ax - f sec x ax 
it follows that 


f sec? x de = see x tan x — ( | sec? x de | sec x dr) + Cy 


= sec x tan x | sec? x de + | sec xde + Co 
= sec x tan x f sec? x de + In [ec x + tan a| + Co 
From the last equation, 
2 | see! x dx = sec x tan x + In ес x + tan a| + Co 


or 


1 1 
| sec! x dr = T see x tan x +> In ес x + tan xl C 


where we have put C = 2С. п 


05 


щл 
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The Tabular Method 


Repeated integration by parts can be accomplished by a shortcut called the tabular 
method. To see how this method works, suppose that x and v are two functions, and 
consider the table 


u v 
derivative ofu — u vı < antiderivative of v 
derivative of пр э u> v; < antiderivative of v, 
derivative of и, = Un v, < antiderivative of v,_, 
derivative of и, — M+) Уп+1 < antiderivative of у, 


Multiply each function—except the last—in the first column by the corresponding 
function in the second column. change the sign of every other product. and add the 
resulting terms to obtain a sum $: 


times (+) 

и атас, E ауру 
times (=) 

Hu ЖЫТ Yi л” THY) 
times (+) 

lt» m US sa 22 1/5005 
times (+) 


My ie. | F ETE 


Un+1 uen S < sum 


Then, as can be proved by using the principle of mathematical induction (Prob- 


lem 62), 
IE йу = 5 + A dai 


where the plus sign is used if л is odd and the minus sign if л is even. 
If u is a polynomial of degree л, then the (n + 1)st derivative of u is zero; hence, 
u,+1 = 0, and the tabular method yields the simple formula 


[ua=s+ce 


where C is the constant of integration. 


EXAMPLE 9 Use the tabular method to evaluate Je * — $e 7 dx. 


SOLUTION Let 
и = 2х* — 80 апа ie © “dy 


so that 


[ог = 8х?)е ^5 dx = | u dv 


м: LE 
TIPP Se Gh = cues 


Here 
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(Again, notice that when you are using the tabular method, constants of integration 
can be neglected until the very end.) Thus, our table takes the form 


times 


ЕО Е СИС ЕС ee ee 


8x3 — 242 Shes = (8x3 — 242) de7?!) 
24x? cage BEES — hes LU, 4 (ge? Lago dye 
48х — 48 S е“ "s —(48x — 48)(вте 7") 
48 NS cus зе 
l1 ,—-3x 
0 — 729€ M 


Adding the terms in the last column to obtain 5 and simplifying, we have 


| (t — ees ах=5+С 


2 16 16 2 32 32, 
-z(-$€4 ox +g x fpe MM 


Problem Set 8.4 


In Problems 1 to 12, use integration by parts to evaluate each inte- In Problems 23 to 26, use a suitable substitution to express the 
gral. integral in a form so that integration by parts is applicable. Then 
evaluate the integral. 
1 | x cos 2x dx 2 J sin bx ax я 
28 ES dx 24 [x sin 242 dx 
3 IE dx 4 fres dx 
25 [vi + х? dx 26 f cos x tan (sin x) dx 
5 [in sx ax 6 | xin 2x ax 
In Problems 27 to 46, evaluate each integral. 
7 | cos x dx 8 IE In (x?) dx 
27 [о = йә gi 28 IE sinh x dx 
9 [se x dx 10 | sin 3x dx 
29 f xe* sin x dx 30 | In (1 + 2°) dt 
11 [ sec rtan ra 12 f tant x de 


| 3I Го xy. ах 
In Problems 13 to 22, use repeated integration by parts to evaluate 


each integral. 33 | Base хах 
ы | ИР х? d 
13 [s sin 3x dx 14 IE sin’ x dx 35 i Tem 
I5 [oe — 2x + 1) cos x dx 16 [oe = Byte DO dh 37 fe cos х“ dx 
785 7/9 ы 
17 | + x)e* dx 18 IE qus km $7 39 | 4x° sin 3x dx 
3 
19 fe * cos 2x dx 20 fe sin x dx 41 | seer bands 
2 


a/4 
21 | ве x dx 22 IE sin bx dx 43 | (5x? — 3x + 1) sin x dx 
o 


32 | sin Vx dx 
34 IE x dx 
2 
35 [= 
Wor = jl 
38 IE cos V/x dx 
1 xe? 
L————— di 
of (ПЕ? x 
1 
42 Í cos”! x dx 
-1 


m 
44 | sin (In x) dx 
1 
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т/2 3 ce i i arts € 
45 Í ee 46 | Pun е $3 Use integration by parts to prove that 
0 LU 
i f(x) dx = xf(x) — | xf'(x) dx 


In Problems 47 to 50, use the tabular method to evaluate each inte- 


| 54 Show that the volume of the solid generated by revolving the 
gral. 


region under the graph of y = sin x between x = 0 and x = 7 

about the y axis is four times the volume of the solid generated 

47 IE COSI dhe when the same region is revolved about the x axis. (Hint: When 
revolving about the y axis, use cylindrical shells.) 


48 fæ = T UU 55 Derive a formula for f sec? x dx. 
56 If a is a positive constant, derive a formula for / Va” + x^ dx. 
д. = 
49 [: ed 57 Suppose that g" = f. Evaluate f x?f(x) dx. 


58 Evaluate f V2 — 3x + x^ dx. (Hint: Complete the square, 


5 _ үз = 
50 [е =x + де dx change the variable, and then use the result of Problem 56.) 


59 Let f(x) = xe * for x = 0. Suppose that f(x) takes on its maxi- 
mum value when x = a. Find the area of the region under the 
graph of f between x = 0 and x = a. 


$1 Use integration by parts to show that 


| хр") dx = ауа) — 2af'(a) + 2f(a) — 2f(0) 
п 60 Find the volume of the solid generated if the region described in 
52 It is desired to evaluate f. F\(x)F'2(x) dx by parts. To this end, we Problem 59 is rotated about the x axis. 
put 4 = F(x) and dv = F;(x) dx. Then du = F(x) dx and v = 
G(x) + Со, where С is an antiderivative of Е and Со is the 
constant of integration. Show that Co always cancels in the cal- 62 Using the principle of mathematical induction, justify the tabular 
culation of f Р(х) (х) dx by parts. method of integration. 


61 If a is a constant, derive a formula for f x^ In x dx. 


8.5 Integration by Partial Fractions—Linear Case 


Recall that a rational function h has the form 
P(x) 
Q(x) 


where P(x) and Q(x) are polynomials and Q(x) is not the zero polynomial. As we 
shall see in this section and the next, it is possible to find the integral of a rational 
function by expanding it into a sum of simple rational functions called partial 
fractions and then finding the integrals of these partial fractions. 

A rational function is said to be proper if the degree of its denominator is greater 
than the degree of its numerator. If a rational function is not proper, you can 
perform a long division 


h(x) — 


quotient 
denominator ) numerator with remainder 


^ numerator , remainder 
and write отин = © ania << о 
denominator denominator 
where the rational function 


remainder 
denominator 
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is proper. For instance. the rational function 
6x* + x? + Ax +4 
25? - x — 1 


is not proper; however, by long division we find that 


3x27 — x +2 
Qv2+x—1)6x? + х7 + 4x +4 with remainder x + 6 
6xt+a° + 4х +4 н x+6 
so that аф 2 + — 
2X ap ge = || DEO ap ae | 


Thus, by means of long division, a rational function that is not proper can always 
be rewritten as the sum of a polynomial function and a proper rational function. 

Using the procedure explained above, you can rewrite the integral of a rational 
function that isn't proper as the sum of the integral of a polynomial function and the 
integral of a proper rational function. Since there's no difficulty in integrating the 
polynomial function, the problem is thereby reduced to integrating the proper ra- 
tional function. Thus, in what follows, we can concentrate on the problem of inte- 
grating proper rational functions. Of course, we assume that all common factors in 
numerators and denominators have been canceled, so that the proper rational func- 
tions are in reduced form. 


The Case in Which the Denominator 
Factors into Distinct Linear Factors 


2) 3 
Notice that the two fractions and can be added to obtain 
M 2 х +1 
2 br Se AEN 2 Sy = 4 
x—2 ac 3 Il (y= 2YEs ap 10) (Ge > 26s se 1 


It follows that 


Sx — 4) dx 2d 3d 
=] s: + | х2 |а 2| зш | 1] 2 C 
(а = А) ggecom) sar i 


5x —4 
Therefore, it is a simple matter to integrate ———————— provided that we 
(Ge Bye se I) 


know it decomposes into the sum of the partial fractions 
2) 3 


d 
do es xr Il 


Decomposition of a rational function into partial fractions is easiest when the 
denominator factors into distinct (that is, different) linear factors. In this case, it is 
only necessary to provide a partial fraction of the form 

constant 
ax + b 


for each of the linear factors ax + b in the denominator. The constant numerators of 
the partial fractions can be denoted by A, B. C, and so forth. 
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m St-x4 : , 
For instance, the fraction ———— — — - is decomposed as follows: 
(Gy = Lyrae =F IN) 


Suv = a 4 n B 
(бо = Жз ДЇ д? сат Il 


Another example is provided by 


27? — 4x + 13 C D E F 
= l keepo 
(3x — Dx  2)Q/2) — 7]x aie = il se ab 2 (2 ea ae 


In the case being considered, there are two methods for finding the values of the 
numerators of the partial fractions. 


1 Equating Coefficients 
We have 
P(x) 
Q(x) 


where the numerators of the partial fractions are denoted by A. B, C, and so forth. 
Multiply both sides of this equation by the denominator Q(x) to obtain 


=a sum of partial fractions 


P(x) = Q(x) (sum of partial fractions) 


and then collect like terms on the right side. Equate the coefficients of powers of x 
on the left side to the coefficients of corresponding powers of x on the right side, 
and thus obtain a system of equations involving the unknowns A, В, С, and so forth. 
Solve this system for the unknowns. 


J m "E ш; 
EXAMPLE 1 Find the partial-fraction decomposition of ———_——— by equat- 


= 2 2 
ing coefficients. (ax 0) 1) 


SOLUTION We have 
She = dl — DA Р, В 
(Ge = Йо sk Л) = 2 x+1 


where the constants A and B must be determined. Multiplying both sides of this 
equation by the denominator (x — 2)(x + 1) yields 


5x — 4 =A + 1) + Bo =) or 5x — 4 = (A + B)x + (A — 2B) 
Equating coefficients of like powers of x on both sides of the last equation gives 
| 5=А+В 
—4 —A — 2B 
Solving (say. by elimination) the system of linear equations above, we find that 
A — 2 and B = 3. Therefore, 
5х- 4 2 3 
жь—— S_e_ + —— 
(Ge = Diraesr p ac» agas Jl 
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2 Substitution 


Suppose that 
A 


ax + b 


is any one of the partial fractions in the decomposition of P(x)/Q(x). Then ax + b is 
one of the factors of Q(x), so we can write 


Q(x) = (ax + БО (х) 
where О (х) is the remaining part of the denominator. Thus, 


P(x) 7 
(ax + b)Q\() ax t b 


+ other partial fractions 


Multiply both sides of this equation by ax + b to obtain 


AE = А + (ax + b)(other partial fractions) 
Qi(x) 
If we now put x = —b/a, then ax + b = 0 and the equation becomes 
P(—b/a) 
о/а) 


Thus, we obtain the numerical value of A. Repeat this procedure for each of the 
partial fractions. 


1 j А Bn 5x =й 
EXAMPLE 2 Find the partial-fraction decomposition of — —— — ——- by sub- 
-= (х= 24a 
stitution. 
SOLUTION Again 


5x —4 NA т; В 
(bx = дубаа I) ee 2 x3 Il 


where the constants A and B must be determined. Multiply both sides of this equa- 
tion by x — 2, and then substitute x — 2 to obtain 


Spd 
А PN <=?) 
gear 11 ae ar || 
10-4 

= А + (0) 
2+1 IEJ 


so that 


Similarly, to find B, multiply both sides of the original equation by x + 1, and then 
substitute x = —1 to obtain 


mo! 

=B or B=3 
—]-2 
Spe sl 2 B 


Therefore, 
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The method of substitution can be shortened simply by temporarily ‘‘covering 
up,” or “disregarding,” appropriate portions of the equation and then substitut- 
ing. For instance, to find the constant A in 

5x—4 A = B 
Se  _ _ a 
(Ge = Gea 1) ge xl 


we cover up, or disregard, everything on the right side of the equation except A. and 
we cover up, or disregard, the factor in the denominator on the left side that corre- 
sponds to A. This produces the equation 
5314 А m B 
О) + 1) ee gear if 


into which we substitute the value x = 2 to obtain 


10-4 
=) or A=2 
Dap Íl 
Similarly, to find B, we substitute x = —1 into 
Sic ad _ E B B 
(x — 20 019 к= 2 Sesr ll 
| ==) =l 
to obtain PUES =B or B=3 


This method is called the short method of substitution. 
In Examples 3 and 4, evaluate the given integral. 


f 3x = 5 
EXAMPLE 3 SS — dt 
—— 8 i= = 2 
SOLUTION x?—x-2-2(x-2)x* 1) 
а Б Е ы 
х2-х- 2 (Gr 26 авл) == 7 sear 1 


Hence, 


By the short method of substitution 


бул 1 
=A so that А = — 
2) 4r Íl 3 
d а ХЕС В that B 2 
— = so tha =— 
x mu 3 
Therefore, 


3àx—5 di 8 
| zem 2 as | = de 
A = де 2 ape aca Л 


= iln|x-2| + $1n |+ 1] 4 C 
= к= Sp se TI] 2 
15x* — 17:8 + 42x? — 12x — 8 


EXAMPLE 4 [IE ont RED dx 
Dv wc 15x? — 17x? — 4x 


л 
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SOLUTION The integrand is an improper fraction. By long division, 
A 
15х53 — 17x? – Ax) I5x* = 17x? + 42x* — 17x – 8 
l5x! - 128 — 4x? 


46x? — 17x — 8 
so that 
15x? — 128 + 42x? — 17x - 8 46x? — 17x - 8 
D o — UN AAT eee 
15x? — 17x? — 4x 15x? — 17x? — 4x 


Factoring the denominator, we have 
15x? — 17x? 4х = x(15x° — 17x — 4) = x(5x + 1)(3х — 4) 
Hence, 
46x = 1k = 8 СА B С 


———————— = — + + 
(эң ap Dye = d) A SE EI Sie edi 


Using (say) the short method of substitution, we find that 
A=2 B--—3 and C=5 
Therefore, 


| 15x7 — 17x? + 42x? — 17x - 8 
158 — 17x? — 4х 


ji de ue pr 
= x+— + dx 
x Se er Í any = al 


= {xrar+2{ 4-3 E 
m Su xe Й ae 4 


N 


x 3 5 
= 2 +2 In |x| = Sn [sx + In Bc 4] К 


where we have written the constant of integration as K to avoid confusing it with the 
numerator of the partial fraction C/(3x — 4). Using the properties of logarithms, we 
ean rewrite the solution as 


| 15x* — 17x3 + 42x? — 12x - 8 E at xx — a4p^5 


+ In tK 


158 — 17x? — 4х tabes [5x  1p^ 


'The Case in Which the Denominator 
Has Repeated Linear Factors 


We now consider the case of a rational function P(x)/Q(x) whose denominator QW) 
factors completely into linear factors, not all of which are distinct. An example 
would be 


(QJ) Ох ЗЮ) =) ЕН) = 


in which the factor (3x — 2) appears twice and the factor (x — 1) appears three 
times. The first step in handling such a case is to gather like factors and write them 
with the aid of exponents. In the example at hand, we have 


Q(x) = (x — D3x — 2P( + 1) 
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If the denominator contains a factor of the form (ax + Б) where К > 1, it is 
necessary to provide k corresponding partial fractions of the form 
Ay А» Аз Ag 
ieee SE SS a + тля ay Е ас ar oo | 
ax t b (ax + b)" (ax + by (ax + b) 
where A4, A2, Аз... . , Au are constants that need to be determined. This must be 
done for each factor in the denominator. Nonrepeated factors are handled just as 


before. 
For instance, the partial fraction decomposition for 


3i + Ax 2 


x(x + 1)? 
has the form 
3x2 + 4x + 2 _A В! Б B; 
x(x + 1)” x xt] (х + 1)? 


Although the short method of substitution can no longer be used to determine а// the 
unknown constants, it can still be used to find constants. such as A, that correspond 
to nonrepeated factors. Indeed, 


GO + (40 + 2 — 
(+ Ws 


so А = 2. 

The short method of substitution is also effective for determining the constant 
numerators of the partial fractions involving the highest powers of the repeated 
factors. (Why?) Here, for instance, 


Clie eel) ga 

(51) 
so Ba = — 1. Unfortunately. the short method of substitution does not work for the 
constant numerators of the partial fractions involving remaining (lower) powers of 
the repeated factors, such as B; in the present example. These remaining constants 


can be found by the method of equating coefficients. 
For instance, we now have 


= В, 


30 *4c*2 2, йу _ ] 
x(x + 1)? X Sap | (x+ 1)? 


In order to find B,. we multiply both sides of the equation by x(x + 1)? to obtain 
Зх? Ax - 2. = 204 1 + Bix(x + 1) —x 
that is, 38 + 4x +2 = (2+В,)х?+ (3 + Вү)х+2 


Equating coefficients of like powers, we have 3 = 2 + B, and 4 = 3 + B,. There- 
fore. B, = 1, and so 
dicc p E 1 1 


сасы т ue 
dar ae UE 37 gear | (Gear IF 


Rational functions for which the denominator factors completely into linear fac- 
tors can always be expressed in terms of partial fractions of the form 


_ A 
(ax + b)" 
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3 | A dx 
Since чек um Ed 
(ax + b)" 


can easily be evaluated using the change of variable и = ax + b, we see that the 
integral of such a rational function can always be evaluated. This is illustrated by 
the following examples. 


In Examples 5 and 6, evaluate the given integral. 


3x2 + 4x + 2 


a uh 
(esp ID 


EXAMPLE 5 | 


SOLUTION Using the decomposition above, we have 


2 +4 2 2 1 
кошш |2. Ка 
ОЕ X se ap || (Ge se IDF 


= | dx 
Е & ie SF i (x + 1)? 


= 2 In |x| + In |x + 1| + HE 
Е 
3 1 
ЭЕ Н 
x 
= Inl + D| + +C 
agar / 
3 3x-2 
EXAMPLE 6 | 5 = ake 
ee ee 
з= 20 e» А, А» В 
SOLUMONG — zem сс ae = 5 5 
$e qe 8e tac al) X Ac Saal 


By the short method of substitution, 


3—72 


= 2 
and = A5 so that Аз = 2 
(0) — f 
Ay —» 
Thus, pee = er т 4 | 
(ы!) bu As áo — jl 


Using the method of equating coefficients, we have 
3x — 2 = Ayx(x — 1) + 2(х— 1) x^ = (A, + x? + (—A, + 2)x - 2 


Hence, A; + 1 = 0 and —A, + 2 = 3, so that A; = —1. Therefore, 


B 
= (in 


=(In§ – §)-(nd- 1) =Ing +3 
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Problem Set 8.5 


In Problems 1 to 30, evaluate each integral. (Caution: Some 


integrands may require a preliminary long division.) 


seen 
1 | = 
моу ^ 


Jy = ©) 
JE 
булл у= 2 ^ 


42 —3t—4 
B-r- 
2e se || 
7 21-а 
х aX - 2x x 
dx 

9 
х= х 


uf Ee 
sO =F 6 


үре = ge ta? —9x—3 zn 
x!'-x-12 


= ANS 
в | ыш == 4х W л 


4^ ae She = 


5х2 – 7х + 8 
17 | ——————- dx 
x) + 3x? — Ax Zs 


19 | т ау 
x-*x-6 


5x? — бх? — 68x — 16 
20 | ————————— d 
x? — 2x* — 8х : 


2 | 2x dx 
(x + 2)(х^— 1) 


ge ap I 
4 |o et — 
еа асна“ 
+4 
ne 1—5 
ату ore 


| x? — 3x? + 5x – 12 


Co ee C3 


30 ELA. (t+ 2) dt 
(12 — JE ay 


av or 3) 
ie CEU 7 dr 


TE Y) 
se 
| à 


8x-7 
Па выл 
Weka 
шаг 
в [gil безе il 
EET 


, | (t + 7) dt 
(t 1X? — 4t + 3) 


De ee + 
De m L ld 


x? + 3x? + 2х 


н [n x dx 
(ix САР Dae, 22) 


х* + 2x? + 
в |5, 2 aad 
x = x? - 2х 


ad M = 
re xy + 5х2 — x — 22 E- 


2 + 3x — 10 


у = 4у = 1 
Блуа л, 
pi 
202 0800 
2(4z+ 1) 7 


E = Te tale = Ther 10) 
(КЕЕ (+ 2)(3x -2 2y 


[INE c | dz 
C-IE- A3) = 1062? - 4z + 3) 


x+3 
и arn “ 


In Problems 31 to 36, evaluate each definite integral. 


31 D x dx 
5 (Qr DIGedr 22) 


33 = 
2 (0) 


3 2 512 — 3t + 18 


5 4-314 б? +42 - 61-1 


49-8) жок ES T 


di 


249 + 3x4 -—48-—3 + x+ 12 
м | x? + Зх хх + 11х + 1 л 
1 


x"(x? + 4x + 5) 
S D) 2 2023 4] 
ss [ 2—2. — d mp 
MEN E aeri 


37 Evaluate f [(ax + b)/(cx + d)] dx if c zx 0. (н: 
аар @ bc — ad ) 


etd с c(cx + d)" 
38 (a) Evaluate | oop if a = b. 
dx 
wate | — 32 ita b 
(b) Evaluate TES US ifa=b 


dx dx 
Is it true that li SS = — ? 
(c) Is it true tha im РЕ е арр 
39 Evaluate f [(x + D/G? — x — 6)] dx іп two ways: (a) By 
completing the square in the denominator and substituting 
u = x — 5. (b) By factoring the denominator and using partial 
fractions. 


40 Evaluate f ((x + c)/(x — ay] dx. 


41 Find the area of the region in the first quadrant bounded by the 
curve (x + 27) y = 4 — x. 


42 Find the volume of the solid generated by revolving the region in 
Problem 41 about the x axis. 


43 In connection with the study of the production of ions by radia- 
tion, it is necessary to deal with the integral f dx/(q — ax’), 
where q and a are positive constants. Evaluate this integral. 

44 The equation dy/dt = ak[1 — (1 + b) y][1 — (1 — Б) y] applies 
to the velocity of the reaction between ethyl alcohol and chloro- 


acetic acid. Here, a, К, and b represent positive constants. Solve 
this differential equation. 


45 The differential equation dx/dt = k(a — x)' applies to the veloc- 
ity of the reaction berween hydrobromic and bromic acids. Here 
а and k are positive constants. Solve this differential equation. 


46 Find the arc length of the curve y = In (1 — х?) from x = 0 to 
х=}. 
47 The marginal-cost function of a certain product is given by 
400x? + 1300x — 900 
x(x = 1)(х + 3) 


where x is the number of units produced. If it costs $47 to pro- 


duce 2 units, find a formula for C in terms of x. (Assume that 
x= 2.) 


Сх) = 


48 Explain why every rational function whose denominator factors 
completely into linear factors has an integral that can be ex- 
pressed in terms of rational functions and logarithms (of absolute 
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values). Assume—as is, in fact, the case—that such a rational 
tunction can always be decomposed into partial fractions. 


49 As we mentioned on page 264, the differential equation 
dy/dt = КА — y)(B + у) applies to the formation of trypsin in 
the biochemistry of digestion. Assuming that A, B, and Ё are 
positive constants, solve this difterential equation. 


un 
= 


Ecologists sometimes use the following simplified growth 
model for the population q of a sexually reproducing species: 
The rate of change of q is the birthrate minus the death rate. The 
birthrate depends on the trequency of contacts between males 


51 


and females; hence, it is proportional to q?. The death rate is 
proportional to q. Hence, dg/dt = Bq? — Aq, where B and A are 
constants of proportionality. Solve this differential equation. 


Sociologists sometimes use the following simplified model for 
the spread of a rumor in a population: The rate at which the 
rumor spreads is proportional to the number of contacts between 
those who have heard it and those who have not. Thus, if p is the 
proportion of the population who have heard the rumor at time /, 
so that | — p is the proportion who have not yet heard it, then 
dp/dt = kp(Y = p). where k is the constant of proportionality. 
Solve this differential equation. 


8.6 


Integration by Partial Fractions— 
Quadratic Case 


We now consider the problem of integrating a rational function P(x)/Q(x) whose 
denominator Q(x) cannot be factored completely into linear factors. It can be proved 
that any polynomial Q(x) with real numbers as coefficients can be factored com- 
pletely into a finite number of polynomials, each of which is either linear or quad- 
ratic. Furthermore, the quadratic factors (if any) can be assumed to be 
irreducible—that is, incapable of further factorization into linear polynomials. 
For instance, 


w+ at = 05 — 3х7 + 2 = (х — DG? + 2x + 2)x + DG — 1) 


as can be confirmed by direct multiplication of the factors on the right. The quad- 
ratic polynomial x? + 2x + 2 cannot be factored into linear factors with real coeffi- 
cients; hence, it is irreducible. 

It is easy to check whether a quadratic polynomial 


ax? + bx + с 
is irreducible—/t is irreducible if and only if its discriminant 
b? — 4ac 
is negative. For instance, x^ + 2x + 2 is irreducible because its discriminant 
2? — (4)(1)(2) = —4 is negative. 
As in Section 8.5, we can assume without loss of generality that P(x)/Q(x) is a 


proper fraction and that all common factors have been canceled from its numerator 
and denominator. 


The Case in Which the Denominator Involves 
Distinct Irreducible Quadratic Factors 


Assume that the denominator Q(x) of P(x)/Q (x) factors into linear and irreducible 
quadratic polynomials, but that nore of the quadratic factors are repeated. Again, 
we seek to decompose P(x)/Q(x) into suitable partial fractions. This is accom- 
plished as follows: 
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For each nonrepeated irreducible quadratic factor ax? + bx + c in the denomi- 
nator of P(x)/Q(x), provide a corresponding partial fraction of the form 


Ax + B 
ax? + bx te 


Again, it is necessary to determine the numerical values of A and B, say by equating 
coefficients. Partial fractions corresponding to linear factors of the denominator 
must be introduced, just as in Section 8.5. 


In Examples 1 and 2, decompose the given rational fraction into partial fractions. 


8x7 + 3x + 20 
EXAMPLE у с шау 
a ах tx 64-4 
SOLUTION Factoring the denominator, we obtain 
XP ax? 40+ 4 = 00 + 1) + 4(х+ 1) = (x DG? 4) 


The quadratic factor x? + 4 is irreducible: hence we must provide a corresponding 
partial fraction ot the form 


ANB 
xX+4 
We must also introduce a partial fraction corresponding to the linear factor x + 1. 


Consequently, 


8х2 + Зх + 20 _ 8х2 +30+20 _Av+B | C 


px +4х+4 (+ О -4 x44 О xt] 


We can evaluate the constant C by the short method of substitution, just as in 
Section 8.5; thus, 


GN + 00-0 +20 _ 
(= 
Кз че улей АХВ 5 
(x + D? + 4) х? +4 х +1 


so C-5 


Therefore, 


Multiplying both sides of the last equation by (x + 1)(x? + 4) and collecting terms 
on the right, we have 


8x? + 3x + 20 


(Ax + Byx + 1) + 5( + 4) 


or 8x? + 3x + 20 (А + 5)? + (A + В)х + (B + 20) 


Equating coefficients of like powers in the latter equation, we have 
8=A+5 3=A+B and 20 = B + 20 
Therefore, B = 0, A = 3. and 
Sx oi + 20 hg es 5 


SE eS (ee eee чы 
х9+х®+А\Ах+4 (x + DG? +4) х2 +4 ie s il 


3x? + llx = 16 


EXAMPLE 2 ——————————— 
= (Чр Ir ne cess у 
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SOLUTION 


3x3 + Ilx- 16 
(x? + 1002 + Ax + 13) x? +1 


_ Ax t B (Csy ae IB? 
x? + 4х + 13 


Multiplying by (x? + 1)(x? + 4x + 13), we have 


3x? + 11х— 16 


It 


(Ахав + хе 13) + (Cot DOG CENT 


or 3x? + 11х— 16 = (А + С)х? + (4A + В + D)x* 


+ (13A + 48 + С)х + (138 + D) 


Equating the coefficients, we have 


з ч АС 

0 = 4A+B+D 
П = 13A+4B+C 
—16 = 13В+Рр 


Solving these simultaneous equations for А, В, С, and D (say, by elimination), we 
obtain A = 1, B = —1, C = 2, and D = —3. Therefore, 


3x? + lix — 16 
(х2 + DOr + 4x13). x? +1 


= || дд = 3 
x? + 4х + 13 


As soon as a rational function has been decomposed into a sum of partial frac- 
tions, it can be integrated by integrating each of these partial fractions. We have 
already seen in Section 8.5 that there is no problem in integrating the partial frac- 
tions that correspond to the linear factors (repeated or not) in the denominator. The 
partial fractions corresponding to nonrepeated irreducible quadratic factors in the 


denominator have the form 


The integral 


Art В 


ax? + bxc 


Ах +B 


ax? + bx + с 


can be handled by completing the square in the denominator (if necessary), as in 


Section 8.3. 


In Examples 3 to 5, evaluate the given integral. 


EXAMPLE 3 


SOLUTION 


Hence, 


8x2 + 3x + 20 
CEE 


1й 


In Example 1 (page 517), we saw that the partial-fraction decompo- 
sition of the integrand is 


8х2 + 3x + 20 3x 5 


E а E] S5 
(tae) Gc) ЕС Sar || 


8x? + 3x + 20 
(x + Do? + 4) 


{ хах | dx 
= 3 > +5 
AC dE Ac Il 


310002 +4) +5 а |+ 1| 4 C 
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3i? + 11х — 16 


EXAMPLE 4 REGI. SS Le 
EXE | (Ge sp CORE LESE LATIS) 


SOLUTION Using the partial-fraction decomposition of the integrand already 
found in Example 2 (page 517), we have 


| Зх? + 11х — 16 
аата Ў 
(gee ae ПС ae dle de 13) 


ip [| gu c 
= = ese “сс — m hk 

5 xe JI Д dr died Л) 

x dx dx due 5 

3 = 5 ШИ xm a ones 

ac ul re ue [| se ep ale а= П) 

x dx dx Die ape! dx 

5 — E = | ——————e—l————— 
ar 4e d ар i a aedis sp 3 (Ge == De ar G) 


1 : = n S үш? 
= Jin sr i) =й SP itn (Qu^ SF abe SP 113) = — (ищ) ( 
p B x 3 


ieee 


where 


| 2х—3 
= qi 
He ae dle єз 1/8) 


has been found by adding and subtracting 7 in the numerator and splitting the 
integral into two integrals such that in the first integral the numerator is the deriva- 
tive of the denominator. The second integral is evaluated by completing the square 
in the denominator and then substituting и = x + 2. 


Зх? 2x—2 
EXAMPLE 5 SS aq 
er Сер ар 2) 


SOLUTION Here we have 
p В | Cx*D 


— + 
x7(x? + 2) ba ae 3c up 2 


By the short method of substitution, B = —2/(0 + 2) = —1. Putting B = —1 and 
clearing fractions, we have 


Зх + 20-2 = Axha? + 2) – (х2 2) + (Cx + D)? 


(A + C)x? + (D — Dx? + 2Ax - 2 


Equating coefficients, we obtain 3 = A + C, 0 = D — І, and 2 = 2A; hence, A = 
1, C = 2, and D = 1. Consequently, 


38 + 2х - 2 ах ах 23r || 
таса а Со = Pot gu > ах 
3e( e 3p 2I E X ie de 


1 2x dx dx 
ЕК н 5 + : 
ás nora ae ap 2 


1 р v2 va 
Ся 5 tan! xc 
x 


t2 
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The Case in Which the Denominator Involves 
Repeated Irreducible Quadratic Factors 


We now consider the case in which the denominator, after being completely fac- 
tored, involves repeated irreducible quadratic factors. After such repeated quadratic 
factors as well as all linear factors are gathered with the aid of exponents, the 
denominator is a product of factors having the form (ax + b)* or (ax? + bx + cy, 
where k = 1. The factors of the form (ax + Б)“ are handled just as in Section 8.5. 
The k partial fractions corresponding to (ax? + bx + c)* are those appearing in 
the expression 


Aix ate В, AX H B5 Ах аР By 
actbxte (art bx t с) (ax? + bx + cf 


Again, Aj, Bj, A2, Вэ... . , Ag, B, must be determined, say, by the method of 
equating coefficients. 


In Examples 6 and 7, decompose the given rational fraction into partial fractions. 


wtxt42 
EXAMPLE 6 === 
Se 6802 арр 

x +х+ 2 А А DIERE 
SOLUTION — та Ый ек Р 


она) a” eam Rete: 1. виса ар). 
Here, the constant A сап be found by the short method of substitution as 


Castes 


Asa 
(02 + 1y ш 


In order to find В, С, D, and E, we put А = 2 and multiply both sides of the 
equation by x(x^ + 1)? to clear fractions, and we obtain 
pos cS TD? Putas + Оаа) 
= (2х Рас + 2)-- (Bx + Co + Br + Cx) ОСЕ 
ЕВ) EC SUI Be Dy D(C + Eye 


Equating coefficients of like powers of x on both sides of the equation above, we 


obtain 
0=2 + В 
1 = С 
0=4+B+D 
LSC TE 
Solving these equations simultaneously, we have B = —2, C = 1, D = —2, and 
E = 0. Hence, 
,TIx-2 _& 2х ji 2x 
acetal? E ELA 0 


х5 – 204 + 205 *x-2 
ОЕР) 
х9 — 2400 +205 +0-2 А В Сх+ р Ех+ G 
rie 2 


SOLUTION a = + + fs} -———— 
B D x ox Ó-) (2 +1) 


EXAMPLE 7 


SECTION 8.6 INTEGRATION BY PARTIAL FRACTIONS—QUADRATIC CASE 521 


Here we find that B = —2 by the short method of substitution. Thus, 
tog ee a 2 Cx - D Ex+G 
xe + р yy x +1 (х2 + 1) 


Clearing fractions. we have 


X = 2х*+ 29 -x-2- Ax(Ü + 1) — 208 + 1) 
+ (Cx + р) + 1) + (Ex + Ge 


= (Ах? + 2Ах?* + Ах) (QUO 44082) 
+ (С? Dx* + C) + рх) + (Ех? + Gr) 
= (А + C)? + (D — 2)* + (QA +C + E)? 
+ (р +6 – 4) + Ах – 2 


Equating coefficients, we have 
=А + 


1 G 
SEDEM 

2 e UN CERE 
0=D+G-4 
| =) 


Simultaneous solution of these equations yields A = 1, C = 0, D = 0, E = 0, and 
G = 4. Hence. 


D-2x*-284x-2 1 2 4 
? 


PED 5 I IL Wo eR aE 
(лс IDE X x (be^ se IDF 


In order to integrate rational functions containing repeated irreducible quadratic 
factors ах” + bx + c in the denominator, it is necessary to be able to integrate 
partial fractions of the form 

Ах +В 
(C ese ay 
After we complete the square, if necessary, in the expression ах” + bx + с and 
make the usual change of variable, the required integral can be brought into the 
form 


Cu+D u du du 
ee du or (e ваша ыс + жашо oE 
(au^ + д) (au^ + 9) (au^ + q) 


The integral 
| и du 
(au? + q} 


can be handled with ease by the substitution t = ан? + q (Problem 40). However, 
the integral 
| йи 
(аи? + q} 


can present more of a challenge. Since the original polynomial ах? + bx + c was 
irreducible, it can be shown (Problem 41) that g/a > 0. Thus, we can make the 
substitution и = У д/а w and obtain 


| du Ж doxes V/q/a dw OE dw 
(au? + q)* 


(qw? + ge (w? d mE 


t2 


D 
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The required integral can be found provided that we can evaluate an integral of the 


form 


\ dw 
Qv? + 1)* 


The trigonometric substitution w = tan @ converts the last integral into the form 
J cos" 0 d0, where n = 2(k — 1) (Problem 42); by this or other means (Problems 43 
and 44), it can always be evaluated. 


ХУ+х+2 
EXAMPLE 8 Evaluate | ——,———> dv. 
шке —áíá- HGS ap ID 


SOLUTION Here we must make a decomposition of the integrand into partial 
fractions. By Example 6, 
хао 2 2x n 2 


wet le x e+) (2+1) 


etxt+2 dx xe = || 2x dx 
—————— Ne oe 5 Chee aaa m 
О аР Ш)" EC a3 ] (Ge ap Ire 


dx IE ч dx | De ibs 
х? +1 х + 1 (х2 + 1)? 


x 


" l 
= 2710 ХЕ De en S +E 
X 


*d 
where the second and fourth integrals have been evaluated by using the substitution 


fes. |1, 


: х5 = 240 + 20 e - 2 
PANELS. О leva а 
EET Um Xen sr P 


SOLUTION By Example 7, 


D-24207 x-2 1 2 4 
=a УЙ О C БОД жо gs PT NEU 
Seo ae IDE Xx XS (Ge ae IDF 
Hence, 
х? = 20 + 20 + х 2 dx dx dx 
SS ee és = || = = 2 mee ce |S 
fae ar IUE K ác (= ap IDF 
2 {Чп EN xX 
-dn|i iran ___ 
X 2 Me ap 1 


where we have used the trigonometric substitution x = tan Ө to evaluate 
f. ах/(х? + 1}. Thus, dx = sec? 0 40 and 


Ce E dé 
Ps us (tan? Ө + 1* (sec? Ө)” sec? 0 
= | cos? odo = + DEL ошо ae 
2 4 2 2 


Problem Set 8.6 


In Problems 1 to 26, evaluate each integral. 
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Using an appropriate right triangle, we have Ө = tan`! x, sin Ө = x/V + 1, and 


cos 6 = 1/Vx7 + 1, so that 


| dx 
(х2 + 1)? 


(Caution: Some 


integrands may require a preliminary long division, and others may 


be partial fractions to begin with.) 


1 | 5 dx 
(x — L(x? + 4) 
3 | (х T 3) dx 
HGS 39 1 


32 +х- 2 d 
ET 


Е 
x*-1 
D 
em г ЫТ 
RP SP ES) 


T | IS dx . 
хх + 4) 


| 15? — 4y + 12 - 
Зу = у + 12у—4 у 


- 


13 


3 680 — 8х — 1 
г аана 
(ae Бает ^ 


п | > 
28 — 7 + 115 - 10 


Др 3x + 8x +6 
t+ 424 Ort 4 


—=3 2 + 2г— 
oE ee 3t t Е, 
1% + 91? 
+4 
——— mgr di 
38er sr JP 
UC асса о 
ПЕ ТУЕ ЗЕТ + 4x 


з 1412 eee te 
2s | 


41+ 1) а 
гї? + 21 + 2)2 


2x* — 70 + 3152 — 45x + 46 


S 3 
e ta +1 i 
ie op he 
dy 
|” 
y! — 16 
T) + 6бх +5 : 
x(C + xcd 


i3 
p dp mq 4 


& te ow 
i = и 21 


10 к — = 
блк урды = A 


+ 
12 lo Er 2 dx 
ze 4b ge sb ire 


17 dy 


oe 


+ 4y + 5) 


X 


d dx 
20 | G2 + 1» 


2 
22 | [SL 
yi + у? + 12у? : 


Ji Ax? dx 
== ир = е: 
ах 
26 Е ee 
X + 342 + 75 +5 


In Problems 27 to 32, evaluate each definite integral. 


27 


29 


tange 1 х 1 
ER ar 8: SS id / oF 
2 усе a= || o WER SF TI 
tan! x x 
= = + (С 
2 ate 5010) 


+ 
|; + 10 cna шш Ё 
(t (r* DP +1) 1) 
pe 2 EN UON dx 
ох + DAE +1) + 142+ 1) 


wf 
1 


1= 02 


1 rcx ls 
| das wei 


In Problems 33 to 36, find a change of variable that reduces each 


a LE xy -3-280-x-2 
д (х-ро +2) 


integrand to а rational function. 


33 


34 


38 


39 


40 


| соѕ х ах 
J sim х + sin х + 9 5іпх+9 


| dx 
xVx+x+1 


5 
SE EP EDU = 


eu Um dx 36 


Find the partial-fraction decomposition of 


ax + bà + сх + d 


(ac p pe 
+ bx + ox + 
Find a formula for | QU шу 
(GE oP IF 
Integrate 


x 


Е 
х +20 + х 


in two ways: (a) by using the substitution u = 3^ + 25° + x and 


(b) by using partial fractions. 


u du 


Find a formula for Г. 
(аи + д) 


| ах 
Ж кл 
5 b 860-27 
4 dx 
х + 4x 


Be ue tS 
te Pale 


dx. 


x 
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41 Suppose that ax? + bx + c is irreducible, so that b° — 4ac < 0. 
Complete the square, and make the appropriate change of vari- 
able so that av? + bx + c = au? + q. Then prove that д/а > 0. 


42 Prove that the trigonometric substitution w = tan Ө converts the 


integral 
zt | dw 
(we + 1 y 


to the form f cos" 0 d6, where n = 2(k — 1). 


43 By differentiation of the right side, verify that, for k = 2, 
dw 1 м к=з dw 

Ine = J OEE) we ale || Wee 
(w^ + 1) 2k —-2 (wr + 1) DK — 2 (w^ + 1) 

44 Show that { di 

(х2 + 1* 

where & is a positive integer, can always be expressed in terms of 

rational functions and the inverse tangent function. (Hint: Use 

Problem 43.) 


45 Use the formula in Problem 43 to evaluate 


| | dw ы | dw 
RENEW [р w? +IP 


46 It is an algebraic fact that every rational function can be decom- 
posed into partial fractions. Show, therefore, that the integral of 
any rational function can be expressed in terms of rational func- 
tions, inverse tangents, and logarithms (of absolute values). 


47 An integral of the form 


| ах 

(a — bx¥’ (e — x) 

where a, b, and c are positive constants, has to be evaluated 
to determine the time required for a homogeneous sphere of 
iron to dissolve in an acid bath. Make the change of variable 
É V + 

Va = bx =z, and show that the integrand then becomes a 
rational function of z. 


48 Find a formula for the integral in Problem 47. 


8.7 


Integration by Special Substitutions 


In this section we examine some special substitutions that can be effective when the 
integrand contains nth roots of the variable of integration or when it involves ra- 
tional functions of sines and cosines. 


Integration of Functions Containing nth Roots 


If the integrand involves an expression of the form Wx, then the substitution z = 
Vx may be helpful. If the integrand involves both Wx and Vx, then the substitution 
и = Ух, where р = пт, may prove effective. In the first case, we have x = г”, so 
that dx = nz"! dz; in the second case, we have x = u^, so that dx = pu^^! du. 


In Examples 1 to 3, evaluate the given integral. 


EXAMPLE 1 i 


SOLUTION 


dx 


Vx 


p 
Put z = Vx, so that x = z?, dx = 2z dz, and 


| dx -| 22 de 
Ne ДК 1+: 


Since 22/(1 + 2) is an improper fraction, we divide numerator by denominator to 
obtain a quotient of 2 and a remainder of —2. Thus, 


=— = 


IE il are 


SECTION 8.7 INTEGRATION BY SPECIAL SUBSTITUTIONS 525 


It follows that 


= EL -fh 2 Ja afa 7 dz 
= (CES m а2— á 
we 1+2 tay 1+: 


=24—-21а|!+ДЛ+С=2\/х—21п[|! + Vx| +С 


| ах 

EXAMPLE 2 -pr 

МЛ dE va 

SOLUTION We could put z = = Vx, but, with some foresight, it seems better to 
у a= 1 + Vx. Then 


2=1+ 0х 2-1= Ух  andso x=(2-1) 
In particular, we have 


dx = 3(22 — 1)2(22 dz) = 62(z? — M dz 


" | = | - е-е. в [е 1)? ae 
WE = DP az 
Vi + Vx 

25 22 
= 6 22410-62 - 2 R 

5 3 

x | jue 20 +9? 
5 3 


ОЕ vae] + @ 


dt 
EXAMPLE 3 |—— 
Rm 9 Vivi 
s N Vt. PG = 5 z 
SOLUTION Put и = Vr, so that ¢ = u° and dt = би?” du. Thus, 
| L Юе! du би? du _ б | w du 
AS US Vib — ыб i? — Ww 


Since i? /(u — 1) is an improper fraction, we divide numerator by denominator to 
obtain the quotient u? + и + 1 and the remainder 1. Hence, 


in = 1 


i 


=? + и+ 1+ 
n= 11 n= Il 


that | ш of (ws "Edd Ja 
so tha == = uot it u 
Mas Vr m=i 


-o ажаа 0) +с 


=2Vi+ ЗУТ + 6\М/т + 6 In [Vt — 1| - € 


Naturally, if the integrand involves an expression of the form Wu, where и is а 
function of x, then the substitution z = етш t suggests itself. Such a substitution was 
effective in Example 2 above. Further examples are given below. 


In Examples 4 and 5, evaluate the given integral. 


12 
EXAMPLE 4 У) ake 


4 
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THEOREM 1 


PROOF 


SOLUTION Put z = Vx — 3, so that 22 = x — 3, x = 22 + 3, dx = 22 dz,z= | 
when x = 4, and z = 3 when x = 12. Thus, 


12 3 3 
xVx -3 ах = \ (22 + 3)z(2z dz) = 2 | (z* + 322) dz 
1 1 


4 


1 + 42 


33 r PVE dx 


EXAMPLE 5 | 


SOLUTION Putz = (3 + х)!/?, so that z? = 3 + x, x =z? — 3, dx = 32° dz, and 
I+: Е аа 
Гаа = [FS оз зев 102) dz 
х г 


pn 182 " 
= =— ap lle se © 


8 
= 3 34% — 18 (4395 + 15(3 + х)?® + С 


Integration of Rational Functions 
of Sine and Cosine 


It turns out that the substitution z = tan (x/2) reduces any integrand that is a ra- 
tional function of sin x and cos x to a rational function of z. The appropriate formu- 
las are contained in the following theorem. 
Tangent-Half-Angle Substitution 

Suppose that z — tan (x/2). Then 


2 d£ 


| eg 22 
(1) cos x = pe (ii) sin x = um (iii) dx = Te 


Let z — tan (x/2). Then, using the double-angle formula, we have 


3 2 


Coen eS а = | | 
2 sec? (x/2) 1 + tan? (x/2) 
2 l-z 
eS cm 1 = = 
3r j| apa 
so that (i) holds. Also, 
2 x sin (4/2 Е 
оа Е SOM) $2 an (2 cos? +) 
2 2 cos (x/2) 2 
Р c К a Ds 
= tan — (cos x E = = ——— 
2 JEDE ILE 


so that (ii) holds. To prove (iii). note that z — tan (x/2) implies that 


dz =( р ара s 
z = (ес 5 TÉ E cuu 5 dx 


Hence, dx = 2 dz/(1 + 22), as desired. 
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The following examples illustrate the use of the tangent-half-angle substitution. 
In Examples 6 and 7, use the tangent-half-angle substitution to evaluate the given 
integral. 


dx 


EXAMPLE 6 22 
aT | J| — GS ү 


SOLUTION Ри z = tan (x/2), so that 


3 


l= 25 2 de 
cos X = = ах = = 
lta | ae = 
2 dz 
| dx | 1+ 22 = 
and = = ae = 
КЕ es ems E 
= 5 
ТБ 7 
=) 
E — +С = se (С 
Е it 
tan — 
2 
Ec 
= 19010 — ar le 
2 
dx 


EXAMPLE 7 a. 
сЕ Sid Sy аган || 


SOLUTION Put z = tan (x/2). so that 


25 l-7 2 dz 
sin x = = cos х = = dx = = 
| HE Tate Be Nae 
2 de 
| ах i 1+7 | Е 
апа д б [Se аа Е 5 
Sin сос 81 22 [КЕ ж ЕЕ БТЕ 
= = аР d 
| ers [Б der 
^| j^ 
- uL == In lel -mj + 1| C 
\ e+ | 
Z tan (x/2 
= 10 | ан (© = ip ncm. SP 
z+] tan (x/2) + 1 
Problem Set 8.7 
In Problems 1 to 6, use an appropriate substitution of the form In Problems 7 to 12, use an appropriate substitution of the form 
z — V/x and evaluate each integral. z= Vu, where и is a function of x, and evaluate each integral. 
dx dx S VE Gam a 
T erm — 24 E Tp RNY Ой all ais ВЕБ ЛАТ ОА 
I= ya 4+ Vx 
dx x dx T= =e 
MES 78 JEEE d: 10 | Т Z д 
1+ Vx 1- Vx d ah i 
x dx 2Vx dx z 19 3/3 
5 = 6 |— 11 IE + 102 dx 12 IET se agi ake 
2+ Vx 1+ Vx 


Un 
t2 
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In Problems 13 to 18, use the tangent-half-angle substitution to eval- 


uate each integral. 


34+ Ssinx 


cos x dx 
ME 
sin x cos x + sin x 


Д] dé | 
tan 0 — sin Ө 


Р pe sin t 
1 + cost 
ах 
а ш 
sin x + V3 cos x 


18 | du ; 
(1 — cos uy 


In Problems 19 and 20, use the substitution x = 1/7, dx = —dt/P to 
simplify each integrand; then evaluate the integral. 


19 bo 
naval Lec: 


AE AC ue OW 


]n Problems 21 to 48, evaluate each integral. 


29 | e7V 1 + ех dx 


30 | sin x cos x V 1 + sin x dx 


3 IB w dw 
ў w + 32 


1 


X 
кы d е ЕЕ 
[an ў 


ау 
4 | ах 
l| se Sas asl 
SE 
36 | пах 
(2 — 3422 


28 Гем ех 


З 3 


1 
Р us 
Ет у 


35 Е 36 {| 
1 + sinx + cosx sin t+ cos t 
чл | sec t di T | du 
1+ sint 2cscu— sinu 
A M no. —-- 
39 | we = Il ak 40 Í xV2x + 3 ах 
| 3 
34— Vx D 1- Vx 
41 | ах 42 dx 
T. 1+ Vk 
43 (Е Y dx w ENV E 
La йе | 44 Vsus 
т/2 Sx 2 vr 1 
45 | Боз 46 Г A y 
o 2 T sin 1 t 
ar fa К 3 
47 | с 48 | ——_—_ = 
пз sex colr 2 SNS = | 
49 If z = tanh (x/2), show that 
c Dee 
(a) cosh x = T3 = (b) sinh x = E 
2 dg 
(c) dx = ens 


In Problems 50 to 52, use the substitution suggested by Problem 49 
to evaluate each integral. 


50 | dx i | dx 
1 — sinh x cosh x — sinh x 


tanh x 
§2 i == сш gi 
1 + cosh x E 


53 Find the area of the region bounded by the curves y — 
5x/(1 + Vx), y = 0, and x = 9. 


54 Find the volume generated by revolving the region bounded by 
the curves given by у= x + Vx + ] and y = 0 between x = 0 
and x — 8 about the x axis. 


8.8 


Tables of Integrals and Reduction Formulas 


When complicated integrals arise in practical scientific work, people often refer to 
tables of integrals such as the one inside the covers of this book. The use of com- 
puters with symbol-manipulating capabilities to evaluate indefinite integrals is also 
becoming more widespread. Before you use either a table or a computer to evaluate 
an indefinite integral, it may be necessary or desirable to simplify the integrand by 
means of the techniques of integration presented in Sections 8.1 through 8.7. 
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The following example illustrates the use of a table of integrals. 


EXAMPLE 1 Use the table of integrals inside the covers of this book to evaluate 
М7 + Зх? 
ИХ 

ac 


SOLUTION The expression V7 + 3x°, which appears in the integrand, suggests 
that we try the part of the table labeled ‘Forms Involving Va? + uw.” The left side 
of Formula 66, 


Va? + и? Va? + и? pue 
Je CALI + In |u + Va? + и? 
и u 


is very similar to the given integral. (Notice that to save space, constants of integra- 
tion are omitted in the table of integrals.) In order to bring the given integral into a 
form that matches Formula 66, we let 


о апа que ET 
so that 


W^ = е Ма? + и? = VI + 3x2 аи = V3 dx 


М7 +3? Va? Ма? tie du 3 Vat + и? 
SS ae = щ m b 
fs -h — EE Va u” 
Va? + и? 


апа 


=ма| >ш SEIT mesa Ver Fil) +с 


V7 + 3? Кс: 
Tout PL T. 
V3x 


V7 + 3x 
— M + V3 In |V3x + VTES + С 


Notice that we have restored the constant of integration that was omitted from the 
table. E 


Reduction Formulas 


Several formulas in the table of integrals, for instance, 


TR ng o 
есш u (апи t 


sec"? u du 
gud й == i 


| sec" н du = 


reduce the problem of integrating an expression involving a power to the problem of 
integrating a similar expression involving a smaller power. Such a reduction for- 
mula may have to be used repeatedly to obtain the final answer. Most reduction 
formulas are derived by using integration by parts (see Problems 31, 32, and 34). 


EXAMPLE 2 Evaluate | sec? 2x dx. 


SOLUTION Ме begin by making the substitution u = 2x, so that du = 2 dx. 
dx — i du, and 


IES Dye Ge = | (sec? и)(% du) = 1 | sec? u du 
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Now we can apply the reduction formula for powers of the secant [Formula (33)] 
with л = 5 to obtain 


] 
| sec? 2x dx = T sec? u du 


sec?^? n tan u + 
SEMI SEI 


1 5 =? " 
| \ sec? 2 и du) ar (C 


8 
1 sec? и tan u +? | sec? u du + C 


Again, we can apply the same reduction formula, this time with л = 3, to obtain 


\ sec? 2x dx 


] 3 3 1 oum = 2 dq 
= — sec” и tan и + — Sec “ИП T sec c ШШШ aPC 
8 SRL 3 = 1 


1 i 3 
= } sec? u tan u + ў; sec u tan и + 36 | sec u du + C 


Finally, using the standard formula for the integral of the secant, we have 


| sec? 2x dx = $ sec? u tan и + ў; sec u tan и + 35 In [sec u + tan u| + C 


sec? 2x tan 2x + 16 sec 2x tan 2x + 76 In [sec 2x + tan 2x] + C Ш 


| 
oc 


Nonelementary Integrals 


There are continuous functions whose indefinite integrals cannot be expressed in 
terms of a finite number of the elementary functions considered in this textbook. * 
Examples are 


{= dx | e^* dx | ишы M | sina’ dx and | VI + х dx 
х 


x 


Such nonelementary integrals arise in many branches of applied mathematics; for 
instance, they are employed in the study of the path of a ray of light through the 
atmosphere, the cooling of the earth, the behavior of a pendulum with a large 
amplitude, the kinetic theory of gases, and the theory of probability. In Chapter 11, 
we give a brief indication of how nonelementary integrals are handled (see, for 
instance, Example 8 on page 698). 


*For more details, see D. G. Mead, “Integration,” American Mathematical Monthly, 
Vol. 68, No. 2, pp. 152-156, February 1961. 


Problem Set 8.8 


In Problems | to 22, use the table of integrals to evaluate each | 3 dy [38 sum 
A NAE SS un 6 — hix 
integral. Vil + 5у? X 6 
u du 5x dx 3 dw 
Ea pem т | PVdF ш i — 
(3 + 5и)“ Q -39' E s weV5 — 2и? 


dx а АТЛ Му S S ap Sr 
3 j=“ a fara “з, Е = 2 Ay | X a 
eV5 + x eae 9 у? ау 10 z dz 


3 у= 
m [eve =5@ 12 | = T. de 
2 Эд V2- 
13 [ evs = 7х2 dx 14 | a 
w 


Å 
WD se Sip ap ahi 
Vilage = Gp SE c] 
1g | шо 
t 


z Í dt 
Le | See ирт 
or ssa 


| SONS) Sade oP Е 


19 Га (3y + 2) dy 20 [ia (2t + D dt 


21 E cos ! 5x dx 20 fe sin ! (3w — 1) dw 


In Problems 23 to 30, use a reduction formula to evaluate each 
integral. 


23 E 24 b 
(Ge se Oe (gc se Inr 


Av* dv ; 
25 | Eg c 26 | “лы 02 
V3 аг 2v (у? + 2y + 2)* 
27 | ese? Зх dx 


28 | cor (2x — D ах 


29 | tan? 7x dx 30 | sec’ (t/2) dt 
31 Using integration by parts with u= sin" ax and 
dv = sin ax dx, derive the reduction formula 


sin"! ax cos ax Tu 1 


| sin" ax dx = — | sin"? ax dx 


an n 


32 Derive the reduction formula for powers of the tangent function 
[Formula (31) in the table inside the front cover]. 
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33 Use the reduction formula of Problem 31 to evaluate 
(a) J sin? ax dx, (b) f sin? ax dx, (c) f sin* ax dx. 


34 Derive the reduction formula for powers of the secant function 
[Formula (33) in the table inside the front cover]. 


In Problems 35 to 40, suppose that J, = f" sin* x dx fork = 1,2 
3,4, ... , and let n denote a positive integer. 


35 (a) Show that/, = 1,7; = 7/4, 1, = $, and [4 = 32/16. (b) Use 
Problem 31 to show that if n = 2, then J, = [(n ~ 1)/п] £L, 5. 


36 If k = 1, show that 


(a) ыз ож 
M ойо ә 800 
(b) Ьу = 3:5:7:9- 


оя 1) 
37 Use Problem 36 to show that 7/2 = (2k + Vlogs Ey. 
38 Use Problem 36 to show that 7/2 = 2KI» 1 * Ia. 


39 Show that if 1 =k <n, then J, x Д. (Hint: For 0 S x = 7/2, 
0 = sin x 1, so that (sin х)" = (sin x)*.] 


40 Use Problems 37, 38, and 39 to show that 


‚ МЕ. а 
2k T MER 2k 21% 


41 Using Problem 40 and part (a) of Problem 36, show that 
2 jee у 1 
m(2k + 1) 2+4=6 oo (219) mk 
42 Use Problem 41 to prove Wallis's formula for 7/4, namely, 
TE 2-4-4-6-6-8-:8-:-- (2k): (2k) 
4b — fesses sjospesyosio Ж qe Ge eue (WE — VOX CA ete Y 


Review Problem Set, Chapter 8 


In Problems 1 to 90, evaluate each integral. 

1 | cos? 2x ах 2 | sin? 4x cos? 4x dx 
3 | sin? Зх cos? 3x dx 4 | Veos x sin? x dx 
5 | sin? (1 — 2x) dx 6 | sin’ = cos? E: dx 


2; 
8 | sint 2 — (dui Qr 


7 | зїп 2/3 5x cos? 5х dx Е 


9 [ sin? (2 — 3x) dx 


10 | (4 + cos xY3 — cos x) dx 
11 | (sin x — cos x? dx 
12 | sin? ОББ) 05° = Ж) 
14 | sin* 4x cos? 4x dx 
m = cos x 
sint x 


18 oa 13x cos 2x dx 


13 1 sin? 6x cos? 6x dx 


cos? cos! (31/2) _ 
V/sin (31/2) 


17 | sin 8x sin 3x dx 
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IP (gx ат 
23 | x tan? 5i dx 
28 | (sec г = tan 1)? dt 


27 E 
(1 — sin x) 


29 IE (1 + 2x) dx 


31 | tan? (2 + 3x) sec? (2 + 3x) dx 


32 IE (1 = x) csc? (1 — x) dx 


3 Í dx 
Ve + 64 

35 ihe 
SS уе 


37 fave — 4 dx 


TI 
V IS 


2 


4l === 
Ve + бх +13 


43 i ra dx 
45 [е sin”! 2t dt 
47 [< + 2)e** dx 


49 IE cos 3t dt 


51 [ a7 Vx dx 


3 Е 
fcos f — sing 
52 I = 
cos” f 


S tan`! x 
53 | z— d 
te 


55 fe cos? x dx 


sin x sin 2x sin 3x dx 


) dt 


20 | cos Зх cos 5x cos 9x dx 


22 | cot! (2 — 3x) dx 
24 | x cot? (5 — x?) dx 


26 i cos NAR X) dis 
cos” X 


28 Гета 


30 | ese’ (3 — 2x) dx 


34 [ ас s 
Фуз — à 
3 dx 


66 Д 
x Vx? — 16 


s | dt 
(fp — NV tS seal 


of dt 

V]1-T2(t— 2г 

oe : 
V8 + 4x — 40° 

44 { Vain 2x ax 

46 | In (x2 + 16) dx 

48 [mo V x^ + 4) dx 


50 | sin (In x) dx 


54 | e^ sin? x dx 
56 | sec’ 5х dx 


58 |» sin x? dx 


r+6r+4 


Asha 


TOUR ee 4 = ® 
67 СЕ 


B = /х +1 


7 | Và + 3 dx 
79 | x VI — x ах 
81 [oos Vx dx 


dx 
зз | 10 + 11 cos x 


dy 
3+ 2siny+cosy 


87 pu 
] + sin x 


Šal 
Ve* +1 


60 fe cos x? dx 
pA || 
2 | т 
x(x + 1)(х + 2) E 


dx 
a | x 
x1 + x) 


х = 4х – 4 
б | CA (x = 2) + 9) 


3 Í sin t dt 
cos? г + cos г 


76 Кы — 
ylny(Iny + 5) 

78 [vin $934 
TERNG 

86 | 04 


cot x 
E. 
cot x + csc x 


dx 
ы | 3 — cos x + 2 sin x 
es 
a’ cos x + b^ sin x 


In Problems 91 to 122, evaluate each definite integral. 


т/4 
91 | cos x cos 5x dx 
0 


7/8 
93 tan? 2x dx 
1/12 


95 |. (In 1)? dt 
1 


2 
» | P ln ( dt 
J 


T/À 
92 | sin? 21 cos? 21 dt 
0 
1 
94 | хїап x dx 
0 
п/4 
96 | X^ sin 2x dx 
0 


98 | sin? x dx 
0 


T/S 
99 | кап? 2x| ах 
—m/8 


3/2 Зу 1/3 
101 | цис) и | em is 
за 0 Vali 9r* 


10 t БЕЗ 25 а 4 
103 | зағора а 104 i I Wa = x gk 
5 0 


T Б uU o txd 
ws | ЫЙ + cos T dx 106 m 
3 Lyn ЦИЕ SS 


1 
100 | cosh* x dx 
o 


5 2—1 Г 5х2 — 3x + 18 
iim || <= шз у. 
107 d ПРЫ в ee 
Ep cc NP ah 
10 p o3 110 рту 


2 x 1/2 os 
111 Г —— 112 | (2x — х?)?? dx 
1/2 ХМ 5х + Ах— 1 


S dk M 
us | Mg "IL m qiii 
1 X 8E Ve x 1) 
лан ах 
us | === 116 DR AM 
oap SN ICE EX 
5/4 25 ] 
и [| us | = 
1/4 WA ep NERONE 16 y-2Vy-3 
In 4 т/4 
пә f es 120 | — DS 
i Vo 5200 o I —sinx + 2 cos x 


7/8 d 
121 | : 


п/2. 
стекти 122 | 
т/а sinx + tan x o RUE 


123 Determine constants A and B so that 


c sin @ +d cos Ө — 
e sin 6+ f cos 0 


e cos 0 — f sin 0 
e sin Ө + f cos 0 


Then obtain a formula for the integral 


[ 5503 deos v 
e sin Ө + f cos 0 


124 Show that 


WE forO0<t< 1 
Then show that 


<=sin x forO<x<1 


^ dt 
125 Evaluate the integral 
dx 
| PO EET: 
by using the substitution МУ —2х+5+х=т. 


126 


127 


128 


129 


130 


133 


134 


135 


137 


138 
139 


140 
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If 


x Ut 
f(x) = | = == for x > 1 
1 ара Il 


show that In x = о) Sin se 


Show that 


[ ey? dy = 2e* le Mero 3] 
wom f(a 


show that g(1/x) = —g(a). 


If 


Derive the reduction formula 


f X"(In x)" dx 
ma )e 
ml 


п mtn oF! di mF —1 
т + 1 


Use graphical considerations to prove that 
2T 2T 
па) E 2n 
| sin” tdt = | со” t dt 
0 0 


Find the area under the curve y = ix = 
x= 4. 


1 n x from x = 1 to 


Find the area under the curve y = х2е7* between x = 0 and 
x=1. 


Find the area bounded by one arch of y = sin? x from x = 0 to 
х= т. 


Find the volume of the solid generated by revolving the region 
bounded by the curves y = x In x, y = 0, and x = 4 about the 
X axis. 


Find the volume of the solid generated by revolving the region 
bounded by one arch of y = sin x and the line y = 0 about the 
line y = -2. 


If the velocity v in meters per second of a particle that is 
moving along a straight line is expressed by the formula 
v = (t + 3)/(P + t), find the distance s in meters that the 
particle traveled from т = 1 second to г = 3 seconds. 


Evaluate 
afd dy 
| EE dx if y — In (cos x). 
O dx 
Find the arc length of the curve y = In x from x= 1 to 
= 


Find the arc length of the curve y = In (csc x) from x = 7/6 to 
x= 7/2. 


Find the surface area generated by revolving the arc of the 
curve y = е" from x = 0 to x = 1 about the x axis. 


POLAR COORDINATES AND 
ANALYTIC GEOMETRY 


Until now we have specified the position of points in the plane by using Cartesian 
coordinates; however, in some situations it is more natural to use a different coordi- 
nate system. In this chapter. we study the polar coordinate system, the conversion 
from Cartesian to polar coordinates and vice versa, the graphs of polar equations, 
and area and arc length in polar coordinates. We also study the conics—the ellipse, 
the parabola, and the hyperbola—in both Cartesian and polar coordinates, and we 
use the idea of rotation and translation of coordinates to simplify their equations. 


Figure 1 


pole 
о 


Figure 2 


О 


polar axis 


Р=(ғ. 0) 
in polar 
coordinates 


polar axis 


9.1 


Polar Coordinates 


In order to establish a polar coordinate system in the plane, we choose a fixed 
point O called the pole and a fixed ray (or half-line) with endpoint O called the 
polar axis (Figure 1). An angle in the standard position is understood to have its 
vertex at the pole O and to have the polar axis as its initial side. 

Now let P be any point in the plane and denote by r the distance from the pole O 
to the point P, so that r = |OP| (Figure 2). 1f P # О, then P lies on a uniquely 
determined ray with endpoint O, and this ray forms the terminal side of an angle in 
the standard position. We denote this angle, measured in degrees or radians (which- 
ever is preferred), by 0, and we refer to the ordered pair (r, 0) as the polar 
coordinates of the point P. (As usual, positive angles are measured counterclock- 
wise.) Thus, in polar coordinates 


Р = (г, 0) 


The polar coordinates (r, Ө) locate the point P with respect to a "*grid"" formed by 
concentric circles with center O and rays emanating from O (Figure 3). The value of 
r locates P on a circle of radius r. the value of @ locates P on a ray which is the 
terminal side of the angle @ in standard position, and P itself lies at the intersection 
of the circle and the ray. For instance, the point with polar coordinates (r, 0) = 
(4, 240°) is shown in Figure 3. 
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Figure 3 90° If = 0 in the polar coordinate system, we understand that 
the point (r. Ө) is at the pole О no matter what the angle 0 
may be. Also, it is convenient to allow the first polar coordi- 
150° ° nate to be negative, by making the convention that the point 
(—r. 6°) is located |r| units from the pole, but on the ray 
opposite to the 6° ray, that is, on the ray 6° + 180° (Fig- 
min ure 4). Thus, 


ROI USO 80) 


o 
CEN 


anap For instance, the point P = (4, 240°) in Figure 3 can also be 
written as P = (—4, 60°). 

Unlike the Cartesian coordinate system, a point P has 
many different representations in the polar coordinate sys- 
tem. Not only do we have (r, 0°) = (—r, 0° + 180°) as 
above, but also we have 


(r, 6°) = (ғ. 0° + 360°) = (ғ, 0° — 360°) 


330° or, in radians, 


240°” (4. 2407 | 


since +360° corresponds to a full revolution about the pole. 
Indeed, if n is any integer, we have 


Figure 4 6? 4-180? 7E (г. 0°) = (r. 0° + 360°-n) 


or, in radians, 


(г. 0) = (ғ. 0 + 2пт) 


6° + 180° 
In summary, if Р = (r, 6°) in polar coordinates, then this same point P can be 
represented by 
P = (г, 0? + 360° - n) P = (—r, 0° + 180° - (2n + 1) 
where л is any integer. Likewise. if angles are measured in radians and P = (r, 0), 
then P is also represented by 
P = (г. 0 + 2пт) P —(—r. 0 t (2n + [у] 
Figure 5 where n is any integer. 
Na d, To *'plot the polar point (r, @),”* or to "plot the point (r, 0) in the polar coordi- 
NN 4 nate system," means to draw a diagram showing the pole, the polar axis, and the 


point P whose polar coordinates аге (г, 0). 


EXAMPLE 1 Plot the points (2, 7/3), (4, 37/4), (— 3. 7/6), and (2, — 77/4) in the 
polar coordinate system. 


SOLUTION To plot the polar point (2, 77/3), we construct an angle of 7/3 radians 
(that is, 60°) in the standard position and then locate the point 2 units from the pole 
on the terminal side of this angle (Figure 5). The remaining polar points are plotted 
similarly. 
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Figure 6 Я 
p= (3, 6 ) In 
Ba 6 
са an 
T 
MS T | у 
0 polar axis Le o 
=” 
(a) 
Figure 7 
у 
х=гсо®д PI (x, y )Cartesian 


~ 106. 6) polar 


y=rsin8 


EXAMPLE 2 


(a) Plot the point P = (3, 7/6) in the polar coordinate system. 
Give three other polar representations of the point P for which 
(b) r x0 апа 0 = 0 € 27, (c) г> О and -—27< 0 x 0, 
(d) r € 0 and -2z «€ 0 x 0. 


SOLUTION 


(a) The point (3, 7/6) is 3 units from the pole and lies on the ray that is the 
terminal side of the angle 30° = 7/6 radian in the standard position 
(Figure 6a). 


The same point P can also be represented by 


(b) = A di: т) = es, =) (Figure 6b) 


(Figure 6c) 


57 
(d) fe ‘ies 27) = е - 22) (Figure 6d) 


polar axis 0 ] Go polar axis 


polar axis О / x 5 
M 2 МЕБ рс 
(с) (d) 


Conversion of Coordinates 


At times it may be advantageous to convert from a Cartesian representation to a 
polar representation, or vice versa. When we make such a conversion, it is impor- 
tant to realize that the geometric points in the plane do not change—only the 
method by which they are assigned numerical "addresses" changes. 

The usual arrangement is to take the pole for the polar coordinate system at the 
origin of the Cartesian coordinate system and the polar axis along the positive x 
axis, so that the positive y axis is the polar ray 0 = 7/2. If we consider the point P 
whose polar coordinates аге (r, 0) with r = 0, it is clear that the Cartesian coordi- 
nates (х, y) of Р are given by x = r cos Ө and y = r sin 0 (Figure 7). This is cer- 
tainly true if r = 0, while if r > 0, it follows from cos 0 = x/r and sin Ө = y/r. 

Now, suppose that a point P has polar coordinates (r, 0) with r < 0 and we 
desire to find the Cartesian coordinates (x, у) of P. Since (r, Ө) = (—r, 0 + 7) and 
—r > 0, it follows from the equations developed above that 


X —r cos (0 + т) = —r(cos 0 cos т — sin 0 sin 7) = —r(—cos 0) = r cos 0 


y —r sin (0+ т) = —r(sin 0 cos m + cos 0 sin 7) = —r(—sin Ө) = r sin 0 


Therefore, the equations 


x=rcos 0 and 


y=rsin 6 
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work in all possible cases to convert from the polar coordinates (r. 0) of a point P 


to the Cartesian coordinates (x, у) of P. 
From the last equations, we have 


x? + y? = г? cos? 0 + г” sin? 0 = r2(cos? 6 + sin? 0) = r? 


so that 


Also, if x #0, we have 
y rsin@ _ sin é 


x r cos 0 cos 0 


so that 


The equations above do not determine r and Ө uniquely because the point P whose 
Cartesian coordinates are (x, y) has an unlimited number of different representations 
in the polar coordinate system. In finding polar coordinates of P, you must pay 
attention to the quadrant in which P lies, since this will help to determine Ө. 


EXAMPLE 3 Convert the given polar coordinates to Cartesian coordinates: 
(a) (4, 30°) (b) (—2, 57/6) (c) (—4, —27/3) 
SOLUTION 


(a) (x. y) = (4 cos 30°, 4 sin 30°) = (4 3/25 4-—) = (2V3, 2) 


Sq 3a 
b = (- T | 2 sin 2") 
(b) (x, y) 2 cos 6 sin 6 
Мз; 1 
СЕЕ ВЕСЕ 
2T 


(c) (x, y) 
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ee 
= 
жеч 
| 
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uy = (2, 2V3) 
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ae 
| 
di, 
выг 
| 
w|- 
hp a 
| 
ds 


EXAMPLE 4 Convert the given Cartesian coordinates to polar coordinates with 


r=Oand —m«0-z т: 
(а) (2,2)  (b)(5, —5/V3) (е) (0, –7) (4 (—3,3) 


SOLUTION 


(a) r= V2? + 22 = V8 = 24/2, and tan 0 = $ = ]. Since the point lies in 
the first quadrant, it follows that 0 < 0 < 7/2; hence, 0 = 7/4. The polar 


coordinates are (2V2. 7/4). 


25 10 (-5/V3) -1 
i ee m TC ee the 
Шш 3 ee 5 v3 


point lies in the fourth quadrant, so that —m/2 < 0 < 0; hence, 0 = —m/6. 


The polar coordinates are (10/V3, ~7/6). 
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Figure 8 
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polar axis 


Figure 9 т 


polar axis 
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(c) r= VO + 49 = 7. Since x = O and y < 0, the point lies on the negative y 
axis; hence, 0 = — 7/2. The polar coordinates are (7, — q/2). 

(d) r=V9+9= 3V2. and tan 6 = 3/(—3) = - 1. Since the point lies in 
the second quadrant. it follows that 7/2 < 0 < т; hence, 0 = 37/4. The polar 
coordinates are (3V/2, 3/4). 


Graphs of Polar Equations 


A polar equation is an equation relating the polar coordinates r and @, such as 
г = 8? or r° = 9 cos 20. Because a single point Р in the plane has a multitude of 
different polar representations, it is necessary to define the graph of a polar equation 
with some care. 


Graph of a Polar Equation 


The graph of a polar equation consists of all the points P in the plane that have 


at least one pair of polar coordinates (r. Ө) satisfying the equation. 


Thus, if none of the pairs of polar coordinates that represent P satisfy the polar 
equation, then P does not belong to the graph of this equation. However, in order 
for P to belong to this graph, it is not necessary for all its polar representations to 
satisfy the equation—any one will do. 


EXAMPLE 5 Sketch the graph of the polar equations: 


т 


^_^ ЖЕШ = а 
6 6 


SOLUTION 


(a) The graph of r = 4 is a circle of radius 4 with center at the pole (Figure 8). 
Notice, for instance, that the point Р = (4, — т) belongs to the graph in spite of 
the fact that not all its representations, such as (—4, 0) or (—4, 277). satisfy the 
equation r — 4. 

(b) The equation r? = 16 is equivalent to |r| = 4, and its graph is the same as 
the graph of r = 4 (Figure 8). 

(c) The graph of 0 — 7/6 consists of the entire line through O making an 
angle of 7/6 radian (30°) with the polar axis—not just the ray, as one might 
think at first (Figure 9). A point P = (r, 7/6 + 7) belongs to the graph of 
0 = 7/6 because it can be rewritten as P = (—r, 77/6). 


(d) Ө = —57/6 has the same graph as 0 = 7/6 (Figure 9). 


Sometimes it is easy to find the shape of a polar graph by converting the polar 
equation to a Cartesian equation by means of the equations x = г cos 0 and 
у =r sin 0 and then by sketching the Cartesian graph as usual. Conversely, any 
Cartesian equation can be converted to a corresponding polar equation simply by 
substituting r cos 0 for x and r sin @ for y. 


EXAMPLE 6 Find a Cartesian equation corresponding to each polar equation and 
sketch the graph. 


(a) r=4 cos 0 (b) r sin @ = 2 (c) r= 4 tan 0 sec Ө 


Figure 10 y 


г= 4 соѕ б 
ог 
(x27 ty? =4 


Figure 11 


polar axis 


r+8sin@=0 
or 


х? +(у +4) = 16 
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SOLUTION 


(a) We multiply both sides of the equation r = 4 cos 6 by r to obtain r^ = 
Ar cos 0, or x? + y? = 4x; that is, x? — 4x + у? = 0. By adding 4 to both 
sides of the last equation, we complete the square for the expression x^ — 4x 
and obtain 


xX- 49 +4 +у2=4 or | (x—-2) + у2 = 4 


Thus, the graph is а circle of radius 2 with center at the point with Cartesian 
coordinates (2, 0) (Figure 10a). 


(b) The equation г sin 0 = 2 is equivalent to y = 2, and its graph is therefore a 
horizontal line (Figure 10b). 


r=4 tan 0 sec 


(c) We have А 
sin 6 1 
r= 4 tan Ө sec Ө = 4 . 
cos 0 cos 0 
so that r cos? à = 4 sin Ө 


Multiplication of both sides of the last equation by r gives 


r? cos? 0 = 4r sin 0 or (r cos 06)? = 4r sin 0 


he 


X 


1 


that is, б ол or y= 
Therefore, the graph is a parabola (Figure 10c). 
EXAMPLE 7 Find a polar equation corresponding to the Cartesian equation 
x? + (y + 4)? = 16, and sketch the graph. 


SOLUTION Тһе graph is a circle of radius 4 with its center at the point with 
Cartesian coordinates (0, —4) (Figure 11). Rewriting the equation as 


xX +y + 8у + 16= 16 or х?+у?+8у=0 
and substituting x = r cos Ө and у = r sin 0, so that x? + у? = r^, we obtain 
r?+8rsn@=0 or rt+8sin0=0 
When we multiply a polar equation by r, as we did in Example 6a and 6c, we may 


introduce an extraneous solution r = 0 that does not really belong; whereas, when 
we divide a polar equation by r, as we did in Example 7, we may lose a solution 
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r = 0 that really does belong. Each case should be checked! (Sce Problems 49 to 


51.) 


The methods used in Examples 6a and 7 can be generalized to show that if a ts 
a positive constant, the graph of a polar equation of either of the two forms 


r= *2a cos 0 


is a circle of radius a with center at the Cartesian point (+a, 0), respectively; and 
the graph of either of the two equations 


r= +2a sin Ө 


is a circle of radius а with center at the Cartesian point (0, +a), respectively, 


(Problem 53). 


Problem Set 9.1 


In Problems 1 to 6, plot each point in the polar coordinate system, 
and then give three other polar representations of the same point for 
which (a) r < 0 and 0 = 0 < 27, (b) r > 0 and —27 < 0 = 0, and 
(c) r €« 0 and -27< 0 s 0. 


1 (3, 7/4) 2 (6. 27/3) 
3 (2. 77/6) 4 (3. 150°) 
5 (4, 180°) 6 (4, 5m/4) 


In Problems 7 to 12, convert the given polar coordinates to Cartesian 
coordinates. 


т (н/з 8 (0, 7/3) 
9 (—2, п/4) 10 (6, 137/6) 
11 (1, – я/3) [I] (=, ISO) 


In Problems 13 to 18, convert the given Cartesian coordinates to 
polar coordinates (r, 6) with r= 0 and -m < 0 = т. 


13 (7, 7) 14 (1, - V3) 
Е (35-313) 16 (-5, 5) 
17 (0,7) 18 (—2,0) 


In Problems 19 and 20, rewrite the answers to Problems 13 to 18 
subject to the conditions given. 
19 r2=0,0=0<27 20 7S 050 = 0 < 27 

In Problems 21 and 22, plot the given point P in the polar coordinate 
system. Then give five other polar representations for the same 
point. 


21 P =(-3, 187 л) 22 Р= (4, - abe 


In Problems 23 to 30, sketch the graph of each polar equation. 


23 r=) 24 ғ = 9 
isa 26 2 _ 251 
58 > 26 0 36 
27 ө=-— 28 o= - 27 
. H 7 
29 |o] = т 30 è- T gu 


In Problems 31 to 40, convert each polar equation to a Cartesian 
equation. Sketch the graphs in Problems 31 to 37 only. 


31 r= —3 cos 0 32 r=2 cos 6+ 2 sin 0 


33 r cos? 0 = sin 0 34 r= sec 0 


1 
2 cos 0 — 3 sin 0 


38 г? sin 20 = 2 


40 r = 50 


35 rcos = —2 36 r= 


In Problems 41 to 48, convert each Cartesian equation to a polar 
equation. Sketch the graphs in Problems 41 to 45 only. 


41 х? + y? = 25 42 y= -2 
43 2v + 3y = 6 44 х2 + y2 = 4x 
45 у= -6cd 46 ху = 1 


47 (3/4) + у? = 1 48 x! + ey? + y* = 4ху 


49 Explain why the graph of r = 4 cos 615 the same as the graph of 
DM оов б. 


50 Under what conditions will the graph of a first polar equation be 
the same as the graph of a second polar equation obtained from 
the first by multiplying both sides by r”, where л is a positive 
integer? 


51 Explain why the graph of r? + 8r sin 0 = 0 is the same as the 
graph of г + 8 sin 0 = 0. 


52 Give a proof— without reference to diagrams—to establish rules 
governing the conditions under which (г. 01) = (r2, 05) in polar 
coordinates. Use the fact that (rj, 01) = (r2, 05) if and only if 
гү cos 6; = г» cos 06; and r; sin 0; = ғ sin 05. (Hint: Use suit- 
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able trigonometric identities.) 


53 Suppose that a is a positive constant. (a) Show that the graph of 
r= +2a cos Ө is a circle with center at the Cartesian point 
(+a, 0) and radius а. (b) Show that the graph of r = +2a sin Ө 
is a circle with center at the Cartesian point (0, +a) and radius a. 


54 (a) Show that the distance between the point (rj, 01) and 
the point (r2, 92) in the polar coordinate system is given by 
Vr? — Оруро cos (0; — 6) + r5. (b) Use the result of part (a) 
to show that a polar equation of the circle with center (ro, 00) 
and radius a is r? — 2rrg cos (0 — 05) + rà = a. 


9.2 


Spiral used as decoration 


Sketching Polar Graphs 


Although we managed to sketch certain polar graphs in Section 9.1 by converting 
the polar equation to Cartesian form and then sketching the graph as usual, there are 
polar equations that are quite difficult to express in Cartesian form. Thus, in this 
section we consider the problem of sketching the graph of a polar equation directly, 
without converting it to Cartesian form. 

Polar graph sketching can be expedited by the same techniques that are effective 
for sketching Cartesian graphs. If the polar equation of the graph involves trigono- 
metric functions, then the periodicity of these functions should be taken into consid- 
eration. Symmetries of the graph can also be especially helpful. 

To plot the graph of a polar equation, it is often useful to start with a fixed value 
of 0 (say 0 = О) and then investigate the corresponding value (or values) of г as Ө 
increases or decreases. It may be helpful to make a table of values of r correspond- 
ing to selected values of 0 and to plot polar points (r, 0) corresponding to pairs of 
values in the table. A calculator may be used to help prepare such a table. If r 


depends continuously on 6, then a sketch of the graph is obtained simply by con- 
necting these points with a continuous curve. With patience, virtually any continu- 
ous polar graph can be sketched in this way. 


Figure 1 


0 1 
7/6 2 
m/3 3 
m/2 4 
27/3 5 
57/6 6 

T 7 
77/6 8 
47/3 9 
32/2 10 
52/3 11 
[1л/6 |? 


N 
3 
I9] 


6 
EXAMPLE 1 Sketch the graph of r=1+— 0 for 
0<@Ө<2т. a 


SOLUTION The table in Figure 1 shows some selected 
values of Ө between 0 and 277 and the corresponding values of 
r. Plotting the polar points (r, 0) shown in the table and 
connecting them with a continuous curve, we obtain the de- 
sired graph (Figure 1). 


If fis either an increasing or a decreasing function, then the 
graph of the polar equation 
r= f(@) 
will have a spiral shape similar to the curve in Figure |. For 


instance, if a is a positive constant, the graph of 


r — аб for 0z0 
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is called an Archimedean spiral (Figure 2a), and the graph of 
ав 


r=e 


is called a logarithmic spiral (Figure 2b). 


Figure 2 
polar axis polar axis 
Archimedean spiral 
a) logarithmic spiral 
(a (b) 
Symmetries of Polar Graphs 
Symmetries of the graph of a polar equation can often be detected by making 
suitable replacements in the equation and checking whether the new equation is 
equivalent to the original one. The following table shows some replacements which, 
when they produce equations equivalent to the original one, imply the type of 
symmetry indicated: 
Replace An equivalent equation implies 
0 by —0 or Symmetry about the straight line obtained by 
0 by т — 0 and r by —r extending the polar axis (Figure 3a) 
aby 7-6 or Symmetry about the straight line through the 
Ө by —@ and r by —г pole perpendicular to the polar axis (that is, 
about the line 0 = 7/2) (Figure 3b) 
0 by 0 t т Or pi SP Symmetry about the pole (Figure 3c) 
| 
Figure 3 er) К EID po -8 ж (7.0) 
~ A 
Kí Rd у 
^ ES | \ 
22 ya Pay | 2 n 
0 
EDS 8 polar axis | polar axis \ РА 0 polar axis 
x | \ A 
S | y 
S | é 
(r, 8) ter, T= 0) | (r.6+m=( 7.8) 
(a) (b) (c) 


Because of the nonuniqueness of representations in polar coordinates, the condi- 
tions given above may fail even though the graph displays the indicated symmetry. 
(See Problem 42.) Nevertheless, the given conditions are the ones most likely to be 
encountered in practice. 
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In Examples 2 to 5, sketch the graph of the given polar equation and discuss the 
symmetry. 


(EXAMPLE 2 г = 2(1 — cos 0) 


SOLUTION Testing all the rules for symmetry, we observe that the graph is 
symmetric about the polar axis; indeed, replacing 0 by —60 yields 


r = 2{] — cos (—6)] = 2(1 — cos Ө) 


which is the same as the original equation. We construct a table giving the polar 
coordinates of some points on the graph corresponding to selected values of 0. 
Plotting these points, we sketch the upper half of the graph. The lower half of the 
graph is then drawn by using the symmetry about the polar axis (Figure 4). This 
curve is called a cardioid because it is “‘heart-shaped.”* 


Figure 4 т 


^ 


0 0 
т/6 2=\/3=027 
т/4 2 — М2 =0.59 
T. 

7/3 1 polar axis 
a/2 2 
А /3 3 r=2(1 cos 6) 
2 1I, 
5z/6 | 2+ V3 3.73 

т 4 


More generally, if а is any positive constant, the polar graph of апу one of the 


J А four equations 
Figure 5 


r=2(1+sin Ө} 


is a cardioid similar to the curve in Figure 4; but for the cases r = a(1 + cos 0) and 
r = a(l + sin 8), it is rotated about the pole through an angle of 180°, or +90°. For 
instance, the graph of r = 2(1 + sin 0) is shown in Figure 5. Microphones are often 
designed with a sensitivity pattern in the shape of a cardioid in order to provide 
uniform response in front and minimum response in back. 


polar axis 


[IEXAMPLE3 r=] +2 соѕ 0 


SOLUTION Testing all the rules for symmetry, we observe that the graph is 
symmetric about the polar axis; indeed, replacing 0 by —@ yields 


г= | + 2 со$ (—0) = 1 + 2 cos 0 


which is the same as the original equation. We construct a table giving the polar 
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coordinates of some points on the graph corresponding to selected values of Ө for 
0 <= 0< m. Plotting these points, we sketch the portion of the curve shown in 
Figure 6a. The remaining portion of the curve is then drawn by using the symmetry 
about the polar axis (Figure 6b). Notice that the graph has two loops—an inner loop 
for 27/3 € 0 = 47/3 and an outer loop for 0 = 0 = 27/3 and 47/3 = 0 = 27. 
This curve is called a limaçon, from the Latin word *‘limax” for snail. (Notice that 
the portion of the curve in Figure 6a is similar to the shell of a snail.) 


Figure 6 
3 r=1+2cos6, 
7 3 0<0<т 
E] ГА E г= 1+2 соѕ 0 
Ш e 
| 6 
о 
oO polar 
30/4 | 1-V2~-0.41 э 
51/6 | 1- V3 = -0.73 Ў 
" =! (а) (b) 
More generally, if a and Р are positive constants, the polar graph of any one of 
the four equations 
г= а + р соѕ 0 г=а + Б ѕіп 0 
is called а limaçon. If 0 < a < b, the limaçon has an inner loop (Figures 6b and 
7а); but if 0 < a/2 < b <a, it merely has an indentation (Figure 7b). Note that 
when а = b, the limaçon becomes a cardioid. For 0 < b = a/2, even the indenta- 
tion disappears, and the limaçon takes the shape of a slightly distorted circle 
(Figure 7c). 
Figure 7 limaçons 
polar axis 
polar axis 
[^ polar axis , a 3 a 
г=а +6 5іп0,0<5 <b<a r=atbsin@,O<b <> 


r=atbsin@,O<a<b 
(a) (b) (с) 


(EXAMPLE 4 r? = 4 sin 20 


SOLUTION Testing all the rules for symmetry, we find that the graph is symmet- 
ric about the pole: indeed, since (~r)? = r?, the equation remains unchanged if r is 
replaced by —r. Because г” = 0. the equation r? = 4 sin 20 can hold only for 
values of 0 for which sin 20 = 0. For 0 = 0 = z/2, we have sin 20 2 0 and 
r = +2Vsin 26. We construct a table giving the polar coordinates of some points 


Figure 9 


polar axis 


lemniscate 


Figure 10 


Figure 11 


r-asin 26 


polar axis 


four-leaved rose 
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Figure 8 


ғ? = 4 sin 20 


polar axis 


on the graph corresponding to selected values of Ө between 0 and 7/2. Plotting 
these points, we sketch a portion of the graph. The remainder of the graph is then 
drawn by using the symmetry about the pole (Figure 8). This curve is called a 
lemniscate. 


More generally, if a is any positive constant, the polar 
graph of 


г? = а? sin 20 


is called a lemniscate. The graph of г” = a? cos 26 is 
sketched in Figure 9. 


EXAMPLE 5 r= 3 sin 30 


SOLUTION Testing all the rules for symmetry. we find 
that the graph is symmetric about the line 0 — 7/2; indeed, 
replacing 0 by —@ and r by —r yields the equation 


=p = 3 m i) 3 md 


which is equivalent to the original equation. We construct a 
table giving the coordinates of some points on the graph. 
Plotting these points. we sketch part of the graph. The other 
part is obtained by using the symmetry about the vertical line 
0 = 7/2 (Figure 10). 


The graph in Figure 10 is called a three-leaved rose. More generally, either one 
of the equations 


r=asinké or r=acos k0 


gives an N-leaved rose, where 


y= k if k is an odd integer 
2k if А is an even integer 


For instance, the graph of r = a sin 20, a four-leaved rose, is shown in Figure 11. 
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Direction of a Polar Graph 


Now we derive formulas for the direction of a polar graph at a point, that is, for the 
inclination angle of the tangent line to the polar graph at the point. Thus, consider a 
polar curve r = f(0), where f is a differentiable function of 6, and let / denote the 
Figure 12 tangent line to the curve at the polar point P = (r, 0) (Figure 12). Let @ be the 
angle measured from the polar axis to the tangent line /. Thus, since the polar axis 
coincides with the x axis, tan a is the slope of the tangent line / in the Cartesian 
Xy coordinate system. 
if P = (x. y) in the Cartesian coordinate system, then we have dy/dx = tan a as 
TS usual. Using the formulas for conversion from polar to Cartesian coordinates ob- 
de oem tained in Section 9.1, we have 


[р і 


polar curve 


x = r cos 0 = f(0) cos 0 and y = r sin 0 = f(0) sin 0 


Hence, x and y can be regarded as functions of 0. By the chain гше, dy/d0 = 
(dy/dx)(dx/d0). Therefore, if dx/d0 3 0. we have 


polar axis 


dy d n 
—— — (г sin 0) 
| dv аә _ 
a = OO EO = 
noc OE. "v 
recen LL oS 
d uU 


Consequently, since 

d | dr. d dr я 
—— (r sin 0) = —— sin 0 + r cos 0 and —— (r cos 0) =— cos 0 — r sin 0 
40 40 dé d 


it follows that 


^ 0 
sin 0 r cos 


dr . 
— cos Ur sn 
dO 


EXAMPLE 6 Find the slope of the tangent line to the three-leaved rose 
г = 3 sin 30 at the point (3, 7/6) (Figure 10). 


SOLUTION Неге dr/d0 = 9 cos 30 = 0 when 0 = 7/6; hence, 


dr. T 
= K H e I R ()4- 3 Ges — 
40 6 


lm mH 
dr s0—rsin 0 Uca rS 
10 cos ‘ 


The case in which r = 0 in the formula for tan a is of particular interest, since the 
formula then gives the slope of the tangent line at the pole. Specifically, we have 


tan = — — MH = tan б when r = 0 


Therefore: 
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Figure 13 _Зт : 
n na If a polar curve passes through the pole for a particular value 


of Ө. the tangent line to the curve at the pole has a slope 
equal to tan Ө. 


A polar graph may pass repeatedly through the pole, and it 
may have different directions on each passage. (For instance, 
consider the three-leaved rose in Figure 10.) To find the di- 
rection of the curve on any particular passage, simply use the 
appropriate value of @ corresponding to that passage. 


polar axis 


EXAMPLE 7 Find the slope of the tangent to the four-leaved rose r = cos 26 on 
that passage through the origin for which Ө = 57/4 (Figure 13). Also discuss the 
motion of the point (r, Ө) along the curve as Ө increases from 0 to 27. 


2 SOLUTION When 0 = 0, r = 1, and we start at the indicated point on the polar 

axis (Figure 13). As Ө increases from 0 to 7/4, r = cos 26 decreases from 1 to 0, 

and the curve makes its first passage through the pole. As Ө continues to increase, 

Figure 14 the point (г, 0) moves along the four-leaved rose according to the arrows, passing 

through the pole for the second time when 0 = 37/4, for the third time when 

0 = 57/4, and for the fourth time when 0 = 77/4. When Ө reaches 27, the point 

(r, 0) returns to the starting point. On its third passage through the pole, when 
Ө = 57/4, the slope of the tangent line is equal to tan (57/4) = 1. 


1 V tangent line 


radial line 


In dealing with polar curves, it is often convenient to specify the direction of the 
tangent line / at a polar point P = (r, Ө) by giving the angle у measured from the 
radial line through P to the tangent line / (Figure 14а). (The symbol w is the Greek 
О Q polar axis letter psi.) Since the three vertex angles of triangle ООР must add up to 180° = 7 

(a) radians, it follows that 0 + (m — a) +  — т; that is, у= а – 0 (Figure 14b). 
Using the trigonometric identity for the tangent of the difference between two an- 
gles, we have 


tan а — tan 0 


tan y = tan (a — 8) = —— — —— ——— 
E ] + tan a tan 0 


Substituting the value of tan a previously derived into the last equation and simpli- 
fying, we find that 


бинем (Problem 32). 
radial 
E EXAMPLE 8 Find tan at the polar point (2, 7/2) on the cardioid 


r= 2(1 — cos 0) (Figure 15). 


SOLUTION Here we have dr/d8 = 2 sin 0, so that 


PN e г „201 eos. б 7 
dr/d6 D р дл > 


Therefore, when 0 — z/2, we have 


polar axis 


к= XI — cos 0) 7 
=] 


T 
2 


T 
tan ш = csc — — cot 


548 POLAR COORDINATES AND ANALYTIC GEOMETRY 


Problem Set 9.2 


In Problems 1 to 8, each of the curves is the graph of exactly one of 
the equations (a) to (h). Match the equation with its corresponding 
graph. 
(a) r = sin 0 
(d)r-— | t 2sin 0 
(r-20,020 


(c) r= cos 0 


(f) r= 2 sin 20 


(b) r= 1—sin ө 
(e) r=2+sin0 


(h) r? = 2 cos 20 


1 2 
C3 ><- 
3 4 


P 
Н 


„з 
te 


In Problems 9 to 26, test for symmetry with respect to the polar axis, 
the line Ө = 7/2, and the pole. Sketch the graph of the equation. 


9 r=4 cos 0 10 rsin@=5 
И гсоѕ 0 = 5 12 r=2 
13 г= 2 sin 0 140-23 


15 r = 2 sin 30 (three-leaved rose) 


16 r = 2 cos 20 (four-leaved rose) 


17 r= 4 sin 26 (four-leaved rose) 
18 r = 2 sin 40 (eight-leaved rose) 
19 r = 4(1 + cos 0) (cardioid) 

20 r — 2(1 — sin 0) (cardioid) 

21 r2 3 — 2 cos 6 (limaçon) 

22 r= 3 + 4 sin Ө (limaçon) 

23 r= 1 — 2 sin Ө (limaçon) 


24 r 


1/0, 0 > 0 (reciprocal spiral) 

25 r? — 8 cos 20 (lemniscate) 

26 90 — In r (logarithmic spiral) 

In Problems 27 to 30, find the slope of the tangent line to the graph 
of each polar equation at the given point. 

27 r 2 3(1 * cos 0) at (3, 7/2) 

28 r= 2(1 — sin 8) at (1, 7/6) 

8 sin 20 at (0, 0) 

sec? 0 at (4, 77/3) 


DOE 
30 r 


31 Suppose that f is a differentiable function, and consider the 
polar curve r = f(0). (a) If (dr/d0) sin Ө + r cos 0 = 0 and 
(dr/d0) cos 0 — г sin Ө # 0, show that the tangent line to the 
polar curve is horizontal at the polar point (r, Ө). (b) Derive a 
condition for the tangent line to the polar curve at the polar point 
(r, 0) to be vertical. 


Fill in all details in the derivation of the formula for tan у 
(page 547). 


In Problems 33 to 37, find tan v at the indicated point (r, 0) on the 
graph of each polar curve. 


33 r^ sin 0 at È, 7/6) 34 r = cos 20 at (0, 7/4) 


35 r= e^ at (e?, 2) 36 ғ? = csc 20 at (1, 7/4) 
7 


r= 4 sec @ at (4, 0) 


38 If 0 — a « b, find the slope of both tangents to the limaçon 
r — a + b sin Ө at the pole. 


39 Find all points where the tangent to the limaçon r = 4 + 3 sin Ө 
is either horizontal or vertical. (Use the results of Problem 31.) 


40 Find the polar coordinates of the tips of the petals of the 
N-leaved rose r = 2 cos АӨ by finding the values of Ө where r 
takes on its maximum values. (Note: Here it is not necessary to 
use calculus.) 


41 1f 0<b<a, find the minimum value of r for the limaçon 


= а + bsin Ө. 
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44 In view of Problem 42, the symmetry tests given on page 542 
may fail to detect actual symmetries. Develop a set of tests that 
cannot fail. 


42 Show that the polar graph of r = sin (6/3) is symmetric about 


the line Ө = + 7/2 even though the tests for such symmetry 
given on page 542 fail. Sketch the graph. 


43 Show that the polar graph of r = f(@) is (a) symmetric about the 
line 6 = 0 if f is an even function and (b) symmetric about the 
line 0 = —7/2 if f is an odd function. 


45 Find and sketch the graph of a polar curve such that at each point 
of the curve, tan i = К, where К is a nonzero constant. 


46 (a) If 0 < a/2 < b < a, show that the limaçon r = a + b sin 0 
has an indentation. (b) If 0 < b = a/2, show that the limaçon 
has no indentation. 


9.5 


Figure 1 


(70). 8) 


r= 30) Р=(70). Ө) 


О polar axis 


Figure 2 


area =! г (Вино) 


polar axis 


Figure 3 


(fi8 + 20). Ө + 48) 
Ow (лө). в) 


polar axis 


Area and Arc Length in Polar Coordinates 


Geometrically, the two fundamental problems of calculus are finding the slope of 
the tangent to a curve and determining the area of a region bounded by a curve. In 
Section 9.2 we attended to the first problem for polar curves; in this section we see 
how to handle the second. We also develop a formula for are length of polar curves. 


Area of a Region in Polar Coordinates 


Consider the curve whose polar equation 15 r = f(0). where f is a continuous func- 
tion (Figure 1). As 8 increases from 0 = a to 0 = В, the point P = (f(@), Ө) moves 
along the polar curve from (f(a), a) to (f( B). B) and the radial line segment OP 
sweeps out a plane region. We refer to this region as the region enclosed by the 
polar curve between 0 — a and 0 — B. Below, we develop a formula for its area. 

The simplest polar region is perhaps the circular sector enclosed by the circle of 
radius г between Ө = a and 6 = f (Figure 2). Since the area of the circle is лг” and 
the sector occupies a fraction (B — a)/27 of the whole circle, the area A of the 
sector is given by 


1 
А = тт?” = = В - a) 


More generally, even if the polar curve is not a circle, when ће angle increases 
from 8 to 0 + 40, the radial segment ОР in Figure 1 will sweep out a small region 
which is virtually a sector of a circle of radius |r| = |f(6)| (Figure 3). If 40 is 
regarded as an infinitesimal, then the infinitesimal area of this sector is given by 


dA = 3|г|? 40 = $r? 40 = 3150)] 46 


If we ‘*sum,”’ that is, integrate, the areas of all such infinitesimal sectors, running 0 
from a to B, then we obtain the required area A. Thus, 


B B B 
A= | dA = | f(a)? 40 = 5 | [/(0)P аө 


This formula is also written as 
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Figure 4 


polar axis 


r=3(1+cos@) 


Figure 5 


Р= (ғ. 0) 


polar 
ам 


r? 24 cos 20 


Figure 6 


polar axis 


EXAMPLE t Find the area of the “(ор half’ of the region inside the cardioid 
r = X + cos 0) (Figure 4). 


SOLUTION As 0 goes from 0 to 7, the radial segment OP sweeps out the top half 
of the region inside the cardioid. Therefore, the area A of the region is given by 


A= | ав | [301 + cos Ө]? d6 
0 


0 


t 


= : (1 + 2 cos 6 + cos? 8) dé 
0 


tele 


oe Su : 
- S square units 


9 А 0 sin 20 
= s lOt 2 ol) ss ur 
2 2 4 


0 


Find the area enclosed by the lemniscate r? = 4 cos 26 (Figure 5). 


SOLUTION Consider the portion of the lemniscate for which r = 2V cos 20. 
When 0 = 0, r = 2, and as @ increases, the point P = (ғ, Ө) moves to the left along 
the top of the lemniscate until it arrives at the pole O when 6 = 7/4. Thus, as 6 goes 
from 0 to 7/4, the line segment OP sweeps out one-fourth of the desired area. 
Therefore, the area A of the entire region is given by 


EXAMPLE 2 


п/4 т/4 п/4 
А = (t i p^ ав) = 2 | 4 cos 20 40 = 4 sin 20 = 4 square units 
o o о 


EXAMPLE 3 Find the area of the region enclosed by the inner loop of the limaçon 
г= 2 —3 sin 0 (Figure 6). 


SOLUTION When 0 = 0, r = 2 and the point (r, 0) = (2, 0) is on the polar axis. 
Now as @ begins to increase, r = 2 — 3 sin 0 begins to decrease, and it reaches 0 
when 0 = sin^! 3. At this point, the radial line segment OP begins to sweep out the 
desired region. When 6 reaches the value 7/2, then r — —1 and the radial line 
segment OP, which points straight downward, has swept out exactly half of the 


desired area. Therefore, the area A of the region is given by 


7/2 
= afa] (2 — 3 sin o ao] 
in^! (2/3) 


s 


т/2 
- | (4 — 12 sin 0 + 9 sin? 0) d0 
sin ! (2/3) 
m2 
= (40+ 12 cos 0+ 3 0 — {sin 20) 
sin ! (2/3) 
l73 17 = EE 1 
Se > | Sin = os sim СПЕ ЕЕ 
4 2 3 
| | ТЕ г v5 
Since Cos (aimn =] = == 
3 
2 B 2 4%5 
апі sin (2 sin! s = mm (sin E cos (sin =) = —— 
3 3 3 9 
173 17 D 
we have A= Tw == sin^! = 3V5 square unit 


In using the formula A = $ f£ r? d6 to find the area of the region enclosed by а 
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polar curve r = f(8) between Ө = a and 0 = fl. you must be certain that a = В and 
that the radial line segment OP, where P = (f(6), 0). sweeps just once across each 
point in the interior of the region. For instance, if you wish to find the total area 
inside the limaçon r = 2 — 3 sin 0 (Figure 6), it would be incorrect to integrate 
from 0 to 27. The reason is that as 0 goes from 0 to 27, the radial segment OP 
Sweeps twice across all the points within the inner loop, so the area of the inner loop 
gets counted twice. 


Area Between Two Polar Curves 


To determine the area of a plane region enclosed by two polar curves, we need to 
know where the curves intersect. Although the points where two Cartesian curves 
intersect can be found by solving the equations of the curves simultaneously, this 
procedure does not necessarily yield a/l intersection points of two polar curves. The 
reason is that an intersection point may have two different polar representations, one 
satisfying the equation of the first curve and the other satisfying the equation of the 
second curve. 
All the intersection points P of the polar graphs of 


r= f(0) and r — g(8) 
can be found by carrying out the following procedure: 


Step 1 Check each polar graph separately to see whether it passes through the 
pole O. If both do, then O is an intersection point of the graphs. 


Step 2 Solve, if possible, the simultaneous equations 
|' = fa) 
r= g(6+ 2n7) 


for r, Ө, and n, where г = О and л must be an integer. For each such solution, 
the point P — (r, 0) is an intersection point of the two graphs. 


Step 3 Solve, if possible, the simultaneous equations 
| = (т 
„к= —g(0 + (2n + 1)т) 


for г, Ө, and n, where г # О and л must be an integer. For each such solution, 
the point P = (r, 0) is an intersection point of the two graphs. 


EXAMPLE 4 Find all points of intersection of the circle r = —6 cos Ө and the 
limaçon r = 2 — 4 cos Ө. 


SOLUTION 


Step 1 Since О = (0, 7/2) is on the circle and О = (0, 77/3) is on the limagon, 
it follows that O is a point of intersection. 


Step 2 We solve the simultaneous equations 
pe ws О, 
|, = 2 — 4 cos (0 + 2пт) for r #0, n an integer 
Noting that cos (6 + 2n7) = cos Ө, we rewrite the equations above as 


r= —6 cos = 2 — 4 cos 0 


552 POLAR COORDINATES AND ANALYTIC GEOMETRY 


Figure 7 Thus, —2 cos Ө = 2, so that cos Ө = —1, г = 6, and 0 = m. Thus, step 2 
yields the intersection point P, — (6, 7). 


Step 3 We solve the simultaneous equations 
r2 6cos0 


, = —6 cos 0 
А г = — [2 — 4 cos (0 + (Qn + 1)7)] for r # 0, n an integer 
1 д 
В? Since cos (0 + 2лт + т) = cos (0 + т) = —cos 6, we rewrite the equations 
above as 


r= —6 cos 0 = —(2 + 4 cos 0) 


Thus, 2 cos 0 = 2, so that cos Ө = 1, r = —6, and 6 = 0. Therefore, step 3 yields 
the same intersection point P, — (—6, 0) — (6, 7) as step 2. Hence, the circle and 
the limagon intersect in the two points O and P, (Figure 7). 


Figure 8 В 7 , 
Now, suppose we wish to find the area A of the region enclosed by the graphs of 


r= g(8) the two polar equations 
Р, = (rs. B) 
r= f(0) and r= g(8) 


between two points of intersection 
P, = (ri, а) and Р» = (r2, B) 


8, m (Figure 8). If the region enclosed by the curve г = g(@) between 0 = a and 0 = Bis 
axis contained in the region enclosed by the curve r = f(@) between Ө = a and 8 = В, 
then the desired area A is just the difference of the areas of the two regions. Hence, 


a) B B B 
лке A-i | [KO do – 3 | [8(0))2 40 = 3 | LAOI — [002] 40 


a [61 o 


EXAMPLE 5 Find the area of the region inside the circle r — 4 cos 0 but outside 
the circle r = 2 (Figure 9). 


SOLUTÍON The two circles intersect at P, = (2, — 7/3) and Р» = (2, 7/3). The 
area A of the region outside the circle r — 2 and inside the circle r — 4 cos 0 be- 
tween 0 = —7/3 and 0 = 7/3 is given by 


7/3 
А = +| [(4 cos 8)? — 22] 20 


—m/3 
a/3 7/3 
Figure 10 - | (16 cos? 8 — 4) d -1 | (72 (1 + cos 26) — 4] 40 
—m/3 ma 
У m/3 л/3 
= | (4 + 8 cos 26) 40 = 2(6 + sin 20) 
—m/3 —m/3 
ds = dx? + ау? V3 "n. 


ll 
ac 
— 
va 

+ 

©. 
|S 
М 
| 
т> 
Б] 


pic - xL + 2V3 square units 


Arc Length of a Polar Curve 


x For a curve in Cartesian coordinates, ds = V (ах)? + (dy) gives the differential of 
arc length (Figure 10). If we convert to polar coordinates, we have 


dx = d(r cos Ө) = dr cos 0 — r sin 0 dO 
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л 
ы 


апа 
dy = d(r sin 0) = dr sin Ө + r cos 0 d0 


Thus, 


(ах)? + (dy = (dr) cos? 0 — 2r cos 0 sin Ө (dr)(d0) + ғ? sin? Ө (40)2 
+ (dr? sin? Ө + 2r cos Ө sin 0 (dr)(d0) + r?° cos? Ө (аб)? 


= (drY(cos? 0 + sin? 0) + r*(d0)(sin? Ө + cos? 0) 
= (dr? + r(d0y 
so that 


ds = V(dxy) + (dyf = Мағ) + r(d0y 


Therefore, in polar coordinates, 


d 2 
ds = (=) + p? do 
Figure 11 


(Figure 11). 
The arc length of the portion of a polar curve r = f(0) between 0 = a and 0 = В 
is accordingly given by 


dé 


s [Pare [P UE) enam. [^ viram y ior д 


polar axis 


provided that the derivative f' exists and is continuous on the interval [o, В]. 


EXAMPLE 6 Find the total arc length of the cardioid r = 2(1 — cos Ө) (Fig- 
Figure 12 ure 12). 


SOLUTION Because the cardioid is symmetric about the polar axis and its exten- 


sion, we have 
2 If 40 


2| V (2 sin 0)? + 4(1 — 2 cos 0 + cos? 0) d@ 
0 


wD 
Ш 


polar axis 


II 


2 V'sin? 0 + cos? 0 + 1 — 2 cos 0 d0 
0 
=a М Teos 0 dð = 4V3 | V ] — cos 0 40 
a a 


Since 2 sin? (0/2) = 1 — cos Ө, it follows that 


DA и a 0 
avi | 2 sin? qoc 4v3 | V2 sin — 40 
а 2 b 2 
0 т 
s(-2c 2.) 
2 0 


РА 


тл 
ll 


= 16 units 
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Problem Set 9.3 


In Problems | to 6, find the area enclosed by each polar curve 
between the indicated values of 0. Sketch the curve. 


1 r = 40 from 0 = 7/4 to 0 = 57/4 
2 r = sin? (0/6) from 0 = 0 to 6 — т 
3 r = 4/0 from 0 = п/4 to 0 = 57/4 


4 r= 3 sin 36 from 0 = 0 to 0 = 7/3 

5 r= 3 csc 0 from Ө = 7/2 to 0 = 57/6 

6 r = 2 scc? 0 from 8 = 0 to 6 = 7/3 
In Problems 7 to 14, find the area enclosed by each polar curve. In 
each case sketch the curve, determine the appropriate limits of inte- 


gration, and make certain that none of the area is being counted 
twice. 


7r-4sin0 8 r — 2(1 + cos 0) 
9 г= 2 sin 30 10 г = 2V |соѕ 6| 


11 = 2 + cos 6 12 г=1 + 2 соѕ 8 


1307 = 2 602 п 0 14 г = 3 соѕ5 0 + 4 sin 0 


In Problems 15 to 22, find all points of intersection of each pair of 
polar curves. Sketch the two curves, showing these points. 

15 r= —3 sin 0 and r = 2 + sin 0 
16 ғ = cos 0 and г = sin 8 17 r= 1 and r = 2 cos 30 


18 г = 6 for 0 = 0 and r = – Ө for 0 2 0 


19 r = sin 6 and r = sin 20 

20 r= 1 + cos 0 and r = (1 + V2) cos 0 

2] r= 2 sin 30 and r = —2/sin 0 22 r= 0 and г = 20 

In Problems 23 to 27, find all points of intersection of the two 

curves, sketch the two curves, and find the area of each region 

described. 

23 Inside r = 6 sin 0 and outside r = 3. 

24 Inside both r = | and r= 1 + cos б. 

25 Inside both г = 3 cos Ө and г = 1 + cos 0. 

26 Inside r? = 8 cos 26 and outside r = 2. 

27 Inside r = 6 cos @ and outside r = 6(1 — cos @). 

28 Assuming that b > a > 0, find a formula for the area enclosed 
by the inner loop of the limaçon r = a + b sin Ө. 


29 Find the area of the shaded region enclosed by the graph of 
r — 8 in Figure 13. 


Figure 13 pex 


polar axis 


30 Find the area of the region inside the limagon r = 2 — 4 cos 0 
and outside the circle r = —6 cos @ (Figure 7). 


In Problems 31 to 38, find the arc length of each polar curve be- 
tween the indicated values of 8. 

31 r= 6 sin 0 from 06— 0 10 0 = т 

32 r = —2 from 0 = 0 to 6 = 27 

33 r = 40? fron 02010 0— 3 


34 r = 2(1 + cos 0) from 8 = 0 to 0 = 27 


35 r = e^ from 0 = 0 to 8 = 4m 

36 r = 2 sin’ (6/3) from 6 = 0 to 8 = 37 

37 r = 3 cos 0 + 4 sin 6 from 0 = 0 to 6= 7/2 
38 r = —7 csc 0 from 0 = 7/4 to 6 = 37/4 


39 Find the error in the following argument: Since the graph of the 
polar equation г = 4 cos 6 is a circle of radius 2, the circumfer- 
ence of this circle should be given by 


pe (Sy, " 
H= [CN + = 
| [es r^ dé 


lk УЛ Би A+ 16 сов ав | 
0 


0 


p 
1 


2т 
4 40 = 87 


(But the circumference of a circle of radius 2 should be only 
4T.) 


40 Criticize the following naive use of differentials: In Figure 14, 
ds is virtually the arc length of the portion of the circumference 
of a circle of radius |r| cut off by the angle d0 radians; therefore, 
ds should be given by |r| 40 rather than by V(dr/d6)* + r^ аб. 


Figure 14 


polar axis 


41 Show that, with suitable restrictions, the area of the surface gen- 
erated by revolving the portion of the polar curve r — f(8) be- 
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tween 0 = а and 0 = В about the polar axis is In Problems 43 to 46, use the formulas given in Problems 41 and 42 
в T to find the area of the surface generated by revolving each polar 
A- эт | Pe, NI P + г? dà curve about the given axis. 
5 40, 
42 Show that, with suitable restrictions, the area of the surface gen- 43 r — 2 about the polar axis 


erated by revolving the portion of the polar curve r = f(@) be- 
tween 0 = a and Ө = B about the axis 0 = 7/2 is 


44 r= 4 about the axis 0 = 7/2 


B ap 45 г = 5 cos 0 about the polar axis 
AS эт | r cos "NI Em +r? d6 5 Р 
|, 40 46 r^ = 4 cos 20 about the axis 0 = 7/2 


9.4 


The Ellipse 


For the remainder of this chapter we study the conic sections (or conics, for short). 
These graceful curves were well known to the ancients; however, their study is 
immensely enhanced by the use of analytic geometry and calculus. They are ob- 
tained by sectioning, or cutting, a right circular cone of two nappes with a suitable 
plane (Figure 1). 


Figure 1 


Circle Ellipse Parabola Hyperbola 


By shining a flashlight onto a white wall, you can see examples of the conic 
sections. If the axis of the flashlight is perpendicular to the wall, then the illumi- 
nated region is circular (Figure 2a); if the flashlight is tilted slightly upward, the 
illuminated region elongates and its boundary becomes an ellipse (Figure 2b). As 
the flashlight is tilted further, the ellipse becomes more and more elongated until it 
changes into a parabola (Figure 2c). Finally, if the flashlight is tilted still further, 
the edges of the parabola become straighter and it changes into a portion of a 
hyperbola (Figure 2d). 

We have already obtained equations for circles, in both Cartesian and polar form. 
In this section, we derive Cartesian equations for ellipses, and we see how such 


Figure 2 


Circle Ellipse Parabola Hyperbola 


Q0 VN 


(a) 
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Figure 3 
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Figure 5 
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DEFINITION 1 


equations can be simplified by translation of the coordinate axes. Parabolas and 
hyperbolas in Cartesian form are studied in the next two sections.* 

Ellipses are of practical importance in fields ranging from art to astronomy. For 
instance, a circular object viewed in perspective forms an ellipse (Figure 3), and an 
orbiting satellite (natural or artificial) moves in an elliptical path. The geometric 
definition of an ellipse is as follows. 


Ellipse 


An ellipse is the set of all points P in the plane such that the sum of the distances 
from P to two fixed points F, and F; is constant. Here F, and F are called the 


focal points, or the foci, of the ellipse. The midpoint C of the line segment F,F» 
is called the center of the ellipse. 


Figure 4a shows two fixed pins F, and F and a loop of string of length / stretched 
tightly about them to the point P. Here we have 


PF,| + (РРА f| =! ог РА + РЕЈ = 1 [РР 


Figure 4 


е 


(а) (b) 


Hence, as P is moved about, |PF;| + [РЕ always has the constant value / — [РР 
Thus, if a pencil point P is inserted into the loop of string and moved so as to keep 
the string tight, it traces out an ellipse (Figure 4b). 

Consider the ellipse in Figure 5a with foci F, and Fz and center С. We denote by 
с the distance between the center C and either focus F} or F5. Notice that the ellipse 
is symmetric about the line through F, and F5. Let V; and V5 be the points where 
this line intersects the ellipse. The center С bisects the line segment V,V5, and the 
ellipse is symmetric about the line through C perpendicular to УУ. Let V3 and V4 
be the points where this perpendicular intersects the ellipse. The four points V, , V5, 
V3, and V, are called the vertices of the ellipse. The line segment V, V2 is called the 
major axis, and the line segment VV, is called the minor axis of the ellipse. Let 2a 
denote the length of the major axis, and let 2b denote the length of the minor axis 
(Figure 5b). The numbers a and b are called the semimajor axis and the semiminor 
axis of the ellipse. 

If a point P moves along the ellipse in Figure 5, then, by definition, the sum 


|PF,| + (РЕ: 


does not change. Therefore, its value when Р reaches V, is the same as its value 
when P reaches V3; that is. 


МЕ + [УР = |VaF + [V3Fol 


*See Section 9.8 for polar equations of the conics. 


Figure 6 
5h 
i 
THEOREM 1 
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By symmetry L. —-— 
УЗР || = |V3F > 


so the equation above can be rewritten 
ari + [VF] = 21032] 


But, by symmetry again, 


И.Р = |VoF 
Непсе, 
2|V;F.| = AA ar УР, = УЕ + {Р = [Viv] = 20 


from which it follows that ШЫР 
IV3F > — 6 


Therefore, applying the Pythagorean theorem to the right triangle УЗСА» (Figure 6), 


we find that 


If we place the ellipse of Figure 6 in the xy plane so that its center C is at the 
origin О and the foci Еу and F; lie on the negative and positive portions of the x 
axis, respectively, then we can derive an equation of the ellipse as follows. 


Ellipse Equation in Cartesian Form 


An equation of the ellipse with foci at F; = (—c. 0) and Р = (c, 0) is 


where a is the semimajor axis, b is the semiminor axis, and a? = b? + с?. 


Let P — (x, y) be any point on the ellipse (Figure 7). As Figure 6 shows, when 
P — (0, b), we have 


|PF | dE РЕ = 2a 
Therefore, by Definition 1, the equation 
IPF;| + РР = 2а 


holds for every point Р = (х, у) on the ellipse. Using the 
x distance formula, we can rewrite this as 


М(х + cy + y! + V(x — cy + y? = 2а 
or Vater +y = 2а — Мх = с) + уг 
Squaring both sides of the last equation, we have 
x? + 2сх + с? + yt -4q?-— 4aV (x — cy. + у? +x? — 2сх + с? + y? 
so that 
4cx — 4a? = —4aV (x — cy + у? ог сх = a? = -ам(х = с)? + у 


Squaring both sides of the last equation, we obtain 


cx? — 2a?cx + а = a(x? — 2ex + с? + y?) 
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Figure 8 


Figure 9 


Figure 10 


so that 
B. } ou 2 2 2 DEG) 2 
a^ — a?c? = (a? — c)? + Gag or аа? — c?) = (a? — с?)х? + ao 


Since a? = b? + ¢?, we have à? — c? = b?, and the equation above can be rewrit- 
ten as 
alb? = b?x? dh а?у? 


If both sides of the last equation are divided by a?b?, the result is 


as desired. By reversing the argument above, it can be shown that, conversely, if 
the equation (х2/а2) + ( y?/b?) = 1 holds, then the point P = (x. y) is on the ellipse 
(Problem 48). 


If a and b are positive constants and a > b, the Cartesian 
equation 


is called the standard form for the equation of an ellipse 
with center at the origin O and with a horizontal major axis. 


EXAMPLE 1 Find the coordinates of the four vertices and the two foci of the 
ellipse 4x? + 9y? = 36, and sketch the graph. 


SOLUTION Divide both sides of the equation by 36 to obtain 


ay у“ 
9 4 
y. > 
’ ES Mi 
that is, -+> =] 
a^ Da 


witha = 3 and b = 2. By Theorem 1, this is the equation of an ellipse with vertices 
(—3, 0), (3, 0), (0, 2). and (0, —2) (Figure 8). Also, the foci are (—c, 0) and (c, 0), 
where 

с = д2 -b = 9-4 = 5 


that is, c = V5. Thus, F, = (— V5, 0) and F = (V5, 0). 


EXAMPLE 2 Find the equation in the standard form of the ellipse with foci F, = 
(— V3, 0) and F» = (V3, 0) and vertices V, = (—2, 0) and V; = (2, 0). Also, find 
the coordinates of the remaining two vertices, V4 and V4, and sketch the graph. 


SOLUTION Неге c = V3, a = 2; hence, b = Va? — c? = V4 — 3 = 1, and 


the equation is 
2 2l 
Soy 
=== 4r =] 
4 l 


Also, V3 = (0, 1) and V, = (0, — 1). The graph appears in Figure 9. 


It is not difficult to derive an equation of an ellipse with center at the origin and 
with a vertical major axis (Figure 10). In this case, the ellipse has foci К = (0, —c) 


Un 
© 
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and Р = (0, с) on the y axis and vertices V; = (0. —a), V; = (0. a), V = (—b, 0), 
and У; = (b, 0). The semimajor axis is a, and the semiminor axis is b. The equation 
can be derived as in Theorem 1, the argument being word for word the same except 
that the variables x and y interchange their roles. Therefore, the equation is 


where a > b 


Figure 11 


^ This equation is also called the standard form for the equation of an ellipse. 


і 


Translation of Axes 


The equation of a curve can often be simplified by changing to a different coordi- 
nate system. In practice. this is often accomplished by choosing one or both of the 
new coordinate axes to coincide with an axis of symmetry of the curve. For in- 
stance, the equation of the ellipse in Figure 1] would probably be simplified by 
switching from the xy coordinate system to the xy coordinate system as shown. 
If two Cartesian coordinate systems have corresponding axes that are parallel and 
have the same positive directions, then we say that these systems are obtained from 
one another by translation. 

Figure 12 shows a translation of the ‘‘old’’ xy coordinate 
[ху in "old" system system to a "new" xy system whose origin О has the "old" 
| G0) in "new" system coordinates (Л, k). Consider the point P in Figure 12 having 
1 old coordinates (x, y), but having new coordinates (X, y). 
Evidently, we have the following equations for translation of 

Cartesian coordinates: 


Figure 12 


P= 


EXAMPLE 3 Let the xy axes be obtained from the xy axes by translation in such a 
way that the origin О of the new coordinate system has coordinates (Л, К) = (—3, 4) 
in the old coordinate system. Let P be the point whose old coordinates are (x, y= 
Figure 13 (2, 1). Find the coordinates (x, у) of P in the new coordinate system (Figure 13). 


SOLUTION According to the translation equations, 
ie JE La S es S 
and p dE ue 
Hence. the point P has coordinates (x, y) = (5, —3) in the new coordinate system. B 
Translation of axes can be a useful tool for graph sketching. For instance, sup- 
pose we want to sketch the graph of the equation 


4x? + 9у2 — 32x — 36у + 64 = 0 


Offhand, it is perhaps not clear what the general shape of this graph might be. Of 
course, we could plot points, but this could become quite tedious. However, as we 
shall show, we can greatly simplify this equation—and identify its graph—by using 
the translation equations to switch to an xy coordinate system. 
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Figure 14 
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y 
y 
d 
П 
i 
l 
i 
І 


452+ 9у2 


ues 


36y + 64 =0 


We begin by rewriting the equation in the form 
Ay? — 32x + 93? — 36y = —64 
or х2 —8x  )*9(y- Ay ) = —64 
where we have left spaces for completing the squares. Thus, 
A(x? — 8x + 16) + 9(y? — 4y +4) = —64 + 4(16) + 9(4) 
or A(x — 4)? + 9(y = 2)? = 36 
Dividing both sides of the last equation by 36, we obtain 
C ар Раи 


which is of the form 


ғә 


У 


Y 
9 4 


with x=x-4 and yow 72 


The last two equations represent a translation of the coordinate axes, and the new 
ху coordinate system has an origin О whose old xy coordinates аге (4, 2) (Fig- 
ure 14). With respect to the xy coordinate system, the graph of 


is an ellipse with center О, semimajor axis V9 = 3, and semiminor axis V4 = 2, 
which we have sketched in Figure 14. But this is the same as the graph of the 
equation 


which, in turn. is the same as the graph of the original equation 
Ax? + 93 — 32x — 36у + 64 = 0 


Thus, by means of a translation of coordinates, we have obtained an accurate graph 
with a minimum of effort. (If desired. the new ду coordinate system can be drawn 
very lightly and then erased after it has done its job.) 


EXAMPLE 4 Show that the graph of 25.7 + 9y? — 100x — 54y = 44 is an ellipse. 
Find the coordinates of the center, the vertices, and the foci, and sketch the graph. 
SOLUTION Неге we have 
25(42 — 44 ) + 90? — бу ) = 44 

Completing the squares in the last equation, we obtain 

25(x? — Ax + 4) + 9(у2 — бу + 9) = 44 + 25(4) + 9(9) 
or 25(x — 2) + 9(v.— 3)? = 225 
Dividing the last equation by 225, we have 


(x — 2)? m 3)? ni 


D 25 | 


Figure 15 


Figure 16 


T 


25x) +932 100x 54у = 44 
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which is of the form 


ib 


with х=х—2 апа К=з 3 


The last two equations represent a translation of the coordinate axes, and the new xy 
coordinate system has an origin O whose old xy coordinates are (2, 3). The graph of 


—> —2 

NS 

—dplI-i 

DES 
is an ellipse with center О, vertical major axis, semimajor axis а = V25 = 5, and 
semiminor axis b = V9 = 3 (Figure 15). The distance c between the center and the 


foci is given by 
c= Va? — 2 = N25 = 9 = 4 units 
Thus, the foci Ру and F5 have xv coordinates 
F,7(2,3—4)—- (2, —1) and F = (2, 3 + 4) = (2. 7) 
and the xy coordinates of the four vertices are 


Cy = 2) (2, 8) (= =S) and (5. 3) 

Notice that a translation of the coordinate axes does not change the position or the 
shape of a curve in the plane—it changes only the equation of this curve. Thus, by 
using the translation equations x = x — h and y = у — К, we can see that an equa- 


tion of the form 


х = hy )— ky 
(x ЕШ а. ) m 


C -A А 


[o 1 
a b^ be a 


where а > b, represents an ellipse with center (h, К), semimajor axis a, and 
semiminor axis b. In the first case, the major axis is horizontal; in the second case, it 
is vertical. 


EXAMPLE 5 Write the equation of the ellipse whose vertices are the points 
Gs. 1), (1, 1), (—2, 3), and (—2, —1); find the foci, and sketch the graph. 


SOLUTION The horizontal axis is the line segment from (—5, 1) to (1, 1), and its 

length is |(—5) — 1| = 6 units. The vertical axis is the line segment from (—2, — 1) 
to (—2, 3), and its length is |(—1) — 3| = 4 units. Therefore, 
the ellipse has a horizontal major axis, 


а =H! and c= Va = М5 
Here, the center is at (C2, 1), so Л = —2 and k = 1. Conse- 


quently, the equation of the ellipse is 


(Fay TOs E a 
9 4 


1 


The foci are c = V5 units on either side of the center: hence, 
F, =(~V5 — 2, 1) and F; = (V5 — 2, 1) (Figure 16). 
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Problem Set 9.4 


In Problems 1 to 8, find ihe coordinates of the vertices and foci of 
each ellipse, and sketch its graph. 


X A EG А 
rota EE 
З 40 € y'- 16 4 360 + 9y = 144 
5 c + 16у2 = 16 6 16x? + 25y" = 400 
7 98 + 36)? = 8-4? = 1 


In Problems 9 to 12, find the equation in standard form of the ellipse 
that satisfies the conditions given. 


9 Foci Р, = (—4, 0) and F; = (4, 0); vertices V} = (0, 3) and 
V, = (0, —3) 

10 Vertices V; = (—5, 0) and V; = (5, 0); horizontal major axis; 
€ = 3 units 

14 Foci F, = (0, —12) and F5 = (0, 12); vertices Vy = (0, —13) 
and V; = (0, 13) 


12 Foci Ру = (0, —8) and F5 = (0, 8); semiminor axis b = 6 units 


13 A new xy coordinate system is obtained by translating the old xy 
coordinate system so that the origin O of the new system has old 
xy coordinates ( — 1, 2). Find the new xy coordinates of the points 
whose old xy coordinates are: 
(a) (0, 0) (b) (-2, 1) 
(a (= mm 1) (858) 


(CE) 
(f) (6, 0) 


14 Describe a translation of coordinates that will reduce the equa- 
tion 


д^ + у + 4x -2y+1=0 


of a circle in the old xy coordinate system to the simpler form 
X + ¥ = г? in the new Xy system. Find the radius r, and draw a 
graph showing the circle and the two coordinate systems. 


15 A new xy coordinate system is obtained by translating the old xy 
coordinate system so that the origin O of the old xy system has 
coordinates ( —3, 2) in the new xy system. Find the old xy coor- 
dinates of the points whose new Xy coordinates are: 


(a) (0. 0) (b) (3, 2) (c) (—3, 4) 
(d) (V2, -2) (с) (0,—л) (f) (3, 2) 


l6 Let b, c, and d be constants. Show that the translation 
х= x + (b/3), у= у + (cb/3) — d — QQb/27) reduces the 
cubic equation y = х? + bx? + cx + dio ће form y = x? + рї, 
where p = c — (2/3). 


In Problems 17 to 22, use a suitable translation of axes ¥ = x — h 
and y = y — & to bring each equation into the standard form for an 
ellipse. Find the xy coordinates of the center, the vertices, and the 


foci, and sketch the graph showing both the old xy and the new xy 
coordinate systems. 


17 х2 + 4у2 + 20 8у 1-70 

18 9x7 + у? — 18x + 2у +9 = 0 

19 68 + 9у2 — 24x — 54у + 51 = 0 

20 90 + 4? — 18x + 16у — 11 = 0 

21 168 + 9y? — 192x + 36у + 468 = 0 
22 30 + 4y? – 12x + 8y +4= 0 


In Problems 23 to 30, find the coordinates of the center, the vertices, 
and the foci of each ellipse, and sketch its graph. 


Pee 2 А 342 
3 (А010) ED ы 
р 4 
(x + 2)? Mc DER 
16 4 


25 (х + 3y + y! = 36 


2 


24 


26 25(x + 1)? + 16(y — 2)? = 400 
27 х? + 2у + 6x +7 = 0 

28 48 + у2 — 8x + 4y - 8-0 

29 20 + 5y? + 20x — 30у + 75 = 0 
30 93 + 4y? + 18x — 16у — 11 20 


In Problems 31 to 42, find an equation for the ellipse satisfying the 
conditions given. 


31 Foci (—4, 1) and (4, 1); vertices (—5, 1) and (5, 1) 

32 Foci (1, —2) and (1, 2); vertices (1, —4) and (1, 4) 

33 Vertices (0, —8) and (0, 8); containing the point (6, 0) 

34 Vertices (0, —3) and (0, 3); containing the point (Ge 2V2) 
35 Center at the origin; containing the points (4, 0) and (3, 2) 
36 Vertices (~2V3, 0), (2V3, 0), (0, —4), and (0, 4) 

37 Vertices (T2 = I (=2 5 (ЛЛ mnd А1) 

38 Foci (1, 3) and (5, 3); major axis 10 units long 


39 Center (1, —2); major axis parallel to the у axis, major axis 6 
units long; minor axis 4 units long 


40 Endpoints of major axis (—3, 2), (5, 2); length of minor axis is 
4 units 


41 Vertices (2, —3) and (2, 5); foci (2, —2) and (2, 4) 


42 Foci (—4, 5) and (2, 5); semiminor axis b = 3 units 


In Problems 43 to 46, use implicit differentiation to find the slopes 
and the equations of the tangent and normal lines to each ellipse at 
the point indicated. 


43 xà + 9у? = 225 at (9, 4) 44 4c + 9? = 45 at (3, 1) 


45 х2 + 4 — 2х + 8y = 35 at (3. 2) 


46 9x7 + 25x? — 50y — 200 = 0 at (5, 1) 


47 The segment cut by an ellipse from a line containing a focus and 
perpendicular to the major axis is called a focal chord of the 
ellipse. (a) Show that 25^ /a is the length of a focal chord of the 
ellipse whose equation is b^x + a^? = a?b^. (b) Find the 
length of a focal chord of the ellipse 9x° + 16? = 144. 


48 Suppose that a and b are constants such that a > b > 0 and 
let c = Ма? — b^. Assume that the numbers x and y satisfy 
the equation (x /a?) + (/b?) = 1, and let Р = (х, у), 
Еу = (—c, 0), and F = (с, 0). Prove the following without 
reference to geometric diagrams: 
(a) с|х| <a? 


(c) [РЕЦ + [РЕ = 2a 


(b) V(x — cy + у? < 2a 


49 Find the maximum area of a rectangle that can be inscribed in 
the ellipse (x°/a*) + (Y2/b?) = 1 if the sides of the rectangle are 
parallel to the coordinate axes. 


50 A mathematician has accepted a position at a new university 
situated 6 kilometers from the straight shoreline of a large lake 
(Figure 17). The professor wishes to build a home that is half as 
far from the university as it is from the shore of the lake. The 
possible homesites satisfying this condition lie along a curve. 
Describe this curve, and find its equation with respect to a coor- 
dinate system having the shoreline as the x axis and the univer- 
sity at the point (0, 6) on the y axis. 


Figure 17 \ univemity — / 
Spe Sedi vá 
hy 2". possible home 
М Pt 
~ site 
6 km | 
| | 


51 How long a loop of string should be used to lay out an elliptical 
flower bed 20 feet wide and 60 feet long? How far apart should 
the two stakes (foci) be? 


52 Except for minor perturbations, a satellite orbiting the earth 
moves in an ellipse with the center of the earth at one focus. 
Suppose that a satellite at perigee (nearest point to center of 
earth) is 400 Kilometers from the surface of the earth and at 
apogee (farthest point to center of earth) is 600 kilometers from 
the surface of the earth. Assume that the earth is a sphere of 
radius 6371 kilometers. Find the semiminor axis P of the ellipti- 
cal orbit. 
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53 An arch in the shape of the upper half of an ellipse with a hori- 
zontal major axis is to support a bridge over a river 100 meters 
wide. The center of the arch is to be 25 meters above the surface 
of the river. Find the equation in standard form for the ellipse. 


54 In Figure 4b, show that the semiminor axis b of the ellipse is 
given by b = $V/ — Alc, where c = ЕРУ. 


"л 
л 


Let A be the area enclosed by an ellipse with semimajor axis а 
and semiminor axis b. (a) Show that 


"ob. m 
A-4| = Nada xax 
o a 


(b) Evaluate the integral in part (a) and thus obtain the formula 
А = тар for the area of an ellipse. 


56 Prove that the normal line to the ellipse in Figure 18 at the point 
Р = (x, y) bisects the angle F,PF>. [Hint: The equation of the 
ellipse is (х2/а?) + (у?/Б?) = 1. By implicit differentiation, the 
slope of the normal line at P is m = a^ y/(b^x). The slopes of ЕР 
and РР, respectively, are 

у 3j 


and т = 
aC хис 


where F; = (—c. 0), F> = (c, 0), and c = Va? — b^. Verify 
that (m, + т»)т? + 2(1 — mım)m = m, + т». Then show that 
the last equation implies the desired result.] 


Figure 18 


57 A ray of light will be reflected from a curved mirror (Figure 19) 
in such a way that the angle œ between the incident ray and the 
normal is equal to the angle a between the normal and the re- 
flected ray. Use the result of Problem 56 to show that a ray of 
light emanating from one focus of an elliptical mirror will be 
reflected through the other focus. (This is called the reflecting 
property of the ellipse.) 


normal line 


Figure 19 


curved mirror 


ray of light 


reflected 
ray 
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9.5 


DEFINITION 1 


Figure І Multiflash photo of 
a ball thrown into the air 


A 


Figure 2 


The Parabola 


In Chapter | (page 34) we mentioned that the graph of a quadratic function is “а 
type of curve called a parabola.’’ In this section we give a proof of this fact based on 
the following geometric definition. 


Parabola 


A parabola is the set of all points P in the plane such that the distance from P 


to a fixed point F (the focus) is equal to the distance from P to a fixed line D (the 
directrix). 


Parabolas appear often in the real world. A ball thrown up at an angle travels 
along a parabolic arc (Figure 1), a main cable in a suspension bridge forms an arc of 
a parabola (Figure 2), and the familiar "dish antennas'' have parabolic cross sec- 
tions (Figure 3). 


Bay Bridge, San Figure 3 Parabolic dish antenna 


Francisco, showing parabolic 


cables 


THEOREM 1 


PROOF 


If the focus F of a parabola is placed on the positive v axis at the point (0, p) and 
if the directrix D 1 placed parallel to the x axis and p units below it, the resulting 
parabola appears as in Figure 4. Its Cartesian equation is derived in the following 
theorem. 


Parabola Equation in Cartesian Form 


An equation of the parabola with focus F = (0, p) and with directrix D: y = —p 


is 22 = 4ру, or y = [1/(4р)]х”. 


Let P — (x, y) be any point and let Q — (x, —p) be the point at the foot of the 
perpendicular from P to the directrix D (Figure 4). The requirement for P to be on 
the parabola is |FP| = |PQ|; that is, 


Figure 4 


Figure 6 


6 


л 
Un 
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The last equation is equivalent to 
к^ ак (бу = д = (у аў" 
that is, 
x? + у? — 2py + p = у> + 2ру + p or х = 4ру 


Obvious modifications of the argument іп Theorem 1 provide Cartesian equations 
for parabolas opening to the right (Figure 5b), downward (Figure 5c), and to the left 
(Figure 5d). Any one of the equations 


is called the standard form for the equation of a parabola. 


Figure 5 y p 


upward to the right 


directrix 
directrix 


(a) (b) 


directrix у=р 


to the left 
directrix 


(d) 


In Examples 1 and 2, find the coordinates of the focus and an equation of the 
directrix of the given parabola, determine its direction of opening, and sketch the 


graph. 


EXAMPLE 1 у> = —8&x 
SOLUTION The equation has the form у” = —4px with p = 2; hence, it corre- 


sponds to Figure 5d. Therefore. the graph is a parabola opening to the left with 
focus given by 
le = (кул (8) к= (62. (0) 


and directrix D: x — p; that is, D: x — 2 (Figure 6). 
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Figure 7 


Figure 8 


directrix 


Figure 9 


Dix. 63 


MN 
| focal chord 


Figure 10 


' 
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EXAMPLE 2 x7 = —16y 


SOLUTION The equation has the form x? = —4py with p = 4; hence, it corre- 
sponds to Figure 5c. Therefore, the graph is a parabola opening downward with 
focus given by 


Е = (0. —р) = (0, —4) 
and directrix D: у = p; that is, D: y = 4 (Figure 7). 


A parabola with focus F and directrix D is evidently symmetric about the line 
through F perpendicular to D. This line is called the axis of the parabola (Figure 8). 
The axis intersects the parabola at the vertex V, which is located midway between 
the focus and the directrix. The segment cut by the parabola on the line through the 
focus and perpendicular to its axis is called the focal chord, or the latus rectum, of 
the parabola (Figure 8). The following example shows how to find the length of the 
focal chord. 


EXAMPLE 3 А parabola opens to the right, has its vertex at the origin, and con- 
tains the point (3, 6). Find its equation, sketch the parabola, and find the length of 
its focal chord. 


SOLUTION Тһе equation must have the form y? = 4px. Since the point (3, 6) 
belongs to the graph, we put x = 3 and y = 6 in the equation to obtain 36 = 12р, 
and we conclude that p = 3. Thus, an equation of the parabola is y? = 12x (Fig- 
ure 9). The focus is given by F — (p, 0) — (3, 0). The focal chord lies along the line 
x = 3. Putting x = 3 in the equation у> = 12x and solving for y, we obtain у” = 36, 
y = +6. Thus, the points (3, 6) and (3, —6) are the endpoints of the focal chord, 
and therefore its length is 12 units. 


A parabola with its vertex at the origin which opens upward, to the right, down- 
ward, or to the left is said to be in standard position. 1f a parabola is in the standard 
position, then its axis of symmetry is either horizontal or vertical. Conversely, if a 
parabola has an axis of symmetry that is either horizontal or vertical, then a transla- 
tion of the coordinate axes to the vertex of the parabola will put it into standard 
position with respect to the '*new"' coordinate system. 

For instance, if the parabola in Figure 10 has its vertex at the point (A, А) with 
respect to the old xy coordinate system and opens to the right as shown, then its 
equation with respect to the new Xy coordinate system is y? = 4px. SinceX = x — h 
and y = y = k, its equation with respect to the old xy coordinate system is 
(y = К)? = 4p(x — А). Similar arguments can be made for parabolas opening up- 
ward, downward, or to the left. The following table summarizes the results: 


Upward 
To the right 


Equation 
(x — hy! = 4p(y — K) 
(y = К)? = 4р(х — h) 
(x — hy = —4pty = k) 


5 


(y = ky = —4p(x — А) 


(А. k) 
(h, k) 
(А, k) Downward 


To the left 


Figure 11 


(+ 1)? = -12(x _ 2) 


(1.5), 
focal chord 


Figure 12 


x? dx 


Figure 13 


y 


axis 
1 


Ax? + Вх+С= Ку 


horizontal tangent 
at vertex 
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In particular, the equation of a parabola with a vertical axis may be written in the 


form А 
у= а(х – Ау tk 


where а = 1/4p if the parabola opens upward and a = —1/4p if it opens down- 
ward. (See Theorem 1 on page 33.) 


In Examples 4 and 5, find the coordinates of the vertex V and the focus F of the 
given parabola, determine the direction in which it opens, find the equation of its 
directrix, determine the length of its focal chord, and sketch the graph. 


EXAMPLE 4 (y + 1)? = —I2(x — 2) 
SOLUTION Тһе equation can be written as 
(57 = = —4p(x — h) 


with p= 3, л = 2, and k= —1. Hence, the parabola opens to the left, V = 
(2, -1). F 2(2— 3, —1) = (- I, —1). and the directrix is D: x = 5. Since the x 
coordinate of the focus is —1, the focal chord lies along the vertical line x = —1. 
Putting x = —1 in the equation of the parabola, we obtain (v + 1)? = 36, so that 
y + 1 = +6; that is, y = 5 or y = —7. Therefore. the endpoints of the focal chord 
are (—1, 5) and (—1, —7), and its length is 12 units (Figure 11). 


EXAMPLE 5 x7 + 4x — 10v + 34 = 0 
SOLUTION Completing the square, we obtain 


х2 +40 +4 — 10у + 34 = 4 


Can or (x + 2)? = 10у — 30 


that is, (x + 2)2 = 10(y — 3). Thus; p= 1? = 3, and the 
graph is a parabola opening upward with vertex V = (—2, 3), 
focus F = (—2. 5), and directrix D: y = $ (Figure 12). 
Here, the focal chord lies along the horizontal line y = + . 
Putting v = & in the equation of the parabola, we obtain 

S (х + 27 = 10(®)— 30 = 25, so x = 3 or x = —7. There- 
fore, the endpoints of the focal chord are (—7, 11) and 
(3-5 ), and ifs length is 10 units. 


Of course, you can find the slope dy/dx of the tangent line (and therefore the 
slope — 1/(dy/dx) of the normal line) to a parabola at a given point by differentiation 
as usual. (Implicit differentiation may be useful here.) This can be used for locating 
the vertex of a parabola. For instance, the parabola whose equation has the form 
Ах” + Bx + C = Ky, where A, В, C, and К are constants, has a vertical axis (Fig- 
ure 13). Its tangent line is horizontal only at its vertex. Thus, the vertex can be 
found by calculating dy/dx and setting it equal to zero, as illustrated in the following 
example. 


EXAMPLE 6 Find the vertex of the parabola 3y = 2x? + 4x + 5. 


SOLUTION This parabola has a vertical axis of symmetry, so we set dy/dx 
equal to zero: dy/dx = 4х +4) =0 for х= –1. When x-—-1, 
y = 3[2(-1)? + 4(-1) + 5] = 1. Therefore. the vertex is (—1, 1). 
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Figure 14 


Figure 15 


Figure 16 
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“good” Кү е» == 


approximation 


are of a circle 
parabola 


One of the most important properties of a parabola is its reflecting property: A 
ray of light emanating from the focus of a parabolic mirror is always reflected 
parallel to the axis (Figure 14). In order to demonstrate the reflecting property 
analytically, we recall that a ray of light striking a curved mirror is reflected so that 
the angle between the incident ray and the normal to the mirror is the same as the 
angle between the normal and the reflected ray. 

Thus, in Figure 15 we wish to show that angle a is the same as angle B. By 
implicit differentiation of the equation 4px = y^ of the parabola, 


ау dy 2p 
4 = 2 (2) or mc enc 
| : dx dx y 


so the slope of the normal is m — —y/(2p). The slope of the segment FP is 
m, = y/(x — p). In Problem 37, we ask you to show that 


m — m, 
Гап а => сл and tan B = -m 
1+ тт 


Thus, the reflecting property follows if it can be shown that 


m-m 
= ж =} 
1 + улт, 


The last equation is easy to verify by using the relations 


y 


т 
(ШЕ єс сик ту = and 4px = у” 


2р a = р 
(Problem 38). 

If an intense source of light such as a carbon arc or an incandescent filament is 
placed at the focus of a parabolic mirror, the light is reflected and projected in a 
parallel beam. The same principle is used in reverse in a reflecting telescope— 
parallel rays of light from a distant object are brought together at the focus of a 
parabolic mirror. 

In practice, it is very difficult to manufacture large parabolic mirrors, so it is 
often necessary to make do with mirrors whose cross section is a portion of a circle 
approximating the appropriate parabola (Figure 16). It can be shown (Problem 36) 
that the circle that ‘‘best approximates” the parabola near its vertex V has its center 
C located on the axis of the parabola twice as far from the vertex V as the focus F 
of the parabola and so has radius r = 2|VF| = 2p. 


Problem Set 9.5 


In Problems 1 to 6, find the coordinates of the vertex and the focus 7 Find an equation of the parabola whose focus is the point (0, 3) 
of the parabola. Also find an equation of the directrix and the length and whose directrix is the line v — —3. 


of the focal chord. Sketch the graph. 


15у = 4: 2 у= -9x 


8 Find the vertex of the parabola y = Ax? + Bx + C, where A, В, 
and C are constants and A = 0. 


3 ё-у=0 ESO NUES In Problems 9 to 16, find the coordinates of the vertex and the focus 


un 
^o 
+ 
Р 
11 
о 


of the parabola. Also find an equation of the directrix and the length 


6 342 – 4у = 0 of the focal chord. Sketch the graph. 


9 (у — 2)? = 8x + 3) 10 (y+ 1? = -4x- D 


11 (x — 4) = 12(у + 7) 12 (x + 1} = -8y 
13 y? -8y 6x -2=0 14 218 + 8x — 3y c 4 — 0 
15 à3—6x—-8y* 1-70 16 y! + 10у —x+ 21 = 0 


In Problems 17 to 22, find an equation of the parabola that satisfies 
the conditions given. 


17 Focus at (4, 2) and directrix x = 6 

18 Focus at (3, —1) and directrix y = 5 

19 Vertex at (—6, —5) and focus at (2, —5) 

20 Vertex at (2, —3) and directrix x = —8 

21 Axis is parallel to the x axis, vertex (— 2, —1), and contains the 
point ($, 2). 

22 Axis coincides with the y axis and parabola contains the points 
(2, 3) and (- 1, —2). 


In Problems 23 to 25, reduce each equation to simpler" form by a 
suitable translation of axes. Also, sketch the graph in the old as well 
as the new coordinate system. 


23 y! + 2у – 8x -3 = 0 24 2 + 20+ 4у-7 = 0 


25 5y 2 x) + Ax + 19 


26 Let A, B, and С be constants with A > 0. Show that y = 
Ax) + Bx + C is an equation of a parabola with a vertical axis of 
symmetry, opening upward. Find the coordinates of the vertex V 
and the focus F. Find p and the length of the focal chord. Find 
conditions for the graph to intersect the x axis. 


27 Find equations of the tangent and normal lines to each parabola 
at the point indicated. 
(a) y? = 8x at (2, —4) 
(b) 2y? = 9x at (2, —3) 
(с) х2 = —12y at (-6, —3) 
(d) х2 + 8y + 4x — 20 =O at (1, 2) 
(e) у2 — 2y + 10x — 44 = 0 at ($, 1) 
28 How can you tell immediately (without computation) that 


3y — 2 = 4° — 27x + 11 is the equation of a parabola opening 
upward? 


29 Find the coordinates of the vertex of each parabola by differenti- 
ating its equation on both sides and then solving for a horizontal 
(or vertical) tangent. 


(а) у= х2 - 2x +6 

(b) 4 + 24x + 39 – 3y 2 0 
(c) y? — 10у = 4x — 21 

(d) 3x = 14y — y? — 43 
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30 Show that the arc length s of the parabola 4py = x^ between its 
vertex (0, 0) and the point (a, a?/(4p)) is given by 
- aV Ap. + а? fone уар + а + а 
4р P 2p 
31 Find the dimensions of the rectangle of largest area whose base 
is on the x axis and whose two upper vertices are on the parabola 
whose equation is y = 12 — x^ (Figure 17). 


Figure 17 у 


32 Show that, if p is the distance between the vertex and the focus 
of a parabola, then the focal chord of the parabola has length 4p. 


33 A roadway 400 meters long is held up by a parabolic main cable. 
The main cable is 100 meters above the roadway at the ends and 
4 meters above the roadway at the center. Vertical supporting 
cables run at 50-meter intervals along the roadway. Find the 
lengths of these vertical cables. (Hint: Set up an xy coordinate 
system with vertical y axis and having the vertex of the parabola 
4 units above the origin.) 


34 The surface of a roadway over a stone bridge follows a parabolic 
curve with the vertex in the middle of the bridge. The span of the 
bridge is 60 meters, and the road surface is ] meter higher in the 
middle than at the ends. How much higher than the ends is a 
point on the roadway 15 meters from an end? 


35 For a > 0, let (0, f(a)) be the center of the circle tangent to the 
parabola whose equation is 4py — x? at the points whose x coor- 
dinates are —a and a (Figure 18). Find (a) a formula for f(a) in 
terms of a and p and (b) jim fla). 


Figure 18 


36 Find the circle that *'best fits” the parabola 4py = х2 at and near 
its vertex by letting a approach 0 in Figure 18. 
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i 


37 1а Figure 15, show that tan а = (n — ту)/(1 + тту) and that 
tan B = ~m, where nn is the slope of the normal line and on; is 
the slope of the segment FP. (Hint: Use the formula 


tan 0 — tan 6, 
tan (8 = 01) = — — X 
1 + tan 0 tan Ө, 


from trigonometry. |] 


38 In Figure 15, verify that = 3. [Use Problem 37 and the rela- 
tions m = —y/2p, m, = y/(x = p). and 4px = у>.] 


39 Figure 19 shows a cross section of a parabolic dish antenna. 
Show that the locus F of the antenna is p units above the vertex 
V, where p = a?/(16b). 

Figure 19 F 


= а ——-р— 


V 


40 A parabola may be thought of as an enormous ellipse with one 
vertex infinitely far away. To see this, consider the ellipse in 


Figure 20. If we hold the lower vertex fixed at O and hold the 
lower focus fixed at (0, p). but allow the upper vertex to ap- 
proach +% along the y axis, then the ellipse approaches the 
parabola y = (1/4p)& as a limiting curve. Prove this. 


Figure 20 y 


Il 


yzewx*, 
У 4р 

limiting curve 
ask- te 


41 A calculus student says, “If you've seen one parabola, you've 
seen them all.” (a) Explain why this is essentially true. 
(b) Explain why a similar statement cannot be made for ellipses. 


9.6 The Hyperbola 


Hyperbolas are of practical importance in fields ranging from engineering to naviga- 
tion. The natural-draft evaporative cooling towers used at large electric power sta- 
tions have hyperbolic cross sections (Figure 1); a comet or other object moving with 
more than enough kinetic energy to escape the sun's gravitational pull traces out one 
branch of a hyperbola (Figure 2); and the long-range radio navigation system known 
as LORAN locates a ship or plane at the intersection of two hyperbolas (Figure 3). 


Figure } Hyperbolic cooling towers for 
un electric power station 


telescope 


Figure 2 Comet photographed through a 


secondary e 
stalion A 


master 


Figure 3 Synchronized pulses transmit- 
ted from three stations locate a ship at the 
intersection of two hyperbolas plotted on a 
LORAN chart. 
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Figure 4 
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The geometric definition of a hyperbola is as follows. 


Hyperbola 


A hyperbola is the set of all points P in the plane such that the absolute value of 
the difference of the distances from P to two fixed points F; and F> is a constant 


positive number. Here F, and F^ are called the focal points, or the foci, of the 
hyperbola. The midpoint C of the line segment FF» is called the center of the 


hyperbola. 


Figure 4 shows a hyperbola with foci F, and F5. Notice that the line through the 
two foci is an axis of symmetry for the hyperbola and so is the perpendicular 
bisector of the line segment F,F». The two points V; and V5 where the two branches 
of the hyperbola intersect the line through F, and F3 are called the vertices, and the 
line segment УУ» is called the transverse axis of the hyperbola. The distance from 
the center C to either focus is denoted by c. and the distance from the center C to 
either vertex is denoted by a. Thus, the length of the transverse axis is 2a, and the 
distance between the two foci is 2c. 

As the point P in Figure 4 moves along the right-hand branch toward V2, the 
difference 


IPF| – [РЕ 
maintains a constant value (Definition 1). When Р reaches V>, 
[PF,| — [РР = [Е — |VaF al = (с + a) — € — a) = 2a 
Therefore, for any point P on the hyperbola, 


by Definition 1. 

If we place the hyperbola in Figure 4 in the xy plane so that its center C is at the 
origin О and the foci F; and F» lie on the x axis (Figure 5), we can derive its 
Cartesian equation as in the following theorem. 


Hyperbola Equation in Cartesian Form 


An equation of the hyperbola with foci F, = (—c. 0), Р = (c. 0) and vertices 
Vi = (as 0), ү, = (а. 0) 15 


y 
———-] 


b 


where b = Vc? — a’. 


The proof of Theorem 1 is quite similar to the proof of Theorem 1 in Section 9.4; 
hence, it is left as an exercise (Problem 42). The equation 


is called the standard form for the equation of a hyperbola (Figure 5). We solve 
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Figure 6 


Figure 7 
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this equation for y in terms of x as follows: 


ii 
vs 


y 


so 


Hence, 


provided that x # 0. Since 


we see that when x is large in absolute value, 


bx 


у= + — 


а 


The two lines whose equations are 


are called the asymptotes of the hyperbola. They are good approximations to the 
hyperbola itself at suitably large distances from the origin. 

Although the asymptotes of the hyperbola are not part of the hyperbola itself, 
they are useful in sketching it. For instance, if we wish to sketch the graph of the 
equation (x?/a?) — (y?/b?) = 1, we begin by sketching the rectangle with height 2b 
and horizontal base 2a whose center is at the origin (Figure 6). The asymptotes are 
then drawn through the two diagonals of this rectangle. If we keep in mind that the 
vertices of the hyperbola are located at the midpoints of the left and right sides of the 
rectangle, and that the hyperbola approaches the asymptotes as it moves out away 
from the vertices, then it becomes an easy matter to sketch the graph (Figure 6). 


EXAMPLE 1 Find the coordinates of the foci and the vertices and find equations of 
the asymptotes of the hyperbola (32/4) — (y?/1) = 1. Also sketch the graph. 


SOLUTION The equation has the form 


d x»? 
ODP 


e BO 
witha = 2, b = 1. Непсе, с = Va? + b? = V5. Thus, the foci are F, = (— V 5, 0), 
Е = CVS. 0), and the vertices are V; = (—2, 0), V; = (2, 0). The asymptotes are 
given by у = 2x and y = —2x (Figure 7). 


Suppose that we wish to find an equation of the hyperbola in Figure 8, which has 


a vertical transverse axis, center at the origin, vertices V = (0, —5) and У = 


Figure 8 
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(0. Б), and foci Р, = (0. —c) and F> = (О, c). Using Theorem 1 but interchanging x 
with y and interchanging а with b, we obtain the equation 


where a = Vc — b? 


This equation is also called the standard form for the equation of a hyperbola. The 
asymptotes are still given by 


(Why?) 

Unlike the ellipse equations (х2/а2) + (32/5?) = 1 and (2/6?) + (у2/а2) = 1, 
there is no requirement that a > b in the hyperbola equation (х2/а?) — (y7/b*) = 1 
or in the hyperbola equation (y^/b^) — (2/а?) = 1. 


EXAMPLE 2 Which of the following hyperbolas have a horizontal transverse axis 
and which have a vertical transverse axis? 


ee CR ce o 
16 9 9 4 4 4 
2 m x y? y? 
d) — = 2— = 1 == (—-+= 
(dr s [epos "S um: we lt 


SOLUTION Whether the hyperbola has a horizontal or a vertical transverse axis 
does not depend on the relative sizes of the denominators but depends on which 
term is subtracted from the other. Consequently, (a), (b), and (c) have vertical 
transverse axes, whereas (d), (e), and (f) have horizontal transverse axes. 


Suppose that a hyperbola has a horizontal or vertical transverse axis and its center 
is not at the origin. By translating the coordinate axes so that the new origin O is 
at the center, we obtain an equation in standard form for the hyperbola with respect 
to the xy coordinate system. Therefore, with respect to the original xy coordinate 
system, an equation of the hyperbola with center C = (h, k) has the form 


(x — hy. (КОЛ; (y = А)? (x — Ay 
= = а Б ог Na ded S 


depending on whether the transverse axis is horizontal or vertical, respectively. In 
either case, the asymptotes have the equations 


b b 
(А) and Moke (A) 
a a 


and the distance from the center (i, k) to either focus is given by 


574 POLAR COORDINATES AND ANALYTIC GEOMETRY 


EXAMPLE 3 Find the coordinates of the center, the foci, and the vertices of the 
hyperbola y? — 4x? — 8x — 4y — 4 = 0. Also find equations of its asymptotes, and 
sketch its graph. 
Я SOLUTION Completing the squares, we have 
Figure 9 

y!—4v t4 — 407 + 2x4 1) = 4 
or 

уа) = 4 
Dividing by 4, we obtain 
Шы О ш 
4 1 


the equation of a hyperbola with center (—1, 2) and with a vertical transverse axis. 
Since a = 1 and b = 2, the equations of the asymptotes are 


pos =2 
аа 1) апа УЫ ышты БШ) 


that is, 
у= 2х +4 апа Ju es 


Also, c = Va? + 2 = V5, so Б = (–1, 2 = V5), F; = (1,2 + V5), Й = 
(—1. 0), and V5 = (—1, 4) (Figure 9). 


EXAMPLE 4 Simplify the equation 4х2 — 9y? — 24x — 90y — 225 = 0 by using a 
suitable translation x = х + Л, у= y + А. Sketch the graph, showing both the old 
xy and the new xy coordinate axes. 
SOLUTION Completing the squares, we have 
Pague NO A(x? — 6x + 9) — 99? + 10y + 25) = 225 + 36 — 225 
or 
A(x — 3)? — Xy + 5)* = 36 
Dividing by 36, we obtain 
cuum СЗ 2 
9 4 
Thus, if we make the translation 


т=х-3 у=у+5 


2 
the equation simplifies to 2 — — = ] (Figure 10). 


EXAMPLE 5 The segment cut off by a hyperbola on a line perpendicular to the 
transverse axis and passing through a focus is called a focal chord. Find a formula 
for the length of a focal chord of the hyperbola (y?/b?) — (х2/а?) = 1. 


SOLUTION The hyperbola has a vertical transverse axis, and the upper focus ts at 
(0, c), c = Va? + b°. Putting у = c in the equation of the hyperbola and solving for 
x, we obtain х = +a?/b. The upper focal chord is therefore the line segment from 
(—а?/Ь, c) to (a?/b, c); its length is 2a?/b. 


Figure 11 


7 


л 
Uni 
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EXAMPLE 6 Two microphones are located at the points (—c, 0) and (с. 0) on the x 
axis (Figure 11). An explosion occurs at an unknown point P to the right of the у 
axis. The sound of the explosion is detected by the microphone at (c, 0) exactly T 
seconds before it is detected by the microphone at (—c, 0). Assuming that sound 
travels in air at the constant speed of v feet per second. show that the point P must 
have been located on the right-hand branch of the hvperbola whose equation is 
(х°/а?) — (y?/b?) = 1, where 
La Jyo 
T nd me Vac = 17 


2 2 


а= 


SOLUTION Let d, and d» denote the distances from P to (—с, 0) and (c, 0), 
respectively. The sound of the explosion reaches (—c. 0) in d,/v seconds, and it 
reaches (с, 0) in do/v seconds; hence, д/у — d»/v = T, so d, — d> = vT. Putting 
а = vT/2, we notice that the condition d; — d» = 2a requires that P belong to a 
hyperbola with foci F; = (—c, 0) and F5 = (c, 0). By Theorem 1. an equation of 


this hyperbola is (х2/а2) — (y?/b?) = 1, where 


Problem Set 9.6 


In Problems 1 to 8, find the coordinates of the vertices and the foci 
of each hyperbola. Also find equations of the asymptotes, and 
sketch the graph. 


3 2? Si 
u^ E Xe Ve 
—- 2— =] 2—->— -= 
9 4 1 9 
DR c i a E 
16 4 1 


5 Ay? — 16у? = 64 
7 363? — 10x* = 360 


6 49x? — 16y? = 196 
8 y-47= 


In Problems 9 to 11, find an equation of the hyperbola that satisfies 
the conditions given. 


9 Vertices at (—4, 0) and (4, 0). foci at (—6, 0) and (6. 0) 
10 Vertices at (0, —3) and (0, 3), foci at (0, —1) and (0, 1) 
11 Vertices at (—4, 0) and (4, 0), the equations of the asymptotes 


are y = —3x and y = 3x. 


12 Determine the values of a? and b? so that the graph of the equa- 
tion b?x? — а?у? = q?b? contains the pair of points (a) (2, 5) 
and (3, —10) and (b) (4, 3) and (—7, 6). 


In Problems 13 to 20, find the coordinates of the center, the vertices. 
and the foci of each hyperbola. Also find equations of the asymp- 
totes, and sketch the graph. 


DII RN 


[[j SELL og M n 
3 9 4 1 
х + 3)? = р) 
14 лас) (Weal) Mi 
1 9 


ae 2 +2)? 
15 (EU) E di oz) =i 
16 25 


16:4? = y^ 8x yt P= 

Ш Е ЕЕЕ 

18 1612 — 9у2 + 1805 = 612 

19 9x7 — 25у? + 72x — 100у + 269 = 0 
20 9x? — 16y? — 90x — 256у = 223 


21 Find an equation of the hyperbola that satisfies the conditions 


given. (a) Foci at (1, — 1) and (7, — 1), length of transverse axis 
is 2. (b) Vertices at (—4, 3) and (0, 3), foci at (= 2. 3) and 


(4, 3). (c) Center at (2. 3), one vertex at (2, 8), and one focus at 
(a3). 
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22 Show that the length of a focal chord of the hyperbola 
(х2/а2) — (y7/b*) = 1 is 252/а. 


23 Find the length of a focal chord of ће hyperbola x^ — Ву” = 16. 
24 Find equations of the tangent and normal lines to each hyperbola 
at the point indicated. 
(a) x у= 9 at (-5, 4) (b d? — 27 at (3, —2) 
(с) x? — 4x — y? — 2y = 0 at (0, 0) 
(d) 9(x + 1)? — 16Cy — 2)? = 144 at (3, 2) 


Find an equation of the hyperbola whose asymptotes are the 
given lines and that contains the indicated point. 


t2 
un 


(a) y = —2x and y = 2x, (1, 1) 


(b) y= —2x + 3 and y = 2x + I, (1, 4) 
(с) л r randy =н (ОД 


26 Find the volume V of the solid of revolution obtained by revolv- 
ing the region inside the right-hand branch of the hyperbola 
b^x? — а?у? = a?b? between the vertex and the focal chord 
about the y axis. 


In Problems 27 to 31, use a suitable translation of axes to bring each 
equation into the standard form for a hyperbola. In each case, sketch 
the graph and show both the xy and the xy axes. 


27 3? - Ж” + Е 
28 402 — 25у? + 24x + 50у + 22 = 0 


29 5y? — 9x? + 10у + 54x — 112 =0 


30 х2 — dy? — 4х – 8y- 4 = 0 
31 4c — Oy? + 16x + 54у = 29 


32 A point moves so that it is equidistant from the point (2, 0) and 
the circle of radius 3 units with center at (—2, 0). Describe the 
path of the point. 


33 A point moves on the hyperbola 4x? — 9y? = 27 with its ab- 
scissa increasing at the constant rate of 6 units per second. How 
fast is the ordinate changing at the point (3, 1)? 


34 A point moves so that the product of the slopes of the line seg- 
ments that join it to two given points is 9. Describe the path of 
the point. 


35 Find the shortest (minimum) distance from the point (3, 0) to the 
hyperbola y^ — x? = 18. 


36 A region in the plane is bounded by the line x — 8 and the hyper- 
bola x^ — у? = 16. Find the dimensions of the rectangle of max- 
imum area that can be inscribed in this region. 


37 Let m be the slope of the tangent line to the hyperbola 
(х2/а?) — (y7/b?) = 1 at the point (хо, Yo). where xo > a and 
yo > 0. Find lim. о, and relate your answer to the asymptote 

p tx 


7 


y = (Б/а)х. 


38 It can be shown that the graph of the equation ху = 1 is a hyper- 
bola with center at the origin and with the x and у axes as asymp- 
totes (Figure 12). Find the coordinates of the foci of this hyper- 
bola. (Ии: The transverse axis makes a 45° angle with the 
X axis.) 


Figure 12 у 


39 A hyperbola is said to be equilateral if its two asymptotes аге 
perpendicular. Find an equation of an equilateral hyperbola with 
horizontal] transverse axis and center at the origin. (Denote the 
distance from the center to a vertex by a.) 


40 Sketch the graph of the hyperbola 
X 


FA 


OPO NUM UE 
b? 2bp + p? 
Show that as b => +20, the upper branch of this hyperbola ap- 
proaches the parabola y = (1/4p)x?. 


41 In Figure 13, hold the center C and the asymptotes fixed, but 
allow the foci Кү and F, to move in toward the center. What 
happens to the hyperbola? 


Figure 13 


42 Give a proof of Theorem 1. 


43 Sound travels with speed s in air, and a bullet travels with speed 
b from a gun at (—b, 0) to a target at (й, 0) in the xy plane. At 
what points (х, y) can the boom of the gun and the ping of the 
bullet hitting the target be heard simultaneously? 


9.7 


Figure 1 


P= (r, 0) "new" 
polar coordinates 
P= (r, 8) "old" 
polar coordinates 
"new" polar axts 
Е 


0-0 “old” polar 
axis 


Figure 2 


! "new" polar axis 
| 
1 
1 
| 


“old” polar axis 


Rotation of Axes 


We have studied conics whose axes of symmetry are parallel to the coordinate axes 
and found that their equations can be *'simplified'" and brought into standard form 
by a suitable translation of the Cartesian coordinate axes. Notice that the translation 


equations 


=| 


"e 


are especially simple in the Cartesian coordinate system, whereas the conversion of 
these equations to polar coordinates would introduce some complication. The Carte- 
sian coordinate system is naturally adapted to translation—the polar coordinate 


system is not. 


On the other hand, the polar coordinate system is naturally adapted to rotation 
about the pole. Figure 1 shows an ''old"' polar axis, a new” polar axis obtained by 
rotating the old polar axis about the pole through the angle ф, and a point Р in the 
plane. Evidently, if P — (r, 0) in the old polar coordinate system, then we have 
P = (r, 0 — ф) = (т, 0) in the new polar coordinate system. Thus, for polar coor- 
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х= 


y= 


dinates, we have the very simple rotation equations 


which give the new polar coordinates (F, Ө) of the point P whose old polar coordi- 


nates are (r, 0). 


EXAMPLE 1 An equation of the circle of radius a > 0 with center at the point 
(a, 0) on the old horizontal polar axis is r — 2a cos 0 (Figure 2). Find an equation 
of the same circle with respect to a new polar axis making the angle ф = 7/2 with 


the old polar axis. 


SOLUTION Using the polar rotation equations 


sl 


=r 


=o- o 


we rewrite г = 2a cos Oas F = 2a cos (0 + o). Putting ф = 7/2 and noticing that 


or 


ө 


= = 59 
cos (0 + ф) = cos a 


we see that an equation in the new polar coordinate system is F = —2a sin ð. 


Rotation of Cartesian Axes 


The rotation equations for Cartesian coordinates are not quite so simple as those for 
polar coordinates. Nevertheless, it is often necessary to rotate Cartesian coordi- 
nates, and we give the appropriate equations for such a rotation in the following 


theorem. 


=7 


= 8046 


= —sin 0 
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THEOREM 1 


Cartesian Rotation Equations 


Suppose that the new xy coordinate system has the same origin as the old xv 
coordinate system, but that the new x axis is obtained by rotating the old x axis 
about the origin through an angle (Figure 3). Let the point P have old Cartesian 


coordinates (x, v) and new Cartesian coordinates (x, v). Then 
| = Xeos d —¥ sind 


= xXsing@ t y cos $ 


The proof of Theorem 1 is accomplished by converting from Cartesian coordi- 
nates to polar coordinates, rotating the polar coordinate system through the angle Фф. 
and then converting back to Cartesian coordinates (Problem 28a). 

The Cartesian rotation equations in Theorem 1 can be solved for x and y in terms 
of x and y to obtain 


X cos ф + v sin ф 


—x sind + y cos ф 


(see Problem 28b). The last two equations enable us to find the new xy coordinates 
in terms of the old xy coordinates and the rotation angle ф. 


EXAMPLE 2 The new xy coordinate system is obtained by rotating the old xy 


coordinate system through —30°. Find the new xy coordinates of the point whose 
old xy coordinates are (V3. 22 


SOLUTION Here we have 


V3 „| жЕ Нш 


х=; —30°) + y sin (—30°) =x = 
x maces (30у y Sin )у=х 5 ) 5 5 
апа 
= | l V3\ rt 3y 
y =m xmi 305) +y cos (—30°)=—=у a ЕА 
2 2 2 
Thus, 
„Е. гуз о _ МЗ + М3(2) _ 3V3 
х = 5 = ала = 5 = 
ae L 3v3 
so (i, = em 


The General Second-Degree Equation 


If A, B, C, D, E. and F are constants and at least опе of the constants A. B, or C 
is different from zero, the equation 
Ах? + Вху + Cy? + Dx + Ey + F =0 


is called the general second-degree equation in x and у. Notice that by taking 
A = 1/а?, B=0, C = 1/b*, D = 0. E = 0, and F = —1 in the general second- 
degree equation, we obtain 


w 
ы 
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the standard form for the equation of an ellipse. Also, if we set A = 1, B = 0, 
C —0. D=0, E = —4p, and F = 0, we obtain 


х? = 4ру 


the standard form for the equation of a parabola. Finally. by putting A = 1/a?, 
ВЕ б, (С qp /дуе= E =O and F = —1_ we obtain 
que у 
uM = 5 3 1 
Ge fae 


the standard form for the equation of a hyperbola. 
Every conic section considered until now has had a Cartesian equation which was 
a special case of the general second-degree equation 


Ax? + Вху + Cy? + Dx + Ey + F=0 
However. the coefficient B has always been zero, so the *‘mixed’’ term Bxy did not 
show up. As we shall soon see. the mixed term can always be removed from the 
general second-degree equation by a suitable rotation of the coordinate axes. 


Suppose that the old xy coordinate system is rotated about the origin through the 
angle ф to obtain a new Xy coordinate system. If we substitute 


x = Соо Буп 
апа 
YS RSM) te eos O 


from the rotation equations (Theorem 1) into the equation 
Ax? + Bry + Cy? + Dx + Ey+F=0 
and collect similar terms, we obtain 


Ax? + Bay + Cy? + DE + EV + F=0 


| 


= A cos? $ + B cos ó sin 6 + C sin? ф 


B= 2(C — A) cos & sin Ф + B(cos?  — sin? Фф) 
С = A sin? ф — B cos ф sin ф + C cos? ф 

р = D cos ф + E sin ф 

E = -D sin ó + E cos ó 


"nl 


E 


(Problem 39). Since 


sin 26 


2 cos ф sin ф 
апа 
cos 2ф = cos? ф — sin? ф 


it follows that B can be written in the alternative form 


B = (C — A) sin 26 + B cos 26 


Using the equations obtained above, we can now prove the following important 
theorem. 
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THEOREM 2 Removal of the Mixed Term by Rotation 
Suppose that В 4 0 in the general second-degree equation 
Ax? + Bry + Cy? + Dx + Ey + Е = 0 


If the coordinate system is rotated about the origin through the angle ф deter- 
mined by the conditions 
A 


7 
cot Е агаи апа OO 7 


then the mixed term BxY will not appear in the new equation 


Ах? + Cy? + рх + Ey + Е = 0 


PROOF We have 


6 с052ф А6 
В sin 2ф В 


cot 2ф = 


Hence, 
B cos 26 = (A — C) sin 26 
and it follows that 


B = (C — A) sin 26 + B cos 2ф = —(A – C) sin 26 + B cos 26 = 0 


EXAMPLE 3 Rotate the coordinate axes to remove the mixed term from the equa- 
tion x^ — 4xy + y? — 6 = 0, and sketch the graph, showing both the old xy and the 
new xv coordinate system. 


SOLUTION Тһе equation has the form Ax? + Bxy + Cy? + Dx + Ey + F=0 
with A= 1, B= —-4, C=1, D=0, E = 0, and F = —6. According to Theo- 
rem 2, the mixed term can be removed by rotating the coordinate system through the 
angle ф, where 0 < $ < 7/2 and 
А С k= 1 
cot 20 = = =0 

Ф В —4 
Hence, we take 26 = 7/2, so that ф = 7/4, sin ф = V2/2, and cos ф = V2/2. 
Then, by the rotation equations, 


= 
Tis (абу ОИ иаа оом 

v2 
and w= ыш dui gi cos 00 = — (г) 


Substituting these expressions for x and y into the equation х2 — 4vy + у^ — 6 = 0, 
we have 


ee TUA, vegeta v3 
>л -4 5 «-%]( = ESTE z a+] -6=0 


ГА 


The last equation simplifies to 
i — у) — AX — HE + 7) + 3K + 7) = 6 


or НЕ у2) — 202 — у?) + 1(02 + QF + у) = 6 
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Figure 4 Collecting terms in the equation above, we get 
y? x? 
=? + 352 = 6 ог — – —— =] 
2 6 
a hyperbola (Figure 4). a 


If 0 < ф < 7/2, then the trigonometric identities 


cot 26 
S22. = cos ф = 
Vcot? 26 + 1 N 2 


and 


permit us to find cos œ and sin ф algebraically in terms of the 
value of cot 26. This is useful in applying Theorem 2, as is 
shown by the following examples. 


In Examples 4 and 5, rotate the coordinate system to remove the mixed term, and 
sketch the graph, showing both the old xy and the new xy axes. 


EXAMPLE 4 8х2 — 4xy + Sy? = 144 


SOLUTION Here A = 8, В = —4, С = 5, D = 0. Е = 0. and F = —144: there- 
fore, 


cot2¢ = (А – С)/В = (8 – 5)/-4 = - 3 


2ó cot 2d -3 -i -i 3 
cos 26 = —————— а —M———-———2-—— 
Veo? 2641 (0-22 +1 VE-I i 5 
"3 IT cos 2. , h-3. e E [im v5 
i Me miam | Vigan 
т.а уж чаго си р OUT ру» 
= Ny 5- "Www dm Ws s 
деде 5 1 3 Substituting 
UON CON AS МЕ 
x= NL y and y- GaP — FT 
5 5 5 5 


into the given equation, we obtain 
Мз _ 2V5 V М5 __ 2V5 \/2V5 Мб 

күш = =ош; d = T E -——y) 
S 3 T5 5 


This equation simplifies to 4x? + 9y? = 144, or (Х?/36) + (72/16) = 1, which is 
an ellipse. Since sin ф = 2V/5/5, it follows that ф == 63.43° (Figure 5). п 
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EXAMPLE 5 16x? — 24xy + 9y? — 80x + 190v + 425 = 0 
SOLUTION Here А = 16, В = –24, C=9, р = –80, Е = —190, and 
F = 425: therefore, 
АС 7 – 5 
cot 2ф = = SS cos 26 = SS = – —— 
B. 24 lí ea 25 
S NNNM _ = ССС 
ото > Nie mera Wak а and sin $ — 77 EN 
By direct substitution in the equations on page 579, we have 
A-AQY BÉ -cd?-o B=0 
| C = AGP -BGG +С@"=25_ Ю=р(%) + EG) = –200 
Figure 6 = е = 
E = —D(3) + E@) = -50 F = Е = 425 


Thus, the equation relative to the new Ху coordinate system is 
25y? — 200x — 50y + 425 = 0; that is, Y? — 8x — 2¥ + 17 = 0. Now, we com- 
x plete the square to get 


5 


А y-254128:—17-1 or (7-02 =8G— 2) 
А 


y \6x? = 24ху + 9y? This is а parabola with vertex at (2, 1) in the new coordinate 
=ч pu cn system. Since sin ф = 5, it follows that ф = 53.13? (Fig- 
Ç~ 102 =8 2 2) ure 6). a 
x 4 Although a rotation of the coordinate axes through the 
b eae angle Ф changes Ax? + Bry + Cy? + Dx + Ey + Е = 0 
У. р = Хх into 


/ ` Ax? + By + СУ? + рх + E¥ + Е =0 


4 Sy both equations have precisely the same graph. This graph, as well as any other 

7 S entity that remains unchanged as a consequence of the rotation, is called a rotation 
invariant. An algebraic rotation invariant, in particular, is any expression in- 
volving the coefficients A, B, C, D, E, and F which remains unchanged as the axes 
are rotated. For instance, F = F, so F is an algebraic rotation invariant. The follow- 
ing theorem, whose proof is left as an exercise (Problem 44), gives two additional 
algebraic rotation invariants. 


THEOREM 3 Rotation Invariants 


When the coordinate axes are rotated through an angle Фф, causing the second- 
degree equation Ах? + Вху + Ce + Dx + Ey + Е = © to transform into 
Ax? + Вху + Cy? + Dx + EY + Е = 0, then the quantities F, A + C, and 
B? — 4AC are invariant in the sense that 


(i) F=F  (üDA-*C-A-C (ii) B? —4AC = B? — ЧАС 


The algebraic rotation invariants in Theorem 3 may be used as a check against 
numerical errors in performing a rotation of axes for a second-degree equation. For 
instance, to check the numerical calculation in Example 5 above, we have A = 16, 
B = —24,C 29. A = 0. B = 0, and C = 25, so that 


A+C=A+C=25 and В2-ҶАС = В –ҶАС = 0 
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We now have the means to sketch the graph of any second-degree equation in x 
and y. If the equation contains a mixed term, then a suitable rotation of the coordi- 
nate axes will remove it. Then, by completing the squares if necessary, we usually 
obtain the standard form for the equation of a circle, an ellipse, a parabola, or a 
hyperbola. However, in some cases this does not happen (Problem 42). In these 
exceptional cases, the graph is called a degenerate conic. The only possible degen- 
erate conics are (1) the whole xy plane, (2) the empty set, (3) a line, (4) two lines, 
and (5) a single point. 

Assuming that the graph of a given second-degree equation in x and y is a non- 
degenerate conic, it can be identified as follows: 


1 The conic is a circle or an ellipse if B? — ААС < 0. 


2 The conic is a parabola if В? — ААС = 0. 


3 The conic is a hyperbola if B? — 4AC > 0. 


(See Problem 40.) 


EXAMPLE 6 Identify the nondegenerate conic 2x? — 12xy — 3y? = 84. 


SOLUTION 
Therefore, 


Problem Set 9.7 

In Problems | to 10, the old horizontal polar axis is rotated through 
the indicated angle ф to obtain a new polar axis. Find the new 
equation in terms of F and Ө of the polar curve whose old polar 
equation is given. 

209 — "7/350 == 7/6 


3 r=4cos 0: ф= - —- 


5 г=3 +5 5іп 60; ф= т 


7 P ф= -— 
4 T 

8 = ————————-. = 
А ое p. 


9 Mesas cos 26; d 


zx 


LO p= 
A cos 0 + B sin Ө 


; ф arbitrary 


In Problems 11 to 19, the old xy axes have been rotated through the 
angle ф to form a new xy coordinate system. The point P has coordi- 
nates (x, у) in the old xy system, and it has coordinates (3, y) in the 
new xy system. Find the missing information. 


П (x. y) = 4, 77,06 = 90°, (x, y) =? 


Here A = 2, B = —12, and C = —3; hence, В? — ААС = 168 > 0. 
the conic is a hyperbola. 


12 (x, ) = 0, 0). (x. у) = (1. V3), 6 =? 

13 (x, ӯ) = (-3, —3), ф = п/3 radians, (x, y) =? 
Д = (5\2, М2], = 45° (ху) 
15 (х,у) = (74, —2), ф = 30°, œ, уу =? 

16 (x, y) = (-3V2, V2). ф = 37/4 radians, (x, у) =? 
17 (x, y) = (74. 0). 
18 (x, y) = (1, 77), ф = 240°, (x, y) =? 
19 у 0 8), C= 300", ule? 


? 


$ = т radians, (x, y) = ? 


20 Find an angle ф (if one exists) for which the rotation equations 
give each of the following: 


(a) х = yandy = —x 
(b) х = —x and y = —y 
(с) ¥ = y andy = x 


(d) Xx = —y and y = —x 


In Problems 21 to 26, the xy axes are rotated 30° to form the xy axes. 
Express each equation in the other coordinate system. 


ЭД wos De Om se Sm 
23 з +у? =1 24 5х — у= 4 
XS ge ab ye 26 xe — 25 
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27 By rotating the coordinate axes through ф = 45° about the ori- 


Figure 7 


28 


gin, show that the graph of xy = 1 is a hyperbola with the x and 
y axes as asymptotes (Figure 7). 


(a) Derive the rotation equations in Theorem | by converting to 
polar coordinates, rotating the polar axis, and reconverting to 
Cartesian coordinates. (b) Solve the rotation equations in Theo- 
rem 1 for x and y in terms of x and у. 


ЇС] In Problems 29 to 38, determine (a) the angle ф of rotation that 
removes the mixed term (0 < @ < 7/2), (b) x and у in terms of x 
and y, and (c) the new equation in terms of x and y. Then sketch the 
graph showing both the old xy and the new xy coordinate systems. 


29 
30 


x? + 4ху— 2у? = 


e+ 2ytyrtxty=0 


12 
3165 2ху + Ae ESI 


32 x? + 2ху y!-4V2x + AV2y = 0 


33 
34 
36 
37 


38 


ED 


40 


41 


9x? — 24xy + 16y? = 144 

252 + 4V3 xy -2y - 420 35 6x? — бху + 14у? = 45 
Ux? — 12ху + 8y? — 68x + 24y — 12 = 0 

2x? + бху – бу? + 2V10 x + 3V/10 y-16-20 

4x? — 12ху + 9y? — 52x + 26у + 27 = 0 


terms of A, B, C, D, E, Е, sin ф, and cos ф. 

Suppose that Ax? + Bry + Cy? + Dx + Ey +F=0 is ап 
equation of a nondegenerate conic. Show that the conic is: 
(a) A circle or ellipse if B? — 4AC <0 

(b) A parabola if B? — 4AC = 0 

(с) A hyperbola if В? — 4AC > 0 

Also show that in (a) the conie is a circle if A = C and B = 0. 
Assuming the facets given in Problem 40, identify the given 


conics without bothering to rotate the coordinate system. (As- 
sume nondegeneracy.) 


(a) 6х2 — 4ху + 3y? + x + Пу + 1020 
(b) 18x? + [2xy + 2y? tr- 3y —4=0 


43 


46 


47 


48 


49 


50 


[С] 51 


52 


53 
54 


л 


(с) 232 + 2? - 8х + 12у +1 = 0 

(d) x? – Зху — 3y? + 21 = 0 

The following second-degree equations іп x and у have graphs 
that are degenerate conies. In each case, verify that the graph is 
as described. 

(a) Ox? + Oxy + Oy? + Ox + Oy + 0 = 0 (the whole xy plane) 
(b) x? + x? + 1 = 0 (the empty set) 

(c) 2x? — 4xy + 2y? = 0 (a line) 

(d) 4x? — y? + 16x + 2y + 15 = 0 (two intersecting lines) 
(е) x? — 2xy + y? — 18 = 0 (two parallel lines) 

(f) x? + y? — 6x + 4y + 13 = 0 (a single point) 

Sketch the graph of 2x? + 3xy + 2y? = 4. 

Prove Theorem 3. 


In odd Problems 29 to 37, use the algebraic rotation invariants in 
"Theorem 3 to check for a possible error in your calculation. 


Assume that AC > 0. Show that the graph of the equation 
Ax? + Cy? + Dx + Ey + Е = 0 is an ellipse, a circle, a single 
point, or the empty set. 


Derive equations of the following conics from the given infor- 
mation. Then rotate the coordinate axes so that the new x axis 
contains the foci of the conic. Find the equation of the conic in 
the new xy coordinate system. (a) Foci at Fy = (3, 1) and К» = 
(—3, —1); distance from the center to either vertex along the 
major axis is a = 4. (b) Foci at Fy = (4, 3) and F2 = (—4, – 3); 
distance from the center to either vertex along the transverse axis 
is a = 3. 


Assume that AC < 0. Show that the graph of the equation 
Ax? + Cy? + Dx + Ey + Е = 0 is a hyperbola or a pair of in- 
tersecting lines. 


Find a second-degree equation in x and y whose graph consists 
of a pair of lines intersecting at the origin and having slopes 3 
and —3, respectively. 


Show that the graph of the equation Ax? + Dx + Ey + F = 0, 
where A # 0, is a parabola, a pair of parallel lines, a single line, 
or the empty set. 


Sketch the graph of x^ + 4xy + 4y? = 8. 


Show that 2A? + В? + 2С? is a rotation invariant in the sense 
that 2A? + B? + 2C? = 24? + B? + 2C?. 


Sketch the graph of x? — 9xy + у? = 12. 


In Theorem 2, suppose that 0< $ < z/2 and cot 2ф = 
(A — C)/B. Prove that 


AsiA-C-SV(A-CY +B] 
апа “C=4A4+C-SVA—CY +B] 
where 5 = B/|B]. 


If B40, then show that the graph of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F = 0 cannot be a circle. 
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Figure 1 


directrix 


Figure 2 


9.8 


DEFINITION I 


E 


e = eccentricity 


Eccentricity and Conics in Polar Form 


In Sections 9.4 to 9.6, we derived equations in Cartesian form for the ellipse, the 
parabola, and the hyperbola from three special geometric definitions—one for each 
type of curve. By using the idea of eccentricity, it is possible to give a unified 
geometric definition for these curves. In this definition, F is a fixed point in the 
plane, D is a fixed line in the plane, and F does not belong to D. 


Conics in Terms of Eccentricity, Focus, and Directrix 


Let e be a fixed positive number. A conic with eccentricity e, focus F, and 
directrix D is the set of all points P in the plane such that the distance from P 
to F, divided by the distance from P to D, is equal to e. 


Thus, the point P belongs to the conic if and only if 

[РЕ 

СЕЕ (2d 

|РО| 
where О is the foot of the perpendicular from P to D (Figure 1). Although we use 
the same symbol e for both the eccentricity of a conic and the base of the natural 


logarithm, no confusion should result —you can always tell from the context what is 
intended. 


EXAMPLE 1 Find the equation in Cartesian form of the conic with eccentricity 
e = 2 whose focus is at the origin and whose directrix is given by D: x = —3. 


SOLUTION _ From Figure 2, the point P = (x, y) belongs to the given conic if and 
only if |PF|/|PQ| = 2; that is, 


Ve e Ss = 
— OWN Or Vie day боо 
x 


Squaring both sides of the last equation, we have 
x? + y? = 36 + 24x + Ax? 


or 
3х2 + 24x — y? = —36 


Completing the square, we obtain 


3(x2 + 8x + 16) — y? = 3(16) — 36 


or 
3(x + 4)? – у? = 12 
that is, 
(x + Ay Е pa sj 
4 12 


Therefore, the conic is a hyperbola with center at (—4, 0). 


By an argument similar to that in the example above, it can be shown that a conic, 
defined as in Definition 1, is an ellipse, a parabola, or a hyperbola. In fact, we have 
the following theorem, whose proof is left as an exercise (Problem 56). 
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THEOREM I Conic Theorem 


Suppose that a conic with focus F at the origin and directrix D: x = —d has 
eccentricity e, where e and d are positive. Then exactly one of the following 
holds: 


Case (i) e <.1, and the conic is an ellipse with the equation 


(х= с)? 


ed ed 
where a = ————, b = а, and c = Va? — b! = ae. 
l| = е WA = ee 
Case (ii) e = 1, and the conic is a parabola with the equation 


4dp(x + р) = у? where р = 


Case (iii) e > 1. and the conic is a hyperbola with the equation 


Conics in Polar Form 


Figure 3 To find a polar equation for a conic of eccentricity e, we place the focus F at the 
pole O, and we place the directrix D perpendicular to the polar axis and d units to 
the left of the pole, d > 0 (Figure 3). 

Now consider an arbitrary point P = (r, 0) in the plane, and let Q be the point at 
the foot of the perpendicular from P to the directrix D. Switching momentarily 
to Cartesian coordinates, so that P = (x, у), О = (—d. у). x = ғ cos 0, and 
у =r sin 6 (Figure 4), we see that 


|РО| = |а + x| = |d + r cos 6} 


Q Id *rcos6 


dos polar axis 


D and |PF| = Vx? + y? = |r|. By definition, P belongs to the conic if and only if 
pir | Hl 
=== = (0 that 15, а үсүн ae 
|РО| ld + r cos 6| 


Therefore, an equation of the conic in polar form is 


Figure 4 


ыр 


SS... 2 
d + г соѕ 0 


r 


SS Se or 
d + rcos 0 


If P = (ғу, Өү) satisfies the equation 
-— 
ee р 
d t r cos 0 


then Р = (—r,, Өү + 7) also satisfies the equation 
б: 
—-—— EG 
d+rcos 0 
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Hence, we lose no points on the conic by writing its equation as 
5 
= ш =”: 
ПЫ сос 0 


Solving for г, we obtain a polar equation for the graph in Figure 3: 


ed 


p me 
1 = есоѕ 8 


Because cos (—@) = cos Ө, it follows from the test for symmetry (page 542) that 
the graph is symmetric about the polar axis. 


The Ellipse in Polar Form 


lf 0 «€ e < 1, the сопіс 
ed 


© l]-ecos Ө 
is an ellipse (Figure 5). For such an ellipse. r takes on its maximum value ed/(1 — е) 


Figure 5 when 6 = 0. whereas it takes on its minimum value ed/(] + e) when 0 = т (Prob- 
lem 33). Thus, the points with polar coordinates 


ed pese = / ed 
Ey 1—ecos6. Cao) / di ` d n 
0<е<1 yr і D and v2 =( £ . 0) 
2 3E e 


are the vertices of the ellipse at the ends of its major axis. It follows that the 
semimajor axis a of the ellipse is given by 


1 — l = ] ed ed 
(r = РДЕ = >Ч + РУ) = E xi 


| == @ [| = 2: 


Simplifying the last expression, we find that 


(Figure 6a). Similarly (Figure 6b), the distance c between the focus F and the center 
C of the ellipse is given by 
ed ed ed 


"geli Уа = Е 
а е ЇР 2 l-e l+e 


Simplifying the last expression, we find that 


(b) 
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Figure 7 


Figure 8 
d d 
D=D, D, 
Figure 9 
firs] 
directrix second directrix 


To find the remaining two vertices of the ellipse 
ed 
= = O<e<l 
с созо 


consider the angle 


D Sos e 


When Ө = Ө, we have cos 0 = cos Oa = e, and 


ed 


Thus, the point with polar coordinates (a, 6,) belongs to the ellipse. The Cartesian x 
coordinate of this point ts given by 


а cos 6, = ае = c 


Hence, the polar point (а, Ө) is оп the ellipse and directly above the center С 
(Figure 7). Therefore, the polar point (a, 04) is the third vertex V; of the ellipse, and 
by symmetry the fourth vertex V4 has polar coordinates (a, —@,). From right tri- 
angle OCV, in Figure 7, we have 


== 
а Араа or р Ма? – с? 


Because the ellipse is symmetric about its center C, it has a second focus and а 
second directrix \ocated to the right of C (Figure 8). If we denote the original focus 
and directrix by F = F, and D = Dj, then we can denote the second focus and 
directrix by Е and D5. Notice that F» is c units to the right of the center C, and D3 
is d units to the right of F>. Thus, D; and D» are each c + d units from the center С. 


(EXAMPLE 2 Show that the graph of the polar equation r = 12/(3 — 2 cos Ө) is an 


ellipse. Find the eccentricity, the directrices, the center, the foci, and the vertices of 
the ellipse, and sketch the graph. 
SOLUTION Dividing numerator and denominator of the given fraction by 3 gives 
> А 
al 3(6) 
ПЕ 9 с у Ес 
1 — 5 cos 0 I — $ cos 0 


which is the polar equation of a сопіс with focus at the pole, directrix perpendicular 
to the polar axis and d = 6 units to the left of the pole, and eccentricity e = 3. Since 
e <1, the conic is an ellipse. We have 


ed 4 36 36 2. 24 
а= onm cmi Т ce (p te SE E Е 
EET cx 9 5 3 N 
and 
—  [(36 [24V Ve = vo n 
р = Ма? – с = [= - (2) = — = = 
VANS 5 5 5 5 


2 


The pole О is the first focus, the center C is c = 24 units to the right of O, and the 
second focus is с = за units to the right of C. Vertices V; and V5 are a = 38 units 
to the left and right of C. Vertices V3 and V4 are b = 12 V 5/5 units above and below 
C. The second directrix is perpendicular to the polar axis, and d — 6 units to the 
right of the second focus. We have sketched the ellipse in Figure 9. 


Figure 10 
= B 
1— cos 8 
Ё е > 
O=F polar axis 
D 
Figure 11 
ed 
J 1— e cos 6 
el 


Figure 12 


Figure 13 


polar 
axis 
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The Parabola in Polar Form 
If e = 1, the conic 
= ed 
1 — e cos 0 


is a parabola with focus F at the origin and directrix D perpendicular to the polar 
axis and d units to the left of F (Figure 10). The vertex V of the parabola has polar 
coordinates V = (d/2, т). The parabola has only one vertex V, only one directrix D, 
and only one focus F; and the vertex is exactly halfway between the focus and the 
directrix. 


The Hyperbola in Polar Form 


If e > 1, the conic 


ed 
l — e cos 0 


is a hyperbola with branches opening to the left and right (Figure 11). The two 
vertices of the hyperbola have polar coordinates 


ed ed à 
Vi = ( o 0 and ү, == 5 т) 
e i l+e 


1— 
Notice that because e > 1, the quantity ed/(1 — e) is negative, which accounts for 
the fact that V, is to the left of У. Here we have 
ed са ed 
le К le 
ed ed ed 


and JAZZ с, с = 


ai == 


It follows that the distance a from the center C of the hyperbola to either vertex is 
given by a = 3|V,V2|. or 


If c = |CF| denotes the distance between the center С and the focus F of the 
hyperbola (Figure 12), then 
с = [cr] = (СУ: + |V2F| 
ed ed ed ( ed | 
ЕЕ е 
е CU gl je qm =I 


Hence, 


Because the hyperbola is symmetric about its center C, it actually has two foci 
and two directrices. If we label them as shown in Figure 13, then focus / is c units 
to the left of the center С and directrix D; is d units to the right of F;. Therefore, D, 
and D; are c — d units to the left and right of C. 
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Figure 14 РЕТ EXAMPLE 3 Find a polar equation of the hyperbola of eccentricity е = 3, one of 
Р = (ғ. 8) whose foci Р» is at the pole with the corresponding directrix D» perpendicular to the 
= polar axis and d = 3 units to the left of the pole. 
i e ed 33) 15 
SOLUTION E _—-— E cT 
l| — (з) |—@cos@ 8 5 cos 0 
] 1+ ecos D à 
: Alternative Polar Forms for Conics 
Figure 15 


If the focus F of a conic of eccentricity e is placed at the pole O and the directrix D 
is placed to the right of the focus and perpendicular to the polar axis (Figure 14), 
then a polar equation of the conic is 


——— crt c med 


mE ed ' ld - rsin 
^ l*esinü d 
P=(r, 8) Lm wh a 
uc 1+ e cos Ө 
ORF polar axis 
(a) (Problem 49). Likewise, if the directrix D is parallel to the polar axis, with the 
focus F still at the pole O, then a polar equation of the conic is 
О= Е polar axis 


I 
P=(r, Ө) 


ed 


1 
„= Id + тзїп 61 
where the plus sign is used if the directrix is d units above the polar axis 
D (Figure 15a) and the minus sign is used if the directrix is d units below the polar axis 


(Figure 15b). We leave the derivation as an exercise (Problem 50). 


Е | 2V3 
| EEXAMPLE 4 Identify the conic r = —— ——2— — 
Figure 16 1+ V3 sin Ө 


(b) 


, and sketch its graph. 


SOLUTION Тһе polar equation has the form 
ed 
1+esiné 


with e = V3 and d = 2; hence its graph is a conic with eccentricity V3, focus 
Е at the origin, and directrix D parallel to the polar axis and d = 2 units 
above it. Because e > l, the conic is a hyperbola. Vertex V5 is ed/(l + e) = 
2V3/(1 + V3) = 1.27 units above О, and vertex V, is —ed/(l— е) = 
ed/(e — 1) = 2V3/(V3 — 1) = 4.73 units above О (Figure 16). 


EXAMPLE § Find a polar equation of the parabola with focus F at the origin and 
Figure 17 with directrix D perpendicular to the polar axis and $ units to the right of the origin 
Тес (Figure 17). 
SOLUTION Тһе equation will have the form 
ed 
] + e cos 0 


with e = ] and d = 5. Thus, the desired equation is 

2 3 
———————À or r === 
1 + cos 8 265129 cos Ө 


SECTION 9.8 ECCENTRICITY AND CONICS IN POLAR FORM 591 


Problem Set 9.8 


In Problems 1 to 6, find a Cartesian equation of the conic whose 
focus F is at the origin and whose eccentricity and directrix are 
given. Sketch the graph. 


1 Eccentricity e = 2 directrix x = — 3 
2 Eccentricity e = 3, directrix x = — 3 
3 Eccentricity e = 1, directrix x = —4 
4 Eccentricity e = 1, directrix x = – 5 


5. Eccentricity e = 2, directrix x = —3 
6 Eccentricity e = V5, directrix x = —1 
1л Problems 7 to 10, show that the graph of each polar equation is an 


ellipse; find the eccentricity, the directrices, the center, the foci, and 
the vertices of the ellipse; and sketch the graph. 


А 20 10 
Dope === = з 
4 4 — 3 cos Ө s 2 — cos 0 
20 1 
9 = — m .-——————— 
Ё 4 — cos 0 Wi 4 — 2 cos 0 


[c] In Problems 11 and 12, show that the graph of each polar equation is 
a parabola; find the focus, the directrix, and the vertex; and sketch 
the graph. 


4 5) 

ЧО = Ee 12 p2--—————— 

B E o "8 — 8 cos 0 

{1а Problems 13 and 14, show that the graph of each polar equation is 
a hyperbola; find the eccentricity, the directrices, the center, the 
foci, and the vertices of the hyperbola; and sketch the graph. 


] 15 
Bras нс 140, = == == 
"T= 2 cos 8 "3-4 cos 0 
[1л Problems 15 to 24, identify each conic; find the eccentricity, the 
directrix (directrices), the center (if it exists), the focus (foci), and 
the vertex (vertices); and sketch the graph. 


(Sr 6 ro 
17 p= 8 r= 
ө к= 6 20 r-L— 
UT TH 2 sin @ aber ET Ea 


23 r= 


4 


= 24 r ^ csc? 0 — cs 
area r = csc“ 0 — esc 0 cot 0 


In Problems 25 to 32, find a polar equation for the conic having one 
focus at the pole and satisfying the conditions given. In each case, 
the directrix given is the one corresponding to the focus at the pole. 


25 Eccentricity 1s 2, directrix is vertical and 3 units to the left of the 
pole. 


26 Eccentricity is 4, directrix is vertical and 3 units to the right of 
the pole. 


27 Eccentricity is 1, directrix is vertical and 3 units to the right of 
the pole. 


28 Eccentricity is 1, directrix is horizontal and 3 units below the 
origin. 

29 Eccentricity is 3, directrix is vertical and 2 units to the left of the 
pole. 

30 Eccentricity is 2.5, directrix is horizontal and 4 units above the 
origin. 

31 Eccentricity is i, directrix is horizontal and 5 units above the 
pole. 


32 Directrix is 4 units to the right of the pole; a second directrix is 
6 units to the left of the pole. 


In Problems 33 to 40, we refer to the ellipse r — ed/(1 — e cos 0) 
with semimajor axis a, semiminor axis b, and distance c from either 
focus to the center. 


33 Show that r takes on its maximum value ed/(1 — e) when @ = 0 
and that it takes on its minimum value ed/(1 + e) when 0 = т. 


34 Hill in the details of the argument on page 587 to show that 
с = ae. 


35 Show that ec + ed = а. 
36 Show that d = b?/c. 


37 Show that e is the ratio of the distance between the two foci to 
the length of the major axis. 


38 Show that the distance between the two directrices is 2a’/c 
units. 


39 Show that e = V1 — (b/a)’. 


40 Derive a formula for e in terms of c and d. 


In Problems 41 to 46, we refer to the hyperbola r= 
ed/(1 — e cos 0) with a transverse axis of length 2a and distance c 
from either focus to the center. 
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41 Fill in the details of the argument on page 589 to show that 
€ = ae. 


42 Show that d = c — (а/с). 
43 Show that ec — ed =a. 


44 Show that the distance between the two directrices is 2а2/с 
units. 


45 Show that e is the ratio of the distance between the two foci to 
the length of the transverse axis. 


46 Dcrive a formula for e in terms of c and d. 


(£47 Except for minor perturbations, the orbit of the earth is an ellipse 
with the sun at one focus. The least and greatest distances (at 
perihelion and aphelion) between the earth and the sun have a 
ratio of approximately žo. Find the approximate eccentricity of 
the earth's orbit. 


48 Suppose that the foci of a particular ellipse lie midway between 
the center and the vertices. Find the eccentricity. 


49 Derive a polar equation of a conic with focus at the pole and 
directrix perpendicular to the polar axis and d units to the right of 
the pole. 


50 Derive a polar equation of a conic with focus at the pole and 
directrix parallel to the polar axis. 


5] If the two directrices of an ellipse are held fixed and the eccen- 
tricity is decreased, what happens to the shape of the ellipse? 


52 If the two directrices of a hyperbola are held fixed and the eccen- 
tricity is increased, what happens to the shape of the hyperbola? 


53 Find all points of intersection of the hyperbola 
r= 2/(1 — 2 cos 0) and the limaçon r = 2 — 4 cos Ө. Sketch 
the graphs. 


54 Let 0 c e <1, 0 « d, and 0 € a < b. Find the condition or 
conditions on e and d such that the left vertex of the ellipse 
r = ed/(1 — e cos 0) lies on the inner loop of the limaçon 
r 7 a — bcos Ө. 


55 Find Cartesian equations of the two directrices of the ellipse 
(х2/а?) + (y! /b?) = 1, where a > р> 0. 


56 Let the focus F of a conic with eccentricity e > 0 be the origin О 
of a Cartesian coordinate system, and suppose that the directrix 
is D: x = —d, where d > 0. Using Definition | directly, prove 
that (1) — e)? — (2е20)х + y? = ed? is a Cartesian equation of 
the conic. Using this result, prove Theorem 1. 


57 Find Cartesian equations of the two directrices of the hyperbola 
(х2/а?) — (y°/b*) = 1, where a and b are positive constants. 


58 In Problem 57, show that the eccentricity of the hyperbola is 


given by e = V1 + (р/а). 


Review Problem Set, Chapter 9 


In Problems 1 to 6, plot each point in the polar coordinate system, 
and then give three other polar representations of the same point for 
which (a) r < 0 and 0 = 0 < 23, (b) r > 0 and —27 < 0 = 0, and 
(c) г< 0 and —27 = 0 « O. 


1 (1, 7/3) 
3 (2, 77/4) 


2 (2, 51/6) 
4 (-1, – 119/3) 


БИ) 6 (т.т) 


In Problems 7 to 12, convert the polar coordinates to Cartesian coor- 
dinates. 


7 (0. 0) 8 (17, 0) 
9 (17, т) 10 (—3, 7/6) 
Ii (11, 32/4) Е 77/3) 


In Problems 13 to 18, convert the Cartesian coordinates to polar 
coordinates (r, 0) with r = 0 and -r < 0 = т. 


13 (17, 0) 
15:022 25) 


14 (2. 3) 
16 (- V3, —1) 


ig qus I 18 (0, —1) 


In Problems 19 to 22, convert each polar equation into a Cartesian 
equation. 


19 г cos 20= 1 


1 


20 г=-— 
i 3 cos 0 — 4 sin 6 


21 r= V [sec 6| 


ed 


2 PS 
d 1— есоѕ 0 


iG ee а a0) 


In Problems 23 to 26, convert each Cartesian equation to a polar 
equation. 


23 y22x- 1 24 (x — 1? + (y 3? 24 
25 у= 4x у д и 
а? b* 


In Problems 27 to 32, sketch the graph of each polar equation. 
Discuss whatever symmetry the graph may possess. 


27 г= 2 cos 30 28 r=2 cos (30 + т) 
2 1 я 
NI USES 30 г= 5 + sin 0 
m к == 32 г= 1+ 5 ѕіп Ө 
1 + sin 8 " 


In Problems 33 to 36, find the slope of the tangent line to the polar 
graph at the point indicated. 


1 


Ц Scns ө <з^биө 


at @ 0) 


34 r = a sin АӨ, a > 0. k a positive integer at (0, 7/k) 

35 r—2 —3 cos 0 at (2, 7/2) 

36 2 = —9 cos 26 at (3, 7/2) 

37 Find all points where the tangent to the limaçon 
= 3 — 4 cos 6 is either horizontal or vertical. 

38 In Problems 35 and 36, find tan V at the indicated points. 

39 Find tan v in terms of Ө for the curve r = sin? 0. 


40 Let P # О be a point of intersection of the two polar curves 
r = f(0) and r = 2(0). lf yy is the value of у for = f(0) at P 
and y is the value of y for r = g(0) at P, show that 

tan $ = tan V, — tan у» 
] + tan л (ап yn 


where ó is the angle between the tangent to r = f(0) at P and 
the tangent to r = g(0) at P. 


41 Find the polar coordinates of all points of intersection of the 
limagon r = 1 — 2 cos 6 and the parabola r = 2/(1 — cos 6). 
Sketch the graphs showing these intersection points. 


42 Find the polar coordinates of all points of intersection of the 


circle r — 2 cos 0 and the four-leaved rose r — 2 cos 28. 


In Problems 43 to 48, find the area enclosed by each polar curve 
between the indicated values of Ө. 


43 r= | + cos 0 from 0 = 0 to 0 = 7/4 
44 r= 0 from 0 = 0 to 0 = 7/2 


45 r= 4 sin 0 from 06 = 010 0 = т 


Hog == = = 

г Um 19 m 0 to 0 = 7/6 
47 r= 1 — cos 0 from Ө = 0 to 0 = т 

48 r= её from 02 010 0 = т 


In Problems 49 and 50, find all points of intersection of the two 
curves, sketch the two curves, and find the area of each region 
described. 
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49 Inside the circle r = 4 sin 6 and below the line г = esc Ө 
50 Inside the circle r=6sin Ө and outside the cardioid 
r = 2(1 — sin 6) 
51 lf b > a> 0, find the area of the region inside the outer loop 
but outside the inner loop of the limaçon r = a + b sin Ө. 
52 Find the area inside the lemniscate r^ = a? cos 20. 
In Problems 33 to 56, find the arc length of the portion of each polar 
curve between the indicated values of 0. 
53 r = e ?? for 0 between 0 and 27 
4 г = 5 sin 0 for Ө between 0 and т 
55 r = cos? (0/2) for Ө between 0 and т 
56 r= | — cos 0 for 0 between 0 and 27 
In Problems 57 to 62, identify the type of conic, give its eccen- 


tricity, and specify the position of the directrix corresponding to 
the focus at the pole. 


ОШЕН КО эъ (15 

MEER. 0 Rra SEHE 

m а Ec. 

5 LI S a COPS | deben 

6 теа 62 = == = 
d Í+ sin 6 É 1 + cos (6 + 7/4) 


ln Problems 63 to 68, find a Cartesian equation of the ellipse that 
satisfies the conditions given. 
63 Center (0, 0); one vertex is (5, 0); one focus is (3, 0). 


64 Center (0, 0); containing the points (4, 3) and (6, 2); with major 
axis on the x axis. 


65 Major axis 16; minor axis 8; center at the origin; vertices on the 
y axis. 


66 Major axis 20; minor axis 12; center at the origin; vertices on 
the x axis. 


67 Vertices (0, 0) and (10, 0); foci (1, 0) and (9, 0). 
68 Foci (3, —2) and (9, —2); minor axis 8. 
In Problems 69 to 73, find the coordinates of the center, the vertices, 


and the foci of each ellipse. Also find the eccentricity and equations 
of the directrices. 


gy 
Xx] 
ат 


70 1440 + 169)7 = 24,336 
71 9х2 + 25y? + 18x — 50у — 191 = 0 
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POLAR COORDINATES AND ANALYTIC GEOMETRY 


3i + dy? — 28x — 16у + 48 =0 
9i! + 4у? + 72x — 48у + 144 = 0 


Find equations of the tangent and normal lines to the ellipse 
х + 3у? = 21 at the point (3, —2). 


At what point(s) on the ellipse 162 + 9y = 400 does у de- 
crease at the same rate as x increases? 


The lower base of an isosceles trapezoid is the major axis of an 
ellipse; the ends of the upper base are points on the ellipse. 
Show that the length of the upper base of the trapezoid of maxi- 
mum area is half the length of the lower base. 


Reduce each of the following equations to an equation of an 
ellipse in a ''simpler" form by using a suitable translation. 
(a) 1602 + у> — 32x + 4y – 44 = 0 

(b) 9x? + 4y? + 36x — 24y — 252 = 0 

A point Р moves so that the product of the slopes of the line 
segments РО and PR, where О = (3, —2) and = (—2, 1), is 
—6, Find a Cartesian equation of the curve traced out by P, and 
sketch it. 


In Problems 79 to 82, find a Cartesian equation of the parabola 
satisfying the given conditions. Sketch the graph. 


79 


80 


81 


82 


83 


84 


85 


86 


87 


88 


Vertex (0, 0), focus on the x axis, and containing the point 
(296) 

Containing the points (—2, 1), (1, 2), and (—1, 3) and whose 
axis is parallel to the x axis. 


Vertex (2, 3), containing the point (4, 5), and whose axis is 
parallel to the y axis. 


Focus (б, —2) and whose directrix js the line x — 2 = 0. 


Find a Cartesian equation of the circle containing the vertex 
and the ends of the focal chord of the parabola у? = 8x. 


Find equations of the tangent and normal lines to the following 
parabolas at the point given. 


(a) y? + 5x = 0 at (5, 5) 
(b) 4y = 8 + 16x — х2 at (1, 22) 
Find the dimensions of the rectangle of maximum area that can 


be inscribed in the segment of the parabola x^ — 24y cut off by 
the line y = 6. 


Show that the line from the focus of the parabola y* — 24x to 
the point where the tangent to the parabola at the point (24, 24) 
cuts the y axis 1s perpendicular to the tangent. 

At what point on the graph of the parabola y = 4 + 2x — х2 5 
the tangent line parallel to the line 2x + y — 6 = 0? 

A parabola whose axis is parallel to the y axis contains the 


origin and is tangent to the line x — 2y = 8 at the point (20, 6). 
Find an equation of the parabola and sketch the graph. 


In Problems 89 to 94, find a Cartesian equation of the hyperbola that 
satisfies the conditions given. 


89 


93 


94 


Foci (—5, 0) and (5, 0); length of transverse axis is 4. 
Vertices (3, —6) and (3, 6); foci (3, —10) and (3, 10). 
Vertices (—2, 3) and (6, 3); one focus (7, 3). 


Containing the point (1, 1); with equations of asymptotes 
у = —2x and y = 2x. 


Center (0, 0); transverse axis on the y axis; length of focal 
chord 36; distance between its foci 24. 


Center (0, 0); one focus (8, 0); one vertex (6, 0). 


In Problems 95 to 99, find the coordinates of the center, the vertices, 
and the foci of each hyperbola. Also find the eccentricity and the 
equations of the asymptotes. Sketch the graph. 


95 
97 
99 


104 


[С]105 


106 


x 9у2= 72 96 y — 98 = 54 


x — 4y + Ах + 24y — 48 = 0 98 162 — 9? — 96х = 0 


4y? — à —24y + 2c 34 = 0 


Find equations of the tangent lines to the hyperbola 
x —y -16-0 that are perpendicular to the line 
5х + 3y — 15 = 0. 


Find equations of the tangent and normal lines to the hyperbola 
xX — 8y? = ] at the point (3, 1). 


Find the points on the hyperbola x? — у> — 16 = 0 that are 
nearest to the point (0, 6). 


A point moves on the hyperbola x? — 43? = 20 in such a way 
that x is increasing at the rate of 3 units per second. Find the 
rate at which y is changing when the moving point passes 
through (6, —2). 


Two points are 800 meters apart. At one of these points the 
report of a cannon is heard 1 second later than at the other. 
Show that the cannon is somewhere on a certain hyperbola, and 
write an equation for the hyperbola after making a suitable 
choice of axes. (Consider the velocity of sound to be 332 me- 
ters per second.) 


The Ellipse in front of the White House in Washington, D.C., 
has a semimajor axis of 229 meters and a semiminor axis of 
195 meters. What is its eccentricity? 


For a main cable in a suspension bridge, the dimensions H and 
L shown in Figure | are called the sag and the span, respec- 
tively. If the weight of the suspended roadbed (together with 
that of the cables) is uniformly distributed horizontally, the 
main cables form parabolas. (a) Taking the origin of an лу 
coordinate system at the lowest point of a parabolic main cable 
with sag H and span L, find an equation of the cable. (b) Using 
the result in part (a), find the length of the cable. [Ci (c) For the 
Ambassador Bridge across the Detroit River, the sag is H = 63 
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meters and the span is L = 564 meters. Find the length of one round a central region in the shape of an ellipse with a major 
of the main cables in the Ambassador Bridge. axis 148 meters long and a minor axis 84 meters long. Find the 
area of the central region. 


108 We know that the eccentricity e = c/a < 1 for the ellipse 
(х2/а?2) + (?/b?) = 1. where c? = a? — b?. Now, as e comes 
closer and closer to zero in value, c/a = e approaches zero; 
hence, c?/a? approaches zero, so that a approaches b in value. 
(Why?) What is the shape of an ellipse in which a and b are 
close in value? What if a = 5? Does this give an indication of 
how to define a conic with eccentricity e — 0? Use sketches 
aud examples to answer these questions. 


Figure 1 


109 Find the equation into which the polar equation 7° sin 26 = 2 


is transformed by rotating the pol is through 45°. 
107 The Yale Bowl, completed in 1914, is a football stadium mod- m uM o — 


eled after the Colosseum in Rome. The concrete stands sur- 110 Find the equation into which the Cartesian equation 
Vx + Vy = 2 is transformed by rotation of the axes through 
an angle of 45° and elimination of radicals. Is the graph of this 
equation a parabola? 


In Problems 111 to 116, rotate the axes to transform each equation 
to an equation that has no mixed term. [©] Sketch the graph, showing 
both the old and the new coordinate axes. 

111 38 + 4V3xy — y? = 15 112 402 + 4xy + 4y! = 24 
113 V3? + xy = 11 114 y! + xy- 3x = 7 

115 9 + 16y? + 54x — 32y = 48 

116 xà — бху + 9 + х - 3y = 4 


In Problems 117 to 121, use the invariant B? — 4AC to identify each 
conic. You may assume that the conic is nondegeuerate. 


117 1324 6V3xy + 7 = 16 118 х2 + Oxy + y2 48-0 


= 5 : | 119 7х2 + 2V3xy + 5? + 1 = 0 120 £ – 3xy + 5y? = 16 
Yale Bowl 121 81x? — 18ху + 5x +y = 41 


INDETERMINATE FORMS, 
IMPROPER INTEGRALS, AND 
TAYLOR’S FORMULA 


Since the two basic notions of calculus—the derivative and the definite integral— 
are defined in terms of limits, it should come as no surprise that derivatives and 
integrals can often be used to help evaluate limits. In this chapter we see how certain 
limits, whose values are not obvious by inspection, can be found by using deriva- 
tives according to special rules called L'Hópital' s rules. We also use limits to study 
the behavior of improper integrals. The chapter ends with an investigation of Tay- 
lor' s formula, which can be used to approximate certain functions by polynomials. 


10.1 


The Indeterminate Form 0/0 


From our earlier study of the properties of limits, we know that 


lim dic ———— ccm 
xa gx) lim a(x) 


provided that lim f(x) and lim g(x) both exist and that lim g(x) is not zero (Prop- 
erty 7, page 61). If lim g(x) = 0, this rule simply does not apply, and special 


methods, which we introduce in this section, must be used to find the limit—if it 
exists. 

To begin, note that if the limit of a quotient exists and the limit of the denomina- 
tor is zero, then the limit of the numerator must also be zero. Indeed, if lim g(x) = 0 
and lim [f(x)/e(x)] exists, we have € 

E —*6 


lim f(x) = lim EI = [п £2 Jus g(x)] = [ f) | -0=0 
x —a xa | g(x 


x—a g(x) 1—^a а-а g(x) 


DEFINITION I 


SECTION 10.1 THE INDETERMINATE FORM 0/0 597 


Therefore, in studying the problem of finding limits of quotients whose denomina- 
tors approach zero. we need to consider only quotients whose numerators also 
approach zero. Thus, we are led to the following definition. 


Indeterminate Form 0/0 


An expression of the form 


f(x) 
g(x) 
such that both 


lim f(x) = 0 and lim g(x) = 0 


AX comm XT 


is said to have the indeterminate* form 0/0 at a. 


In this definition we are assuming that g(x) + 0 for values of x near a but different 
from a, so that the fraction f(x)/g(x) is actually defined for such values of x. 


; "nmm А ; 0 К 
For instance. the fraction are ci has the indeterminate form T at 2 since 
roy = 
lim (х2 = х= 2) = 0 and lim (x?-x—6)20 
>л E 


In Chapter 1 we evaluated limits of such fractions by factoring numerator and 
denominator; thus, 
х2-х- 2 op (sor DES = 2) МЕС tal E 
1 ———— ————— — 


lim —— = lim im = == 
x2 у^ tx-6 2-2 (+ 3)(х— 2) 2 +3 5 


Other examples, such as 


sin X Е ] — GOR 3t 
and її ——$— 
х—*0 X x—0 X 


(both of which have the indeterminate form 0/0 at 0) were not so amenable and had 
to be found by special techniques. 

In one of the first textbooks on calculus, the amateur French mathematician 
L'Hópital (1661—1704) published a simple and elegant method for handling limits 
of indeterminate forms. Here, we give an informal statement of L'Hópital's rule; 
later, in Theorem 2, we give a formal statement and proof. 


L’H6pital’s Rule 
feo 0 Г) 


has the indeterminate form — at a and lim ———— exists, then 
g(x) 0 х—а g'(x) 


If 


m COEM y 
lim = Пол === 
x—a g(x) xa р (x) 


*The word "indeterminate" should not be interpreted as meaning that the limit of such a 
quotient cannot be determined; it is intended to convey the idea that the limit, if it exists, may 
not be obvious by inspection. 
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Notice that f’(x)/g'(x) is nor the derivative of f(x)/g(x). In using L'Hópital's rule, 
you obtain the fraction f'(x)/g'(x) by separately differentiating the numerator and 
denominator of the fraction f(x)/g(x). For instance,* 

sin x EMT бо T (сос 


lim = lim = — = lim = 
v—0 ү v0 ID) x x0 


In Examples I and 2, use L'Hópital' s rule to find the given limit. 


l x?-— 6x49 

EXAMPLE I III) а o 

= ж e 

SOLUTION Both numerator and denominator approach zero as x — 3, so the 
fraction has the indeterminate form 0/0 at 3. By L'Hópital's rule, we have 


| x? — 6x + 9 | D(x? — 6x + 9) „ S 0 
ot л соосу e Wb SSS eS - El 
5999 = These Hel x JD — andi ш= у= у =| 
е* Ө, CN 
ЕХАМРЬЕ2 Dn —<$<—$$—— 
Т =” esp и (ул) 
SOLUTION The fraction has the indeterminate form 0/0 at 0, so 
. Фб = р Ў , De =e") Г АЕ cae 
ia ве dg SS = [QQ 
<0 In + 1) eo а 1) onl / + [) 
= lim (x + De + e) = (0 + Dye? + 82 a 


Sometimes an application of L'Hópital's rule to an indeterminate form produces a 
new indeterminate form. When this happens, a second application of L'Hópital's 
rule may be necessary; in fact several successive applications of the rule might be 
required to remove the indeterminacy. (However, there are cases in which the 
indeterminacy stubbornly persists no matter how many times L'Hópital's rule is 
applied—see Problem 36 for an example.) 

2 
EXAMPLE 3 Evaluate lim ————. 
Ex Ш Осо 21 
SOLUTION Тһе fraction has the indeterminate form 0/0 at 0. Applying 
L’Hopital’s rule, we have 


| se | Dx? А De 
lim: ————— —— = lim —— —— = lim —— —— 
x0 | —cos 2x. 1-0 Dl —cos 2x) х0 2 sin 2x 


lim == 
i0 sin 2x 


* A rigorous application of L'Hópital's rule requires that we first establish the existence of 


“ү 


before writing (x) "у 
Je) ЕЁ lim Hwi 
а-а B(x) (a р (x) 


However, in the interest of brevity, it is eustomary to proceed more informally. 
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But the fraction x/sin 2x still has the indeterminate form 0/0 at 0; hence, we use 
L'Hópital's rule a second time to obtain 


а x Dex | l 
lim Flim c m MN eee 


eL cs [iij 
x20 | —cos 2x — a—0 sin2x — «—0 D, sin 2x 


1 
ONP соз 2r 2] 


Та using L'Hópital's rule repeatedly as above, you must make certain that the rule 
remains applicable at each stage—in particular, you must check that the fraction 
under consideration really is indeterminate before each application of L'Hópital's 
rule. A common error is illustrated by the following incorrect calculation: 


З 

Si e vc gy EXC. | P 
la = E jim = lim — = 3? 
xl Do Ext x>l 2y- | x—1 2 


Here, the first step is correct, but the second is not! (Why?) In fact, 


lmn -e hin) 

EI s gc De jl 

L'Hópital's rule may be extended in various ways; for instance, it works for 

one-sided limits as x > a* oras x — a`. As we shall prove (Theorem 3), it also 
works for limits at infinity; that is, for limits as x => + or as x > —2, 


in (5/5 
EXAMPLE 4 Evaluate lim sin (5/0) 
== х. +2с 2/х 
SOLUTION Here, lim. sin (5/х) = sin [ lim. (5/0] = sin0=0 and 


lim (2/x) = 0. Hence, the fraction has the indeterminate form 0/0 at +œ. Apply- 


ing L'Hópital's rule, we have 


: sin (5/x) . Dy sin (5/x) | (—5/x?) соз (5/х) 
im [үү зш ү їз ушеу 
xote | 2/у x Dx) rote u is 
TIE. BN NE Е" 
= lim > cos = > cos im — =-у cos =, 


Cauchy’s Generalized Mean-Value Theorem and 
a Proof of L'Hópital's Rule 


To prove L'Hópital's rule, we need the following generalized version of the mean- 
value theorem (Theorem 3, page 169), which is attributed to the French mathemati- 
cian Augustin Louis Cauchy (1789—1857). 


Cauchy's Generalized Mean-Value Theorem 


Let f and g be functions that are continuous on the closed interval [a, b] and 
differentiable on the open interval (a, b), and suppose that g'(x) = О for all 
values of x in (a, b). Then there is a number c in the interval (a, b) such that 
fib) - fla) _ уо) 
g(b)— gla) g'o) 
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PROOF 


Notice that if g(a) = g(b), then by Rolle's theorem (Theorem 2, page 168), there is 
a number x in (а, b) such that g'(x) = 0, contrary to the hypothesis of the theorem. 
Therefore, g(a) # g(b), so that g(b) — g(a) # О. Define a function К by the equa- 
tion 

K(x) = [f(b) — Kalgi) — letb) — ea) К) for x in [a, 5] 


Evidently, К is continuous on [a, b] since f and g are continuous on [a, b]. Like- 
wise. since f and g are differentiable оп (a, b), so is K; furthermore, 


K'(x) = (f(b) — f(éa)]g'Q) = [g(b) = g6«0] (А) for x in (a, b) 
Now, 
K(b) = (f(b) — }(а)]8(®) — lg(b) — g(a] fib) = fib)g(a) — fla)g(b) 


Kla = Lftb) = fla)|gla) = [g(b) = g(a)] fla) = f(b)g(a) — fla)g(b) 
and it follows that K(a) = K(b). Therefore, we can apply Rolle’s theorem to the 
function K and conclude that there exists a number c in the open interval (a, b) such 
that K'(c) = 0; that ts, 
0 = [f(b) — alg o — [g(tb) — golf (о) 

We have seen that g(b) — g(a) 2 0; hence, since g'(c) # 0 by hypothesis, the last 
equation can be rewritten as 

f(b) — fla) E: dto) 

g(b) — g(a) кф 


and the theorem is proved. 


Notice that if g(x) = x, then g'(x) = 1 and the conclusion of Theorem 1 reduces 
to the conclusion of the original mean-value theorem. 


EXAMPLE 5 If f(x) = x? + 12 and g(x) = x? — 2, find a number с in the open 
interval (0, 2) such that 


О) – 0) _ fe) 
8(2) — 9(0) go 


SOLUTION Theorem 1 shows that such a number c exists but does not tell us 
how to actually find it. To find c, we calculate as follows: f(2) = 20, f(0) = 12, 
g(2) = 2. g(0) = —2, f'(c) = 3c, and g'(c) = 2c. Therefore, the required con- 
dition is 


It follows that c = $. 


We now state and prove L'Hópital's rule for the case in which x approaches a 
from the right. An analogous result holds for the case in which x approaches a from 
the left (Problem 33), and the two results, taken together, provide the justification 
for our original informal statement of L'Hopital's rule. 
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PROOF 
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L'Hópital's Rule for the Indeterminate Form 0/0 as x — a* 


Let the functions f and g be defined and differentiable on an open interval (a, b), 
and suppose that р(х) < 0 for a<x<b. Assume that lim, f(x) = 0, 


lim, g(x) = 0, and g'(x) # 0 fora < x < b. Then, if lim, —— exists, so does 


f(x) pi 
x 

lim, —— апа О) vo С) 

x—a' р(х) lim, 1 

x—a g(x) 


Wan = 
Sos En) 


Define functions F and G as follows: 


fo» ifa<x<b 


g(x) ifa<x<b 


mm 
Ойга їй mu 


F(x) = | 

0 0 Ш = m 
for all values of x in [а, Б). Notice that F coincides with f on the open interval (a, Б); 
hence, F is differentiable on (a, b), and F'(x) = f'(x) fora < x < b. It follows that 
F is continuous on (a, b) and, since lim, F(x) = lim, f(x) = 0 = F(a), F is actu- 


ally continuous on [a, 5). Likewise, G is continuous on fa, b) and differentiable on 
(a, b) with G'(x) = g'(x) fora < x < b. 

Now, choose any number x in the open interval (a, b), and notice that F and G 
are continuous on the closed interval [a, x] and differentiable on the open interval 
(a, x). Furthermore, for any number t in (a, x), G'(r) = g(t) #0. Applying the 
generalized mean-value theorem (Theorem 1) to the functions F and С on the 
interval [a, x], we conclude that there is a number c in the open interval (a, x) such 
that 


EO Еа) BAO ЕО 
С(х) = Gla) Сс) i a(x) g'o 


Notice that a < c < x and that the value of c might depend on the choice of x. 
Evidently, as x approaches a from the right, then c— which is "'trapped'' between a 
and x—must also approach a from the right. Thus, 


а RA. AGRO D UO 
lim, —— = lim, —— = lim, —— = lim, — 
gen ax) xa? ac) OMS AM e) Бае. Me (xy 


and the proof is complete. 


The following theorem shows that L'Hópital's rule is also effective for limits at 
infinity. We state and prove the theorem only for the case x — +% and leave the 
statement and proof of the analogous result for the case x — —o as an exercise 
(Problem 38). 


L'Hópital's Rule at Infinity 


Let the functions f and g be defined and differentiable on an open interval of the 
form (k, +оо), where k > О and g(x) Æ О for x > k. Suppose that lim Дх) = 0, 


t 


lim &(x) = 0, and g'(x) 4 0 for x > k. Then, if lim £ 
х +20 X—»4 906 g 


exists, so does 


lim D and x AA - JE 
x—> +оо atx) lim — = ] 
X—» +оо gx) 


im == 
x—H t р (x) 
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We put t = 1/x for x > k, noting that x = 1/r, that O < z < 1/k, and that t — 0° as 
x — +оо, We define functions F and С on the interval (0, 1/k) by the equations 


B 1 1 
F(t) = (5) and би) = (+) forO<1< * 


E E 
Notice that lim, F(r) = lim, iG) = hm f(x) = 0. Similarly, lim, G(t) = 0. 
1—0 1—0 m х» x TER 


By the chain rule, F and G are differentiable on (0, 1/k) and we have 


E p» | т | ] 
F'(t) = cer) and G'(t) — ce | for O0<1< a 


1 


Applying Theorem 2 to the functions F and G on the interval (0, 1/k), we have 


(0) F'(t) 
i === е 
10! G(t) 10" С) 
Hence, 
1 
| Ab | 
LQ : t Я F(t) F'(t) 
lig == = Mun = lim ——— m — 
x9 g(x) t0 ("| 1—0*. Си) 10! G'(f) 
8 Т 
3 1 1 
ewe) E 
| Vi we ос re 
= аруа TÉ v 
1 aes qom p e 
ce у 
: t £ [ 
and the proof is complete. 
Problem Set 10.1 
[ens ое PAR co sf 
In Problems ! to 22, use L'Hópital's rule to evaluate each limit. 15 lim шас c ш 16 lim eae 
t0 AU yo e+e D LN 
. x+tsin2x р sima — 1 In (sin x) In x 
l lim = » | DX EE ima e | : 
xU x — sin 2x m (7/2) - x y ee ER 18 um x- Vx 
292 -— 7 123.2 c es à 2 
3 dim. zt I 30-2 б ES Á— 3 O imn (7/x) 5» 1 sin (3/x) 
э eX — set rl ge dp» Pes m 5/x pans RU (27%) 
гә йүү P. 6 es 2i Bim 1 = cos (2/x) 3S sin (1/x) 
:i—0' sin Vx x0 sin x x— x tan (3/x) x—^- sin (2/х) 
si E xe? = 
7 lim щш 8 lim LOK шш. 
tn/2 cost x0 | — cos 2x 
p | co e ЫШ In Problems 23 and 24, use L'Hópital's rule and the fundamental 
9 lim 10 lim = Md 
зо у T G theorem of calculus to evaluate each limit. 
In (x/7 asas 
Ht lim ram 12 бпр А 
А » DEO e. | 3 cos* 7t dt 
pe sm y — I In (е + 1) — In 2 23 lim E 
ny lee. v шу EL eel i 
x1 (x = 1)? 10 ПЧ e" dt 
0 


| e"(4P +17 + 11) dt 
24 lim — 
baal : Tt 3 
e(—71? + ы + 8) dt 
0 


In Problems 25 to 30, find a number c satisfying Cauchy's general- 
ized mean-value theorem for each pair of functions on the indicated 
interval. 

25 f(x) = 2x? and g(x) = 3x? — 1 on I0, 2] 

26 f(x) = sin x and g(x) = cos x on [0, 7/4] 

27 f(x) = In x and g(x) = 1/x on [1. e] 

28 f(x) = sin^! x and g(x) = x on [0, 1] 

29 f(x) = tan x and g(x) = 4x/7 on [— 7/4, 77/4] 

30 f(x) = x^(c^ — 2) and g(x) = x on [- 1, 1] 


31 Find constants a and 5 such that 
lim 1 | ae 
х0 bx —sinx 49 Vatt 

32 Show that 


. mn"-(n-clx"-41 n(n + 1) 
[йн SS SSE 
х1 (x — 1)° 2 
33 State and prove the analog of Theorem 2 for the case x —a . 
34 Explain why the calculation of a derivative directly from the 
definition always involves the evaluation of a limit of an indeter- 
minate form 0/0. 


THEN 


35 Explain why the use of L'Hópital's rule to evaluate lim = 


. : Р х 
really involves circular reasoning. 


36 What happens when you try to find lim, (е ‘“/1) by repeated 
applications of L'Hópital's rule? m 


SECTION 10.2 OTHER INDETERMINATE FORMS 603 


37 In Problem 36, make the change of variable г = 1/x. Then use 
the result of Problem 169b in the Review Problem Set for Chap- 
ter 7 to evaluate the limit. 


38 State and prove the analog of Theorem 3 for the case x — —~. 


39 The equation / = (E/RY — e ^"^) gives the current / amperes 
at time ¢ seconds in an RL-circuit with resistance R ohms, induc- 
tance L henrys, and electromotive force E volts. (See Prob- 
lem 21 in Problem Set 7.11.) lf 1, E. and L are held fixed. find 
the limit of / as R approaches zero. 


40 Let A be an endpoint of a diameter of a fixed circle with center О 
and radius г. In Figure 1, AQ is tangent to the circle at point А, 
and |AQ| is equal to the length of the arc AP. If B is the point of 
intersection of the line through Q and P with the line through A 
and O, find the limiting position of B as P approaches A. 


Figure 1 E Q 
„* | А 


41 A weight hanging from a spring is caused to vibrate by a driving 
force so that its displacement at time f seconds is given by 


A , р 
у= aa I — sin pt) 
UMS 


р? 
where A, p, and w are positive constants with p # w. Determine 
the limiting value of y as p approaches w holding A and z fixed. 


42 For each positive integer п, let V, denote the volume of the solid 
obtained by revolving the region under the graph of f(x) = х" 
between x = 0 and x = 1 about the y axis and let H, be the 
volume of the solid obtained by revolving the same region about 
the x axis. Evaluate 


(a) lim V, (b) lim. Н, (c) lim = 


a 


10.2 


Other Indeterminate Forms 


In Section 10.1 we saw that L'Hópital's rule can often be used to handle limits of 
fractions having indeterminate form 0/0. In this section we discuss additional inde- 
terminate forms, 2c/oc, 2o: 0), x — x, 0°, х0, and 1”. 


The Indeterminate Form 2 / < 


By methods similar to those used in Section 10.1, it can be proved that L'Hópital's 
rule remains effective when the numerator and denominator become infinite in 
absolute value, or. as we say, when the fraction has the indeterminate form 2/2. 
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The facts are set forth in the following theorem. 


THEOREM 1 L'Hópital's Rule for the Indeterminate Form 2/2 


Suppose that the functions f and g are defined and differentiable on an open 
interval 7. except possibly at the number a in /. Moreover, assume that 
lim |/Co| = +% and lim [е0 = +. Then, if g'(x) #0 for all values of x 
хэй а 


Й 


а wont. LE Ne Е (х) А 
other than a in / and if lim — exists, it follows that lim AA also exists and 
a—a р(х) x—a р(х) 


f(x) x PS) 
lim — 
а р (х) 


This theorem is also correct when x — a^, x — а, x — +%, or x — —%, pro- 
vided that obvious changes are made in the hypotheses. We omit the somewhat 
technical proofs of Theorem 1 and its alternative versions. 


In Examples | and 2, evaluate the given limit. 


EXAMPLI li Шу 
PXAMPLE |) lim 
— oe WV 


SOLUTION Тһе fraction has the indeterminate form ®/® at +. Thus, by 
L'Hópitals rule, 


F In x Т D, An x " 1/х 
im = lim ————- lim ———— 
pote My o c9 рах — Kc JO VAS) 
QU 2 
= lim = lim —= = 0 
х» +00 X yoo tx Va 
7 tan x 


EXAMPLE 2 lin = 
Ese sua" Da 


SOLUTION Тһе fraction has the indeterminate form 2/2 at 7/2. By L'Hópital's 
rule. we have 


: 7 tan x А 7 sec? x | 7 see x 
lim. —— = Mima — — = ing oe 
iom S ue узе э i—m/2' sec x tan x (i—7/2' tan x 
7/соѕ x | 7 
= = lim =7 


[у с=с — = 
i—m-/2' sinx/cosx — s—z/2' sin x 


Just as was the case for the indeterminate form 0/0, it may be necessary to apply 
L'Hópital's rule several times in order to evaluate a limit of an indeterminate form 
2c/»c. Also, it can be shown that L'Hópital s rule still holds if the quotient f ' (x)/ g'(x) 
approaches +% or —% that is, 


. f) ә г 
Пр ees [y e 
Aa g(x) CHI (x) 


TO 


This is illustrated by the following example. 


AY 


: e 
EXAMPLE 3 Evaluate lim с. 
eee r= y 
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SOLUTION The fraction has the indeterminate form ~/ at +. Using 
L'Hópital's rule 3 times, we have 


X 


Other Cases of Indeterminate Forms 


We now consider indeterminate forms of the type %0, o» — œ, 0°, o9, and 1”. 
These are handled by algebraic manipulation of the indeterminate form so as to 
reduce it to the type 0/0 or ®/® so that L'Hópital's rule can be used. [n each case 
suitable examples are given to illustrate the technique. 


The Case о · 0 

If lim Léo) = +% and lim g(x) = 0, we say that the product f(x)g(x) has the 
indeterminate form ~-0 at a. To find lim f(x)g(x) in this case, we can write 
fg) as g(x)/[1/f0)] or as f(x)/[1/g()], thus obtaining the form 0/0 or the form 
oo/co. respectively, whichever is more convenient. 

EXAMPLE 4 Evaluate lim, senec 

SOLUTION Ме write x? In x = (In x)/x ^ 2, noting that (In x)/x^? has the indeter- 
minate form о/о at 0. By applying L'Hópital's rule, we obtain 


с 2 zoo Mna А X А ens. 
lim, х Inx = lim, —5- = lim Ex lim, (— 3)x- = 0 


x0 x0" x - rm0 — rum x—0' 


The Case % — о 


If lim f(x) = +% and lim g(x) = +0, we say that the difference f(x) — g(x) has 


the indeterminate form o — о at a. By performing the indicated subtraction, the 
indeterminate form % — ~ can usually be converted to the indeterminate form 0/0. 


: 1 
EXAMPLE 5 Evaluate lim, (csc "ic =| 
— = =з X 


SOLUTION Тһе expression has the indeterminate form o» — œ at 0; however, if 
we write csc x as l/sin x and subtract, we have 


Р 1 1 1 1 : = Gs 
lim (es 5 = >) = lim ( = l| = [üt = ~ 


y= x—0* \ sin x X x0' x sin X 


The fraction has the indeterminate form 0/0 at 0. Applying L'Hópital's rule twice, 
we obtain 


A X = sin x р l — cos x 
ПОЕ =н lm —— — — —9 — 
x0 X SIN x x—0' sin x + xcos x 
Р sin x 0 
= Ia, == = Sat 
к= Dix Ae Sin Se 2 
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The Case 0°, ©", or 1* 
It f(x) > 0, lim f(x) = 0, and lim g(x) = 0, we say that the expression f(x)* has 


the indeterminate form 0? at a. Expressions with the indeterminate forms x? or 1* 

are defined analogously.* In order to evaluate lim f(x)% in such indeterminate 
ы H 0 

cases we carry ош the following procedure: : 


Step 1 Calculate lim [g(x) In f(x)] = L. 
Step 2 Conclude that lim fis = е^. 
х2 


This procedure is justified by the observation that 


lim KBE” = lim eh) Invi et 


X cM ia 


Notice that the product g(x) In f(x) in step 1 has an indeterminate form at a. 


In Examples 6 and 7, evaluate the indicated limit. 
IU г i 2x 

EXAMPLE 6 lim, x 

же у +: 7 х—>0 


SOLUTION The indeterminate form is 0°, so we carry out the procedure above. 
Step 1 We must evaluate lim, 2x In x. Here the product has the indetermi- 
а= 
nate form 0 · 2 at 0; hence, we rewrite it as 


2 In x 
1/х 


The resulting fraction has the indeterminate form 2/2 at 0. Thus, by 
L'Hópital's rule, 


2x In x = 


. е 2 ms А D,(2 ln x) 
L= lim, 2x Inx = lim, =m 
x0 x0 1/х x0 D /x) 
2/x 
= lim, ———- lim, (-2x) = 0 
x—0* = v—0* 
Step 2 lim, x= е” = е0 = | 
= 


EXAMPLE 7 lim, (exe pes 
ы ко чч 


SOLUTION The indeterminate form is 2, Since 


sina 
lim, (csc x)""* = lim ( = ) 
х0 sin x 


x—0* 


*See J. V. Baxley and E. К. Hayashi, ‘‘Indeterminate Forms of Exponential Type,'' Ameri- 
can Mathematical Monthly, Vol. 85, No. 6, June-July 1978, рр. 484—486 for an interesting 
discussion of these cases. 
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we begin by making the change of variable и = sin x. Notice that и —> O° as 


x — 0*; hence, 
XH 
2а (=) 
u—0* u 


lim, (csc x) 
x—0* 


Now we use our procedure. 


| | p | . —Inu 
Step 1 L= lim, u In =) = lim (-u Inu) = lim 
u 


иэ u—0* u—0* l/u 
D,(—n и) | —1/и 
= [шш ————:—— = WW ——— 7 Шү = © 
u—0 D,(1/u) mea == l/u* u—0 


? ow lw 
Step 2 lim, (csc x)?^^ = lim (— = 0) =| 
x—0' u—0" Na 


Problem Set 10.2 


In Problems | to 50, evaluate each limit. К 7 1 
25 Jmm с ге 
а үе ipd 
9 || ar Gee Fe . sec 37x 
hei, SS 2 lim | п m \ 
x—m-m/2 tanx 1/2 tan 37x 26 lim = ) 
х1 \x”— ] i = [| 
: In (17 + x) А ТЕ 1207 й 1 А з 
3 im. наи 4 im, E» 27 Jim, x 28 lim, (sinh x)* 
А et 1 j OK "Sq Cos x 
S I =e 2 i У – 1) i == = 
л. х° аР x 6 Eu ES 2 {ш © 1) au im ( 2 sx) 
1 Ds К In AE e^) s cos 2x 
hi = lim ————— 34 lim (соѕ x) (7? 32 lim = — x) 
x—t* e хэ+® 3v x— 7/2 x— m/4 4 4 
eu Int ME: +e” 33 lim, (cot x)* 34 lim, (cot x 
гә+= (t +27 х=+= Јах + е2" i й 
ХА 
li j dX a M ^ 2 5 p ( х ) Е a l/x 
lm x(e 1) lim sin 3t cot 2f 35 im, s 36 lm. (@ ap £2) 
lim, хе^ lim x sin (7/x) 37 lim Vn 38 lim, (—In x) 
x0 md пэ + x—0* 
lim, x(In x)? E lim. cos 3x sec 5x : i | З 
x0 a— п/2 39 lim (1 + tan x)!” 40 lim (1+ =) 
20 x +оо X / 
lim. tan x tan 2x lim esc x sin ! x А E. 
x—m/2 хә 41 lim (1 + 2x) Rs 42 lim (1 + e 
d ha 
E 1 x | y 
lim ( — L] lim ( — ) x i 1 
к= We f In x xl \In x x In x 43 lim (cos B 44 lim = : ) 
х- +2 ae y0 y 
2 1 
lim, (csc x — ese 2x) lim ( $ — “| "e | утеп ях 
x0 150 etl —] t 45 lim ОКЕ) 46 lim |I- um 
x x—2 mad 
lim (x? — Vx* +x? +7) 
ae 47 lim (1 x)^Pl 48 lim (e^ + 29/9» 
х=” r= 
24 lim (. tan x — — sec x) 49 lim, (sin x)*** 50 lim x€» 
х 7/2 2 x—m/2 Rl 
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(£51 Use a calculator to obtain numerical conlirmation of your result and 
in (a) Problem 3, (b) Problem 13, and (c) Problem 27. 


a(x) = | 


Show that g'(0) = 0. 


Р xf" (x) 
! ——— 
x um Г") 


x? sin (1/x) ifx #0 Evaluate lim xf'Q) 
0 ifx=0 es 


+х f(x) ~ 


х+с\ 
X с) 2a. 


- 54 Find a value of the constant c such that lim ( 
rota BUE (c 


$3 Suppose that the function f has the following properties: 


x 


К : у 1 
m fay = dim Ит ш) = te 55 Evaluate lim. m e' dt. 


0 


10.3 


Figure 1 


Improper Integrals with Infinite Limits 


In Chapter 5, we obtained the areas of admissible regions in the plane by using 
definite integrals. Recall, however, that an admissible region must be bounded. If 
we wish to find areas of unbounded regions, we have to deal with **improper'' 
integrals. 

Consider, for instance, the region А under the graph of y = 1/x? to the right of 
x = l (Figure la). Notice that the region А extends indefinitely to the right and 
therefore is unbounded. Offhand, it is perhaps not clear what is meant by the 
"area" of such an unbounded region. However, let R, denote the bounded region 
under the graph of y = 1/x? between x = 1 and x = b (Figure 1b). The area of R, is 


given by 
b = 
1 1 
— ах = — 
NE ed X 


1 b 


For large values of b. the bounded region A, might be considered to be a 
good approximation to the unbounded region R; in fact. it is tempting to write 
R= lim Аһ. Hence, we might expect that 


рэ +00 


—» +70 


1 
area of R= lim (area of R,) = „Шт ( = +) = ] square unit 


In general, if f is a function defined on an infinite interval of the form [a, +), 
and if f(x) = 0 holds for x = a, we define the area of the unbounded region under 
the graph of f and to the right of x = а to be ,lm f° f(x) dx (Figure 2). Often 


we write this area simply as fa” f(x) dx. More generally, we make the following 
definition. 


Figure 2 y 


b 
area = lim T fix) dx 


btw 


DEFINITION 1 
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Improper Integrals with Infinite Upper Limits 


Let f be a function defined at least on the infinite interval [a. +2). Suppose 
that f is integrable on the closed interval [a, b] for every value of b larger than a. 
Then we define 


+20 b 
i f(x) dx = А lim | /(х) ах 


provided that the limit exists as a finite number. 


The expression f4” f(x) dx, which is often written as f7 f(x) dx for simplicity, is 
called an improper integral with an infinite upper limit. If lim JE f(x) dx exists 


as a finite number, then we say that the improper integral f; ^ f(x) dx is con- 
vergent. Otherwise, it is divergent. An improper integral with an infinite lower 
limit is defined in a similar way by 


b b 


f(x) dx — lim f(x) dx 


provided that the limit exists as a finite number, in which case we say that the 
improper integral f^... f(x) dx is convergent. Otherwise, it is divergent. 


In Examples 1 to 4, evaluate the given improper integral (if it 1s convergent). 


* dx 


3 


EXAMPLE 1 i 
1 X 


SOLUTION By Definition 1, we have 


ах / ^ dx 7 —] 
=a, Пут = jum = 
ec feda gw b—>+x \ 72у“ 


h: ‚ ү-1 1\ 1 
= jim 5 +) = == 
1 bx ‘2р Du 2 


7 ake 
EXAMPLE 2 те LIE 
0 ] 4p 
= dR Я O6 фе . 25 ls 
SOLUTION =; = lm MÀ = lim (tan` x) 
О 1+ ys b—-cT* 0 1 + х= bx 0 
EMT =) =i aye ie = лүш E 
= lim (tan b-—tan 0) = lim ап р = — 
bo + b+ 2 
P dx 
EXAMPLE 3 nee 
E m —— MEE (9 = х) 
A | dx | з dx ( 1 | 
SOLUTION ca а 1m жокшы tw 
= (а= x) 2а (ОЕ Jm ze ye s d 


| 
П 
IS 
8 
a EET 
o 
| — 
[29] 
| 
© 
| = 
Iw] 
p en 
Il 
al 
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0 
EXAMPLE 4 | ета 


ü о 10) 
SOLUTION | e “dx= lim | e ‘dx = lim ie E | ) 
a aS Ss а» -— 2 


а а 


= lim (е7 – е0) = +% 
an о 
0 
Непсе, | e ~“ dx is divergent. 
-x 


The following example illustrates the use of improper integrals in finding areas 
of unbounded regions. 


Figure 3 EXAMPLE 5 Suppose that p > 1. Find the area A of the region under the curve 
y = 1/х” and to the right of the line x = | (Figure 3). 


SOLUTION 


T he І b dx А ж? Ju 
A= — = lim — = lim 
1 xP b Ji xP boteo \ |] – ph 
7 ce ies 1 1 Я 
= lim = =0- = square units 
botox |= р П = 0 l| = B ipe di 


since the fact that p > 1 implies that lim p P= , lim (1/b?7!) = 0. 


Notice that if p < 1, then А lim b! P = +œ, so that ff (dx/x^) diverges and the 


unbounded region in Figure 3 has an infinite area. If p = 1, the integral also di- 
verges (Problem 5); hence, 


dy A to 


diverges 


Improper integrals for which both limits of integration are infinite are defined as 
follows. 


DEFINITION 2 Improper Integrals with Both Limits Infinite 


Let the function f be defined for all real numbers, and suppose that the improper 
integrals fg f(x) dx and f... f(x) dx both converge. Then, by definition, 


x [0] = 
| f(x) dx = | /ох) ах + | fœ) dx 
-x —© 0 


and we say that the improper integral f^. f(x) dx is convergent. 


If either of the improper integrals fő f(x) dx or f% f(x) dx is divergent, we say 
that the improper integral f^. f(x) dx is divergent. 
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In Examples 6 and 7, evaluate the given improper integral (if it is convergent). 


І i dx 
EXAMPLE 6 j 55—75 


SOLUTION We have 


Е ах | 4 dx 
——.——— = lim — 
ly. d^ aty ото 


b dx b 
= lim | —————— = lim С (x — 1) | 
Doses JS (ae SI | b—-cx 0 

3 


= lim [tan^! (b — 1) — tan! (-1)] аара ПВ 
bot 3) 4 4 


Likewise, 
f dx cog | dx = l spe» " | 
mE gos ED pour h Que DF +1 Eu F P 
T T T 
= [i tan! (—1) — апт! =) не 
pl [tan ( ) an (a )] 4 2) 4 


Therefore, the improper integral is convergent, and 


[Г ах [| de iE dx «Sap 
3 = 2) ar EVE. = ОШ VL 
uc EIL PE MEET "gy 


Naturally, we interpret this result geometrically as meaning that the entire un- 
bounded region under the curve 


1 
= SS нн = 
j x?— 2х+2 


has an area of 7 square units (Figure 4). 


Figure 4 y 


æ dx А 
area =i cx d qg square units 
Е r 2 it 2 


x 1 
ao. 


oc 
EXAMPLE 7 i x ake 


—2с 


oc 0 © 
SOLUTION i x dx = | Se Oke АЕ i x dx 
— 20 90 0 


provided that the last two improper integrals converge. But they do not converge; in 
particular, 
ос b b? 
| хах = lim sake = Im shee 
0 


boo 0 b—>+x 2 


Therefore, | x dx diverges. 


-x 
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Problem Set 10.3 


In Problems | to 24, evaluate each improper integral (if it is conver- 27 For what value of n does the improper integral 
gent). x 2 n 
= | dx 
In dx А Г dx 0 fear || x+ 3) 
І = NM x ; 
i SN ‚| (4x + 3 converge? Evaluate the integral for this value of п. 
2 | dx m | ах 28 l( f%. fix) dx is convergent, show that f. fix) dx = 
Tak yes) 202+ 16 dim [© Ла) dx. 
E | Es 6 js hmc NE 29 Show that lim f, sin x dx = 0. 
oe -Uey cote 
Jn dx 8 | x dx 30 In view of Problems 28 and 29, can you conclude that 
ABRE b Beg 2) f. sin x dx = 0? Explain. 
Б. ТЕМЕ 34 Find the area of the unbounded region under the curve 
9 | 3e** dx 10 zer dif 1 
0 П Vu y = ——_. 
(epp 
x dx A шша 
I | eae 12 eo x(n x) 32 Find the volume of the unbounded solid generated by revolving 
the region under the curve y = Vx e^* , x = 0, about the x axis. 
~ ee. 
13 | PEDES H | e *sin x dx 33 Find the volume of the unbounded solid generated by revolving 
{ the region under the curve у = 1/x, x = 1, about the x axis. 
zu Pets dx l 3t dt 
15 e тү 1 OE 34 Show that the surface area of the nnbounded surface generated 
н by revolving the curve у = 1/x, x = 1, about the x axis is infi- 
T | С 18 Í ои. nite. [Hint: For x = 1, (1/0 V1 + (1/2) > 1/x.] 
Es i 35 Find the area of the unbounded region between the two curves 
19 | B: 20 | Ses dh y = 1/x? and y = e^? over the interval [1, х). 
-x || ЗР je -x i : 
(3 i 36 Give an example of (a) an unbounded region in the plane with 
21 | x dx 2 ge di infinite area that, when rotated abou! the x axis. generates an 
= «ШУ -x cosh x unbounded solid with finite volume; and (b) an unbounded solid 
- A with finite volume that has infinite surface area. 
dx 
23 | = 24 | sech x dx А , : д 
E ЩН -x 37 A flow of revenue into a business firm may be described by a 
function f whose value f(¢) represents the revenue in dollars per 
25 Find the area of the region in the first quadrant under the curve year t years in the future. The idea of present value of money to 
y = 2 * and to the right of the y axis (Figure 5). be received in the future applies to such a revenue stream (see 
page 461). If investments earning continuously compounded in- 
Fes terest are available at a nominal annual rate r, then the present 


value P(r) of all future revenue is given by 
P(r) = | e f(t) dt 


lf f(t) = A + Bt, where A and B are constants, calculate P(r). 


38 The formula for present value P(r) given in Problem 37 applies 
to a stream of revenue from any capital asset, for instance, a 
perpetuity. |f you purchase such a "'perpetual annuity,” it pro- 
vides you and your heirs an annual income of A dollars for all 
future time. What is the present value to you of such a perpetuity 

26 Evaluate fj xe ' dx. (Hint; Use integration by parts and if A — $10,000 per year and the nominal annual interest rate is 
L'Hópital's rule.) 10 percent (r = 0.10)? 


39 


40 


SECTION 10.4 IMPROPER INTEGRALS WITH UNBOUNDED INTEGRANDS 


The formula in Problem 37 that gives the function P in terms of 
the function f has important applications outside the world of 
business and finance. 1f the improper integral in this formula is 
convergent, then the function P is called the Laplace transform 
of the function f. If P is the Laplace transform of f, О is the 
Laplace transform of g. and a and b are constants, show that 
aP + bQ is the Laplace transform of af + bg. 


Suppose that P is the Laplace transform of f (see Problem 39) 
and that im. e "f(t) = 0 for all values of r. If f is differ- 


entiable and Q is the Laplace transform of f’, show that Q(r) = 
rP(r) — f0). 


43 
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nt, is defined by 
gl cu = Win = Byeces gore ll 


Also, by special definition, 0! = 1. Using the result of Prob- 
lem 41, show that F(a + 1) = п! holds for all nonnegative inte- 
gers n. Therefore, the gamma function provides a continuous 
generalization of the factorial of a nonnegative integer. 


For the gamma function (defined in Problem 41), show that 


= 


Г(п + 1)= та i e "t" dt 


0 


for n> —1 and г> 0. (Hint: Make the change of variable 


41 The gamma function, denoted by Г (the Greek letter capital X — rt.) 
gamma), is defined by . А 
44 Let f(t) = t", where n is a constant and n > —1. If Р is the 
Po | e Ee Laplace transform of f (see Problem 39), show that 
о P Tín + 1) 
for all positive real numbers n. This function, which was discov- p 
ered by Leonhard Euler, is useful for solving differential equa- Р 
tions in applied mathematics. Using integration by parts, show for r > 0. (Hint: Use the result of Problem 43.) 
that Г(л + 1) = nl(n) for n> 0. [Hint: Evaluate T(n + 1), 45 Find the Laplace transform of f(t) = sin t. (See Problem 39.) 
using integration by parts with и = x" and dv = е" dx.] 
46 lf n is a nonnegative integer, find the Laplace transform of 
42 Recall that if л is a positive integer, then л factorial, denoted by f(t) = 1". (Hint: Combine Problems 44 and 42.) 
10.4 Improper Integrals with Unbounded 
Integrands 
The improper integrals considered in Section 10.3 enabled us to calculate the areas 
of unbounded regions in the xy plane that extend indefinitely to the right or to the 
left. In this section we consider unbounded regions that extend indefinitely upward 
or downward, 
Figure 1 For instance, consider the unbounded region R under the curve y = 1/ Vx, to the 


area of R 


2 


area-6 


€ square unils 


lim (area of Re) = 


e0* 


right of the y axis, and to the left of the vertical line x — 9 (Figure la). A good 
approximation to this unbounded region is afforded by the bounded region Re under 
the curve y — 1/V/x between x = e and x = 9, provided that є is a small positive 
number (Figure lb). As є — 0*, Re becomes a better and better approximation to А, 
and it is tempting to write R = Jim, Re. Hence, we might expect that 


lim 


є->0* 


lim, (СЕ 2Ve) = 6 square units 


In view of this calculation, we write 


9 ghe 
—— = 6 
i 
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DEFINITION I 


However, it is important to realize that, as a definite (Riemann) integral, 
fà (dx/Vx) fails to exist because the integrand 1/V x is undefined on [0, 9] and 
unbounded on (0, 9]. Thus, 
I) dx 
Vx 


is called an improper integral. More generally, we make the following definition. 


Improper Integral at Lower Limit 


Suppose that the function f is defined on the half-open interval (a, 5] and is 
integrable on every closed interval of the form [a + e, b] for 0 € e € b — a. 
Then we define the improper integral f^ f(x) dx by 


b b 


f(x) dx = lim, f(x) dx 


a ate 


provided that the limit exists as a finite number. 


if lim, ЇР. f(x) dx exists as a finite number, we say that the improper integral 
є—>( 


f° f(x) dx is convergent; otherwise, it is called divergent. 
Definition 1 takes care of the case in which the definite integral f^ f(x) dx may 
fail to exist because f(a) 1s undefined. A similar definition, 


b 


b= є 
fx) dx = lim, f F(x) dx 


a a 


of an improper integral at the upper limit covers the case in which f(b) is unde- 
fined. 

To avoid confusing the improper integrals just defined with ordinary definite 
integrals, some authors use the notation [^. f(x) dx or [^ f(x) dx. However, since 
you can always determine whether an integral is improper by examining the 
integrand, we do not use this notation in what follows. 


In Examples 1 to 3, evaluate the given improper integral (if it is convergent). 


EXAMPLE 1 jn En 
А 5 йоу Изд. 

ае 
SOLUTION Тһе integral is improper because the integrand is undefined at the 
lower limit 3. We begin by using the substitution n = x — 3 to evaluate the corre- 
sponding indefinite integral. Thus, 


dx d 5 БИ Du 
| = | =a с- 2-3) +G 


(= 3yy5 gu 2. 


Applying Definition 1, we have 


| dx ii T dx 
3275 — um, 3 
va Ge= sy EW dyes AT iuo 


XOU td eee ЕО, 


Figure 2 


У 
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z/2 
EXAMPLE 2 | sec x dx 
0 


SOLUTION The integral is improper because the integrand is undefined at the 
upper limit 7/2. Here we have 


т/? (7/2)—€ (7/2) — € 
| sec x dx = lim бес кшп iN [in (sec x + tan x) | 
o e—0 0 e—0 0 
- Jim, {in m = = e) + tan (= = 2] — In (sec O -- tan 2 


E pP 
because lim, sec Т) —е| += and lim, tan [(7/2) — e] = +. Therefore, 


the improper integral is divergent. 


E лсо 
EXAMPLE 3 ————— Qi 
Em) V sin X 


SOLUTION Here the integral is improper at the lower limit 0. Making the substi- 
tution 4 — sin x, we have 


_ COs x E, ya 
——— dv = | н 1 du = 2u! + С = 2Vsin x +С 


V sin x 
Therefore. 
a/2 " ж/2 2 q/2N 
COS X cos x ——- 
ы UM LDL fe (av Sus ) 
0 V sin x c ef, V sin x = 0) 2 


= lim. (2V sin (7/2) — 2V'sin e) = 2V sin (7/2) = 2 


EXAMPLE 4 Let А be the unbounded region under the curve y = 1/V4 — х? to 


the right of the y axis and to the left of the vertical line x = 2 (Figure 2). Determine 
whether the region A has a finite area, and if it does, find this area. 


SOLUTION Тһе area in question is given by the improper integral 


2— є 


B M dx ie = 
a eg iia == [йй EU | 
| МОй шу “=й Va-x е0" "TAM 


"e | 
: sj) es UR: 
= lim, (sin ае 0} = square units 


e—0 


S 


If a function f is defined at every number on a closed interval [a. b] except for a 
number c. with a < c < b, we also refer to f? f(x) dx as an improper integral. 
Such an improper integral is said to converge provided that both improper integrals 


[S b 
| f(x) dx and | Дх) dx 


converge. Otherwise. it is said to diverge. If the improper integral f? f(x) dx con- 
verges, then its value is defined by 


b 


ET лаа + [^A Ах) ах 
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EXAMPLE 5 Evaluate the integral f tan x dx (if it is convergent). 


SOLUTION Because the integrand is undefined at 7/2, the integral is improper. 
It is convergent only if both f tan x dx and f7; tan x dx are convergent. But 


п/2 (7/2) = (1/2)— € 
| tan x dx lim, | tan x dx = lim D (sec x) | 
Р e—0* 
o 


0 CA dg 


Ш 


: "Ru 
lim [in sec = = e) — Ìn sec o] == 


e—0* 


Hence, f$ tan x dx diverges. Therefore, [tan x dx also diverges. 


Figure 3 
EXAMPLE 6 Let R be the unbounded region under the 
graph of 


1 
с (x = 3)2/3 


between х = | and x = 6 (Figure 3). Determine whether the 
region R has a finite area, and if it does, find this area. 


SOLUTION We cannot simply evaluate 


i dx 
п = UA 


as if it were an ordinary definite integral because the integrand is not defined at 
x = 3. However, if we split the region R into two portions, one to the left and the 
other to the right of the vertical line x — 3, then the areas of these two portions are 
given by the improper integrals 


I li ү сс ii Е 23^ 
i = 2) uS E 1 (х = 3)2/3 = SEN x ) 


and 


| а= li [Г RS |36 - 3^ 
р 6-3 ^ Ow BP OCT 


Therefore, the desired area A is actually given by the convergent improper integral 


3—€ 
| = з(2!3у 
1 


| = 3^) 


34€ 


л | ах -f dx zi dx 
iiu 3)°? Ip ЗИ ИСЕ 
= 3(2!5) + 3(3!®) square units 
Problem Set 10.4 
In Problems 1 to 24, evaluate each improper integral (if il is conver- 5 ji^ dx hb cos x dx 
= 4 E 
Bark jo wee ll 0 V'sin x 
4 d 9 1 е 1 
| dx 3 dx s f cos Vx i s [ dx 
o Мх o xVx „ Væ (1 + х)мх 


7/2 
7 i csc? x dx 
о 


4 
o | Е =: 
0 VI6 — х? 


- Ѓ D 
o Ta. 


xX 


à th dt 
y2 а aues 


15 à. dis 
g б 
ex x 
ш, 
sin x 
17 | = ghi 
o cos X 


п/2 
19 f sec 2x dx 
0 
п/. 


21 SEC f h 
0 Vl-—tanr 
ы Каш 
E Мех – 1 


1 2 
s num dx 


к = 


WS) — Xe 
== - s 
х= 6x45 


1 
14 [ U Е 
ES x 
сах 
16 | 4 — сн 
в f ma 
w= 10) 
20 | аа 
= Пасо 
2 Г ах i 
с/з Х(Їп xy 


1 —1/х 
24 ] Ee dk 
LS 


25 Show that the integral få х" In x dx converges and has the value 
—1/(п + 1Y if and only if n > —1. 


26 (a) Show that lim, ( 


=. SED 


(b) From part (a), can you conclude that fis (dx/x) = 0? Ex- 


plain. 


27 Criticize the following calculation: 


1 1 
| ы = (In |x|) 
= S = 


= In |1|- In| - 1| 20 


30 


31 


33 


34 


35 


36 
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Show that the improper integral [+ т is divergent. 
m 


Find the area of the unbounded region under the curve 


1 
y = between x = 0 and x = 2. 
Меи 2: Seu) 
Find the volume of the unbounded solid generated by revolving 
the region of Problem 29 about the x axis. 


Find the volume of the unbounded solid generated by revolving 
the region bounded by the curve y = 1/(x — 2) and the lines 
X = 2, x = 4, and y = 0 about the x axis. 


Find the area of the unbounded region under the curve 
y = In (1/x) between x = 0 and x = 1. 


Find the volume of the unbounded solid generated by revolving 
the region under the curve y = 1/x? between x = 0 and x = 1 
about the x axis. Assume that p > 0. 


lf the function f is defined and continuous on the closed interval 
[a. Б], show that 


[л du Jim, Дх) dx 


ate 


b 


b ate 
|t: | Дх) dx = fe» dx + | fe») 79 


ate 


Find the volume of the unbounded solid generated by revolving 
the region descnbed in Problem 33 about the y axis. 


Suppose that f is a continuous nonnegative function defined on 
the interval [1, =) and that А is the unbounded region under the 
graph of f. Assume that the unbounded solid obtained by revolv- 
ing the region R about the x axis has a finite volume. Is it neces- 
sarily true that the unbounded solid obtained by revolving the 
region К about the y axis has a finite volume? Explain. 


10.5 


Taylor Polynomials 


In Section 10.1 we introduced Cauchy's generalized mean-value theorem and used 
it in establishing L'Hópital's rule. In this section we present another extension of 
the mean-value theorem which is usually associated with the English mathematician 
Brook Taylor (1685—1731). This remarkable theorem enables us to approximate 
various complicated functions by much simpler polynomial functions. The polyno- 
mial functions involved in Taylor's theorem are formed according to the following 


definition. 
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DEFINUCQON I Taylor Polynomial 


Let f be a function having a derivative f of order п = 1 on an open interval /, 
and let a be a fixed number іп /. Then the nth-degree Taylor polynomial for the 
function f at the number a is the polynomial function P,, defined by 


IPG) SIN) se My = qu FO — а)? + c ap E 


f" (a) 
m 
А. 


п! 


(= 


Recall that if л is a positive integer, then л! is defined by 


mute — IG =a) 9o 9 Bia 


Also, by definition, 


EXAMPLE 1 Find the fourth-degree Taylor polynomial P4 for f(x) = sin x at the 
number a — 7/6. 


SOLUTION Ме arrange the work as follows: 
Дх) = sin x да) = 


| 
E: 
f'(x) = cos x js = ve) 


E 6 
Brook Taylor uu "s 
f'"(x) = —sin x f (z) ay 
"m Er MER К ni T E: m 
/”(х) = cos r(z)- : 
f(x) = sin x rz) = E 
Hence, 
о) 757,50) ау 53 ену 
ны “A5) imm $ ar ç =| 
m 3 (4) Я 
LGD ү т\ш, сл ш ШШЕ 
3! 6 4! 6 


ЕКТЫ 


EXAMPLE 2 Find the Taylor polynomial Р; of degree 3 for the function f 
defined by 


Дх) = 


for x > —1 at the number a = 0 
| SP ae 


SECTION 10.5 TAYLOR POLYNOMIALS 619 


SOLUTION 
PEDES a a ЛО) = 1 
Сок в“ f'(0) = —1 
f") = 2(1 + x)? ORP 
«Е OS 6 
Hence, 
'(0 n 0 Я m 0 
P3(x) = f(0) + = —0)+ e – 0) + ET - 0p 


=Il-x+xe-xy 


The Taylor polynomial P,, for the function f at the number a always has the 
following property, whose proof is left as an exercise (Problem 24): 


The values of the successive derivatives of P, at the number a—up to and 
including order n—are equal to the values of the corresponding successive deriv- 
atives of f at the number a. 


Furthermore, as is clear from Definition 1, the value of f at a is equal to the value of 
P, at a. Thus, we have 


Да) = P,(a) 
f'(a) = Pila) 


f(a) = Pia) 


Ра) = Роа) 


For instance, as you can easily check, in Example 2 above, 
ДО) = 1 = PL) 
iO = = = eO 
ОК = TE) 
and f”) = —6 = P3(0) 


Perhaps the most important feature of the Taylor polynomial P, for the function a 
at a is that the approximation 


Дх) == Р(х) 


often is exceedingly accurate, especially if n is large and x is close to a. For 
instance, in Example 1 above (rounding off to six decimal places), we have 


т т 
sin m = 0.707107 == (2) = 0.707098 
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DEFINITION 2 


THEOREM 1 


PROOF 


Calculators and computers handle transcendental functions by using polynomials 
whose values approximate the values of these functions. Often, Taylor polynomials 
are chosen for this purpose because of the accuracy of the approximation f(x) == 
Р(х). Thus, in applied mathematics—especially in work that involves calculators 
or computers—it is essential to be able to place bounds on the error that results 
when the value of a-function is approximated by the value of a Taylor polynomial 
for that function. This error, the difference between the true value f(x) and the 
estimated value P,(x), is called the Taylor remainder R,(x). Thus, we make the 
following definition. 


Taylor Remainder 


If P, 15 the nth-degree Taylor polynomial for the function f at the number a, we 
define the corresponding Taylor remainder to be the function А, given by 


R, (a) = f(x) — Р„(х) 


Notice that 
f(x) = P(x) + К„(х) 


so the approximation f(x) = P,(x) will be accurate when IR,,(x)| is small. The ex- 
tended mean-value theorem, referred to in the introduction to this section, provides 
an effective means for estimating [R, GO]. 


Extended Mean-Value Theorem 


Let n be a nonnegative integer, and suppose that f is a function having a deriva- 
tive f" * of order n + 1 on an open interval /. Then if a and b are any two 
distinct numbers in 7, there exists a number c strictly between a and b such that 


f (a) f" (a) 


f(b) = f(a) Ris T (b — a) + CES 


(едд А 
T 

where ғ, = £O) — а)". 
(n + 1)! 


Define the number г„ by 


f'(a) f" (a) " f"(a) 


= N - E ES E 2 EF Aic 
ra = f(b) — fla) T (b en) 5 (b — a) 31 (b — a) 
(п) 
=n £70 = а)" 
п! 
Then 
fib) = ла) + Ho -a + HOw ap О ау +: 
(л) 
+ fa (bran 
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Define a new function g with domain / by the equation 


ew) = fo) + ep - oe cre руњ: 
TE) (b = ge 
Ap SL ue m лш 
n! ( Е (b — а)"! 
Then 
AG "toy 
в) =f") + ER * LO E »| 
от [P 
ES == — x) f (x) x : 
2! p 
8 u 4 Ay 
+ E He (DELE Г = = | {кос 


(л) var Dus EU 
7 E Е ae DESEAS S J TO 
(b — a)" 


n! qu 
In the expression above, each set of brackets contains a term of the form 


k (А) 5 
= к ко, = КЕ! 
k! 
Since 
k : | 


Tho Sea "un | (=й 


this term can be rewritten as 


TO m 
Sl = 5 
(k= үү! ( x) 
and thus cancels with the term 
a» 
Í (x) (b = xo 
(к= 


in the preceding set of brackets. 
Performing all such cancellations, we find that all but the last two terms drop out, 
and we have 


diu Cu (at Dry 
(дү. = “Ж ERE ER e лош сш 
2 n! UR. (b— 5 


Going back to our original definition of g and putting x = a, we find that 


Ға) f'(a) f(a) 
3! 


g(a) = f(a) + T п еса ME оа 


а 
(o= @ яе з 


so that g(a) = f(b). Also, putting x = b in the definition of g. we obtain g(b) = f(b); 
hence, g(a) = g(b). Thus, applying Rolle’s theorem to the function g on the closed 
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THEOREM 2 


PROOF 


interval from a to b, we conclude that there is a number c strictly between a and b 
such that e'(c) = 0. Using the formula above for g'(x), we have 


Я Т (е) (n + Dr,(b — с)" 
^) I————— b = C—O шш О — 0 
xd п! ар (o 
(о) (n + 1)r,(b — с)" 
or — $-—(b ag eer on M 
n! (d= ay 


Since b x c, it follows that b — c = 0, and common factor (b — c)" on both sides of 
the last equation can be canceled to yield 
fede) M (n dis Пу ex unes) 


= Б = nt! 
п! (b — ay"*! x 5 (n + Da! ( i 


Because (n + In! = (n + 1)!, we have 


Y quer Dic) 


= ntl 
meg 


and the proof is complete. 


Notice that if we put п = 0 in Theorem 1, we obtain 
f(b) — fla) = (b — ayf'tc) 


where c is strictly between a and b. Therefore, for n = 0, the conclusion of Theo- 
rem | coincides with the conclusion of the mean-value theorem. 

As promised, we can now use Theorem 1 to obtain an expression for the Taylor 
remainder R,,. The appropriate theorem is nothing but a restatement of Theorem 1 as 
follows. 


Taylor's Formula with Lagrange Remainder 


Let f be a function having a derivative /'"*!! of order п + | on an open 
interval 7, and let a be a fixed number in /. Denote the nth-degree Taylor poly- 
nomial for f at a and the corresponding Taylor remainder by P, and К„, 
respectively. Then, for any x in Z, we have 


fix) = Р(х) + К„(х) 
If x з a, there is a number c strictly between @ and x such that 


fom Ne) 


(Ga ae Ii 


n+l 


R(x) = (ба) 


Put b — x in Theorem 1, noting that 


fla) + Се та! Ma — a} 


m f" (a) 


T (x — ay te: 


(т) 
aeta I — a)" = P,(x) 
n! 
and, therefore, that 
Gi 1), 
= f (c) (x "M ау"! 


Ral = Ta - 
и" m 
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Theorems | and 2, which really make the same statement with different notation, 
are both referred to as Taylor’s theorem, or Taylor’s formula. The expression 


rin-- 1) 

(c 
/ E) (bv = gu 
(n sp i) 


for R,(x) given in Theorem 2 is called the Lagrange form for the Taylor remainder. 


EXAMPLE 3 Find the fourth-degree Taylor polynomial P4 and the corresponding 
Taylor remainder R4 in Lagrange form for the function f defined by 


EL for x > —2 at the number a = 1 
idR 3) 


SOLUTION Here we have 
(Os Gud iex) Xx- X) ОЕ О 
POR Hue. and а/а) = £120(09 2) 7 
Hence, 
yu Foe Wat WSs Б = 


and 


, 1 " 1 т 1 (4) 1 
рә =) + a- DEA = 1X E ) n Ji E Da- pi 
2212-2000 Loren ЕАУ 
In Lagrange form, the corresponding remainder is given by 
= pe О meee СЕЕ _ еа 
NU "а эор (c + 26 


where c is a number strictly between | and x. 


[EXAMPLE 4 Use the third-degree Taylor polynomial for the function 
f(x) = In (1 + х) at the number a = 0 to estimate In 1.1. Then use the Lagrange 
form of the remainder to place a bound on the error of this estimate. 


SOLUTION Here, we have 
PE “(чег б STO oce 
МСО =, АПЧЕ УТ — wand o = 


Thus, fKf0-20 /'(0)=1 0) = -1 ff") = 2 
so the third-degree Taylor polynomial at а = 0 is given by 
" 0 Н m 0 
ру) = f) +e — 0) + Oe -0p + Ls cy 


= 0+ х = 32 + e 
Putting x = 0.1 in the approximation f(x) = Рз(х). we obtain the estimate 
In 1.1 = f(0.1) = P4(0.1) = 0.1 — $(0.1 + 50.1)? = 
or In 1.1 = 0.0953333 . . . 
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The error involved in this estimation is given by the Lagrange remainder 


(014 
f(0.1) — P4(0.1) = R3(0.1) = Lo. - 0f 
IUE T m we =! 
ае 
4! 10*(1 + с)4) 
where 0 < c < 0.1. Since c > 0, it follows that 
600.1) СЕЕ сы еы 
ane 10*(1 + c4) ^ 10*(4) 
Hence, 
1 
IR3(0.1)| < = 0.000025 


40,000 


Notice that R3(0.1) is negative, so that the estimated value In 1.1 = 0.0953333.. . 
is actually a little larger than the true value of In 1.1. However, since the absolute 
value of the error cannot exceed 0.000025, the given estimate is correct to at least 
four decimal places, and we therefore write In 1.1 == 0.0953. E 


The following theorem can often be used to determine—in advance—the degree 


n of the Taylor polynomial required to guarantee that the absolute value of the error 
involved in the estimation f(b) = P,(b) does not exceed a specified bound. 


THEOREM 3 Error Bound for Taylor Polynomial Approximation 


Let f be a function having a derivative f" * of order n + 1 on an open interval /, 
and let a and b be two distinct numbers in /. Suppose that M, is a constant* 
(depending only on n) and that |/" (с) = М, holds for all values of c strictly 
between a and b. Then if P, is the nth-degree Taylor polynomial for f at a, the 
absolute value of the error involved in the estimate f(b) = P,(b) does not exceed 


|b =e. ques 
" (n 0)! 
PROOF By Theorem 2, there is a number c strictly between a and b such that 
a (е; 25 
R,(b) = (n ae 1)! (b a a) 
Therefore, 
(n 1) с 
|f(b) — Р„(Ь)| = |R,(b)| = wed - ay! 
= дш lo a a = |р= B 
(п + 1)! "(n+ 1)! 


*In practice, it is often possible to generously overestimate | f^* (с) by M, and still get a very 
usable error estimate. 
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G EXAMPLE 5 Estimate [n 0.99, making certain that the error does not exceed 1077 
in absolute value. 


SOLUTION In Theorem 3, we take f(x) = In x, a = 1, and P = 0.99. (We have 

chosen a = 1 because it is near 0.99 and we know that In 1 = 0.) Here, 

CLE NE M О x Cox c ао 
POSC Oe Dec Fad roto жа и 

(If desired, this can be established rigorously by induction on л.) Hence, for 

0.99 <с<1, 

п! ^ n! 

З a ES e^ 

and we can take M, = n!/(0.99)"* in Theorem 3. Thus, the absolute value of the 


error involved in the estimation In 0.99 = f(b) = P,(b) does not exceed 


|0.99 — 1["*! = п! (Coe 1 


(n1)! (0.99)"*! (n+! (nt 1)(99)"! 


The smallest value of n for which 1/[(л + 1)(99)”*1] = 1077 can be found by trial 
and error to be л = 3; hence, P3(0.99) approximates In 0.99 with the desired accu- 
racy. Here, 


Ifo] = tmt ccm = 


“ah p 1 " qm 
P3(x) = К) + De z Lt ax = П) Oa = DF 


=0+ @- 1) – 3-1) + 3@- 1? 
so that 
In 0.99 = P3(0.99) = —0.01 — 3(0.01)? — 3(0.01? = —0.0100503333 . . . 


Since the error involved in this estimation does not exceed 1077 = 0.0000001 in 
absolute value, we can be certain that the approximation 


In 0.99 = —0.0100503 
is accurate to six decimal places. (The true value, rounded off to eight decimal 
places, is In 0.99 == 0.01005034.) a 
EXAMPLE 6 Estimate sin 40° with an error no more than 1075 in absolute value. 
SOLUTION In Theorem 3 we take 
ar aaa ы „е 7 
4 180 9 
(We have chosen a = 45° because it is near 40° and its sine is well known.) Here, 
ГО) = сох ва (0) =n "Co соо О) = х 


and so forth. Hence, f "^ (c) is опе of +sin c or +cos c, so that |" (c)| = 1 
and we can take M, = 1 in Theorem 3. Since the absolute value of the error of 
estimation cannot exceed 
n+] ( T js 
36 


27 т 


= a OR candi К 
"(n+ 1)! (n+ 1)! (n + 1)! 
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we must choose n large enough so that (7/36)"*'/(n + 1)! = 10 ?. By trial and 
error, the smallest such value is л = 3. Since 


is follows that 


sin 40° 


Ge — , 
aj Ul i 
Рз(х) = sin vr 45 2 = =) = =k = 


_ Ош ( 
ш = Fa 
D 


т т 
cos — 
4 


zr pa 
4 3! 


(с 


'2т 
9 


М2 с NO T. a 
2 2A BS 4 36 12 36 
= 0.6427859 . .. 


with an error no greater than 107° = 0.00001 in absolute value. (The true value, 
rounded off to seven decimal places, is sin 40° == 0.6427876.) 


Problem Set 10.5 


In Problems | to 16, find the Taylor polynomial of degree n at the 
indicated number a for each function, and write the corresponding 
Taylor remainder in the Lagrange form. 


1 fy) = 1/x,a-22,n-76 

D аса ES 

3 fix) = 1/Vx, a = 100, п= 4 

4 fi) = Vx, a = 1000, n= 4 

5 р(х) = (х 2) 2, а = 3, п = 5 
СИСЕЕЕ 
7 fx) = sinx, а= 0, п= 6 

8 g(x) = cos х, а = —7/3, п = 3 
9 g(x) = tan x, а = z/A, п = 4 

10 fa) = е, а= 0. п = 5 

11 Ду) = хе, а= 1, п= 3 

12 Кх) = e y a=0,n=3 

13 g(x) = 2, а= 1, п= 3 

14 f(x) =Inx,a=1,n=4 
15 g(x) = sinh x, a=0,n=4 

16 f(x) = In (cos х), a = 77/3, n = 3 


(cj In Problems 17 to 23, use an appropriate Taylor polynomial to ap- 
proximate each function value with an error of no more than 107° in 


absolute value. In each case, write the answer rounded off to four 
decimal places. 


18 cos 29? 


8 gee 


17 sin | 

19 e (Hint: e = el.) 
21 In 0.98 

22 In 17 (Hint: Write In 17 = In 16(1 + 76) = 4102  In(1 + 15).] 


23 V 9.04 
24 Use mathematical induction to prove that if P, is the nth-degree 
Taylor polynomial at a of the function f, then f(a) = Ра) 
holds fork = 1, 2, ..., п. 


25 Give a bound on the absolute value of the error involved in 
estimating sin 5° [that is, sin (7/36)] by using the 7th- 
degree Taylor polynomial for sin x at a = 0. (Hint: Use the fact 


that 7/36 < 15.) 


26 Give a bound on the absolute value of the error involved in 


estimating V1 + x by 1 + $x for |x| = 0.1. 


Show that the error of the estimate cos x = | — (x?/2) does not 
exceed x*/24 in absolute value. {Hint: Notice that 
1 — (7/2) = P3(x).] 


28 (a) Show that the difference between the arc length s of an arc of 
a circle of fixed radius r and the length of the corresponding 
chord is given by s — 2r sin [s/(2r)]. (b) Use a third-degree 
Taylor polynomial to approximate s — 2r sin [s/(2r)], and give 
a bound for the absolute value of the error involved in this ap- 


proximation. 


© 29 Use a third-degree Taylor polynomial to approximate the area of 
the smaller segment cut off by the chord in Problem 28, and give 
a bound for the absolute value of the error involved in this ap- 
proximation. 


‘© 30 Use a third-degree Taylor polynomial approximation for sin x at 
а = 0 to find, approximately, a value of x — 0 for which 
5 sin x — 4x = 0. 


31 Suppose that p is a nonzero constant and let P,(x) be the nth- 
degree Taylor polynomial for f(x) = (1 + x)? at the number 
a = 0. Find (a) P(x). (b) Р(х), (c) P3(x), and (d) Pa(x). 


32 If a perfectly flexible cable weighs w newtons per meter, has a 
span of L meters between points of support at the same level. 
and has a tension of T newtons at its lowest point, then it has a 
sag of H meters given by 


Using an appropriate second-degree Taylor polynomial and as- 
suming that wL/T is small, obtain an approximate formula 
for H. 


Am 
X Y. . 
V 
/ » m 
/ ) / ] i 


33 The tension 7, in the cable of Problem 32 at either point of 
support is given by 


wL 


T, — T cosh oT 


Using an appropriate second-degree Taylor polynomial and as- 
suming that wL/T is small, obtain an approximate formula for 
T 


34 Let f be a polynomial function of degree n, and let Р, be the 
nth-degree Taylor polynomial for f at a. Show that f(x) = P,(x) 
for all values of x. 
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35 (a) Show that, for x = 0, 


X 
where TET = К.х) = 0. 


(b) Replace x by —f in part (a) to conclude that 
8 


qe. dem re 

Mila ^^ ee 
nU 

'here 0 = r(t) = Ў 

whe r(t) 120 


(c) 1f b > 0, use рап (b) to show that 
[5 Ы DE р? b! p? 
| QU ap + 
o 


3 10 42 


where 0 = є = 1320 ` 


(d) Evaluate fj^ e “© dt, rounded off to three decimal places. 


fel 


(9 36 Assume that f is a function with a continuous derivative f" * of 
order n + 1 on an open interval /. Let a and b be distinct num- 
bers in /, and let Р, be the nth-degree Taylor polynomial for f at 
a. Use induction to prove that the value R,(5) of the correspond- 
ing Taylor remainder is given by 


b 
R,{b) = = Om pe od 


This ts called the integral form of the Taylor remainder. 


37 (a) If 


LEE 9; 
show that the Taylor polynomial Р, for f at a = 0 is given by 
fe) = II trt tx tees tr. 


(b) Show that the Taylor remainder corresponding to P, is 
given by 


rud 


ls 


R, (x) = 


38 Suppose that fis a function having a derivative of order n on the 
open interval / and that a is a number in Z. Let P be a polynomial 
function of degree л such that f(a) = P(a) and f(a) = Pa) 
fork — 1, 2, ... , n. Prove that P is the nth-degree Taylor 
polynomial for f at a. 


39 Let P, be the nth-degree Taylor polynomial for f at a, where the 
function f has a derivative of order п on the open interval / and a 
belongs to /. Let the function g be defined on / by g(x) = 
fa f(t) dt, and let the function О be defined on J by Q(x) = 
Si P.) dx. Show that О is the Taylor polynomial of degree 
п + l for g at a. (Hint: Use the result of Problem 38.) 
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40 Suppose that л is a function that has a derivative of order n on 
the open interval 7 and that the function g is defined by g(x) = 
x"*'h(x) for x in 7. (a) Prove that g(0) = О and that 20) = 0 
fork = 1,2... . „и. (b) Prove that the nth-degree Taylor poly- 
nomial for g at a = 0 is the zero polynomial. 


41 Assume that f is a function having a derivative of order л on the 
open interval / and that 0 belongs to /. Suppose that the function 
h also has a derivative of order n on / and that P is a polynomial 
of degree n such that f(x) = Р(х) + х" (x) holds for all values 
of x in /. Prove that P is the nth-degree Taylor polynomial for f 
at O. [Hint: Use part (a) of Problem 40 and Problem 38.] 


42 (a) Prove that 


7 = n+l, 2п+2 
ap (o US" ae 20 ч 
[| sb x 


(Hint: Use Problem 37.) 
(b) If 


flay = 1+ x? 

show that the Taylor polynomial P5, of degree 2n for f at a = 0 
is given by P2,(x) = 1 — x? + xt — xf + +++  (— 1x7", and 
show that the corresponding Taylor remainder is given by 


(— ye 1ү?л+2 


R2,(x) = JE 


[Hint: Use Problem 41 and part (a).] 


43 Use part (b) of Problem 42, Problem 39, and the fact that 
tan! x = fò dt/(1 + £7) to show that the Taylor polynomial of 
degree 2n + | for the inverse tangent function at a = 0 is 
given by 

TEM о Qm 
Pansi) = х 3 ar 5 7 + siut 1) 


Ri se il 


Review Problem Set, Chapter 10 


In Problems 1 to 32, use L'Hópital's rules to evaluate each limit (if 
it exists). 


xe? em ES 


I lim 
x0 ] — е“ x30 4x 


In (sec 2x) 


3 П 4 lim === 
х0 In (sec x) х-э0 sim x 
x П. e-1 
5 li ( = 6 | E 
E In x 1 = nt i $e 
2-3e%+e7 2x3 + 5x? – 4x — 3 
7 lim. ——————— C ——— == =, 
E A : JEn tx -10x48 
9 lim WO = oe — EEG TE ( 1 1 ) 
im = = 
1—0 n aol? а] wA || 
— lim, x*(In x)? Teh tim, als 
1—0 x—0' сох 
In xy 
re j ea 


x—1' sin (x — 1) 


i$ lim WL ч Shas = Wl = Shi se 


(0 tan x 
1 NE 
15 lim, x sin — 
A 


l6 lim сѕс x sin (tan x) 
os 


: V Ie 
ha. Å = 
soto ]—x-2Vltx'4ax 


sin x sin x 


19 lim, - 20 lim (cosh x — sinh x) 
х0 xX àv SE SF t 
т 2 l/x 
21 dim x75 22 lim, (sn J 
х1 От 
| [ү А 24а/ 
2) sg (ae = 24 lim (1 + ах?) 
Xm +o х x—0 
25 im, от 26 lim (х — 4)* uis 
27 lim (cos Que 28 lim (1 + sin x)" 
x—0 x0 


29 lim [In (x + DE 30 lim, (ES 


l X 
31 lim, (in i, 32 lim (sin ! х)" 
x—0 ED x—0 


In Problems 33 and 34, find all numbers c satisfying the conclusion 
of Cauchy's generalized mean-value theorem for each of the func- 
tions f and g on the indicated interval (а, b]. 


33 fix) = Ух + 9, gx) = Vx, and [а, b] = |0, 16]. 


34 f(x) = sin x, g(x) = cos x, and [a, b] = [7/6. 77/3]. 


In Problems 35 and 36, use the fundamental theorem of calculus and 
L'Hópital's rule to find each limit. 


[ e(t —t+5)dt 


"ui [ e(3r + 7t+ 1) dt 
0 


| (cos? t + 5 cos 1?) dt 
36 lim = 


x0 > af 
еа 
0 


37 Show that if a is a fixed positive number, then lim, x*Inx = 0. 
lec 


38 Find constants a and b so that 


Е sin 3t a 
lim B е 
10 ip ie 


In Problems 39 to 56, evaluate each improper integral (if it is con- 
vergent). 


e dx “hah 

39 | — — —— æ | m 
1 aV à Oar 
© 2/7 dt 0 a 

4l | = 3 42 | (ех — e?) dx 
1 -x 
ge x? —] B Ag dx 

43 | 4 44 — 
ug ee b G- gy 
zi dx 9 ех + 2x 

А5 | x(n x)? je) m ya? g 


1 
47 | хе dx 


! dx Г ах 
49 50 ee 
ад ob 3 A V gear 2 
1 1 2 
51 | чаб Шы 52 | MA 0 
fi) yV (= Й ca) WOE 3e | 
3a 2a 2 
33 | ES c 2/3 54 | = ed pl 
b Wasa a з a 
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2с 1 x P = 
55 | ~ | /x VETUS 
| ura dx 56 | Mae “а 
57 Find the area of the unbounded region under the graph of 


] 
x In x 


Ay ч 


and to the right of the line x = e. 
58 Find the area of the unbounded region under the graph of 


men ШЕ 
XOUSE En 


gm 


and to the right of the line x = 1. 


59 Let f(x) = x?e ©, where a is a positive constant. Find the vol- 
ume of the unbounded solid generated by revolving the region in 
the first quadrant under the graph of f: (a) about the x axis, and 
(b) about the y axis. 


60 The gravitational force of attraction F between two particles of 
masses ту and m» is given by F = Gmymo/s^, where С is a 
constant and s is the distance between the particles. Find the 
work done in moving the particle with mass т along a straight 
line until it is infinitely far away” from the other particle if the 
two particles are initially one unit distance apart. 


In Problems 61 to 64, find the Taylor polynomial P, at a for each 
function f. and write the corresponding Taylor remainder in the 
Lagrange form. 


61 f(x) = sin 2x, а= 0, п= 3 


62 f(x) = =], n=3 


mmy? 
63 f(x) 2e^,a-70,n-77 
64 f(x) = cos 3x, a = 7/6, n= 6 


Elin Problems 65 to 70, use an appropriate Taylor polynomial to esti- 


mate each quantity. In each case. round your answer off to five 
decimal places, and be certain that |R,(b)| = 5/106. 


ч A 597 
65 sin 88 66 соѕ 180 
67 In 1.5 68 Ve 
ya 
69 N/1.03 70 i sin 1? dt 
0 


INFINITE SERIES 


In Section 10.5 we discussed the use of Taylor polynomials to approximate the 

value of various functions and observed that the approximation often becomes more 

and more accurate as the degree of the Taylor polynomial is increased. For instance, 

the approximation 2 

PP ài CS ST. d X 
e = | + + $+ — IM 
1! 2! al n! 

becomes better and better as the number of terms on the right becomes larger and 

larger. This suggests that in some appropriate sense, e* should be given exactly by 

the "infinite sum" of all terms of the form x*/k!; that is, 


2 3 
x x n Ko aril 


Ку t. Wc к т зири 
ily 2! 3! п! (n + 1)! 
Such infinite sums, which are called infinite series, are studied іп this chapter. Most 
of the important functions considered in calculus can be represented as a '*sum" of 
an infinite series in which the terms involve powers of the independent variable; 
such a series is called a power series. 

In the chapter we consider the following questions: How do we assign meaning to 
the sum of an infinite series? How can we tell whether a given infinite series has 
such a sum (that is, whether it is convergent)? When and how can we represent a 
function by a power series? When and how can we differentiate and integrate func- 
tions represented by power series? 

To answer these questions and to develop a theory of infinite series, we begin by 
studying the closely related idea of infinite sequences. 


630 


11.1 


Sequences 


The word ‘‘sequence”’ is used in ordinary language to mean a succession of things 
arranged in a definite order. Here, we are concerned with sequences of numbers 


such as INS 
or such as OE 9 16, 25.30. ON CM ME 
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The individual numbers that appear in a sequence are called the terms of the se- 
quence. A sequence having only a finite number of terms (such as the sequence 1. 
3. 5. 7, 9) is called a finite sequence. Notice that the sequence 


Q.-J dk GL П@ 23. 369.29. Cs о 


(whose terms are the "perfect squares" arranged in ascending order) involves an 
infinite number of terms and is therefore an infinite sequence. Since we cannot 
write down all the terms of an infinite sequence, we use the convention of writing 
the first few terms and then appending three dots to mean “апа so forth." 

Here, our concern is with infinite sequences only, so from now on we refer to an 
infinite sequence simply as a sequence. Such a sequence is indicated by 


Wile thie Ча, ас 


where a, is the first term, a» is the second term, a; is the third term, and so forth. 
The general term, or the nth term, is here denoted by a,. In order to specify the 
sequence, it is sufficient to provide a rule, or a formula, for the nth term a,. For 
instance, the sequence whose nth term is given by the formula 


a, = Зп – 1 
has first term 
a = Mg e 
second term 
Gy = ЗЛ = || == 5 
and so on. The resulting sequence is 
De Sy, SoA let 20 оз Em LE. 


Any letter with a subscript may be used to denote terms of a sequence— there's 
nothing special about the letter a. Sometimes a listing of the first few terms of a 
sequence indicates beyond any reasonable doubt the rule. or formula, for the gen- 
eral term. Examples are 


l2 A m (NM (a, — n) 
By, бы, 090, Sa MO, Wo on (b, = 2n) 
yk x» л y M ( L) 
6 Б es) к C4 = — 
2 3 um (m n. 
| Ма m | (= ) 
DE. ame Шке o Шр к= летш $n = m kc EE 
B A mJ 9 11 PLI 


However, it can often be very difficult—if not impossible—to determine the in- 
tended general rule from an examination of the numerical pattern formed by the first 
few terms. When there is the slightest doubt, the safe thing is to specify the general 
term explicitly. (In this connection, see Problem 47.) 

lt is important to realize that a sequence is more than a mere collection of num- 
bers: indeed, the numbers in a sequence appear in a definite order, and repetitions 
of these numbers are permitted. For instance, the following are perfectly legitimate 
sequences: 


=e Se be ee M - 
and 0. (D. ©, OO, 0, © ЕТЕ 
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In rigorous mathematical treatises, a sequence is defined to be a function f whose 
domain is the set of positive integers. Then f(1) is called the first term, f(2) the 
second term, and in general /(п) is called the ath term of the sequence f. From this 
point of view, the sequence 


would be identified with the function f whose domain is the positive integers and 
which is defined by f(r) = 6 — (3/n?). 

The definition of a sequence as a function not only has the advantage of technical 
precision; it also permits many of the ideas previously developed for functions to be 
applied directly to sequences. If you are so inclined, we encourage you to regard 
sequences as being functions; however, in this book, we deal with sequences more 
informally. 

We use the notation {a,} as shorthand for the sequence whose nth term is aj. For 
instance, {п} denotes the sequence 


42345 o EU 


с 
т Ap == || 


апа 


denotes the sequence 


Ina 


Since 


Зп + 1 3+ (1/n) 


and 1/n grows smaller as n grows larger, it is clear that as we go farther and farther 
out in this sequence, the terms come closer and closer to the value i. Thus, we write 


n 
lim ——— = 
n—t* Зп + | 3 


n . 
——| converges to the limit —. 
3n + 1 B 


More generally, we say that a sequence {a,,} converges to the limit L in case 


and we say that the sequence | 


lim а, = L 
пэ + 0с 
in the sense that the difference between а, апа L сап be made as small as we please 
in absolute value, provided that л is made sufficiently large. The following defini- 
tion expresses this idea more formally. 
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DEFINITION 1 Convergence of a Sequence 


We write lim a, = L and say that the sequence {a,} converges to the limit L 


n 
provided that for each positive number e, there exists a positive integer N (possi- 
bly depending on €) such that 


la, - L| « e whenever n = N 

A sequence that converges to a limit is called a convergent sequence; a sequence 
that is not convergent is said to be divergent. 

In dealing with an unfamiliar sequence, it's a good idea to write out the first few 
terms to see whether any "trend" is developing. However, you must be careful 
because the tail end —not the first few terms—determines the convergence or diver- 
gence of a sequence. 


In Examples I and 2, determine whether the given sequence converges or diverges. 
If it converges, find its limit. 


| 
10771] 


EXAMPLE t { 


SOLUTION Here the sequence is 


1 1 1 1 1 


10 ` 100° 1000" 10,000°° ^ ^" 101° 


and it is clear that the terms are steadily becoming smaller and smaller. By choosing 
п large enough, we can make |(1/10"7!) — 0| = 1/10"~! as small as we please: 
hence. by Definition 1, the sequence converges to the limit 0. E 


EXAMPLE 2 {(—1)"} 


SOLUTION This sequence, 
БЕР89 ЕП 


jumps back and forth forever between —1 and 1; hence it cannot approach a limit 
and is therefore divergent. a 


Properties of Limits of Sequences 


The calculation of limits of convergent sequences is carried out in much the same 
way as the calculation of limits of functions. In fact, the two procedures are closely 
related, as is indicated by the following theorem. 


THEOREM 1 Convergence of Sequences and Functions 


Let the function f be defined on the interval (1, >). and define the sequence {an} 
by a, = f(n) for each positive integer n. Then, if lim f(x) = L, it follows that 
и а сл „Е 


п> + 2с 


The proof of Theorem 1 is left as an exercise (Problem 48). 
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Inn 


EXAMPLE 3 Show that the sequence | | converges, and find its limit. 


n 


E ee ! 
SOLUTION The function —— is indeterminate of the form 2/2 at +%, so we 
X 


can apply L'Hópital's rule to obtain 


1 In x | 1/х 
lim = lim —=0 


хэ+х X x1*- ] 


А Inn ; Inn 
By Theorem 1, lim |——|] = 0; that is, the sequence )——/ converges to the 
n 


not n 


limit 0. ш 


The following properties of limits of sequences are analogous to the properties of 
limits of functions (see Section 1.8); therefore, we simply assume them here and 
illustrate their use by examples. 


Properties of Limits of Sequences 


Suppose that the sequences {a,,} and {b,,} converge and that c is a constant. Then: 


lim а, 


n» 


lim (a, = b,) =( іт a,) = ( 


nx n— + 


lm bn) 
+x 


> 


lim (a4b,) = ( lim. aX lim Ь„) 


nx п». +20 


lf b, = О for all positive integers л and lim 5, #0, then 
n—-tx 


lim a, 
lim 


п + 


The following properties аге also useful: 


6 If & is a positive constant, then 


T C 
[и = 0 
n—** pn 


7 Mf [4 < 1. then 
lim 


п> + 


8 If |c] > 1, then {с"} diverges. 


(See Problems 49 and 50.) 


In Examples 4 to 7, use Theorem 1 together with Properties | to 8 to determine the 
limit of the given sequence (provided that it converges). 
3m + 7h ы 


EXAMPLE 4 { 
—— 8л? — 5n + 3 
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Dividing the numerator and the denominator of the given fraction by 


SOLUTION 
п? and applying Properties 1 through 6, we obtain 
; 7 11 
3 hu О lim sc -) 
i S^ se eur Wl li n n^ паа п п 
im ——— = lim —— = - = 
Ее p^ оп ar él note 5 3 A 5 3 
Sis = lim зс z) 
n ie nx п n^: 
=. 3+0+0 = p н 
8—0-0 8 
po 
EXAMPLE 5 uj 
ve ll ai 2 Ne | оү" 
SOLUTION int е in = E =— lim (=) =—(0)=0 
nto 3"*! note 3 X3 3 n—*- \ 3 
Here we used Property 7 to conclude that lim (REED E 
(ri 
EXAMPLE 6 id Sl = 
meh LS 2n 
si /2; in 2: 
SOLUTION lim x sin = lim ш; T li СОИ 
х= +5 2х х2 +0 2 т/2х 2 хәэ+= л/2х 
a sin £ T T 
= — lm жс!!! -— 
2 1-0 2 2 


where we have put ¢ = 7/2x and observed that t— 0* as x — +оо. Therefore, by 


Theorem 1, 
Г " TT 7 ш 
im n sin —— = — 
д + 2n 2 


| n? + 5n | 
EXAMPLE 7 OH CE 
ET = Tine d 


SOLUTION Here 
1 3 5 
(n^ + 5n) ia ae == 


n? + 5n _ ЛЫ Е п 
Tn? + 1 1 4 

Sie 4Р1) fe => 

n^ no 


As n grows larger and larger, the numerator n + (5/n) grows larger and larger, 
while the denominator 7 + (1/1?) approaches 7. Therefore, the fraction becomes 


large without bound as n +; hence, the sequence diverges. We can express this 
compactly as 
А n? + 5n 

itn), === — 85 
mese T чр [| 


However, we do mot say that the sequence converges to +œ. The notation 
Пт a, = +% is a way of saying that the sequence {a,,} diverges for the specific 


п» +20 


reason that its terms become larger and larger without bound. 
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Monotonic and Bounded Sequences 


2n 
Consider the sequence | | and notice that its terms 
ЗИ wr 3 
2 4 6 8 10 2n 


are steadily growing larger and larger. This can be seen algebraically by writing 
2n 2 


Sis | 54 БҮ 


and noticing that as л grows larger, 3/n gets smaller, so that the fraction grows 
larger. 
More generally, we make the following definition. 


DEFINITION 2 Increasing and Decreasing Sequences 


A sequence {а„} is said to be increasing (respectively, decreasing) if a, = an+] 


(respectively, a, = a,+ 1) holds for all positive integers л. 


A sequence that is either increasing or decreasing ts called monotonic; other- 
wise, it is called nonmonotonic. 


In Examples 8 to 10, determine whether the given sequence is increasing, decreas- 
ing, or nonmonotonic. 


m 
Ana 


SOLUTION Here, 


EXAMPLE 8 | 


2p H une Wer UN se 5) 
ПО = а= апа ud 
am = 2 SU ae We 2 3n+ ] 


Hence, for any л, 


2n +3 Е 2n + 1 GH se On te CSI SR 


арі аһ = "am: 
3n + 1 З= 2) (Gym ap О = 2) 
(6n? + 5n — 6) — (6n? + Sn + 1) Е =] 
(Зп + 1)(3л — 2) (3n + 1)(3n — 2) 


If n is a positive integer, then 3n + 1 > 0 and Зп — 2 > 0, so it follows that 
ana xam that is, PP 
Therefore, the given sequence is decreasing. a 


n 
EXAMPLE 9 [sin E 
LÁ 3 


= 


SOLUTION Тһе sequence is 


ipo с sin 


= 


and it repeats the pattern 1, 0, —1, 0 again and again; hence, it is nonmonotonic. B 


DEFINITION 3 
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mN 
EXAMPLE 10 | 
— Lae 2 


SOLUTION Consider the function 


fees ear il 

f= yt 2 

: (Gear Ze Il = (Ge Je Ti 1 

Since perse ы et o m Tn forxzl 
(E (Ge 38 2) 


it follows that f is increasing on the interval (1, æ). In particular, 
Jit) «S л de П) 


holds for al! positive integers n; that is. the given sequence is increasing. 


T and notice that none of its terms 


Consider the sequence { -— 
n ; 


ж ж e wo. 


з 7 n 
is larger than 1. Thus, we say that 1 is an upper bound for the sequence | =, . 
n 


1 | is smaller than 0, we say that 


Similarly, since no term in the sequence { 
n 


0 is a lower bound for the sequence. More generally, we make the following 
definition. 


Bounded Sequences 


A number C (respectively. a number D) is called a lower bound (respectively, 


an upper bound) for the sequence {a,} if C = a, (respectively. a, = D) holds 
for every positive integer л. 


If the sequence {a,,} has a lower bound (respectively, an upper bound), it is said to 
be bounded from below (respectively. bounded from above). A sequence is said 
to be bounded if it is bounded from both below and above. For instance, the 
sequence [sin л) is bounded from above by | and from below by —1; the sequence 
{3”} is bounded from below by 3, but it is not bounded from above; and the sequence 
{(— "3^1 is bounded neither from above nor from below. 

It is easy to show that a sequence {a,} is bounded if and only if there exists a 
positive constant M such that 

lan] = M 


holds for all positive integers n (Problem 56). If a sequence converges, it must be 
bounded (Problem 54); however, a bounded sequence need not converge (Prob- 
lem 55). 


EXAMPLE 11 Determine whether the sequence 


ie 2n | 
Зп + || 


is bounded from above or from below. 
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Figure 1 
in d» ыр 
o——_ ee ve00—@-——__ > X 


СБТ 


ТНЕОКЕМ 2 


SOLUTION For every positive integer n, we have 
2n 2 


2n P 2 p E 
Зп + ] 3 +(1/п) 


(= 
| Sy 3r d 


2 
E 


so the given sequence is bounded both from above and from below— from above by 


2 


2 
з and from below by —3. 

Imagine a sequence dj, а>, аз... . , 44. . . . Whose terms are growing steadily 
larger but which has an upper bound D. Thus, 


а= а = dues urere 


If we think of the terms of this sequence as corresponding to points on the number 
line (Figure 1), thea we see an inevitable "pileup" of these points to the left of the 
point corresponding to D. and we easily persuade ourselves that the sequence must 
be converging to a limit somewhere in the interval [a4. D]. In this instance our 
geometric intuition is confirmed by the following theorem, whose proof is beyond 
the scope of this book. 


Convergence of Bounded Monotonic Sequences 


Every increasing sequence that is bounded from above is convergent. Likewise. 


every decreasing sequence that is bounded from below is convergent. 


In Examples 12 and 13, use Theorem 2 to show that the given sequence is conver- 
gent. 


n 
EXAMPLE 12 2) 


SOLUTION Consider the function f(x) = x/e*, and notice that 


eae Cae | = x 


Го) = e «0 for x > I 


(e*y z e` 
Hence, f is decreasing on (1, 2). It follows that f(n) > f(n + 1) for all positive 
integers п; that is, the sequence {n/e"} is decreasing. Since all terms of the sequence 
are positive, it follows that it is bounded from below by the number 0. Hence, by 
Theorem 2, the sequence converges. 


n 
(€) EXAMPLE 13 {=} 


3"! 


SOLUTION Offhand, it isn't clear whether this sequence is increasing, decreas- 
ing, or nonmonotonic. In order to gain some insight into its behavior. we calculate a 
few terms, rounded off to (say) three decimal places: 


1.667, 1389) 1057/72. 0.332% 03107 


Here we have an indication that the sequence may be decreasing. To prove that it 
really is decreasing, denote the general term by a,. so that 
Sp 


e 3"n! 


THEOREM 3 


PROOF 
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We want to prove that 
an > ап+1 


holds for all positive integers л. Because both а, and а, +; are positive, the last 
inequality ts equivalent to 


a, 
— ] 
Qn+] 
Now. 
Qn 5”/(3"n!) .-98 324 Git 1)! 
ies SPs are 3) оа S n! 


] 3 
9 So se = (ms 1 
5 5 


Hence. what we want to prove is that 
Bi 
an «e m Ji 


holds for all positive integers п. But this inequality is obviously true, since it is 
equivalent to the condition that 


n+1>3 forn = | 


Therefore, the given sequence is decreasing, just as we suspected. All terms of the 
sequence are positive, so 0 is a lower bound. Since the sequence is decreasing and 
bounded from below, it converges by Theorem 2. 


We bring this section to a close by showing how Definition 1 is used to make 
formal proofs of theorems on limits of sequences. For this purpose, the following 


theorem (which is intuitively quite clear) serves as a typical example. 


Convergent Monotonic Sequences 


The limit of a convergent increasing (respectively. decreasing) sequence is an 


upper bound (respectively, a lower bound) for the sequence. 


We prove only the part of the theorem pertaining to increasing sequences, since the 
proof for decreasing sequences is quite similar and only requires reversing some 
inequalities (Problem 60). Thus, assume that {a,,} is monotone increasing and that 

lim а, = L. We must prove that all the terms of the sequence are less than or 


nate 
equal to L. If this were not so, there would be at least one term, say ag, with L < ag. 
Thus, let e = a, — L, so that e > 0. By Definition 1, there exists a positive integer 
М such that |a, — L| < є holds whenever n = N. 

Now, choose the integer n to be larger than both N and q. Since q < п, it follows 
that a, = a,, so that L < a, =a, and a, — L > 0. Consequently, 


а= |а. 6 €=a,—L 


from which it follows that а„ < aq, contrary to the fact that a, = а,. Therefore, the 
supposition that there is a term a, with L < a, leads to a contradiction. It follows 
that по term such as a, can exist. Thus. L is an upper bound for the sequence, and 
the theorem is proved. 
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Problem Set 11.1 


In Problems I to 4, write out the first six terms of each sequence. 
Also write the 100th term. 


1 {n? +1} 
эл 


In Problems 5 to 8, find an expression for the general term (nth 
term) of cach sequence. 


Т5 3, отоо. . 
ТЕ ъв ai 8 1, 9, 25, 49, 81, 121 


In Problems 9 to 26, determine whether each sequence converges or 
diverges. If it converges, find its limit. 


| l E | 
Па = 
й | л 0 Svar 3p Ji 
m = 5n | ea р 
11 [AIR 12 FTC 
5n^ | ш 
3 
І x 14 10^ 
2n? аф осп 
is [27 sin =} ie |: = 
Ant 2 PEE 
In (n + 2j 
gu по. п 
vi mese I 18 {1 (3) a } 
In (1/n) | 
к ———= © шь hi poe 
№ E (n + 4). 20 {In (e ) = Inte 1)} 


22 По (е + 2S} 


} 
dps: 
Ул seh m 


23 (n^ ny 24 (n) 
iu 26 (2) 


In Problems 27 to 44, determine whether each sequence is increas- 
ing, decreasing. or nonmonotonic and whether it is bounded from 
above or below. Indicate whether the sequence is convergent or 


divergent. 
2n + 1 | Е 
7 {= 0 28 {sin пт} 
29 {3" – n) 30 { = | 
п TET 


3 


37 


39 


4) 


43 


46 


47 


n 


3n* } 
: Е ap Si 


2 эа (N/2) 
6 (55) | 
ram 


40 (Vn + 4- Ул + 3} 


In (n + — 
nc 


\г+ 
| 
реток 
E 
| 


т. 
om) 


{ sin (n7/4) } 


Lem — смао 
п п! 


5 Give an example to show that the sum (a, + b,} of two un- 


bounded sequences {a,} and {b,} can be a bounded sequence. 
Let a, = n!/2". 
(a) By writing 


nating that all factors after the first three are greater than or 
equal to 2 and that there are n — 3 such factors, conclude 
that a, = > 4.983 for n> 3, 


(b) If K is any positive number, use the result of part (a) to show 
that a, > К holds provided that 


(4K/3) 
In 2 


n>3+I1n 


(c) Explain why the sequence {а,) has no upper bound. 
(a) Write out the first six terms of the sequence 
{п + (n — Dy — 2)(п — 3)(п — 4)(п — 5)(п — 6)} 


(b) What is the seventh term of the sequence in part (a)? 


(c) What can you conclude about determining the general term 
of a sequence from an examination of its first few terms? 


Prove Theorem I. 
Prove Property 6 on page 634. 
Prove Properties 7 and 8 on page 634. 


If c is a constant, determine whether the sequence {c”} converges 
or diverges for (a) c < —1, (b) с=—Ь, (с) —1<с<1, 
(d) c = 1, and (е) с2 1. 


52 Suppose that {a,,} and {b,,} are two sequences whose correspond- 
ing terms agree from some point on; that is, suppose that there 
is a positive integer k such that a, = b, holds for all n = &. If 


lim а, = L, prove that lim 5, = L, too. 
n—> +o nu 


UA 
c 


Suppose that the sequence {a,} has the property that an+ı = 
(аһ + a, 4) for n > 2 and that a, = 1 while a) = 3. 


(a) Write out the first eight terms of the sequence {a,,}. 
(b) Use mathematical induction to prove that 

7 =)" 

Eo 


uy ЕЕЕ 


(с) Find lim ar 
54 Assume that the sequence {a,} is convergent. Show that {an} is 


bounded. 


55 By means of a suitable example, show that a bounded sequence 
need not be convergent. 


56 Show that the sequence {а„} is bounded if and only if there exists 
à positive constant M such that |а, = M holds for all positive 
integers n. 
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57 Suppose that the sequence (a,) is convergent and satisfies the 
condition that a,., = A + Ва, for all positive integers n, where 
A and В are constants and В # 1. Find lim a,. (Hint: Take the 

n—» 4x 


limit as n — +% on both sides of the equation а, +; = 
A + Ba,.) 


58 In advanced calculus, Stirling's formula is proved: 
— [ny ! mW E 
Ving | —) «nt! < V2 (5 —— 
пт ( 7 ) n пт (y ENT ) 


Use Stirling's formula to show that the sequence 


has an upper bound. 


59 Let |a| < 1. Show that (a) (na") converges to the limit 0 and (b) 
{п2а") converges to the limit 0. 


60 Prove the part of Theorem 3 that pertains to decreasing se- 
quences. 


61 Assume that a and b are constants with a > 1 and b > 0. Show 
that the sequence (n^/a") converges to the limit 0. 


11.2 


Infinite Series 


An indicated sum 
(Gh) ar Gi ar (Gi а apo ee 


of all the terms of an infinite sequence 1a, is called an infinite series, or simply a 
series. Using the sigma notation introduced in Section 5.1, we can write this series 
more compactly as 


The numbers aj, а>, аз, and so forth are called the terms of the series, and а,, is 
called the nth term, or the general term, of the series. 

Although we cannot literally add an infinite number of terms, it is sometimes 
useful to assign a numerical value to an infinite series by means of a special defini- 
tion and to refer to this value as being the **sum"' of the series. This is accomplished 
by using the "'partial sums'' of the series. 

The sum s, of the first л terms of a series zem 1 а, is called the nth partial sum 
of the series; thus, 


п 
Sy = ае аг Wig аг © О оч a ЖЕЗ » ак 
k=1 
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DEFINITION 1 


The sequence {s,,} is referred to as the sequence of partial sums of the series. 
Notice that for cach positive integer n, 


ЛЫЙ д Ойл 


For instance, the first few partial sums of the infinite series 


"UU „е 
209 4 8 16 ga 
are as follows: 
First partial sum =s = 1 
Second partial sum = s3 = 1 + 4 = 1.5 
Third partial sum = з= 1+3+4= 1.75 
Fourth partial sum = sy = 1+ 3+ 4+ = 1.875 
Fifth partial sum = s5 = 1+1 +1+1 + тв = 1.9375 


We can continue in this way as long as we please. In this case, we find that the 
sequence 5, of partial sums 


Il, WS, Tete, live, Mess, 
seems to be approaching 2 as a limit; for example, the 25th partial sum is 
1 1 1 1 1 


Gag = ]| 4 == ООО о = аросо ЗГ 24 
2 4 8 16 27 


= 1.99999998 


Here it is not difficult to verify that the sequence of partial sums really does con- 
verge to 2 as a limit; hence, it seems reasonable to define the sum of the infinite 
series to be 2 and to write 

1 1 1 ] 


І 
—+—+— tHe 
2 4 8 16 2nd 


2=1+ 


More generally, we make the following definition. 


Convergence of an Infinite Series 


If the sequence {s,,} of partial sums of the infinite series Drie | à, converges toa | 
limit 5 = lim s,, we say that the infinite series Pp 1 a, converges and that its 


п» +2 


sum is 5. 


If the infinite series 3 7 a, converges and its sum is S, we write 


Of course, an infinite series that does not converge is said to diverge. 
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In Examples 1 and 2, write out the first five terms of the given series, and then write 
out the first five terms of the sequence of partial sums of the series. Find a formula 
for the nth partial sum of the series, determine whether the Series converges or 
diverges, and if it converges, find its sum S. 


= 


1 
EXAMPLE 1 = Pm 


SOLUTION Here, 


2 


d 1 | 1 1 1 1 
>; See ttt YH — 
au ee D 2 6 12 20» 30 
The first five partial sums are 
Sr = =4 


i 
s4 = з +а= + у= {$ 


55 = 5 +а5 = $ + = $ 


These first буе partial sums suggest that the nth partial sum might be given by the 
formula 


$5 = 53-1 + d, = 
ntl 


This can be confirmed by mathematical induction on n, but we present an alterna- 
tive argument. By partial fractions, 


Hence, 


еее) 


Therefore, we have 


1 
$= lim s,= li in aa 
aie mse WT lh 1 + (1/n) 


Hence, the series converges and УЭ 


к= 1 


— = | 
КК + 1) 
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EXAMPLE 2 Y (К — 1) 
k^] 


SOLUTION Here, 


Y kk—1)20424624124204-*- 
ќе 1 


The first five partial sums аге 


So = 5+а,=0 +2 =2 


53 = 5 +a,=2 +6 =8 


ll 
t3 
© 


7 X— 5% + аа = 8 +12 
55 = s4 + as = 20 + 20 = 40 


Using the formulas for the sums of successive integers and successive squares from 
Section 5.1, we find that 


S id n È e-o- У е- Dk 


5„ = 
к= 1 к= 1 k-1 
_ пп + Оп +1) mnl. n(n? — 1) 
6 2 3 
Therefore, we have | ES 
lim 5, = lim ЕСЕН = +n 
nin nx $ 


Thus, the sequence of partial sums—hence also the given series—diverges. 


The series ^ 
2 Wen a +1) 


of Example 1, when rewritten in the form 
tor 
PS Р 
is called a telescoping series because of the cancellation that occurs in the calcula- 


tion of its partial sums. More generally, if {b,} is a sequence, then a series of the 
form 


Ў b- beu) 


is called a telescoping series. The nth partial sum is given by 


$4 7 У (by — Бал) =: (bi — b3) + (b — by) + + (b, — basi) 


І -hth фф, — Б.а 


ъ= bus 


li 


SECTION 11.2 INFINITE SERIES 645 
Therefore, if lim b,., exists, say, lim b„+ı = L, then we have 
a— +20 п =» + œ 
У (be = bess) = dim з, = lim (by – Бл) = by -L 
п—+ +2 п = + 
=} 


EXAMPLE 3 Show that the series 


E 


converges and find its sum. 


SOLUTION Ву partial fractions, 
9g 3-2  QOk-DOR-2  X-1 ^ 342 
І | 


A M—— Á— E es A 
el ЖЕЙ сш кое 


where b; = 1/(3k — 1). Therefore, 
<a. 24 — — 
term 3k-1 3k*0-1 


ке ы eg тон ВЕЕР 
31)-1 ^ 3n-10-1 


– 0 = 


ы | 


1 
2 
In the study of infinite series, it is sometimes useful to be able to manufacture а 


series > ;~, a, with a preassigned sequence {s,} of partial sums. In this connection, 
the equations 


а=з and  4,—5,—5, forn> 1 


provide the desired series. 


EXAMPLE 4 Find an infinite series whose sequence of partial sums is 


WER 


Determine whether this series converges, and if it converges, find its sum. 


SOLUTION Here we have 


3n d Ao NACER), 98 —3 
2n + 1 ВТЕ Са 


Sn = 


Hence, for n > 1 


кык ee oe ee Os Oe 
Buc ee (2л + 1)(2n — 1) 
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* EU 
um UNE 


which happens to be the same as the value of 


3 
= when n = 1 
4п- — 1 
Thus, the desired series is given by 
= o 3 
TL) = 
к=1 Ж! 


Since the nth partial sum of the series is s,,, it follows that 


29] 


- 3 . И 3n р 3 
5 m— — == йү 4 — hn == П = 
de c nx п нә 2nd | п=+х 2 + (1/п) 2 


Geometric Series 


By definition, a geometrie series has the form 


k 


in which each term after the first is obtained by multiplying its immediate prede- 
cessor by a constant multiplier r. Since r is the ratio between any term (after the 
first) and its immediate predecessor, we refer to the series as a geometric series with 
ratio r. 

Notice that « geometric series is completely specified by giving its initial term a 
and its ratio r. For instance, the geometric series with initial term a — 1 and ratio 


r$ is 


oe + 
2 4 8 16 2a 


A negative ratio r produces alternating algebraic signs; for example, the geometric 
series 


9 27 8] 
+ 

2 128 512 
has initial term a — i and ratio r = — i. 

By a clever maneuver it is possible to obtain a simple formula for the nth partial 

. . cox Ls д - 
sum s, of a geometric series У ar^ 1. In fact, starting with 
5$, aar t ar? + +++ bar?! 


and multiplying through by r. we obtain 


"n 


Е 5 
SP = (ale SF SPP ap 999 HE 
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Subtracting the second equation from the first, we have 
aem Se Sat ал” or з= пи) 


Therefore, 


By Property 7 in Section 11.1, if || < I. then lim. 7" = 0; hence. 


п- +2 


lim 5, = lim al E a = 


п— +2 п» + = 


if |r| <1 
= р 1 = 
On the other hand, by Property 8 in Section 11.1, if |r| > 1, then the sequence [^j 
diverges. and it follows that the sequence {s,,} also diverges. In the remaining case in 
which |r| = 1. so that r = I or = — 1, it is easy to see that the sequence of partial 
sums diverges (unless a — 0). Thus, we have the following theorem. 


THEOREM t Geometric Series 


The geometric series Y; ағ! with initial term a # 0 and ratio r converges if 
|r| < 1 and diverges if |r| = 1. If |r| < 1. then 


5 а! 
Де] 


In Examples 5 to 7, determine whether the given geometric series converges or 
diverges, and if it converges, find its sum. 


x 


EXAMPLE 5 » 
кей 


D 
3c! 


SOLUTION Since 


the given series is indeed geometric with ratio r — 3 and initial term a — 2. Because 
1 Е x 4 z 
|r| = 3 < 1. the series converges and its sum is given by 


EXAMPLE 6 =1+2-# + 35 — 18 +... 


SOLUTION Here a= —1 and the ratio is г = — 3. [For instance. the ratio of the 
2 5 R 5 = n 5 е 
fourth term to the third term is 27 + (— $) = — $.] Since |r| = 3 < 1. the series is 
convergent and 
p 4 8 16 a =] 3 
-| + — = — —„—— + шу CI e a — 


23 5 Ж M jm e Ey 5 
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iF 
EXAMPLE 7 >, (3) 


k=1 
SOLUTION The series is geometric with initial term a = 3 and ratio r — 2. Since 
|r| = 3 > 1, the series is divergent. a 


Applications of Geometric Series 


Geometric series arise quite naturally in many branches of mathematics, as the 
following examples illustrate. 


EXAMPLE 8 The probability of making the point **8`” in a game of craps—that is, 
the probability of rolling an 8 with two dice before rolling a 7—15 given by 


як + (46)(86) GUGRD GOOD + + 
Find this probability. 


SOLUTION The displayed series is geometric with initial term a = ав and ratio 
95 à & a 
r = 35. Its sum is accordingly given by 


a 36 3 


2 


= iP [Кизү nt 


[21 


Therefore, the probability of making the point 8 is is a 


EXAMPLE 9 A simple air pump is evacuating a container of volume V. The cylin- 
der of the pump, with the piston at the top, has volume v, and the total mass of air 
in the container at the outset is M. On the nth stroke of the pump. the mass of air 
removed from the container is 
Mv ( y y 
Weg e] 


Assuming that the pump operates "forever," what is the total mass of the air 
removed from the container? 


SOLUTION Тһе total mass removed is given by the sum of the infinite series 


Mv Mv ( V ) Mv ( V | Mv ( V Jn | 
+ = к= е + + eee + + eee 
VIELE WU apio SW ap VILI NU З WY se je 


with initial term a = Mv/(V + v) and ratio r = V/(V + v). Its sum is 


My 
a We qw 


= wo 
І = Са 


Thus, all the air is removed if the pump operates forever. (Of course. no pump is 
perfect—valves leak, air leaks around the piston, and so forth—so our answer is 
only of theoretical interest.) a 


EXAMPLE 10 Express the infinite repeating decimal 1.267676767 . . . as a ratio 
of whole numbers. 


SOLUTION 1.267676767 . . . 


1.2 + 0.067 + 0.00067 + 0.0000067 +... 


12 67 67 67 E. 
10 + (тобо + т00.000 + 10:000-000 t *' 7) 
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E 


А à 2 гы ша 1 
The geometric series in the parentheses has initial term a = 1650 and ratio r = T00; 
hence, it converges and its sum is given by 


Therefore, 


Problem Set 11.2 


In Problems 1 to б, write out the first five terms of each series, and 
then write out the first five terms of the sequence {s,,} of its partial 
sums. Find a *‘simple’’ formula for the nth partial sum s, in terms of 
n, determine whether the series converges or diverges. and if it 
converges, find its sum 5 = um. NT. 


ОЗЕ ЕН e 


& D 2) = 


32 kk + 1) 


es КЕШ 


беу ЕЕЕ ПК 


ar 


0 Ce Ter ze by 


In Problems 7 to 12, find an infinite series with the given sequence 
of partial sums, determine whether this series converges or diverges, 
and if it converges, find its sum. 


b= [IR $6) 2 (2) 


2 б = 52) 


п {Sn} = {1 S (Ts 


10 {sa} = (n) 


12 {s} = h = =r) 


In Problems 13 to 29, find the initial term a and the ratio r of each 
geometric series, determine whether the series converges, and if it 
converges, find its sum. 


© 5 © 
ут м dd 
k=1 k=1 
15 » 2.k-1 S 3 
(= 16 > do 
k=1 к= 1 


67 
а i000 _ 67 


1.267676767 . . . = B + dif = 1255 = 231 
19 5 gt 20 > (- $* 
k=1 k=0 
= р iss 3—1 
2 È 2 У == 
[e k=1 4 


231-1+1-1+1-1+1—1+ 
24 0.9 + 0.09 + 0.009 + 0.0009 + -+ 


25 У 5-4 26 Ў, el-* 
k=1 p= 
с ак] = ар] 
27, 2 Tae 


1 1 1 
Это оо = mum nr Ps 


30 The series 1 — 14-1 —1-9 1—1049:::(—10) ! +.. is 
geometric with ratio r — — 1; hence, it diverges. Thus, the cal- 
culation! = 1-1 194 1—1 t: +(+ = 
(0—-D4*0-D-*ü-10Dct:::20420404::-70 
must be incorrect. What is wrong with this calculation? 


In Problems 31 to 34, express each repeating decimal as a ratio of 
whole numbers by using an appropriate geometric series. 


31 0.33333... 
33 4.717171... 


32 ПОШО 
ЭЧ TPN OMI oe 


35 15 it true lim 5i ay => 


nee kl] k=1 


а? Explain. 


36 Find lim (1 зү КЕ КС ЕЗ]. 

37 Ina game of craps, the probability that the shooter wins—that 
is, rolls 7 or 11 on the first throw or rolls a number other than 2 
3. or 12 and then, on a successive roll, repeats this number 
before rolling a 7—is given by the repeating decimal 
0.4929292929. . . . Express this probability as a ratio of whole 
numbers. 
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A beaker originally contains 10 grams of salt dissolved in 1000 
cubic centimeters of water. The following procedure is per- 
formed repeatedly: 250 cubic centimeters of salı water is poured 
out, replaced by 250 cubic centimeters оГ pure waler, and the 
solution is thoroughly stirred. (a) After the procedure is repeated 
n times, how many grams of salt have been removed from the 
beaker? (b) If the procedure is repeated “infinitely often," how 
much salt remains in the beaker? 


A rubber ball rebounds to 60 percent ol the height from which it 
was dropped. If il is dropped from a height of 2 meters, how far 
does it travel before coming to rest? 


Abner starts walking directly toward a brick wall d meters away 
at a constant speed of v meters per second. At ihe same instant, а 
fly departs from Abner's forehead flying directly toward the 
brick wall at a constant speed of V meters per second, where 
V > v. Upon arriving at the brick wall, the fly immediately turns 
about and flies back to Abner’s forehead at the same speed, V 
meters per second. The fly continues to shuttle between Abner’s 
forehead and the wall in this manner until Abner finally reaches 
the wall. 


(a) Show that on the ath round trip from Abner’s forehead to the 
wall and back, the fly covers a distance of 
2Vd ( Vow 

Vty\Vty 


n-i 
) meters 


(b) Show that the fly requires 


2d Co 
V+ vu VIE 


seconds 


for the nth round trip. 


41 


43 


(с) Ву part (а), the total distance flown by the fly is given by 


У 2Vd LE Y | 


per МАЕ лату 


meters 


Find this distance by summing the series. 
(d) Using part (b), set up and sum a series to determine the total 
time required for Abner to reach the wall. 


(e) Determine the total distance flown by the fly without sum- 
ming an infinite series. 


Let V; a, be a given infinite series, and let {s,} be its se- 
quence of partial sums. Define the sequence {b,} by 


b= 19 
T7 $0-1 


for each integer n > 1. Show that the series Dd ар 15 
term by term exactly the same as the telescoping series 
E (b, — Б). Thus, conclude that any infinite series can 
be rewritten as a telescoping series. 


if nl 
if n] 


Show that 
D (zy рео) (РР) — n oP ea) 
k=l 


[Hint: by — bye» = (bx — beri) + (bye = Bu+2)-] 


Using Problem 42, show that if {b,} is a convergent sequence 
with lim b, = L, then the series MIS (by = Буз) is conver- 
nore 


gent and У, (b, — Буз) = bi + b; — 2L. 


11.3 


Properties of Infinite Series 


In Section 11.2 we were able to find the sum of certain infinite series by finding 
"nice" formulas for their partial sums. For instance, the nth partial sum of the 
telescoping series 


2 (by — by) 


k=! 


is simply рү DN 


and the nth partial sum of the geometric series 
x 
S oct e Ie 
» ar IS just (суг 
= l 


Unfortunately, it is not always so easy to find tidy formulas for nth partial sums: 
hence, it is important to develop alternative methods for determining whether a 
given series converges or diverges and for dealing with its sum if it converges. 
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Some of these methods are consequences of the general properties of infinite series 
which we develop in this section. 
The following theorem gives an important property of convergent series. 


THEOREM 1 Necessary Condition for Convergence 


If the infinite series Dy | а, converges, then lim. a, = 


E 


PROOF Let {s„} be the sequence of partial sums of the series DE ак. lf pom ак con- 
verges, then by definition the sequence {s,} converges and lim ы = у= 
п> +20 


ies dy. As n => +œ, then also n — 1 — +%, so that lim 54-1 = S. Notice 
HITS antt 
that d, = s, — S,—1; hence, 


lim а, = lim (s,— 5.1) lim s,— lim s,-;=S—-S=0 ш 
ne n-—»-d oo пэ +20 п-э + 
2 эп 
EXAMPLE t Given that >, — converges,* find lim 
so р К! n>+x n! 
58 2k эп 
SOLUTION By Theorem 1, because m m converges, lm E = 0. E 
К ! 


Theorem 1 can be used to show that certain series diverge: An immediate conse- 
quence of Theorem | is that if lim аһ is not 0, then Б т à, cannot converge. We 


Rt 


record this fact for future use as follows. 


THEOREM 2 Sufficient Condition for Divergence 


lf lim а, does not exist orif lim a, exists but is different from zero, then the 


п> +0 п-—>+ = 


series ren a; is divergent. 


In Examples 2 and 3, use Theorem 2 to show that the given series diverges. 


oo 


К+] 
EXAMPLE? > 


л Ж 
А А TIS] | 1 , 
SOLUTION Since lim = lim {1+—]}=1+#0, it follows that 
= п» +o п noe n 
2 оаа Бу Theorem 2. [| 


*As a matter of fact, the series 


converges to e? — 1. For the proof, see Example 3 оп page 696. 


652 CHAPTER 11 INFINITE SERIES 


= | 
EXAMPLE 3 >, (1 
= | 


SOLUTION Here, lim (—1)" does not exist. By Theorem 2, therefore, 


пэ + 


Mei (—1)* diverges. 


Caution: Do not misinterpret Theorem 1. It says that the general term of a con- 
vergent series must approach zero, but it does not assert the converse. 


EXAMPLE 4 Consider the series 


pi In 
k-1 


and notice that the general term approaches zero: 


2 n Я n 
lim In = In ( tim ҮЕ. 
nas = par N note n+ | 
From this, can we conclude that the series » In 

k=1 


converges? 
k+1 5 


SOLUTION No! Just because the general term approaches zero is по guar- 


ос 


antee that the series converges. In fact, Ў Іл сап be rewritten as 


к=1 
D [Ink — In (£ - 1D], a telescoping series which diverges since 
i 

lim In (n+ 1) = +. 


Many properties of infinite series are analogs of corresponding properties of 
sequences. For instance, we have the following theorem. 


THEOREM 3 Linear Properties of Series 


(i) WS ag and Уу by are convergent series, then Усу (ay + Б) 


and Эл (ay — Б) are also convergent and 


3 (ay € by) = Ў (i, 38 Se 
k=1 k=1 


k=1 


i) If We a, is a convergent series and c is a constant, then Э ca, is 
also convergent and У, ca, = СУ ay. If Уу ак is a divergent se- 
ries and c is a nonzero constant, then pee ca, is also divergent. 
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PROOF We indicate the proof of part (i) and leave the remainder as exercises (Problems 35 
em 


and 37). Thus, let s, — nx n a, and t, = >), b, be the nth partial sums of the 
two given series. Then 
n n n 
Baia ЕУ (дч бй 
к=) k=1 k-1 


is the nth partial sum of the series pem (ay + b). Since 


oo © 
lim (s,+¢,)= lim s,- lim 4, = > a, + > b; 
n» oo D 
k-1 k=l 


nto п —» + = 


De (ay + Б) converges and its sum is given by 


48 


(ay + b) = 2, a, + 2, by 
| "ET 


k= k=1 


By a similar argument (Problem 35), 


D (ay — b) = D dy — p b; 
k=1 k=l k-1 


| o S 5 jM 
EXAMPLE 5 Find the sum of the series D E ар —). 
ке < d 


со 


SOLUTION Notice that 5 ткт 15 à geometric series with initial term a = 5 


жел € 
and ratio — 5; hence it converges and 
= E a 3 
k— " i 
үг? ; П =} = 
Similarly, > a) converges and 
k=1 
У io. ЕЕС 
k= 3 — 
eS ! | =% 2 


С 5 l 
It follows from part (i) of Theorem 3 that D ( dE ) converges and 


oa a 3c! 
x x)e04l-—« 
The following useful theorem is an immediate consequence of part (i) of Theo- 
rem 3. 
THEOREM 4 Divergence of a Series of Sums 


If the series 9; .; a, converges and the series У 1 by diverges, then the series 


Mica (ак + Б) diverges. 
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PROOF Assume the contrary; that is, suppose that PE (а, + b,) converges. Since 
З a, converges, 23 1 (Ca, + by) = ay] = pi b, also converges, by part (1) 
of Theorem 3, contradicting the hypothesis that » b, diverges. Hence, the 
assumption that Dri (a, + bj) converges must be wrong: that is, m (ay + by) 
must diverge. a 


EXAMPLE 6 Determine whether the series 


V k І 
> (in -x) 
ear || REY 


= 


converges or diverges. 
k 
het al 


SOLUTION As we saw in Pu 4 on page 652, the series D ln 
= k=l 
diverges. However, the series 5 ——— is a geometric series with initial term 
k=1 
a = —} and ratio r = 4; hence, it converges. Therefore, by Theorem 4, the series 


к= -xexGRe $ ) 


kl F oe keil 


must be divergent. n 


Notice that even if both series exem a, and 2X b, are divergent, the series 

x . 

vm (a, + b,) may be convergent. For instance, let a, = n and b, = —n for all 
positive integers n. 

Calculations with infinite series are often simplified by various manipulations 
involving the summation index. Such maneuvers are usually obvious and virtually 
self-explanatory. For instance, it is not necessary to begin a series with К = 1. Thus, 
we can write 


= 
N 


and so forth. Also, there is no particular reason to use the symbol К for the summa- 
tion index. Indeed it is possible, and often desirable, to change the summation index 
in an infinite series in much the same way that variables are changed in integrals. 
For instance, in the series У , (1/2^^!), let us put j = k — 1, noting that j = 0 
when k = 1. Then we obtain 


As the following theorem shows, the first few terms of an infinite series have no 
effect whatsoever on the convergence or divergence of the series—it is only the tail 
end of the series that matters as far as convergence or divergence is concerned. 


Un 
un 
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THEOREM 5 Removing the First M Terms from a Series 


c " 2, = . . ales vae p 
If M is a fixed positive integer, then the series У к=1 & converges if and only if 


24 


the series pum 1 а; converges. Moreover, if these series converge. then 


M 


NS 


— ОПЕЕ k ак 


PROOF For n > M. we have 


n M n 
Vues Sup Dy ay 


k=1 k=1 k=M+1 
B CM А $ a а x . 
Since p а; is a constant, it follows that lm pom à, exists if and only if 


+ " . а H x 
lim Ses d, exists; that is, by а; converges if and only if ЭУЕ а; 
x 


n—>+ 


converges. Assuming that these limits do exist and taking the limit on both sides of 
the above equation as л —--, we obtain 


= м = 
x Tal 

Ӯ; а = ак + D а 

k=1 k=1 k=M+1 


Let us illustrate Theorem 5 using the geometric series Ук ar^! with |r| < 1. 
Notice that 


ос 


. — ү, > 
D ap ог a ooo 
k=M+1 


is also a geometric series with initial term ar", ratio r. and sum equal to 
агМ/(1 — r). Also, >ле ar^! is just the Mth partial sum of Y ;-, ark); 
consequently, 


= M = 
У ar! = У ark + У art 
k=1 k= k=M+1 
or 
а К] PM: ar 
—a 3r 
I ‘el = ie [= 


an obvious algebraic identity. 
By Theorem 2 in Section 11.1, if the sequence {s,,} of partial sums of a series 


Spiel a, is monotonic and bounded, then the sequence {s,}—hence also the series 
DE a,—is convergent. In particular, we have the following theorem. 
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THEOREM 6 


PROOF 


Convergence of a Series of Nonnegative Terms Whose Partial Sums 
Are Bounded 


Let ME | a, be an infinite series whose terms are all nonnegative (that is, a, = 0 
~ ~ . c or * 
for all k). 1f the sequence {s,,} of ath partial sums of bc a, is bounded above 


(that is, s, = M for all n, where M is a constant), then the series x a, 15 
convergent. 


Since 544, = s, + а, +1 and а„+ 2 0, we have 5„+1 = s, for all integers н > 1. 
Thus, {s,,} is an increasing sequence that is bounded above. lt follows (Theorem 2, 


page 638) that {s,} is convergent; hence, the series bru ак is convergent. 


cuv а 
EXAMPLE 7 Use Theorem 6 to show that the series pU ED converges. 
k=l 


SOLUTION Clearly, each term of the given series is nonnegative. By Theorem 6, 


the series converges if the sequence {5,) of partial sums 


ШЕ 


Re 


is bounded. Notice that (k — 1)/k < 1, so that 


k-1 e (2) 
— = =l <= 
eo КОХ? 9 


Therefore, 
c k—-1 cÍ[l | a MI І 
„= 2 Les e т 1 WES mme 
me ke 2k gi 2 2 Iu M Jes 
= | 
so {5„} is bounded above by M = 1 and En po converges. 
k-1 2 


Problem Set 11.3 


In Problems | to 8, show that each series diverges by showing that 


the general term does not approach zero. 


E i SM Sk 
Pr PL 


In Problems 9 to 14, use the linear properties of series to find the 
sum of each series. 


^» 
om 74 
F ~ 
л 
ee 
T 2 
e- 
= 
-—— 
e 


ly! = (- iy 


ы! kel k=1 

BS +5 s Са” n> e (2) | È ra -u 

Me, eE ici Bel C RET) У d ў 
‚э . ak A k S (29 І 

E NES 6 13 : ) 

E > cos k > 6 791 

mom < | В | 

"- кмат 8 2 or 14 (sin = + 27* — sin 1) 


15 Does the fact that | 
lim —=0 


n—-- ji 


guarantee the convergence of the series 


16 Given that 


converges for each value of the constant c, find 
сс: 
ha —— 
n-x n! 


17 Given tht 1 -3+3-4+3-43+- 


of the series 


= In 2, find the sum 


A. 
~2+1—-#4+3-242-24... 


18 Criticize the following calculation: Let pw (by = bes) be a 


convergent telescoping series. Then 
x © = 

= 
D (= be) nM 
k=1 k=1 


k=1 
= (b; by + by t) — (bz by o) Sb 


19 Show that the series 


[у-у 


e LEE) k*1 


diverges. 


In Problems 20 to 23, rewrite each series by changing the summa- 
поп index from Å to j as indicated. 


20 "Or VEN = =; j= 
EE н m) 


22 2 ag jo k- M *1 
k=M k=l 


24 Suppose that Уу (b, — 
ries. By Theorem 5, 


Бу) is a convergent telescoping se- 


ES M Е 
pi (Ж = ES Э (by — Бр) + p (by — by) 
k-1 k=] k=M+1 
that is, 
by — lim by = by — рун + 3 (by = Бу) 
Еи k=M+1 
or X b- by.) = bus) — lim b, 
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Verify the last equation directly without using Theorem 5. 


25 Use the facts that 


S 1 d — — € І 
С kk) 2 = kk +1) М+1 


to find the sum of 


S | 
к=м+1 KK + 1) 

26 (а) Use Theorem 5 to show that if nwo series agree, term by 
term, except possibly for the first M terms, then either they both 
converge or else they both diverge. (b) Show that changing, 
deleting, or adding a single term cannot affect the convergence 
or divergence of a series. 


27 Given that 


k=1 guys X 


find the sum of the series 


28 If pe 1 & is a convergent series all of whose terms are nonneg- 
ative, show that A а= Do 1 à holds for all positive inte- 
gers M. (Hint: Use Theorem 3 in Section 11.1.) 


In Problems 29 to 34, all the series have nonnegative terms. In each 
case, establish the convergence of the series by proving directly that 
its sequence of partial sums is bounded above. 


m > o> & Ge ins 


na TENTE (kD-:3* e e 

s. А S k 
anc 2 У = 

ko F +1 ico 5' 

i cm 
33 2, L g*u-p et b 
xl 
Kk! 
k=l 


35 Complete the proof of Theorem 3 by showing that if D 1 dk 
and Do 1 b, are convergent, then so is p 1 (а; — bj). and 


3 (az = b) = pA poc > by 
k=1 k=1 k=1 


36 Prove that if a series of nonnegative terms converges, then its 
Sequence of partial sums must be bounded. 


37 Prove part (ii) of Theorem 3. 
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11.4 Series of Nonnegative Terms 


In Theorem 6 of Section 11.3 we showed that a series of nonnegative terms con- 
verges if its sequence of partial sums is bounded. In this section we present the 
integral test and the-comparison tests for convergence or divergence of series whose 
terms are nonnegative. We begin with the integral test, which uses the convergence 
or divergence of an improper integral as a criterion for the convergence or diver- 
gence of the series. 

Figure 1 

EM. The Integral Test 

if fix) dx < f(1) * say + * fin) Е 7 | Р 3 

The integral test is based on the comparison of the partial sums of a series of the 

form D 1 ДЕ) and certain areas under the graph of the function f. Geometrically, 

the basic idea is quite simple and is illustrated in Figure 1. In Figure la. the area 

under the graph of a continuous, decreasing, nonnegative function f between x — 1 

and x = n + 1 is overestimated by the sum f(1) + Д2) + f(3) + +--+ + f(n) of the 

areas of the shaded rectangles; that is, 


nl 


HGS) cele s RD e ИО) ed) Be o o ЕД 


| | Similarly, in Figure 1b, the area under the graph of the same function f between 
n nti i x = 1 and x = n is underestimated by the sum f(2) + f(3) + f(4) + +--+ + f(n) of 
the shaded rectangles; that is, 


(a) n 
2) + з) fà) fons | f(x) dx 
1 


iR ОА Adding f(1) to both sides of the last inequality, we obtain 


fil) +2) + з) +--+ Amys fay + | fco dx 
1 


In summary, we have the following result. If f is a continuous, decreasing. nonneg- 
ative function defined at least on the closed interval (1, n + 1], where n is a positive 
integer, then 


nl 


Jordi ft) узу + EL fO = | F(x) ах 
1 


(See Problems 65 and 66 for an analytic derivation of the preceding inequalities.) 
These inequalities are used to prove the following theorem. 


THEOREM t The Integral Test 


Suppose that the function f is continuous. decreasing. and nonnegative on the 
interval (1. 2). 


(i) If the improper integral fy f(x) dx converges. then the infinite series 


= 


„к= f(A) converges. 
(ii) If the improper integral fy f(x) dx diverges, then the infinite series 
Si f) diverges. 


PROOF 
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(i) We have seen that the nth partial sum s, = f(1) + f(2) + +++ + Дл) of the 
series Sri f(k) satisfies f7*! fix) dx = s, = fO) + [{ Дх) dx. 1f fg Дх) dx 
converges, then s,  f(1) + fi f(x) dx  f(1) + ft f(x) dx. so that {s,,} has the 
upper bound M = f(1) + fT f(x) dx, and consequently, prm ДОК) converges 
by Theorem 6 of Section 11.3. 


(ii) If fT f(x) dx diverges, then f7*! f(x) dx grows large without bound as 
n = +; hence, since f1^! f(x) dx = s. it follows that s, also grows large 
without bound as n > +2. Therefore, in this case. {5,) diverges, and so 
Mia fk) diverges. 


In the integral test, there is no necessity to start the infinite series at К = 1. For 
instance, to test for convergence or divergence of the series D s f(k), we would 
use the improper integral [> f(x) dx. 


In Examples 1 and 2, use the integral test to determine whether the given series 
converges or diverges. 


e 1 
EXAMPLE І У 


SOLUTION Тһе function f defined by f(x) = is continuous, decreasing. 


kl 
ic ap || 
and nonnegative on the interval [], 2). Also, 


Е 2 ix, 
== die = dn = = lim | (ап! x) 
ij ДЕ ar || (2 олса D ad ar || b— x 


= lim (tan !b — tan! ho 
bore 2 4 


. ~ d : 
Thus, the improper integral f some | converges, and so the series 
0X 


= 1 
з) = converges. 


EXAMPLE 2 >, 
k=2 


1 
k(n &)!/* 


1 А 2 
е is continuous, de- 
nx 


x( 
creasing, and nonnegative on the interval [2, %). Here, by the change of variable 
и = In x, we have 


SOLUTION Тһе function f defined by f(x) = 


1 4 4 
= — = = A3/ 
ba pA dx= fu VA Gly = zo C= 5 (in xy^-cC 


50 


Р 1 Е 3 4 | 
1 =——= E i == fm 2533/4 E 
lm. | х(1п х)!# ах lm. 3 (In b) 21 (In 2) DE 
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x 
dx diverges, and so the series 
x(In x)!“ Š 
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Thus, the improper integral i 


æ 
+ 


1 
Sar GREE 
e or 
The integral test makes it especially easy to study the convergence or divergence 


of a p series, which is by definition a series of the form 


Y 
а 
where р is a constant. When р = 1, the р series becomes 
e] l mee! шш lg enl 
Soe анн абаа 
k J2ENNEGS NEFAS 085 


k=1 
and is called the harmonic series. 
THEOREM 2 Convergence and Divergence of the p Series 
S ^ 
The p series 2, — converges if p > 1 and diverges if p = 1. In particular, the 


[T 


SE 
harmonic series > ri diverges. 
k=l 


c ] 
+ (why?), so that >, "m diverges, by Theorem 2 of 
k=1 


PROOF lfp <0, then lim —~= 
n—=>+% Р 
Section 11.3. Thus, we can assume that p = 0. The function f defined by f(x) = 
1/x? is continuous, decreasing, and nonnegative on [], 2), and 
P| 
: ifpzl 
E dix em D] = jp 
| In b if p= 


Thus, for p = 1, lim 
Бэ +2 


b l = 
| ES dx = +, so that the improper integral | === qe 

1 X W = 

р ос! 

diverges, and so does the series > "T However, for p> 1, 


k=1 


S ош 
pr dx— hence also > mE convergent. 
k=] 


so that | 
1 
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EXAMPLE 3 Test for convergence or divergence. 


x 


NA 
SOLUTION 
(a) B P is a p series with p = 3 > 1; hence, it converges. 
=! 
e ]. ve 1. ет 1 E. 
b) > VE = > "mz is a p series with p = 5 < 1: hence, it diverges. п 


The harmonic series 1 + 3 + 3 + { 9 + + is a particularly intriguing series, since 
it marks the boundary between the convergent and the divergent p series. Although 
its partial sums s, = 1 + $ 3E 1 tt: (1/п) become large without bound as 
n+, they do so rather slowly. To see this, consider the continuous, decreasing, 
nonnegative function f defined by f(x) = 1/x for x = 1. For this function, the in- 
equality 

nl 


Jr) ah es qu ID) => ИСО) ЗЕ oe o Sr О == RUD) SF i f(x) dx 
1 1 


(Figure 1) becomes 

ш (з+1)<5,<][-+1пл 
If we put л = 1,000,000, we obtain 

13.82 = 5; 000.000 = 14.82 


so that the sum of the first million terms of the harmonic series is less than 15. 


56 


1 
There is no "nice" formula for the sum of the p series D r3 with p > 1. The 
к. 


c. 
function £ defined on (1, x) by 4р) = E "m is called the Riemann zeta function 
T 
and plays an important role in analytic number theory. 


Comparison Tests 


The most practical tests for convergence or divergence of infinite series are based on 
the idea of comparing a given series with a series that is known to converge or 
diverge. Geometric series and p series are especially useful in such comparison 
tests. 

We begin with the following definition. 
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DEFINITION t Domination of Series 


Let Sf Dk=1 а and z^ с b, be two series whose terms аге nonnegative 
that the series “ү 1 in dominates the series У; к= ay if a, = b, holds for all 


2% — 


. We say 


positive integer values of K. 


More generally, if there is a positive integer № such that a, = b, holds for all 
integers А = N. we say that the series pom b, eventually dominates the series 


pa 


UILEOREM 3 Direct mp Test 


Let У, -1 d, ш. P у b; be series all of whose terms are nonnegative, and 
Ox A 
i "is 1 si dominates Dien a, (or that N 2k=1 by eventually domi- 


nates У Dire F 
"c Час 
(i) If ich b, converges, then DESI a, converges. 


oe c x + = + 
Gi) If » cu a, diverges, then pem b, diverges. 


PROOF We prove the theorem under the hypothesis that Pu b, dominates E ау. 
Since the convergence or divergence of an infinite series is controlled by its **tail 
end," conclusions (i) and (ii) must still hold if LIUM b, eventually dominates 

= 
D a, (Problem 70). 


(i) Assume that de) b, converges to the sum В. Then for any positive 
integer л, Das b, = >AS b, = B (see Problem 28 of Problem Set 11.3). 
Since a, =b, holds for all positive integer values of А, we have 
DUE а; = а Б. = bu 1 b; = В; hence, the sequence of partial sums of 
nn a; is bounded above by B. It follows from Theorem 6 of Section 11.3 
that pe a, is convergent. 

(ii) Assume that ye a, is divergent. Then the partial sums p а, be- 
come large without bound as n— +% (see Problem 71). Since 
7 а = DR b,. X follows that the partial sums XR 421 by become large 
without bound as л — +2; hence, the series P b, cannot be convergent. M 


The choice of a suitable series with which to compare a given series is not always 
obvious and may require some trial and error; however, a geometric series or a 
constant multiple of a p series whose form is similar to the given series often works. 
For example, to test the series 


for comparison, because it closely resembles the given series. If the general term ag 
of a given series is a fraction, then an appropriate p series to use for comparison is 
often obtained by deleting all but the highest powers of А in the numerator and 
denominator of a;. For instance, 
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Series to Be Tested Suggested Series for Comparison 


pm e. a 1а 
dh rcr З cer E 
S 1 E 

=, СА) ia © 

z Sk + 2k +6 > Se 
mi Psa а pe k 
Su rue NL 
ми па ома р joe 


Sometimes it may be necessary to introduce or delete constant multipliers to obtain 
a suitable series for comparison. 


In Examples 4 to 6, use the direct comparison test to determine whether the given 
series converges or diverges. 


со 


EXAMPLE 4 DE n 
a ll 


SOLUTION . Let's try comparing the given series with the series 


ос i a 


а 
E т 


Here our comparison series converges, since it is a constant multiple of a p series for 


р = 2 > 1. Unfortunately, however, our proposed comparison series does not dom- 
inate the series to be tested; indeed, 


[| 1 
_ те is greater than 2 
he = US 


Perhaps, if we remove the factor 1 we will obtain a suitable comparison series. This 
depends on whether 


= 


ше i 
=” e 


for К> 1 


that is, whether 
Te = 12 2 ог К> 1 


But the last condition is equivalent to 


6k —1z0 or 6? > | {ог К> 1 


which is соеви true. Therefore, the convergent р series Б 
k=) 


1 : : 
given series p feat and it follows from Theorem 3 that the given series con- 


verges. a 
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1 
ОХАМР1ЬЕ 5 -r 
EXA Z V+? n 


SOLUTION We are going to show that the given series dominates the series 
x x 
2 ee 


к= 1 k=l 


1 
2 Ti 


| 
2 


which diverges because the p series en (1/ МЮ) diverges. Thus, we wish to 
prove that 


that is, 


or k+2=4k fork = | 


Since k + 2 = 4k is equivalent to 3 = А, it follows that 


holds for k = 1, and the given series diverges. 


© 
1 
EXAMPLE 6 P TEL 
k=2 


SOLUTION Because 0 < In k < k for k = 2, we have 1/k < 1/(In А), so that the 


1 1 1 
ѕегіеѕ > UR dominates the series > —. Since the harmonic series У), = а 
ae: 7 7 


= Reg k=1 


o] 
verges, so does the series > ~_. by Theorem 5 of Section 11.3. It follows that the 
k-2 
given series diverges. 


The following test is essentially another version of the direct comparison test, but 
it is sometimes easier to apply. 


Limit Comparison Test 


Let Eos a, be a series of nonnegative terms and suppose that У bisa 


2 ae : a à 
series of positive terms such that lim — = c, where c > 0. Then either both 


nto e 


series converge or else both series diverge. 


: a 5 : Te : 
Since lim —- = c, it follows that given any positive number e. there exists a 


>+ 
n n 


positive integer N such that 


«e holds whenever п2 № 
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Bm а» е а 
The condition |,— —с| < є ean be rewritten as —e« —-—c-« e, or as 
b, n 
а, Е с a d, B 
c—e«- «ce. Putting €=—, we see that —<— =— holds 
b, 2 2 b, 2 


Ё ; : : EE @ 3c 
for all integers n > №. Therefore, if n = №, it follows that = фа аз Eu 


© 00 
: " : б С : Я 
hence, the series >, a, eventually dominates the series D 5 bk while the series 


R= eE 
= 3c . и . 
> —b, eventually dominates the series > ар. Consequently, if the series 
k=1 k=1 


E b, converges, then the series 


3c 
m converges [Theorem 3(ii) in Sec- 
k=1 45 


tl 
[9] 


üon 11.3], and so the series 2 a, converges by the direct comparison test. On 
k=1 


T ES Doe 
the other hand, if the series 5 b, diverges, then the series D p diverges 
k=1 ELS 


[Theorem 3(ii) in Section 11.3 again]. and so the series 23 a, diverges, by the 


k=] 
direct comparison test. 


In Examples 7 and 8, use the limit comparison test to determine whether the given 
series converges or diverges. 


o0 


] 
EXAMPLE 7 > — mm 
mme MALI 
SOLUTION We use the divergent p series > Е for the limit comparison 


f 
test. Let a, be the nth term of the given series and let b, be the nth term of the series 


] 
M = Uu 
VIE! 
me 
Д 1/М п? + ] V n 
lim —-- lim TS Ши === Al aes 
пэ crm ^ п» +оо " т n+% п? + 1 noe п? + ] 


l 
li J | ] 
= im — Z 
nto N ] + (/m? 


It follows from the limit comparison test that the given series diverges. 


o Tk +3 
EXAMPHE sq, = — 
-e 
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SOLUTION We use the convergent geometric series 25 — for the limit com- 
к=1 
parison test. Thus, if a„ is the nth term of the given series and 5, is the nth term of 


x 


x eL 
the series >, 3e then 
k= 


| 7n +3 | 
. an Е (5п + 1) + 3" К 7n +3 2 7+ (3/n) 7) 
m= П Е = ——= |] — = 


m im = 
п» +09 b, nx 1/3" n—-^*- Snc] nx 5 + (1/n) 5 


and so the given series converges by Theorem 4. 


The following theorem can be proved by slightly modifying the proof of 
Theorem 4. Its proof is left as an exercise (Problem 72). 


THEOREM 5 Modified Limit Comparison Test 


x с à e . 
et Ра аҳ be a series of nonnegative terms, and suppose that Бл bisa 
series of positive terms. 


c E 


ü 5 аһ ғ NS 
(i) If lum — = 0 and 2, b, converges, then 2, a, converges. 


т k=1 k=1 
x x 
m z an a O с 
(ii) If lim Ds = +x and 5 b, diverges, then py a, diverges. 
eae On k=1 k=1 


In Examples 9 and 10, determine whether the given series converges or diverges by 
using the modified limit comparison test. 


= 


EXAMPLE 9 > 
k=1 


Ink 
kt 


x 

SOLUTION We use the convergent p series > a for the modified limit com- 
k=1 

parison test. If a, is the uth term of the given series and 5, is the nth term of the 


со 


" 1 
series У) О Шеп 
k=1 
Qn (In n)/n* Inn In x 
lim — = |] == — ||) —— = lim 

n=+x b, nx l/r n—e34 = H х» +2 ay 

/х E 1 

= lim —= lim —=0 
x—- == хә+= ү 


where we have used Theorem | in Section 11.1 and L'Hópital's rule to evaluate the 
limit. By part (1) of Theorem 5, the given series converges. 


æ 


] 
EXAMPLE 10 È SS 
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SOLUTION We use the divergent harmonic series > — for the modified limit 


k-1 
Ышш test. If a, is the nth term of the given series and b, is the nth term of the 


| 1 
series У =— {те 


k=1 k` 
А аһ : 1/N/2n + 1 t n 
beat === ир = — Јр —— 
пэ+= рр п += 1/п nct N2n + | 
= 
К — n А Ed 1 
= lim Vn lim Vn 


—— = | ——===—=—=—== = 
no +x V2n+1 Hore V 2 (1/0) 


By part (ii) of Theorem 5. the given series diverges. 


Problem Set 11.4 


In Problems | to 20, use the integral test to determine whether each In Problems 21 to 32, use the direct comparison test with either a p 
series converges or diverges. series or a geometric series to determine whether each series con- 
verges or diverges. 
= А Smi 
l È n i E 
ee VR fe, cud n> To T NM 
"EU SUE. 4 EN ES 
бө тт кк 
= ES Sm Xs 
3 4 5 DE = 
2 SUED 2 248 m» |! и D _ 
e kuis" ae (n + 1)3" 


ey (5 + 342)22 КУЕ 1 Er cos Ку эшк 
Ex 0c RU ME +3 
S 1090? : 
5 Š (100) Se p E 
n=l n т= 1 27 p: 3 28 
E Vel ш Ak EO 
S ink = 1l 
9» 10 Y z Е 2 
Е DR 2 Ink 
mco (5 gea (5 Wn iS 29 > Е Ja зо © n 
jen RULES к=з K 
п Х je? ТЭ ы = ЗЕТ 
Е ке м5 2 В posi 
2 Р а A WE 
s fB m r 
р > 1+ љт? n D 2" 
In Problems 33 to 38, use a limit comparison test with either a p 
15 > 16 S 1 series ог a geometric series to determine whether each series con- 
ncn (OLE Se “a + 1) pem tse INGA se 2) verges or diverges. 


17 » coth п 18 У ен. а 33 E res Res 34 б е 


= same t- tube roy WES 3- TET 


8 


< I : 1 dx 
19 > ——— П E EM ee 
£ kVink C kin kIn (In ) ? + DE + DE + BK 4) 
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In Problems 39 to 64, use any appropriate test to determine whetner 
the given series converges or diverges. 


41 


43 


RE 


49 


51 


Ж 


57 


61 


63 


a | d 
iM 
pec 
IL 
$2 

a iv +S 


з Ue NGS о) 


* 2 + 1 
Ww A 


DES 


7! – cos j 


y gs 
ke k 


3 І 
> VRE + 1024 — 1) 
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40 


44 


46 


48 


20 


5; МЕ! 
T Rs 


ig Ok ЕЕЕ SR 


v 2VE*3 
= МБ 


к= 1 
S k4+3 
А=1 Kt 


65 


66 


67 


68 


69 


70 


7 


-— 


72 
73 


Assume that f is a continuous and decreasing function on the 

interval [k = 1, А). 

(a) Use the mean-value theorem for integrals (Theorem 10 in 
Section 5.3) to show that there exists a number c with 
К— | Sek such that 


k 
Í f(x) dx = Ко) 
k-1 


(b) Explain why f(A) = f(c) = fk — 1). 
(c) Conclude that ДА) = fL, Дх) dx = ДК — 1). 


Assume that the function f is a continuous and decreasing func- 
tion on the interval [1, n + 1], where n is a positive integer. 


(a) Use part (c) of Problem 65 to show that 
> fu E f(x) dx 
k=2 1 


(b) Use part (c) of Problem 65 to show that 


n+l 


nti 
| fix) dx <= 9 ДЕ — 1) 
1 к=2 
(с) Conclude that 
n+l п п 
| foo dx = >, fl s fi) «| f(x) dx 
1 k=1 1 


Suppose that the function fis continuous, decreasing, and non- 
negative on the interval [], 2) and that the improper integral 
fi f(x) dx converges. By the integral test, 2 m КК) converges. 
Using part (c) of Problem 66, show that 


| feo dx < > fü) < fü) + | fix) ах 
1 k=1 1 
Use the result of Problem 67 to prove that 


T c 1 
ay = 2 k 


2*1 


т 
= — + 
4 


u|- 


Give an example to show that a series Б 1 à with positive 
terms can be convergent and yet the series >= Va, can be 
divergent. 


Show that the conclusions of the direct comparison test (Theo- 
rem 3) still hold if ps b; eventually dominates pi ay. 


Suppose that the series Y; a, diverges and that its terms are 
nonnegative. Prove that the partial sums s, — т a, become 
large without hound as п — +, 


Prove the modified limit comparison test (Theorem 3). 


Suppose that f is a continuous, decreasing, nonnegative function 
on the interval [n, M], where тапа M are positive integers and 
m < М. Prove that 


м 


АМ) + " R9 dx = Yu ДЮ x flim) + | fas dx 


m k=m 


its 


THEOREM 1 


PROOF 
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Series Whose Terms Change Sign 


The tests developed in Section 11.4 allow us to handle series whose terms do not 
change sign. (If all terms are nonpositive, we just multiply by — 1 to convert to a 
series whose terms are nonnegative.) In this section we consider series whose terms 
change sign. The simplest such series is an alternating series whose terms alternate 
in sign, for instance, the series 


= 


1 1 | 1 
> UE ree Е ree 
m k 2 з 4 п 


which is called the alternating harmonic series. Note that a geometric series with а 
negative ratio r, such as 


= 


я ie! 1 1 ] | ^a grill 
Б с(—-) emen - ) fees 


k=l 


is an alternating series. 

The following theorem, which exhibits an important feature of an alternating 
series whose terms decrease in absolute value, will be used to prove a test for 
convergence of such a series. 


Alternating Series Whose Terms Decrease in Absolute Value 


Let {а„} be a decreasing sequence of positive terms. Then the partial sums s, of 
the alternating series 


а — ag + a3 — ag t: + СП" ОШ a, t: 


satisfy the following conditions: 


Ш Оо аса NS 


(ii) Ny Ec 05 жо Doc Sa eo? 


(iii) ЈЕ n is an even positive integer. then s,,., — 5, = а,:1. 


(iv) lf n is an even positive integer, then 0S s, = 5,4, = sj. 


(i) If n is an even positive integer, then we can form the partial sum 
Sim Cen Cosi сеа т аел апав огоприе гети врате го 
obtain 


Sa (ай = а] Сов — Ваа аал) 


Since a = аз = аз = ay = + + +, it follows that each quantity enclosed in pa- 
rentheses is nonnegative. The next еуел integer after n is п + 2, and we have 
$442 = Sn Т (ал+ — 0445) = 54. It follows that 


Ü-xsoXsXsgmsgme 


(ii) Similarly, if m is an odd positive integer, we can write 


Sin = dh c Gar Gg Аа а аал 
= uz (un mg (ne = 9 a er) 
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where, again, each quantity enclosed in parentheses is nonnegative. The next 
odd integer after т is т + 2, and we have 


Sm+2 = Sm 7 Care) Т Gizmo > Vase = ines) = Sa 


Hence, 51 254255 257 2 бо Sess 
(iii) If л is even, then n + 1 is odd and s,.; = s, + ал+. Therefore, 


Sn+1 7 Sn = Anel 
(iv) Again, if n is even, then by (iii), 5,4; — Sn = ау = 0; hence, 
РУО О Капа by a = Sree SONU al 


0 = 5, = Sn+1 = $1 


In Theorem 1, if {a,,} is a strictly decreasing sequence, so that ay > az > аз 2 * * *, 
then all inequalities appearing in the proof and in the conclusions can be made strict. 

The following theorem, discovered by Leibniz, provides a useful test for conver- 
gence of alternating series. 


Leibniz's Alternating-Series Test 
If {a„} is a decreasing sequence of positive terms with lim а, = 0. then the 


nx 


alternating series 


@ — Gp +d, — Tu uie MEM c nme 


is convergent. Moreover, if 5 is its sum and if s, is its nth partial sum, then 


0 S (7I'(S – sn) = ans 


Putting п = 2j in part (iv) of Theorem 1, we see that 0 = s5; = s23;+1 = s, holds for 
all positive integers j. By parts (i), (ii), and (iv) of Theorem 1, (55) is an increasing 
sequence bounded above by ү, and [55;, 1} is a decreasing sequence bounded below 
by 0. By Theorem 2 of Section 11.1, it follows that both of the sequences {›,} and 
152,41) converge. By part (iii) of Theorem 1, 55/41 — 55; = азу+ 1; hence, 


0= lim аз+1 = lim SO о = lim эү = lim 55; 
2j+t 2j+1 ap 4] 2j 
jt у-е+= 


i> +æ j—*t*- 
Jj 
whose indices are even and also the terms in this sequence whose indices are odd 
converge to the same limit, call it S, it follows (Problem 63) that the entire sequence 
{s,,} must converge to S. Therefore, Ru (~ 1**! a, converges, and its sum is S. 


and it follows that lim s34; = lim sz. Since the terms in the sequence {s,,} 
->+ j—>+æ 


To prove the second part of the theorem, notice that s». S4, 56, Sg, . . . is an 
increasing sequence and converges to $; hence, s,, = S holds for all even positive 
integers п by Theorem 3 in Section 11.1. Similarly, since 51, 53, 55, 57, . . . isa 


decreasing sequence and converges to S, then 5 = s,, holds for all odd positive 
integers т. If n is even, then л + 1 is odd and so s, € S = s, |. Subtracting s, and 
noting that 5,4) — Sn = an+, we have 0 = $— 5, = а, +] when n is even. If т is 
odd, then т + 1 is even and so Sm+1  $ =5,,. Subtracting Sm and noting that 
Sm+1 7 Sm = —Gm+ 1, We have —a,,4, = 5 — s, 0 when m is odd. It follows that 
0 = (—I'(S — s,) = a,+, holds for every positive integer n, whether even or odd, 
and the proof is complete. 
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25 TC 
EXAMPLE 1 Test the alternating harmonic series > (= 1)“ Um convergence. 
k=1 


IE : E 
SOLUTION The sequence = is decreasing, and lim — = 0; hence the alter- 
A a a п n>+x n 
nating harmonic series 


[| 1 1 zm 
Ng qpesede(py5 4p ооо 
2 3 4 п 
converges by Leibniz’s alternating-series test. 
In Leibniz’s theorem (Theorem 2), notice that 5 — s, is the error involved in 


estimating the sum 5 of the alternating series by the nth partial sum 5,. If n is ever, 


then 
ОЕ == — 5) 8 S = s. so mS 


If n is odd, then 
ОСЕБ) so jam 
Therefore we have the following important result: 
Suppose that the hypotheses of Leibniz's theorem (Theorem 2) are true. so that 
the alternating series converges to the sum S. If » is an even positive integer. then 


s, underestimates S; if n is an odd positive integer, then s, overestimates S. In 
any case. 


I = Gl E 


that is, the absolute value of the error of estimation does not exceed the absolute 
value of the first neglected term.* 


For example, if we wish to estimate the sum 
1 1 1 Ag ll 
$=1———+———++-+(—1)"®!—— +... 
2 3 4 n 
of the alternating harmonic series by a partial sum s,,, then the error cannot exceed 
the absolute value of the first neglected term а, у. For instance, 


S2i—z+3-44+3-¢4+4-473=0.7456.,. . 


with an error that does not exceed 15. Moreover, since we have an odd number of 
terms in this estimate, we have overestimated 5. so that 5 is less than 0.7456 . . . . 
Actually, it can be shown? that the sum S of the alternating harmonic series is equal 
to the natural logarithm of 2: 


S = In 2 = 0.6931... 


In Examples 2 and 3, (a) show that the given series is convergent, (b) find the 
partial sum s4 of its first four terms, and (c) find a bound on the absolute value of 
the error involved in estimating its sum by S4. 


* If {a,} is strictly decreasing, so that a, > a» > аз * * +. then the conclusion |S — s,| € a,., 
can be sharpened to 0 < [5 — s,| < anrr: 


+See Problems 41 to 44 in Problem Set 11.7. 
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x ү a. 
EXAMPLE 2. >, DH! p 


k(k + 2) 
SOLUTION 
Я Д ap 3 
(a) Let f be the function defined by f(x) = ————. Then 
2 ce 2) 
f 9 = = pio 1) <0 f > | 
б x(x + 2)? JAS 


Hence, the function f is decreasing on [1, 2). It follows that the sequence 


33 
{f(m)}—that is, the sequence lus decreasing. Since 
n(n + 2) 
253 20 (why?) and — — — — SD the усш ОО 
ш = 0) (0 М ————— 20) series 
BL ЕЕ; (why?) an = +2) е given alternating series 


converges, by Theorem 2. 


ES 6, d. Re 


Dc 
UE үсте = К GD 


(с) The absolute value of the error of the estimate 


49 < k+3 
ЕШ 
Gm = kk * 2) 
d t d the fifth t DRE, È H l 
oes not exceed the fi QT = ——, Hen an 
erm mE E 35: Here зз involves an even 
49 < К+ 3 
number of terms, so that —— underestimates 9, (—1)**!————. 
60 = k(k + 2) 


(-1)4 
k! 


oc 
EXAMPLE 3 >, 
k=1 


SOLUTION 


(a) This series begins with a negative term, —1/1!, whereas Leibniz’s theorem 
as stated above concerns alternating series which begin with a positive term. 
However, we can write 


pom 
k=1 


= {| k+1 
ew чое - 


k=1 


ES =j k+1 1 
and apply Leibniz's theorem to the series pc medio т Шеге |) is а 
k=1 з 


Я : : 1 
decreasing sequence of nonnegative terms, and lim —— = 0, so that 


nota n! 
с © 
—1) к =| k 
ee converges; hence D 
k=1 k=1 


also converges. 


SECTION 11.5 SERIES WHOSE TERMS CHANGE SIGN 673 


(b) and (c) Неге, 1 + S UTE У (xii! 
` CENE E n Е "oc tes 
2 6 24 8 underestimates xc S 


k=1 


А 1 
with an error по more than — = 


5 
. and therefore, — — overestimates 
5! 120 8 


Pele eis -> ae 


with an error whose absolute value does not exceed 13s. 


Absolute and Conditional Convergence 
Consider the alternating geometric series 
[eae э aie dn 
with ratio r — — $. Not only does this series converge, but so does the correspond- 
ing series 
1 1 1 1 1 
ШЕННЕ ЕНЕ + 
of absolute values; that is, the geometric series 1 + i ЗЕ 1 3F І + ik 46 as 4p So oj 
also convergent. Such a series is called absolutely convergent. 
On the other hand, consider the alternating harmonic series 
BEL d eX 5 e ge us 
which converges by Leibniz's theorem. The corresponding series of absolute values 
is the harmonic series 
eee ee рес e 


which diverges. Thus, the convergence of the alternating harmonic series actually 
depends on the fact that its terms change sign. Such a series is called conditionally 
convergent. More generally, we make the following definition. 


DEFINITION 1 Absolute and Conditional Convergence 


(i) If the series Yi |а converges, we say that the series 2—1 a, is 
absolutely convergent. 


(ii) If the series Y, a, is convergent but the series Y, la] is diver- 
gent, we say that the series jare a, is conditionally convergent. 


In Examples 4 to 6, determine whether the given series ts divergent, conditionally 
convergent, or absolutely convergent. 


25 


(=w 
EXAMPLE 4 > PONES 
NW F "2. 


SOLUTION Since the series 


674 CHAPTER 11 INFINITE SERIES 


converges by comparison with the convergent p series pa vu it follows that 
к= 

У силе is absolutely convergent. 

yap +l / А 


е Са 


EXAMPLE 5 ped 
EXAMPLE $ k+2 


Lol 
I 


has 


SOLUTION Since lim (—1)"*! 


[je 


= does not exist (why?), the given series 


is divergent (Section 11.3, Theorem 2). 


© 


ea" 
aan |W k 


EXAMPLE 6 


SOLUTION Тһе oy series converges, by Leibniz’s theorem. However, 
1 
К 


e |(—1)* 
2 Ink 


k=2 


=25, == p NOES since —— = — holds for К = 2 and p 
Ink k ПЖ; 


со 


(= 1 k 
diverges. Hence, »- н is conditionally convergent. 


THEOREM 3 Absolute Convergence Implies Convergence 


PROOF Assume that У, к la| is convergent. The inequalities —]a;| = a, = |aj| can be 
rewritten as 


0 = ак ar Ja, = 2|а,| 


Now. Si 2|а| converges since У 1 |a| converges [part (ii) of Theorem 3 
in Section 11.3]; hence, by the comparison test, $ (а, + |a) converges. 
Therefore, 


oo 


2 [lar + la — lad] = У а 


k-1 k=1 


converges [part (i) of Theorem 3 in Section 11.3]. 


sin k 


"з „д converges or diverges. 


© 
EXAMPLE 7 Determine whether the series > 
k=1 


SOLUTION Although the given series contains both positive and negative terms, 
it is not an alternating series (why?). However, we have 


sin k E deni _ 1 


eral era d^ 


sink 
3 


со 
for every positive integer К, so that > 
K-1 


is dominated by the convergent 
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zt 

; l x : PM 

p series p TUE Therefore, the given series is absolutely convergent and hence 
к=! 


convergent by Theorem 3. 


The following theorem gives one of the most practical tests for absolute conver- 
gence, 


THEOREM 4 The Ratio Test 


Ж 


= 
Let » a, be a given series of nonzero terms. 
fe 


[ 


5 : G1 | : 
(D If lim : | < 1, then the series converges absolutely. 
л + ос а, 
E : Gn+t . n+] А : : 
(ii) If lim | ——|- lor lim |———| = +~, then the series diverges. 
nx а, nx аһ 
TH c = 4+1 | а : 
(Gii) If lim | = |, then the test is inconclusive. 
nx An 


т : a - 
PROOF (i) Suppose that lim —*l| = } <1. Choose and fix a number r with 
Hn—»4 0 an 
a ШОШ Е ; 
L << т< | {for instance, r = . Let € = r — L, noting that e > 0. Since 
. n+) 2 "— T 
lim = L, there exists a positive integer N such that 
n-tx ay, 1 
Caoil 1 Ze 
а, 
2 à an+] 
for all integers n = N; that is, —e < |=] — L < e, or 
an 
a 
L-e<|—“"|<Lt+e 
an 
à ал+ 
for all nz №. Since L+e=L+(r—L)=r, then |——|«r, or 
an 


la,+1| < |а, holds for n = N. Therefore, 
|ау+1| < |ам|г 
lan +2] < [йу+1|г = lanl” 
lan+| < lan+alr < lay? 


and so forth. In fact, , 
[ал+ < lanlr? 


holds for all positive integers j. (For an inductive proof, see Problem 64.) 
Therefore, the geometric series X=; |ay{r/ dominates the series И 
Since 0 < г < 1, the geometric series converges; hence, 


20 es 


D lays. = 2, [а] 


j=) k=N+1 
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converges by the direct comparison test. Therefore, by Theorem 5 of Sec- 
tion 11.3, LEES |а, converges; that is, PES a, is absolutely convergent. 


ал+ 
(11) Assume that lim —l|-L1. Choose and fix a number r 


ntc 


аһ 
with 1 <r < L and put є = L — r. Thus, there exists a positive integer № 


Gn«1 
such that L -— e< || <L+e holds for nz М. Hence, 1 &r = 
d, 
G4] =- lan+al Е 
L-e«|——|- BTE so that Ja,| < [а„+1| holds for n = N. Therefore, 
ay а, 


lanl < |ау+1| € |ам+ә] € амаз < ++ 


so that 0 < |а| < |а„| holds for all m > М. This shows that the con- 
dition lim а, = 0 cannot hold; hence, Pe a, is divergent (Theorem 2 in 
n->+x 


Section 11.3). 
Gn] 


Similarly, if lim = +, then there exists a positive integer № 


пэ + 0 


an 


n+] 


such that 1 < holds for all n = N, and we can complete the argument 


n 
just as above and see that poe a, diverges. 


Gn] 


а, 


= 1, consider 


(iii) To see that the test really is inconclusive if lim 


nt 


e ] e] 
(a) D z and (b) p —. Series (a) is convergent, but 
aT Е 
оа а _ a п? 


1 = | 
n=>+x FP sp m + Л 


п—++® 1/п? 
Series (b) is divergent, but 
А 1/(n ae d) З п 
mg == = fn 
nx 1/п n—** n+ | 


In Examples 8 to 10, use the ratio test to determine whether each series converges 
absolutely or diverges. 


EXAMPLE 8 qdELDIUETOR 
EXAMPLE S > Tk + 1) 
SOLUTION Here 
2" 2mh 
n mp9 ems nd "n lx cr AME ENIM 
3 T'(n + 1) И л 7"*ln + 2) 
Therefore, 
| fis ; pul 7"(п + 1) 2(n + 1) 
lim ——|— Mun | =) a ee 
п-э+= | d, п—=+® “7% и + 2) 27 па ОО) 


деси) 2 
lim = m — s 
п=+ә 7|] (Qm 7 


«] 


so the series converges absolutely by the ratio test. 
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mid 
EXAMPLE 9 3 25. 
k=0 k! 
SOLUTION Here 
(—1)"*15” (=) 257: 
(jj, 2 апа fla ЕЕЕ 
п! (n + 1)! 
Therefore, 
: [ESI 5 í saii n! | . 
li = lim (——_.. = lim -0«l 
n—** | d, n+ N(n-d- |)! 5” ms mae 
so the series converges absolutely. a 
eo 1:3:5-:: (26-1 
EXAMPLE I0 D gent е 1) 
амымы ЩЫ К! 
k=1 5 
SOLUTION Here 
le ajas оо одр 1 d looses (uy at чь 9) 
== = an зы fM MÀ 
da n! а (п + 1)! 
Therefore, 
а 2п + l)n! | 2g чь || 
lim Saz im ADL ia = 2 
жасын ал ars (par JE a nt | 
so the given series diverges. a 


Another useful test for absolute convergence is given by the following theorem. 


THEOREM 5 The Root Test 


a 
Let 25 а, be a given series. 
gen 


(i) If lim Vla,| < 1. then the series converges absolutely. 
n— +0 


(ii) lf lim Ме, > 1 orif lim М], = +2, then the series diverges. 
Hn— coo n— +оо 


(iii) If lim V/a,| = 1, then the test is inconclusive. 
п + 


PROOF The proof is very similar to the proof of the ratio test, so we only sketch it here and 
leave the details as an exercise (Problem 66). If lim Ма„| = L< 1, choose r 


with L < r < 1. Then for large enough values of n, Уа, < r, or |a,| < r”; hence, 
Ma lai] converges by comparison with Ууу r^. If the hypothesis of (ii) holds, 
then Уа, | > 1 holds for large enough values of n so that lim а, = 0 cannot hold. 


п— +0 


For (iii). the same examples used in the proof of the ratio test are still effective. в 
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EXAMPLE 11 Use the root test to decide whether the series 


wo E 
ПОЛЕ ПУ] 


converges or diverges. 


SOLUTION Here 
(= ie 
ee 
[In (л + Dp 
Therefore. 


li NE um E 
Er \ Teal = кы V | (its (S JOE 


so the given series converges absolutely by the root test and thus converges. 


=0<1 


to = 
n—>+= |n (n + 1) 


Problem Set 11.5 


In Problems 1 to 14. determine whether the given alternating series In Problems 15 to 26, apply the ratio test to determine whether each 
converges or diverges. Use Leibniz's alternating-series test to estab- series converges absolutely or diverges. 
= = ee = 
lish convergence whenever it applies. A 2 
a NS SRL NS (—3 47134 
15 2, КТ) 16 æ ESL 
Eo +1 x k+l bn 3 di 
7 ( у aS (—!) =й к=! 
= S ст QU 
А1 RET x гает 3 CIE 
СаО у CDV (КЕБ) 
е ma x ® " ke ak 8) em k! 
se- im MURS yy 905 Кт k-l k=l А 
NE: ыш DS 
k-1 А= | S (ПК! = 1 
®2—a cam 
= елү In i E ki ОК + 2)3 
5) > c m |t: First consider > тШ ск a 
my VE +7 coy Pea? NE 26 5 (k + 1)! 
Gr с 120)! Pee Г 
x h+] " k+1 
а? | E Sl). xL) | 
O> E a wea ЕСЕТ; Hint: ist consider 2, 4 ea cee eG, - Ес ane 7 " 5 (їй ИА. 
ы (3k)! ES = e 
x > › 
N +t 5 а ЗК x x 
mc spe CA =—— pres lta 
0> nx e ae +1 сур = 26 Y (-1)' — 
i=1 (1.02) k=1 = 
л Шы ~ ШО 
= een 10 2 (—1) EINE In Problems 27 to 34, apply the root test to determine whether each 
dad L 5: series converges absolutely or diverges. 
S ИЕС У Е SES SCENE DU 
її X cp sin à ^ [de a = 28 ` ec 
1-1 k = Ink e € pe! г) 
S (МЕ - = (a wm сн ж 
2+3 > In К cos Ат 29 La чт ) 0 > KG) 


mm: s CD 
31 У exc 32 № ——— 
Fon 3k + 1. ee iss 
= © k^ 
33 9 (Vk 1%} 34 У, 


[2k + (/)])* 


In Problems 35 to 54, determine whether each series is divergent. 
conditionally convergent, or absolutely convergent. Use whatever 
tests or theorems seem most appropriate to justify your answer. 


a + : 
DEO ia Boe ky 
Е k=l 


k=1 
(=a 4 < (= 042 
пк) GS 2, Ө +10 
OD (-1)"*! In n 
nc п 
=, k! 
Spe =_ 
G2, ( Yk +p 
= j 
оа 
jay dr ла! 
S 2:4:6::: (2k) 
42 №, ————————— 
2, 1-4 x - (3k — 2) 
S (uS х E mv 
аз Y ——i————— 44 lx) 
2, ):3:5 4 QE 1) RAE OT 
o a v Qk 
Bo тер 46 2, sa 
ki KCK + MY 2, я 
КЕЗИ S KM 
ay 48 
= CR 2. (2k)! 
= Е < (4k)! 
49 > (-1"! EE 50 > (-1Y* —5 
= ЗК +1 = (kty* 
А EI 
а 52 У, & 
kj K! ae! 
a ad =; go: k 
Р s $(5) 
2. (1 k omm 


In Problems 55 to 60, approximate the sum of each series by finding 
the partial sum of its first л terms for the indicated value of n. Also 
give a bound on the absolute value of the error involved in this 
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approximation, and state whether the approximation overestimates 
or underestimates the true value. 


? E (= 1)! 

55 ^, ————.n^8 
fa, ded 
= — kt! 

5 ЕСЕТ 
k=1 = 
= =} 

57 Б t B n=4 
k=l k 
Е. 

58 X ч ) n=4 
flan ter ll 

n Жо (=й 

SU OE =i 
pe 


v sin (К + la 
=, Qi. ^ 


[c] In Problems 61 and 62, find the sum of each series with an error not 
exceeding 5 х 1074 in absolute value, and write your answer to 
three decimal places. 


63 Suppose that the sequence s». 54, Se, Sg, . . . converges to the 
limit 5 and that the sequence 5], 53. 55, 57, . . . converges to the 
same limit 5. Prove that the sequence 54. 52, 53. 54. 55, 56... . 
converges to the limit S. 


64 (a) If |а„+1| < la,[r holds for all integers n = №, where r is a 
positive constant, prove that [ам < [алғ holds for all positive 
integers j. (Use mathematical induction.) (b) 1f |a,|r < |а„+1| 
holds for all integers n = N, where r is a positive constant, 
prove that |ay|r^ < ах: holds for all positive integers j. 


= 
65 15 it true that if the series 2, a, converges absolutely, then the 
ET 


series Dn z also converges? Why? 
+ ağ 


66 Fill in the details in the proof of the root test (Theorem 5). 


x 


67 If the series > a, converges absolutely, show that 
k=1 


E 
k=l 


= 
= la 
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11.6 


Power Series 


An infinite series of the form 


ES 


by cx а) = co + cx — a) + ek — ay + сах — ay t: 
k=0 


is called a power series in x — а, or simply a power series. The constants со, с, 
Сэ, сз, . . . are called the coefficients of the power series, and the constant a is 
called its center. A power series with center a = O has the form 


: 
oS Я 5 

У cxt = co + ex сох? + gx +5 

k=0 


and thus generalizes the idea of a polynomial in x. 

In a power series ee сих — а)“ we usually think of x as a quantity that can be 
varied at will. The series may converge for some values of x, but not for others. 
Naturally, when x = a, we understand that the series converges and that its sum is 
co. The following three examples show that the ratio test (Theorem 4 in Sec- 
tion 11.5) can be useful in determining the values of x for which a power series 
converges. 


In Examples 1 to 3, find the values of x for which the given power series converges. 


1 2 


S k 3 
EXAMPLE 1 У | тз = 0 — х + Sx? 2 +: ee 
k=0 


3 9 298 


SOLUTION Of course, the series converges for x = 0. For x #0, we use the 
ratio test with 


(= nx” (— 1)" н Ji, pee 
Qv 6: ш ас u оо о 
Неге, 
tes | dide и Ве Quen 21 
im = fi 5 а OS 
pu а, EP oS ant! (— ] nx" 
nl fae Jl X 
= lim |x| = |x| lim zu 
n—*** 3n n—-t*9 Дд 3 


so the series converges for |x|/3 < 1, that is, for —3 < x < 3. If x € —3 or if 


x > 3, then |x|/3 > 1 and the series diverges. When |x| = 3, we have 


la, = lec Ua 


so that lim a, = О and the series must diverge. Therefore, the series converges 
n— + 


for values of x in the open interval (—3, 3) and only for such values of x. 
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e (x — 5)” m! 1 
бє гг, эй о ао 
k=0 = 


SOLUTION Тһе series converges for x = 5. For x # 5, we use the ratio test with 


(x к= See (x к= Sy (x к= Span 
OS and a m 
n! (n + 1)! (п + 1)! 
Here, 
. an+] (Xi peter n! 
lim ое 
a>+x] d, n—>t+x | (n+ 1)! (Ge = Se 


li 
| 
e 
^ 


n>+~ nt} 


for all values of x; hence, the series converges for all values of x. 


EXAMPLE З D, (Kx 2*2 1+ (x 2) + 2x 2? 9 6x 2) +: 
k=0 


SOLUTION Неге we have a, = (n!)(x + 2)" and а, +) = Кп + 1)!](х + 2)*!. 
For x # —2, the ratio test gives 


1 
. TEE lita i Gs ae DP” : ; 
lim |———| = | = lim (п + 1)| + 2) = + 
n» An n» (n (x + D n +2 
Hence. the series diverges. Of course, the series converges for x = —2, and so it 
converges only when x = —2. 


The set / of all numbers x for which a power series en сих — а)“ converges is 
called its interval of convergence. In Example 1, / = (—3, 3). in Example 2, 
1 = (— 2с, 2), and in Example 3. Z is the "interval" containing the single num- 
Бет = 2 

For any power series P сіх — а)“, the interval of convergence / always has 
one of the following forms: 


Case 1 / is a bounded interval with center a and with endpoints a — R and 
а + R, where R is a positive real number. 


Case 2 | = (—«, x). 


Case 3 I consists of the single number a. 


In case 1, we call the number R the radius of convergence of the power series. In 
case 2, it is convenient to say that the radius of convergence of the power series is 
infinite and to write R = +. Naturally, in case 3, we say that the power series has 
radius of convergence zero, and we write R = 0. Examples 1 through 3 above 
illustrate these three possibilities. 

In case 1, the endpoints a — R and a + R of the interval of convergence I may 
or may not belong to 1. In Example 1, neither endpoint belongs to /, so that Z is 
an open interval. In general, anything can happen—the series may diverge, 
converge conditionally. or converge absolutely at an endpoint of /. Thus, in 
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Figure 1 case l, the interval of convergence can be any one of the 
four sets / [a - А, а + R], 1-|a- В, at+R), l= 
(а= К.а + Rj, or! = (a — К,а + К) (Figure 1). The power 

2 ` т series always converges absolutely on the open interval 
aR а a*R (= Is a e T 


series diverges for Ix ж al^ А 


series converges absolutely A К / ЕТ. А С: Р 
for іх al<R The following theorem provides an efficient means for finding the radius of 
convergence of a power scries. 


THEOREM 1 Radius of Convergence of a Power Series 


ЧА E . А H 
Let Bone c,(x — a)" be a power series with radius of convergence R. Suppose 


* Сы+ 1 
that lim : 


ce pon (бр 


= L, where L is either a nonnegative real number or L = +=. 


(i) If L is a positive real number, then R = 1/L. 
(ii) If L = 0, then К = +=. 
(iii) If = +=, then А = 0. 


PROOF We attend to part (1) here. Parts (11) and (11), which are handled similarly, are left as 
an exercise (Problem 46). Thus, suppose that 


Cy 


=L 


[47 
where L is a positive real number. We apply the ratio test to the infinite series 
So cx — af. Here, а„ = с.х — а)" and ал+ = сах — а)", so that 

ESI Cari m cR 
а, 


Cn+1 


п» +0 


lim 


n> +00 


nte 


Ix — al = Lx а 


Ces = ay Ga 


By the ratio test, the series converges absolutely for L|x — a| < 1, and it diverges 
for Дх = a| > 1; that is, it converges for |x — a| < 1/L, and it diverges for 
|x = a| > 1/L. Thus, 1/L = R, the radius of convergence of the power series. 


Several important comments need to be made in connection with Theorem 1: 


1 Notice that the ratio с, т/с, in Theorem 1 is a ratio of coefficients—not 
terms—ol the power series. Do not confuse Theorem I with the original ratio 
test (Theorem 4 in Section 11.5), which involves the terms of a series. 


2 Theorem 1 is easy to remember if, for purposes of this theorem only, we 
agree that 1/L = +% when L = 0 and that 1/L = 0 when L = +. Then the 
theorem simply says that R = 1/L in every case. 


3 Theorem 1 may not apply in certain cases because the sequence |с, з/с, has 
no real number as a limit and does not approach +% as n — +œ. In such a 
case, the power series still has a definite radius of convergence К, but methods 
beyond the scope of this book may be required to find it. 


4 Theorem 1 does not apply to a power series of the form 


eo 


У ex — ay? = cg + cix — аў? + exa — ay? + ex — ay? +++. 


k=0 


where p is a constant integer greater than 1, since c; is not the coefficient of the 
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Ath power of x — a. In such a case, the radius of convergence can often be 
found by applying the original ratio test (Theorem 4 in Section 11 .5) directly to 
the terms of the series, as in Example 2 on page 681. 


5 Theorem | says nothing, one way or the other, about whether the power 
series converges at the endpoints of its interval of convergence. This has to be 
checked by substituting x = a — R and x =a + R in the power series and 
using the standard tests for convergence of a series. 


6 Theorem 1 is still valid for a power series such as DUE an ci(x — а)“, where 


M is a positive integer and the summation starts at k = M rather than at k = 0. 
(Why?) 


In Examples 4 to 8, find the center a, the radius of convergence R, and the interval 
of convergence I of the given power series. Be sure to check the endpoints of I for 
divergence, absolute convergence, or conditional convergence. 


= 


EXAMPLE 4 Y —x! 
k-1 


SOLUTION Here the center is a = 0, and c; = 1/k. In Theorem 1, we put c, — 
1/п and с„+ = 1/(л + 1), so that 
l/(n +1) А п 


= lim 
1/п n—t* n+] 


lim 


п cox 


lim = |= 


nx 


Cnt) | ~~ 


Cn 


Hence, R = 1/L = 1. Therefore, the series converges absolutely for values of x in 
the open interval (a — R, a+ R) = (0 — 1,0 + 1) = (—1, 1), and it diverges for 
values of x outside the closed interval [—1. 1]. Substituting x = 1 in the series, we 
obtain the harmonic series Z 


> 


us 
ar 


which diverges. For x = —1, the series becomes the alternating harmonic series 


which converges by Leibniz’s test. Hence. we have divergence at the endpoint 1 
and conditional convergence at the endpoint —1. The interval of convergence is 
f= (i, Л), 


o (x + 3) 
EXAMPLE З У ——.—— 
ко 3 
SOLUTION The power series is centered at a — —3. We have C, = 1/3" and 
Cn+1 = 1/37*!, so that 
E : VERS OE E 
lim |=| = lim а = lint = = 1, 
п— + СЯ nx 1/37 п— +20 В 


Hence, R = 1/L = 3 by Theorem 1. Therefore, the series converges absolutely on 
the open interval (a - К.а + R) = (—3 — 3, -3 + 3) = (—6. 0). When x = —6, 
the series becomes 
Ў (жуу 
А 
k=0 


3 


Е ЕС 
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which diverges because the general term does not approach zero. When x = 0, the 
series becomes 


x le 
жаб 


—=1+1+1+--: 


UJ 


k=0 


which also diverges. Therefore, / = (—6, 0). 


(-1)* 


k! 


EXAMPLE 6 > (x — 179 


k=0 


SOLUTION The power series is centered at a = 17. We have 


cay Po 
Cy = and Git — 3p ENTE 
п! (n + 1)! 
so that 
, -it n! І 
lim вар = а £ = lim = 0 = L 
S | cu | a (n 40 a a 


Hence, R = +% by part (ii) of Theorem |. Therefore, / = (—™, «). 


EXAMPLE 7. >, дк 
k=1 


SOLUTION The power series is centered at a = 0. We have c, = n” and c,., = 


(n + 1)"*!. so that 
7 ar we 
= lim (п + 1) 
n no n 


] n 
| lim у || lim m+] =e lim o n] = +» 
п—» +00 n n» cto n4 


Thus, R = О by part (i11) of Theorem 1, and so / consists of the single number 0. 


(л + yer 


п 


Cn+1 ёё 


nto 


od ex Er 4)2* 
EXAMPLES У, i25 9] 

к= 
SOLUTION Тһе power series is centered at а = 4. Here we cannot use Theo- 
rem 1 since 34/k? is not the coefficient of the kth power of x — 4. Thus, we resort to 
the original ratio test (Theorem 4 in Section 11.5). The nth term (not coefficient!) of 
the series is 


3"(x БА. abe ant е =. душ 3t Фес ууа 
n ci җу emo 50 авї у аа 
п? (Gar IDF (п + 1)” 
Therefore, 
А ah : ant Te = улт? n? 
lim е 3E er 
n—**| dg, n (m аР IDF see = ah 


lim 3( i )h - 42 = 3lx - 4p 


п» +00 moar 1] 
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It follows that the series converges absolutely when 3|x — 4l^ < 1, that is, when 
|x — 4| < 1/V3. It diverges when 3|x — 4P > 1, that is, when |x — 4| > 1/V3. 
Therefore, R = 1/V/3. When 


І E 
TS l= = the series becomes 2, — 
V3 ms 
which converges absolutely. (Why?) Similarly, when 
4+ | 
х= = 
/ 
УЗ k=1 


which converges absolutely. It follows that the series converges absolutely on its 
entire interval of convergence 


Problem Set 11.6 


In Problems | to 40, find the center a, the radius of convergence R, (x + 1) (x + 1)* 
and the interval of convergence / of the given power series. Be sure 19 > VE >» FEV Je as di 
to check the endpoints of / for divergence, absolute convergence, or REM k=l 
conditional convergence. y i k a} pa 
dor r= Е 
= 2 kl ДУ, ТОЗЫ PIE 2. Ў a ERIT 
1 vi Ta 2» x pag (245 == UNIS pe (255)! 
à == 
59 о E S ae © ас = 3 
o (—D2/x + 2y SVG a IY 
= ША У" пру Ш Наг eer ae = 
OI тшш pL T Go Е aeu М 
aeo А! je 3 E 
ro (ce Uf >s war 
æ = 25 26 e 
5 Y ok Jes с 2, (er 2) 2, De ab I 
k=0 k=0 5 
S фо Ез 
æ k 2k E k 27 T 28 = t 
T E 8 > AG : 2 (k+ 1)-5* 2, (k + 1). 3 
а fen (USE SI 


e k = 2k S L( 5 Y l (x 2 i 
- 5 x Y (у 29 i n 1) sW >, Е ii | 


9 зүр 10 2 o5 n= 

T» FE н Y Ce D 33 ; (an! (x — 1)* M Xe 

© 50 k=0 k=] k=1 

15 p ee >” 16 2 ERU s 35 5 = Dy 36 b ОВЕС 
k=] k=1 k=1 k=1 

ТА eee fj ee p ces Len 


ran a (er ЇЇ тшшн as З 
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41 


42 


У Се 3 5 2g = 1) kl 
a ае TON 


ЕЕ ООВ: 


А Nx 
If А is the radius of convergence of р сих = a} and 
р is a positive integer, find the radius of convergence of 
Ax re 
р =o C(x — а)? E 
If R is the radius of convergence of о сих — аў, 
0 < R < +, and p is a positive integer, show that the radius of 
ме рК ete Pi 
convergence of > ео сл — a)" is VR. 
Let c be a constant real number. 
(a) Show that the series 
x 
de = ke 2) (c m 
» í X ) yn 


! 
Es n! 


converges for |x| < 1. 
(b) Use the result of part (a) to show that if |x| < 1, then 


eser) ea) аю ү; 
n— +x n! 


44 Let Yo сих — аў be a given power series. 
(a) If. lim Wel = +, prove that the radius of convergence 
n—+% 


of the power series is zero. 


(b) If lim. Vien] = 0, prove that the power series has an infi- 


nite radius of convergence. 


(c) If lim VIen = L #0, prove that the radius of conver- 
n— tx 


gence of the power series is given by А = 1/L. 


45 Suppose that b is a constant greater than 1. Find the radius of 
convergence and the interval of convergence of the power series 


Gd k 
У ae 
k=0 


1+ 5 


46 Complete the proof of Theorem 1 by considering parts (ii) and 
(iii). 

47 ifa >b > 0, find the radius of convergence of the power series 

c x 


fug ak + bf 


11.7 Differentiation and Integration of Power Series 


In this section we study functions of the form 


Qo 


Дх) = > сбх а) 


k=0 


where Б а сбх — a)* is a given power series. Here it is understood that the 
domain of f is the interval of convergence of the power series. 
Since a finite sum can be differentiated term by term and since 


f(x) = cg + ex — a) + exx — a)? + exe аў + 


you might guess that the derivative D,f(x) can be obtained by differentiating term 


by term; that is, 


D f(x) = D,co + Dycy(x — a) + Юсу(х — ay. + Dyex(x = ay ce 


= 0+ су + 2e.(x — a) + 3c (x = а)? + °° 


Likewise, you might guess that the integral f f(x) dx can be obtained by integrating 
term by term; that is, 


Гло a= fe dx + Ге — a) dx + IET = ay. dx + [ее — ay ах+ 


© д 09 с: 
= К = (d) E = ird 3€ – а) + i Eu | +С 


It turns out that such ‘‘calculations’’ are quite legitimate, provided that |x — al < R, 
where А is the radius of convergence of the power series. 
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Notice that term-by-term differentiation or integration of a power series 


eo 


У, cx — ay 


k=0 


produces a new power series, 


> Dic =й] = У, kx — om: 


Reo k=1 
or D faa — а)‘ dx = D, - S (x = ay! 
k=0 о 


respectively. (In the second equation, we have suppressed the constants of integra- 
tion.) Also, the following holds, although we omit the somewhat technical proof. 


The three power series 


= 


P сих — а)“ Е D fees = a)*] and 2. [ac — ay dx 


k=0 k=0 k=0 


all have the same radius of convergence. 


Term-by-term differentiation or integration of a power series is justified by the 
following properties, whose proofs we also omit. Suppose that 


© 


JC E» сёх— а) 


к=0 


where the power series has radius of convergence R. Then 


*Property I For |x — al < R, 


Г) = p> eg = 1 = X Кох — ay! 
k=0 k=1 


Property II For |x — a| < R. 


IS а= \ р = ar | dx = > ES (к а + С 
k=0 у Sar | 


Property III For |b — a| < R, 


b b em 25 b 
Дх) ах = | р alle = а dx = D | cx = а)“ dx 


a a k=0 k=0 "a 


= CE Rue 
= D (b — аў“! 
mto 


*Because a differentiable function is continuous, it follows from Property I that f is continu- 
ous on the open interval (a — R, a + R). 
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EXAMPLE t -FindWD.(1- + 2x38 + 4x? neg) 


SOLUTION Ву Theorem 1 in Section 11.6, the radius of convergence of the 
power series XC S (k + 1)x* is R = 1; hence, by Property 1, 


Dil 2x4 3x! 4 20-726: 120? 9 осе 


that 1s, 
H (K+ 79 т" for |x| < 1 Е 
k=0 k=1 
If 


x 


fe 2, efx - аў 


k=0 


for x in the interval /, we say that the power series 


25 


D ols = ш 


k=0 


represents the function f on the interval /. For instance. by Theorem 1 in Section 
11.2, the geometric series 1 + x + x? + х? + + + converges for |x| < 1, and its 
sum is 1/(1 — x); that is, the function f(x) = 1/(1 — x) is represented by the power 
series 1 + x + x? + x? ee оп the interval (71, 1). By starting with a known 
power series representation such as 


HSltxtertai tees 5 xt 
k=0 


= 


and using Property 1 or lI to differentiate or integrate the power series term by term, 
it is often possible to obtain interesting new power series representations. In this 
connection, substitution into a known power series representation is also useful. 
The following examples illustrate the techniques involved. 


in Examples 2 to 7, starting with the power series representation given above for 
1/(1 — x). verify each of the indicated power series representations by using differ- 
entiation, integration, or substitution. 


EXAMPLE 2 |-2x + 3х2 A en Y aat for|x| < 1 


(aos S 
1 ГА 1 x x 
SOLUTION ——~ = DÅ | = |5 м) = У kx! — foy <1 m 
Up la X k=0 k=l 
П E =, 
EXAMPLE 3 тй orre pr > үк = 


k=0 
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SOLUTION Substituting —1 for x in the equation 


= 
= >, xf 


p ш 
we obtain 
= У уе У (Лр ыз роз = |- |< 
[чи 20 к=0 
that is, for |r| < 
DES 4 
EXAMPLE 4 In (1 +x) =x- d pe ey 


for |x| « 1 


» k+1 
=] 
c ) k+ 


SOLUTION Using the result of Example 3 and Property ПІ, we have 


* dt 3 5 
ina +x)= | - | (Q-1+fP-fPt+-: dt 
0 0 


isp f 
-f dt — [ras | ва | ба +: 
0 0 
x2 0 ow? ge 
=x-—+—-—+ 
2 3 4 
ES k+1 
= (cnp 2 for |x| < 1 
pues k+1 
1 2 4 6 = Eak 
mosua = = 1 — x2 + x*— x9 S CE for |x| < 1 


1+ x? 


SOLUTION Substituting —x? for x in the equation 


x 
s2 x 


| = 3 


k=0 
we obtain 
1 У ‚эш k 2k 
== У, (-х2% = Sen = 1 ШЕШ B flal 
1+х k=0 k=0 
(Note that we get convergence of the series when | — x?| < 1; however, | - x?| = 


|х2| = IxP, and |x|? < 1 holds exactly when |x| < 1.) 


2 3 = k 

à X Ae 
eS, 
9 k=0 


EXAMPLE 6 3e for |x| < 3 
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= К 
SOLUTION „= ieee Y (=) = У, Do 
Jom 3. L—(9 38 a Ме 
E f | < 1 
= - or |— 
| n 3+! 
that is, for |x| < 3. g 
2 > um 26. S08 
ЕМИ МРЕВ cac EL 
WU = dae 5) 3 9 27 81 


SOLUTION Ву partial fractions, 
2 а 2 sod + 1 1 1 
х2 = 4x + 3 (xe = Ле = 3) r= ll p | = xe 5) = 1 


Therefore, using the result of Example 6, we have 


2 os 
Fat о 2 ei pm 
аы, 
=> (#- =) е | for |x| < 1 
= ge oS 31 


(Note that if |x| < 1, then the condition |х| < 3 in Example 6 is automatically satis- 
fied.) п 


Using the result of Example 5 and Property II], we have 


x dt x м 
tanta | = шь. 
0 


l| spy О 
-[ Ка! Pat | ва | dt 
0 0 0 0 
x? х7 
= х= + 2 + 
3 5 7 
р xx 
= 2, CD- for |x| < 1 
(фе) Bese [| 


The power series in the representation 


for |x| < 1 


is called Gregory's series in honor of its discoverer James Gregory (1638-1675), а 
Scottish mathematician and astronomer who was one of the first to make a clear 
James Gregory distinction between convergent and divergent series. 
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It can be shown that for x = 1, Gregory’s series still converges to 


Hence, 


EST T 
Га пат = == 


4 
паат) 


Although this equation shows that there is an interesting connection between т and 
the reciprocals of the odd positive integers, it is of little practical importance for 
finding the (approximate) numerical value of m because the series converges too 


slowly.* 


*A more efficient method for estimating the numerical value of 7 is indicated in Problem 40. 


Problem Set 11.7 


In Problems | to 4, differentiate or integrate the power series as 
indicated, and find the radius of convergence of the resulting power 
series. 


2 3 4 E 
X X X 
deese ng 


3 [atatt tar 


x х? x! x? хи 
Sa xm 


In Problems 5 to 20, starting with the known power series represen- 
tation for 1/(1 — x), |x| < 1, obtain a power series representation 
for each expression by using differentiation, integration, substitu- 
tion, or other snitable procedures. In each case, find the radius of 
convergence of the resulting power series. 


1 X 
e 1 — xt & )1-x* 
] 1 ie 
EET F yeu 
9 X 10 : "s 
e 0 | =F 
20) 
11 1 12 ler, 
б ТЫ (1 = xy 
AP 
13 ince x) 14 In Z 
15 if In (I — 5 dt 16 tanh ^! x 
0 
17 [atra b -= 
o (bed 


19 | dt 
0 6-1-f 


In Problems 21 to 26, use the known power series representation for 
1/(1 — x), |x| < 1, to find a function that is represented by the given 
power series. In each case, specify the radius of convergence of the 
power series. 


20 || tanh"! t di 
0 


E o» C 22 > Ca- 1% 
k=0 k=0 

23 У 2k 24 > x! 
k=0 k=0 

эз S "n е т 

` ku 26 : 
k=1 е КО! 


27 Find the sum of the series Ус; (k/2'). [Hint: Use the infinite 
series representation of 1/(1 — x) obtained in Example 2.] 


28 In probability theory it is necessary to evaluate the quantity 
Spem кр(1 — pru where 0 = p = 1, in order to find the mean 
value of a geometric random variable. Evaluate this infinite 
sum. 


In Problems 29 to 34, let the function f be defined by the given 
power series. Write a power series for f'(x), and find its radius of 
convergence. 


29 f(x) = ET 
k=0 


© 


30 А) = У, (tka – 2)* 


k=1 


26 -k 
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1 ht kel NM zi 
32 fix) = x (ial fs o 1/(1 — x) = s,(x). Show that if x # 1, then 
s fem CRTI n*l 
R,(x) = — 
ES 3 ә | Ё 
33 fix) = 2,21 + 1" e 
k-0 (Hint: m x* is a geometric series with initial term 1 and 
3 , ratio х.) 
kon ao 
i p E 42 Using the result 1/(1 — x) = s,(x) + R,(x) from Problem 41 and 
integrating both sides of this equation from x = —1 to x = 0, 
In Problems 35 to 38, let the function f be defined by the given conclude that 
ae iio ant NS De sl (0° MI E 
power scries. Write a power series for | f(t) dt, and find its radius ПЕ == ee ERE m | dx 
0 2 3 4 ear || ey o 


of convergence. 
43 Criticize the following argument: By Example 4, 


| e (—1)4^ a E 
35 f) = > ———— 36 fi) = > sar О 
їй > (2k)! / EL natos: >> -y Sone 

2 E 4 
od N err fe 3 gf When x = 1, the series on the right is the alternating harmonic 
37 f= с liia t 38 ft) = = qe series, which converges by Leibniz's test. Therefore, In 2 is the 

sum of the alternating harmonic series. 

39 Given f(x) = Уо [C- D*à*/Q4)!]. find 44 Prove that In 2 really is the sum of the alternating harmonic 
(a) f(0) (b) /'(0) (c) f"(0) (d) f/"(0) series (see Problem 43) by using the result of Problem 42 and 


Wes -11 =H A showing that 
19140 Use the identity 7/4 = tan ! 7 + 2 tan ' з and Gregory’s se- 


ee - EN А РАД р а 0 antl 
ries to approximate the value of 7 to four decimal places. lim BG 
ü Т n—txJ. = х 
41 For each fixed value of х, let s,(x) = ym x* be the nth par- J 
tial sum of the infinite series 238m x*, and let R,(x) = (Hint: For -1 =x = 1, we have 0 = 1/(1 — x) s 1.] 


11.8 Taylor and Maclaurin Series 


We have seen in Section 11.7 that a power series Dit c,(x — а)“ defines a func- 
tion f by f(x) = Yo ci(x — aX. Thus, starting with a power series, we obtained а 
function f. In this section, we study the reverse procedure— starting with a function 
f. we try to find a power series that represents it; that is, we try to expand f into a 
power series. Although a power series expansion cannot always be obtained, most 
of the familiar functions in calculus can be represented as the sum of a convergent 
power series. 

Suppose that f is a function that can be expanded into a power series with a 
positive radius of convergence R, so that 


oc 


foo = M сих ај  foa-R«e€x«a-*R 
k-0 


Then, by Property I on page 687, f is differentiable on the open interval 
(a — R, a + R) and we have 


Ро) = У kc,(x — а)! fora-~-R<x<a+t+R 
k=1 


DEFINITION 1 


DEFINITION 2 
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Thus, not only is f differentiable. but also the derivative f’ of f can itself be ex- 
panded into a power series. Hence, we can apply Property І once again to obtain 


Pay У kk — Dex — aY? fora—R<x<a+R 
kee 


Continuing in this way, we have 


f° = D Mk — D — Dex — a 


k=3 


f@ = X kk- INK - 2k — 3e(x = a4 


k=4 


Г) = Y, kk — D(k — 2) — 3k — Dele – аж-5 


k=5 


and so оп, for a — R < x <a + К. The pattern here is obvious—evidently 


fx) = Eg EE) a сбх = ak" 
к=п 


tora RE- ne ag ЧЕ IR 
(See Problem 51.) 

Putting x = a in the formula just obtained, we find that all terms of the series 
reduce to zero except for the first term (for which k = n), since all the terms after 
the first contain a factor (x — a). Therefore, 

PAG) = HOS dtes 2) oo cio Dell's, mre 


It follows that 


Е Ра 


Ch = 
п! 


Hence, the coefficients of the power series are given by the same formula as the 
coefficients of the Taylor polynomial for f (Definition 1, page 618). 
These considerations lead us to the following definitions. 


Infinitely Differentiable Function 


A function f defined on an open interval J is said to be infinitely differentiable 


on J if f has derivatives f“ of all orders n = ] on J. 


Taylor Series 


Let the function f be infinitely differentiable on an open interval J, and let a be 
a number in J. Then. the Taylor series for f at a is the power series 


= 


(k) 
> сх ay where Cy = 20 fork = ONE 24599. — 


al 
k=0 k! 
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Colin Maclaurin 


The Taylor series for f at a = 0 is called the Maclaurin series* tor f. Note that 
there is no implication intended in Definition 2 that the Taylor series for f actually 
converges to f. Also note the distinction between the nth Taylor polynomial for 
fata 


and the Taylor series for f at a, 


x 


: p(k) 
DX P M (x = aY 


! 
о К 


The former is a polynomial of degree at most п, while the latter is an infinite series. 
In fact, Р„(х) is the ath partial sum of the Taylor series. 


EXAMPLE 1 Find the Taylor series for f(x) = sin x at a = 7/4. 


SOLUTION We arrange our work as follows: 


Дх) = sinx (3) = in ш = A 
v5 


Рх) = cos x (©) = cos—= 


4 2 
a = =F та ca _ М? 
СОЕ F (2) ЕЕ 5 
un T ta = Е) E NA V2 
J x)= -cosx f "x ON yp uic meum 
v2 
fax) = sinx (=) — sin a "ROS 


and so forth. Therefore, the coefficients of the Taylor series are 


BG) t P V2 


= ч 


k! k! Dk 


Ck 


where the plus and minus signs alternate in pairs. The Taylor series 


23 a(x- 2) besni OT c 
AN n NW 4 


&=0 

is accordingly given by 

у? SA z MET | e zi 

us Woo UL) zm Пат 

2 2 4 21 4 gi 4 

v2 my 
+ ao 8 

2-4! 4 


*This special case of a Taylor series is named in honor of the Scottish mathematician Colin 
Maclaurin (1698—1746), who developed and extended Newton's work in calculus. 


THEOREM 1 


PROOF 
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EXAMPLE 2 Find the Maclaurin series for f(x) = е". 


SOLUTION Тһе Maclaurin series for e is just the Taylor series for e* at а = 0. 
The work is arranged as follows: 


fw=e f0)=& =) 
f(x) = ех f'(0) = e? = | 
KO = e f") = е 
СО Lg f"«0) = e? 


— _ 


and so forth. Evidently, f(0) = e? = 1 holds for all k = 0, 1, 2, 3, . . . . There- 
fore, the coefficients of the Maclaurin series are given by 
f0) ] 
Ck z= ———— = — 
k! k! 


Hence, the Maclaurin series У о сих — OF = So cyx* for ех is 


=> 


k=0 


E gu Г 3 х“ v 
1+х+- + — ++. + 
2! 3! 4! m 


xt 
k! 


As we have seen, if a function can be expanded into a power series, then the 
function must be infinitely differentiable and the power series must be its Taylor 
series. However, even if a function is infinitely differentiable, there is no automatic 
guarantee that it can be expanded into a power series at all! In other words, although 
an infinitely differentiable function has a Taylor series, this Taylor series need not 
converge to the function. (See Problem 50 for an example.) The following theorem, 
which is a consequence of Taylor’s formula (Theorem 2, page 622), gives a condi- 
tion under which the Taylor series for a function actually converges to the function. 


Expansion of a Function into Its Taylor Series 


Let the function fbe infinitely differentiable on some open interval containing the 
number a. Suppose that there exists a positive number r and a positive constant 
M such that 


| fx) = М 


holds for all values of x in the interval (a — r, а + r) and all positive integers п. 
Then f can be expanded into a Taylor series; that is. 


25 (А) 
Дх) = % DS aay" 


А] 
k=0 К! 


holds for all values of x in the interval (a — r, a + r). 


Let 


= ay 
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be the nth Taylor polynomial for f at a, and let R,(x) = f(x) — Р„(х) be the corre- 
sponding Taylor remainder. Notice that Р„(х) is just the nth partial sum of the Taylor 
series 


ES ЧК) 

> L es (x — ay 

io A 

Hence, this Taylor series converges to f(x) 1f and only if f(x) — lim 7E. (59). Wine 

latter condition is equivalent to lim х) = Р„(х)] = 0; that is, it is equivalent to 
lim A,(x) = 0. 

п> + ос 


Now assume that | (0) = M holds for a — r < x < a + г and for all positive 
integers n. By Taylor's formula with Lagrange remainder 


Fe + Yc) 


RG) (n+ 1)! 


(x em ayer 


holds for some c between a and x. Hence, for x in (a — r, a + r), we have 


r= n+l |х E ар! 
В, (2 e ases Саа dO O O 
Rabo] = 1/9 9009] (i+ 1)! ЕШ 
For x in (a — r, a + г), the infinite series 
5 [у= alk 
(k + 1)! 


converges by the ratio test, and therefore its general term approaches zero; that is, 


Ix = alb Г 


li - 
n—-c9 (n+ 1)! 
Hence, since M is a constant, the inequality 


кой s EI 
c = (п + 1)! 


shows that lim R,(x) = 0 holds for all values of x in the interval (a — r, a + r). 


Therefore, the Taylor series converges to f(x), and the proof is complete. 
The following examples not only illustrate the use of Theorem I, but also provide 
power series expansions that are so important that they should be memorized for 


future use. 


In Examples 3 to 5, justify the following power series expansions. 


| xX j j 
EXAMPLE 3 e= | +x + — + — + — +-+: tor all values of x. 


SOLUTION Па Theorem 1, we let f(x) = e and a = 0, noting that f is infinitely 
differentiable on (= 20, ©) and that f (x) = e* holds for all values of n = 1. If r is 
any positive number, then for x in the interval (—r, r), we have 


w] = ГА = ох se" 
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since x < ғ. Thus, taking M = e" in Theorem 1, we conclude that 


MEC) k it 

ы (0 a Е p b 
=з шг xt =) Ht = —=l+x+ 2 Lee 
mo KM ко © к=0 К! 2! 3 


holds for all values of x between —r and r. Since we can choose r as large as we 
please, & = | + x + (x?/2!) + (33/31) + - - - holds for all values of x. B 


v? x5 х? x? х! 1 


EXAMPLE 4 sin. x = x —— + —-—+—— —— +... for all values of x. 
- == S S 5 dO" JU 
SOLUTION Successive derivatives of sin x give only +sin x or +cos x. In any 


case, |D? sin x| = 1. so we can take M = 1 in Theorem l, and r can be chosen as 
large as we please. Then 


А . cos 0 sinÜ , cosO ,  sinO , | cosO , 
sin x = sin О + w= apto ae SCY epum — л eco 

1! 21 3! 41 5! 
з E 7 

that is, sin x = x — EJ Eis E — E + +++ holds for all values of x. E 

2 E x? 
EXAMPLE 5 cos x = | — — + — — — - - -- for all values of x. 
"ЫН БЕ Бн 2! 4! 6! 


SOLUTION This expansion can be obtained in essentially the same way as the 
expansion for sin x was obtained in Example 4. However, it is more interesting to 


obtain the power series for the cosine by differentiating the power series for the sine 
as follows: 


: и x ge 
cos x = D, sin x = D,\x —- — +— -> +... 
3! 5! 7! 
AC See Tg AA S 
| = => 48 SS = =] —-—+—- +: a 
3! 5! 7! 2! 4! 6! 


Some elementary consequences of the expansions obtained above are shown in 
the following examples. 


У 5 , 1 — cos x 
EXAMPLE 6 Find a power series expansion for —————,, x 5 0. 
Jam xX 
SOLUTION 2 W æ 
Gos 37 = = T ШЕТ б! pe 
so that 
ли e 
l — cos x = —— ~ — +———}+--- for all values of x 
2! 4! 6! 8! 
Hence, for x = 0, 
E EN v ow b ut 
— = | — — — + — — st ee 
x jt a2 4! 6! 8! 
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(C EXAMPLE 7 Estimate е! with an error of no more than 5/10*. Round off your 
answer to three decimal places. 


SOLUTION 


X ek 

X 

“= 

k=0 * 

so that 
з (= 1 1 
ау Е "ы oe Н ==> + 

К! gto gb uq sr " OU 


By estimating е! using only the first seven terms, it follows [rom Leibniz's theo- 
rem that we make an error not exceeding the absolute value of the first omitted term 


1 l 1 10 2 5 
Se = шу С Зу Ж erga ne Rem 
2152 5040 750105 5 500) O 10 
Hence, e'=1-14+4-44+34- тәр + тур 0.368 


Example 7 illustrates the following conventional rounding-off rule* for numeri- 
cal approximations: 


If you intend to round off a numerical approximation to decimal places, make 


sure that the error involved in the approximation does not exceed 5 x 10^ "* 0. 


For instance, in Example 7. we rounded off to n = 3 decimal places; our error did 
not exceed 5 x 10 0 *P? = 5/10*. Use of this rounding-off rule is further illus- 
trated in the following example. 


(EXAMPLE 8 Estimate fò sin x? dy. Round off your answer to four decimal 
places. 


SOLUTION Since sin x? has no elementary antiderivative, we cannot evaluate 
the integral by using the fundamental theorem of calculus. However, if we replace x 
by x? in the Maclaurin series 


A NE 


йй SR е 
3! S 7! 


we obtain the Maclaurin series 


"mE ОСО NC Ку 
sin X^ = x^— — co 
3! 5! 7! 


Integrating term by term, we obtain 


1 X <a git 15 
| sin х2 dx = ES ——— + — = TEN ) 
3 7(3!) 11(5!) 15(7!) 


0 
] l 1 


0 


І 
= + 
3 7(3!) 11(5!) 15(7!) 


2 


*For an indication of why the roonding-off rule is reasonable, see Problem 53. 
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If we use only the first three terms of the series, then by Leibniz's theorem. our 
error will be less than the absolute value of the fourth term, 


SOCOM = ШУ ЖОШ e Е IT 
15(7!) l 


Thus, rounding off to four decimal places, we have 


| es 1 1 1 
Sila досы == — ————À9 dr 
0 3 (3!) 11(55 


= 0.3103 


For convenience. we now assemble some of the more important power series 
expansions obtained in this and the previous section. 


for all x 


Е 3$ Е E 
ет qp ооз = југ 48 


for all x 


for |x| < 1 


Problem Set 11.8 


In Problems 1 to 10, find the Taylor series for each function f at the In Problems 11 to 14, find the first four terms of the Taylor series for 
indicated value of a. each function f at the indicated value of a. 

1 f(x) = sin x at a = 7/6 2 fl) = WE га О 11 f(x) = esc x at a = 7/6 12 f(x) = cot x at a = 7/4 

3 f(x) = Mxata-2 € f) = Vx ata zd 13 f(x) = tan x at a = 7/4 14 f(x) = sec x ata = 7/3 
0) ааа =4 6 f(x) = cos x at a = 7/6 In Problems 15 to 30, use the known Maclaurin series expansion for 


a related function to find the Maclaurin series expansion for the 
given function. 


7 f(x) = Vx—lata=2 


8/00 = cos x at a = 7/3 15 fix) = sinh x 16 fix) = cosh x 
1 2 i] SP 
9 HONS WES ааа=—2 17 Дх) = е“ 18 f(x) = In = 


10 fix) = In (1 +x ata=) 19 f(x) = cos x? 20 fix) = xe ^ 
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21 f(x) = х? sin 2x 22 ff = ш!) 


23 f(x) = sin? x. (Hint: sin? x = 101 = eos 29.] 
Ea] у(х) = wie = 
D$ if x #0 
25 f) 94 А 
1 if x =0 
" 1 
He if x #0 
26 fix) = x 
1 ifx=0 
X 
27 f(x) = | sin (? dt 
0 
nd +x 10х30 
"T 
fe | үл: 
x " 
29 f(x) = | et di 
0 
int 
i = if r0 
30 Хх) = | elt) dt, g(t) =4 ! 
i 1 ifr=0 


In Problems 31 to 42, use power series to estimate the numerical 
value of each expression with an error not exceeding 5 x 107°. 
Round off your answer to four decimal places. 

Jg m 32 sin 0.1 


33 In 0.9 34 cos 59? 


025 
36 | x cos Vx dx 
0 


38 jp sinere 


0.5 
- А 
35 | cos x^ dx 

0 


l > 
37 | ОЛ qu 
0 


o1 « 
I =. cie 05 1 1+х 
3 | Шек ч i LIES 
0.1 x 0.2 x 


in , EM. 
4 | Шаа д 
0 


3 X 


0.2 
42 | In (1 + sin x) dx 
0 


43 If f(x) = tan ' x, find a formula for f (0). (Hint: Use the 
known Maclaurin series expansion for {ап ' x; that is, use Greg- 
Ory's series.) 

44 If f is a polynomial function of degree л and a is any constant, 
prove that (a) f can be represented in the form 

flr) = co + clx — a) + ex = ay + 55+ ex — ay 

and (b) the coefficients со, Ci, . . . . c, in part (a) are uniquely 

determined by the requirement that 


UD 
P. fork =0.1.2.. 200 


(Sh c 


(c) Use parts (a) and (b) to rewrite the polynomial function 
fix) = Sx? — Ilx? + 21x? + 29x + 19 in the form f(x) = 
aq ento ЕЕ (К 2y + а= 2) + сих — 2). 


In Problems 45 to 49, use the Maclaurin series expansion f(x) = 
Уо сах“ and the fact that c, = f (0)/k! to find the value of the 
indicated higher-order derivative. 


45 1200), where f(x) = x sin x 

46 f! (0), where f(x) = cos х? 

47 fOO), where f(x) = fi e г gn 
48 f'1?(0), where f(x) = xe * 

49 £0), where f(x) = In (1 + x?) 


50 Let f be the function defined by 


eve for x 4 0 
Uu lr 
(a) Sketch the graph of f. 
(b) Find f'(x), f"(x), and f"(x) for x # 0. 


(c) Prove by induction that for every positive integer n, there 
exists a polynomial function P (depending on л) such that 
JOW = Р(х) f) holds for x 4 0. 


(d) Using (c). prove that lim. [f/x] = 0 for all positive 
inlegers л. 


forx =0 


(e) Show that f is infinitely differentiable on (—%, 2с) and that 
f" (0) = 0 for all positive integers n. 


(1) Show that f cannot be expanded into a power series about 0. 


$1 Suppose that the power series p. calx — а)“ converges at 
least for x in the interval (a — r, a + r). where r 0. Define the 
function f by f(x) — oum ex(x — а)‘ for a~r<x<atr. 
Prove by induction that for any positive integer п, 


fu) = Ў kk-)0&k-2---(-n* сх = а)" 


к=п 
fora-r<x<atr. 


52 Suppose that X z-o b,(x — a)* and Yo ci(x — aX are two 
power series with positive radii of convergence. If there exists 
€ > 0 such that 


= 


E. d(x — a = E. nes = а)“ 


&=0 k=0 


holds for all values of x with [x — a| < e, prove that by = су for 
all nonnegative integers k. 


53 In order to better understand the rounding-off rule on page 698, 
prove the following: If x is a positive real number and r is the 
result of rounding off x to the nearest 10 ", where n is an inte- 
ger, then the error |x — r| made in estimating x by r cannot 
exceed 5 x 10 ^* D, 
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Т 


11.9 


Binomial Series 


We now set for ourselves the problem of finding the Maclaurin series expansion for 
the function f defined by f(x) = (1 + x)?, where p is a constant and 1 + x > 0. 
Since f'(x) = p(1 + x)?~!, we have 


A + Df) = pf) 
Suppose that f can be expanded into a Maclaurin series 
ШО) = cot cyx ea + езх + - 

Then 

f'G) = с + 2cgx + 33x27 + + 
so that 

(1 + Df @)= f'Q) + xf'@) 
= (с + 2eax + Зезх? + +++) + (eux + 20x? + Зезх + +++) 


= € + (2c? + сү)х + (3сз + 2e3)x? + (4с, + Зсз)х + +> 
The condition (1 + х) (х) = pf(x) therefore becomes 
сү + (2c2 + cy)x + (303 + 20)? + (4с, + 30) + - 
= pco + peix + peax? + peax? qoo a 


Equating coefficients of like powers of x in this equation (see Problem 52 in Section 
11.8), we have 


сү = pco 2с› + сү = pci 3сз + 2с5 = per 4c4 + 363 = рсз 


and so forth. Evidently, (п + l)e, 1 nc, = pc,; that is. 


= di 
n+1 "ENS n 
holds for al! п = 0. Hence. 
n sP Ер 
Сі = pco с = 2 DET eon Co 
MERE AE CORTO MN 
3 Cu 2 ~ 3> 0 


p—3 ea CSO SDE = [уур Р 
TS 4:3-2 

and so forth. Since f(0) = (1 + 0)? = I? = 1, it follows that со = 1. 
The calculations above suggest the general formula 


C4 = 0 


n factors 


[pn = Ius — a m se 30] 
п! 


Cn = 


for n = 1, and this is easily confirmed by mathematical induction (Problem 27). 
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Thus, putting co — 1, we obtain the power series 


ыз Be 77 Р А 


К! А 


which is called a binomial series. 
Note that we have nor proved that the equation 


(1+ х)? = > cxt 


k=0 


holds. What we have shown is that if the function f can be expanded into a power 
series at all, the above equation holds at least for values of x in an open interval 
around 0. However, we can now prove the following theorem. 


THEOREM 1 Binomial Series Expansion 
Let p be any constant other than 0 or a positive integer. Define 


PUD ze ING (p = ms 1j 
Кыш к ====—=———= 
п! 


for each positive integer л. Then: 


(i) For n z 0, 
DES 
Cic] = C 


п+ 1 


(ii) The binomial series Wo c,X* has radius of convergence R = 1. 


(iii) For |x| < 1, 


(1 * x) = 


(йз Їй „уйуй [уй = 2 
рх + рр = DG Jt (ОСОБЕ c чы 2 
2! 3! 
РКООЕ (i) None of the coefficients со, C1, C2, . . . is equal to zero since if с„ = 0, one 
of the factors p, p- 1,p—2,....p- п + 1 in the numerator of the frac- 


tion defining ¢, would have to be 0, so that p would be a nonnegative inte- 
ger—contrary to the hypothesis. The relation 

ipi 

ZI 


Cr+ = Cn 


surely holds since it was originally used to generate the numbers co, C1, С, 
. . . . (See Problem 28 for direct verification.) 


d 


Са+1 = n 


ii) lim Hg = = 
uy n—**| C, n+ | n—** ]  (I/n) 
Hence, the radius of convergence of the power series is given by R = 1/1 = 1 


(Theorem 1 of Section 11.6). 
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(iii) Define the function g by g(x) = Dy. c,x*. The power series 
Уо cyx* was set up in the first place so that 
(1 3)D, > cert =p >, cx 
k=0 k=0 


for |x| < R; hence, (1 + x) g'G) = pg(x) holds for |x| < 1. (For the details, see 
Problem 28.) Now we have 


РОО Cle ke Gi фун чес" 
* (1 xy (1 + x)? 
Sar one ESTE 
Е (1 + xy? L2 a 
for |x| < 1. It follows that ced dm. is a constant, say 
(1 + x)? 
кше К for |x| < 1 
Q +x) 


Putting x = 0, we find that 


em 8&0) 


“лы Sep 
Therefore, 


ety К(1 +y Si ye = (lx)? а 


that is, 


A+ = р(х) = 2, cx holds ог — |x <1 m 
k=0 


EXAMPLE 1 Find a power series expansion for УІ + х, |x| < 1. 


SOLUTION Take p = iin Theorem 1. Thus, со = 1. су = a сэ = – }, Cy >= Ts 

and so forth. In general, 

ЗЕ ОС tc als зы OM sD) 
n! 3"n! 

(= 1)" +12:5:8:11 +++ (Зп — 4) 


S s аа е forn 2 2 
3”n! 


Cn = 


and therefore 
У] +х = 1+ іх {х2 + Әх? – e 


5 (~1)4+!2-5-8- 11 +++ (3k — 4) " 


Si for || « ! m 


] 
Ц =P = fe a 
3 k=2 


EXAMPLE 2 Use the first three terms of the expansion obtained in Example 1 to 
approximate V 28. Give a bound on the error involved. 
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SOLUTION Naturally, we wish to use the fact that /2] = 3. Thus, we write 
V2 = V27 Fi = У 270 + эт) = М27 М] + эу = ЗЕЕ 


Putting x = 37 in Example 1, we obtain 


i iut TET үйө gu 
Vl + a7 = 1 + 3(27)— s(27) = 6561 


with an error no larger than erat), since the series (apart from the first term) is 
alternating and Leibniz’s theorem applies. Therefore, 


V28 = 3\/1 + 35 = 3(08H) = 3.036579... 


This approximation underestimates VE with an error that does not exceed 
3°81 (27)? < 0.0000095. (The true value of V28 is 3.03658897. . . .) 


1/2 
[|] EXAMPLE 3 Estimate | VI + x? dx, and place a bound on the error involved. 
0 


SOLUTION By Example 1, for |x| < 1, we have 
VI tx=14 4x —$x2 + Fx? -— «> 
Replacing x by х?, we obtain 
Vit х? = 1 + 03 – 5х6 + рх? – + 


Therefore, 
1/2 


V1 + x? dx 


1/2 1/2 1/2 1/2 
| aes [ be adv | beac | ax? dx — ++ 
0 0 0 0 
= 2+ DDO- MAE)’ + ETG — 
Apart from the first term, the last series is alternating and the terms are decreasing in 


absolute value (see Problems 31 and 32). Hence, Leibniz’s theorem applies, so that 
using (say) the first three terms of the series, we have 


1/2 
VIF dx e $ db» - OHGY = 0.505084 . . . 


0 


0 


with an error whose absolute value does not exceed Gh) G9)? < 0.000007. 
Therefore, rounding off to four decimal places, we have fJ? МІ + х dx 
0.5051. 


In Problems 1 to 12, use the binomial series expansion (Theorem 1) 5 l 4t 
to find a Maclaurin series expansion for each expression. Specify MEC a 6 We 
the range of values of x for which the expansion is correct. 
x ; 
4 7 - 3 X 2 
ЛЕТ 2 vitx a+ 29 А 
1 3 
3 “gees 9 VTF: 10 E 


X 


11 JV х5 П === 
WY Most d 


| 


а Problems 13 to 18, use the first three terms of an appropriate 
binomial series to estimate each number. Give an upper bound for 
the absolute value of the error. 


13 V101 14 V99 
15 V/1.03 16 V/33 
: l 
17 W417 - 
V100 


(€ In Problems 19 to 26, estimate each quantity, rounded off to three 
decimal places. (Take sufficiently many terms so that the absolute 
value of the error does not exceed 5 x 107+.) 


2/3 1/2 dx 
19 | М1 + х? ах 0 | SS 
o VA 


0 
0.5 0.5 dx 
21 VI = x* dx 22 | -= 
0 0 NM SR 
04 , 0.2 a 
23 М] o х? dx 24 | -= 
0 0 Vi+x 
1 s 1 dx 
25 | V27 + д? dx 26 | = x 
0 о V По = w 
27 Given a sequence co. сү, C2, Сз, C4, . . . Such that 
І d = for n= 0 
0 = "E ү п= 
со ап Сһ+1 ЙЕ Cn 


where p is a constant, prove by mathematical induction that 


1 
ae Pe Veo ont ly ferma 
n. 


30 


3l 


32 


33 


34 


REVIEW PROBLEM SET 705 


E x 
(b) Prove that (1 + x)D, > ee =p Y ca for |x| < 1. 
4-0 k=0 
Compare the binomial series expansion of (1 + x)! with the 
geometric series expansion of the same expression. 


lf a is a positive constant and p is any constant, show that 


+ Ae W Gee 


RAJ 


(а + х)? = a? + ра?! x 


= 25 
Eques шс we 2 aP X3 ose 


=. y POSES ky ge 
= k! н 
k=1 


for |x| < a. 


Let (1 + x)? = » c,x* for |x| < 1 be the binomial series ex- 
k=0 
pansion. Show that if 0 = x < 1 and n > p, then X C UMS 


k=n+1 


З 7 : c 
an alternating series. (Hint: Cn+1 = P =i o.) 
n 


In Problem 31, assume that p > — l and prove that the terms in 
the series P. +1 ci^ are decreasing in absolute value (so that 
Leibniz’s theorem is applicable). 


Exactly what happens in the binomial series expansion when the 
exponent p is a positive integer? 15 the expansion still correct? 
For what values of x is it correct? Why? 


From the binomial series expansion for and the fact 


/ a 


NI SEV 


X dt 

that sinh”! x = | =, find a power series expansion for 
0 V l+ г 

sinh! x. 


; = 2 1 
28 Let p be a given constant and define co = 1 and 35 From the binomial series expansion for nS and the fact 
c, = (1/п!)р(р— lp -2)*-*-(p-n Y) forn =] x E 
that sin! x = | ===. find a power series expansion for 
=й fj me 
(a) Prove that c,+, = P c, for n = 0. ине | b “= 
ntl sin x. 
Review Problem Set, Chapter 11 
In Problems 1 to 12, determine whether each sequence converges or grammi 7п + Зп? — n3(4)" 
diverges. If the sequence converges, find its limit. S EL 4 Se | 


n(n + 1) | | sin a 
рез» p [зя 
Бл + 7п п 


„= | 
п 
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6 {(s0 + - n ae ES N 


n 


7 | cos 7/2) | 


; 8 injil + (-1)" 
T ini Jj 


9 in? + (= 1)"2п} 
0 Å E -] 
(TELS CE SIDE 
s 2"n! 
Т fi | 12 [=a] 
i n! (2n + 1)! 


In Problems [3 to 16, indicate whether each sequence is increasing. 
decreasing, or nonmonotone. 
1 
e 


16 {(—1)"} 


13 {2°} 


ai yal 


17 15 the sequence {л — (2"/n)) monotone? Why? 


18 For each positive integer л, let 


ls 1 1 4 E 1 
би л pe me. 
"nun, п +1 n+2 2n 


(a) Show that {a,} is a monotone sequence. Is it increasing or 
decreasing? 
(b) Does {a,} converge or diverge? Why? 


19 Indicate whether the sequence 


| 1 1 1 
1-6 + —— 
4 16 4" 


is bounded or unbounded; increasing, decreasing, or non- 
monotone; convergent or divergent. 


20 If {a,} and {b,} are convergent sequences and a, = b, holds for 
all positive integers л, prove that lim a, = lim b,. 
nx п» 3 
2| Explain carefully the distinction between a sequence and a 
series. 


In Problems 22 to 25, find the sum of each series by forcing the 
lerms in the partial sums to telescope. 
* 


ШУ, : 


1 (k + Ik + 20K + 3) 


- SENEC A 
^m UNM + 
л 4 

24 


€ (2k - DOE + 3) 


25 E (sin = - sin = -) 


26 If {b,} is a given sequence and p is a fixed positive integer, find a 
formula for the nth partial sum of the series um (b Бу+ь). 
Assuming that lim. b, — L, find a formula for the sum of the 


series eT (PS tb ey 
27 Find an infinite series whose nth partial sum is given by 


3n 
PHELSS 


$E 


Determine whether the resulting series converges, and if it does, 
find its sum. 


In Problems 28 to 31, use the facts concerning geometric series to 
find the sum of each series. 


32 Assume that A and B are positive constants and that the sequence 
{an} satisfies |a,| = AB” for all positive integers л. Prove that the 
series У (0 at converges if |x| < 1/B. 


T А à К 2n + 1 
33 Criticize the following argument: Since lim In 3 m- 0. 
LN $a 


ч 2k + 
the series » In 


must be convergent. 
k RAS 


34 Make an informal argument to show that if the series Se b, 
converges and if the sequence {a,} converges, then the series 
Se a,b, must converge. 


In Pro»lems 35 to 38, use the integral test to determine whether each 
series converges. 


ica kiln k) E MO se c 
a fe v Ink 

XA BE- 
ài € k=2 


In Problems 39 to 42, use the direct comparison test to determine the 
convergence of cach series. 


S EMI =! 
39 > — a 40 
dd ier co She 1 ME 


= 


41 Ep = 


m Ok +1 fa VIO 


In Problems 43 to 52, use any appropriate method to decide whether 
each series converges or diverges. If it converges, determine 
whether the convergence is absolute or conditional. 


"n с-ту 


pay, Кала) р d (or 


ы 
Ms 
AS 
| 
= 
= 
E 
2 
> 
~ 
| 
= 
= 
< 


4 


OE (= 1)“ 


m Е 9 dn (1 + 1/k) 
T ases d» CD 
Ei k T im (e* 43279) 
c 1-3-5 +. k- 1) 
ө >. з! 


5] > (- DE*!e-* 


k=) 


MI 


2 У sin (ak + I ) 
k-2 


In k/ 


[©] 53 Estimate the sum of the given series with an error not exceeding 


5 x 10 * in absolute value. 


] 
Gk» 


1 
mx т 


k-1 = 


(b) > (-1)**! 
k=1 


54 Give an example of a convergent series PT a, of positive 


1 А 
does not exist. 


terms for which um 


+= qq 


In Problems 55 to 64, find the center а, the radius А, and the interval 
I of convergence of the given power series. 


56 5 (sin ze 


г 


57 У) (cos akYx + 2) 
k=0 


58 Y (oso eT ane 


k=1 


(2k — Da 


e 1:3:5-7--- (2K —- 1 
59 Y Скаси 10)* 


REVIEW PROBLEM SET 707 
60 > a + 4) 
k=0 


10° 
61 3 (=1)* xt mh 


k=0 
S 1:5:9:13: (473), | 
Nose eX Reit 
ex РЕТ: ) 
= all kph | E 
р BRP 
о ur2s3s4- aco me Шуе 


k=1 


In Problems 65 and 66, find the Taylor series expansion for each 
function about the indicated center a. Give the range of values of x 
for which the expansion is correct. 


66 f(x) = qued 


65 f(x) -Inx.a- 1 
In Problems 67 to 72, find the first four terms of the Taylor series 


for each function at the given value of a. 


67 fa) =e a= -l 
ОД = ш 


68 f(x) = tan х. a = п/4 
70 f(x) = In (1/0), а= 2 


71 g(x) = sin 2x, a = 7/4 72 h(x) = sec x, a = п/6 


73 Show that the Taylor series in Problem 67 actually converges to 
the function for all values of x by direct use of Theorem 1 in 
Section 11.8. 


74 (a) Let f be the function defined by 


uem i 


Hears x 
| forx=0 


for x #0 


Find the Maclaurin series expansion for f(x) and indicate the 
values of x for which it represents the function. Show that f 
is continuous. 


(b) Find the Maclaurin series expansion for f". 
(c) Use the result of part (b) to find the sum of the series 


= (k-D a m 
75 Use a power series to prove that 


x 
| апга = x tan`! x 5 In (1 + x°) for |x| < 1 
0 
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In Problems 76 to 81, use the binomial series to find a power series 
expansion for cach expression. In each case, specify the range of 
values of x for which the expansion works. 


7 [Утта 
fun —= 
МЕТУ 4 
78 D, V1 + x. 
79 (1 — 2x? 


80 (16  x*)'* 


s [vise * dt 


82 Find a function f such that f"(x) + af(x) = 0, where a is a posi- 
tive constant, f(0) = 0, and /'(0) = Va. (Hint: Expand f into a 
Maclaurin series with unknown coefficients. Then determine 
these coefficients.) 


Ellin Problems 83 and 84, use the first three terms of an appropriate 
binomial series to estimate each number. Give an upper bound for 
the absolute value of the emot. 


1/2 ^ 
83 V/30 s | VT x! dx 
a 


85 Find Maclaurin series expansions for 
(a) sin x + сол (b) cos? x — sin? x 
(c) tan! x? (d) 10" 

86 Suppose that the power series У) го сіх“ has a positive radius 
of convergence R and that the function f defined by 
feo = i-o c,X* for |x| < А is an even function. Show that 
c, = 0 for every odd positive integer k. 


In Problems 87 to 92, a function f is defined in terms of a power 
series. Write a formula for f in finite terms. 


. 
phox* x»? 
87 Л) = х t so? 
88 = —1)* 
fx) PE ) m 
TED BOT SR s 
89 fix) = + ы m9 see 
9) x = 1-44 ,, Sint x , six , sm*x | 
fix) = sins + + s М 
Qn 2)2 ,, (In2y (In 2)* 
91. f) ауа 2! - a um ЕИ eee 
92 “Reve m 
fix) Шит 


12.1 


VECTORS IN THE PLANE 


Until now, we have dealt exclusively with quantities—such as length, area, vol- 
ume, angle, mass, density. speed, time, temperature, and probability—that can be 
measured or represented by real numbers. Since real numbers can be represented by 
points on a number scale, such quantities are often called scalars. 

On the other hand. mathematicians and scientists often must deal with quantities 
that cannot be described or represented by a single real number— quantities that 
have both magnitude and direction. Such quantities are called vectors and include 
force, velocity, acceleration, displacement, momentum, electric field, magnetic 
field, gravitational field, angular velocity, and angular momentum. * 

Actually, a vector is more than just a quantity with magnitude and direction, 
since it can interact with other vectors and with scalars in certain well-defined ways. 
Physicists define vectors to be quantities that transform in a particular manner under 
groups of symmetries, while mathematicians use an even more abstract definition of 
a vector as an element of a "linear space." However, for our purposes, a simple 
geometric definition is quite adequate. 


Vectors 


By definition a vector is a directed line segment; that is, in everyday language, an 
arrow. Each vector has a tail end (also called an initial point) and a head end (also 
called a terminal point) and is understood to be directed from its tail end to its head 
end. Reversing the arrow gives us a vector in the opposite direction. 

It is essential to use some special notation for vectors so that they can be distin- 
guished from scalars. In this book we use A, B, C, and so forth to denote vectors. 


*We have previously treated some of these quantities, for instance, force, velocity. and 
acceleration, as if they were scalars—but only in connection with straight-line motion where 
the direction was understood. 
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Q = terminal point 
= final position 


Figure 1 


b 


P= initial point 
= original position 


Figure 2 


Figure 3 о P,Q, = P30) 
= 0, 
PQ, 
Р, == 
Р›О, 
Р, 
Figure 4 


3 А 
А 


А 


/ 
Figure 5 x 

A 

| 


Figure 6 


(a) (b) 


If a particle is moved from the point P to the point О, we say that the particle has 
undergone a displacement from P to Q (Figure 1). Such a displacement can be 
represented by the vector D whose tail end (initial point) is P and whose head end 
(terminal point) is Q. When we say that the particle has undergone the displacement 
D in Figure I, we simply mean that it started at P and finished at Q— we do not care 
how it got from P to О. For instance, it may have gone first from P to К, then from 
К to О as in Figure 2. If the particle is first displaced from P to R—call this 
displacement A—and is then displaced from А to Q—call this displacement B— 
then the resultant displacement is just D, and we write A + B = D (Figure 2). This 
illustrates the head-to-tail rule for adding vectors: 


It the head end of A coincides with the tail end of B, then the vector D whose tail 
end is the tail end of A and whose head end is the head end of B is called the sum 


of A and B and written as 


D=A+B 


A vector D whose tail end is at the point P and whose head end is at the point О 15 
written as 


D = PO 
With this notation, the head-to-tail rule can be written 
РО = PR + RO 


which is quite easy to remember. 

If two particles, starting from different points Р, and P». are moved due north 
through the same distance. it 1s traditional to say that they have undergone the same 
displacement (Figure 3). More generally, nvo vectors that are parallel, point in the 
same direction, and have the same length are usually regarded as being equal. 
Following this convention, the two vectors in Figure 3 are regarded as being equal, 
and we write 


Р.О; = PA. 


Actually, the equality convention for vectors is extremely useful, since it implies 
that a vector may be moved around freely without being changed—provided only 
that it is always kept parallel to its original position and that its direction and length 
remain unchanged. Thus, for instance. all the arrows in Figure 4 represent the same 
vector A. 

The fact that vectors can be moved around as specified above implies that any two 
vectors A and B can be brought into a head-to-tail position (Figure 5); hence, any 
two vectors have a sum. 

We can also move any two vectors A and B into a tail-to-tail position (Figure 6a) 
so that they form two adjacent sides of a parallelogram (Figure 6b). We refer to this 
parallelogram as the parallelogram spanned by A and B. 

Notice that the diagonal vector whose tail end coincides with the common tail 
ends of A and B in the parallelogram spanned by A and B is the sum of A and B, 
as can be seen by looking at the top half of the parallelogram in Figure 7. Glancing 
at the bottom half of this parallelogram, we see that the same diagonal vector is the 
sum of B and A; that is, we see that 


A*B-B-«A 
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Figure 7 This equation expresses the commutative law of vector addition. The technique of 
finding the sum of two vectors by forming the diagonal of a parallelogram is called 
the parallelogram rule for adding vectors. 


A B Е QA ang 
x Vectors also satisfy the associative law of vector addition 
B we A 


A+(B+C)=(A+B)+C 


as can be seen by examining Figure 8. 

For many of the same reasons that make it useful to have a zero scalar, it is also 
convenient to introduce a zero vector, written 0. Intuitively, 0 can be thought of as 
an arrow that has shrunk to a single point. Alternatively, it can be regarded as a 
vector ОО that starts and ends at the same point Q. Just as nonzero vectors can be 
moved around subject to the conditions given above, the zero vector can also be 
moved around, and we have 0 = ОО = RR = SS = · · -, Of course, the zero vec- 
tor is the only vector whose length is 0, and it is the only vector whose direction is 
indeterminate. Notice that PO + OO = РО; that is, we have the law 


- A+0=A 
А + (В +С) = (А + В) +С 


which, in algebraic parlance, says that 0 is the additive identity for vectors. 

If we turn a vector A around by interchanging its tail and head ends, we obtain a 

; vector in the opposite direction called the negative of A and written — A (Figure 9). 

Figure 9 Evidently, if A = PQ, then —A = QP. Notice that the sum PO + OP = PP = 0; 
that is, we have the law 


Figure 8 


A A Аи An) —10 


which expresses the fact that —A is the additive inverse of A. 
We now define the operation of vector subtraction by the equation 


A-B=A + (-В) 


Figure 10 Notice that A — B is the solution X of the vector equation X + B = A (Problem 
15); that is, A — B is the vector which, when added to B, gives A (Figure 10). 
Thus, if A and B have the same tail end, as in Figure 10, then A — B is the vector 
running between their head ends and pointing toward the head end of A. We refer to 
this method of finding the vector difference A — B geometrically as the triangle 
rule for vector subtraction. 

If A is a vector, it seems reasonable on algebraic grounds to define 2A by the 
equation 2A = A + A. Using the head-to-tail rule to add A to itself, we find that 2A 
has the same direction as A but is twice as long (Figure 11). More generally, we 
Figure 11 make the following rules for multiplication of a vector A by a scalar s: 


1 If s > 0, then sA is the vector in the same direction as A. but s times as 
long. 


2 If s < 0, then sA is the vector in the direction opposite to A, but |s| times 
as long. 


Naturally, we understand that 


sA = 0 if either s = 0 or A = 0 (or both) 
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Figure 12 


1A 
N 
2A 


Figure 13 
E > 
C 
(a) 


s>l 


DEFINITION 1 


Figure 12 shows a vector A and some of its scalar multiples. Notice that 
(-1)A = —A. More generally, 


(—s)A = s(—A) 


holds for all scalars s and all vectors A. (Why?) 

Multiplication of a vector by a scalar s > ] "stretches" the vector by a factor of 
s, while multiplication by a scalar s between О and I ‘‘shrinks” it by a factor of s. 
If all vectors appearing in a diagram (Figure 13a) are multiplied by the same posi- 
tive scalar s, s # 1, then the resulting diagram is either a magnification (Figure 13b) 
or a compression (Figure 13c) of the original diagram, according to whether s > | 
or s < 1. In Figure 13 notice that A + B = € by the head-to-tail rule; likewise, 
sA + sB = sC. Substituting from the first equation into the second, we obtain the 
first distributive law sA + sB = s(A + B), s > 0. Now suppose that s > 0, so 
that —s < 0. Using the first distributive law above, we have 


s(—A) + s(—B) = s[(—A) + (—B)] = s[7(A + B)] 
(—s)(A + B) 


Il 


(—s)A + (—s)B 


Hence, the first distributive law works for negative scalars as well. Since it obvi- 
ously works when s = 0, we have 


sA + sB = s(A + B) 


for all scalars s and for all vectors A and B. 
There is a second distributive law involving two scalars and one vector: 


SA + ТА = (5 + DA 


This is an obvious consequence of the rules for multiplication by scalars when both 
s and г are nonnegative. If you check the other possible cases, it is clear that the 
equation holds for all scalars s and 1. 

In addition to the two distributive laws, there 1s an associative type of law for 
scalar multiplication: 


(5/)А = s(tA) 


which can be confirmed geometrically simply by considering the various possible 
cases according to whether s and f are positive, negative, or zero. 

If s is a nonzero scalar and A is a vector, the expression (1/s)A is often written as 
A/s. Thus, when we speak of dividing the vector A by the nonzero scalar s, we 
simply mean to multiply A by 1/s. 

In order to show that two vectors A and B are parallel, you must show that one of 
the two vectors (either one) is a scalar multiple of the other. Indeed, we take this as 
our official definition. 


Parallel Vectors 


We say that the vectors A and B are parallel if there is a scalar s such that 
A = sB or if there is a scalar г such that B = 1A. Two vectors A and B that are 


not parallel are said to be linearly independent. 


Figure 14 


Figure 15 


THEOREM 1 
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If A = 5В, where s > 0, then we say not only that A and B are parallel, but also 
that they have the same direction; however, if A = sB, where s < 0, then we say 
that A and B are parallel, but have opposite directions. 

We notice three simple consequences of Definition 1. First, any vector is parallel 
to itself. (Why?) Second, rhe zero vector is parallel to every vector because, if A is 
any vector, then 0 — OA. (This is not unreasonable since the zero vector has an 
indeterminate direction anyway.) Third, if two vectors are linearly independent, 
then neither of them can be zero since the zero vector is parallel to every other 
vector. 

The following theorem gives an important property of two lineagly independent 
(that 1s, nonparallel) vectors.* 


Linear Independence of Two Vectors 


If A and B are linearly independent vectors. then the only scalars s and ¢ for 


which sA + {В = 0 are s = 0 andr = 0. 


An expression of the form sA + /В is called a linear combination of the vectors 
A and B with coefficients s and /. To say that A and B are linearly independent is 
equivalent to saying that the only way to obtain 0 as a linear combination of A and 
B is to make both of the coefficients equal to zero. 


Standard Basis Vectors 


In dealing with vectors lying in a plane, it is often useful to choose two perpendicu- 
lar vectors of length 1 and to write all other vectors in the plane as linear combina- 
tions of these two vectors. The two chosen vectors, called basis vectors are usually 
denoted by i and j (Figure 14). In our diagrams, we usually take i to be a horizontal 
vector pointing to the right and we take j to be a vertical vector pointing upward. 
Although i and j can be moved around in the plane, as all vectors can, we usually 
draw them with a common tail end O. Naturally, if we have a Cartesian or a polar 
coordinate system already established in the plane, we ordinarily take O to be the 
origin or the pole. The basis i, j is called the standard basis. Notice that i and j 
are linearly independent. 

To see that any vector R in the plane can be written as a linear combination of i 
and j. we argue as follows: Establish a Cartesian coordinate system so that i lies 
along the positive x axis and j lies along the positive y axis. Move the given vector 
R so that its tail end is at the origin O, and let its head end be the point P — (x, y). 
Drop perpendiculars from P to the x and y axes, meeting these axes, respectively, at 
the points 5 = (x. 0) and T = (0. y) (Figure 15). If x > 0, then xi is a vector in the 
same direction as i, but x times as long; hence, хі = OS. If x = 0, we also have 
xi = OS. (Why?) Similarly, yj = OT. By the parallelogram rule, 


R = OP = OS + OT 


and R is expressed as a linear combination of i and j. The numbers x and y are called 
the (scalar) components of the vector R with respect to the standard i, j basis. 


so that 


*For the proof, see Problem 56. 
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Figure 16 Notice that these components are just the coordinates of the head end of R when its 
" tail end ts at the origin. 
Now suppose that P, = (xj. vj) and P» = (х. y») (Figure 16). Then we have 
OP, = xi + vij and OP. = x;i + уз); hence, by the triangle rule for subtraction, 


P,P, = OP.- OP, 


= (xol + yoj) — Gui + vij) 
= і * yj — xi — vij 


= cei И Би 


апа 


Р.Р. = (лэ — xi + (уу — ypj 


EXAMPLE 1 lf P = (—2, 5) and О = (7, 3), write the vectors OP and РО in 
component form. 


SOLUTION 
OP =-2i+5j and РО =(7-(-2]i+ [3 —5]j — 9129 п 


EXAMPLE 2 Use vectors to find the coordinates of a point three-fourths of the 
way from (—5, —9) to (7, 7). 


SOLUTION Put Р = (—5. —9y and О = (7, 7). Let. К = (x, y) Бе Ше desired 
Figure 17 point (Figure 17), so that PR = $PO. Now. OR = OP + PR = OP + ЗРО. 
\ Since 


OR = xi * yj P = —5i — 9j 
and 


—— 


РО = FCs? 694] = 1219] 


the equation OR = OP + ХРО can be rewritten as 


ai + yj = —Si — 9j + $(2i + 16j) 
= —5i — 9j + 9 + 12j 
= 4i + 3j 


Therefore, 


(х= di + (y 3)ј = 0 
Since i and j are linearly independent, the last equation implies that x — 4 = 0 and 
у= 3 = 0. Therefore, (x. y) = (4, 3). a 


EXAMPLE 3 Show that, if two vectors are equal, then their components are 
equal. 


SOLUTION If xi + yj = ai + bj, then (x — a)i + (y — b)j = 0. Since i and j are 


linearly independent, the last equation implies that x — a = 0 and y — b = 0; that 
is. X =a and y = b. L| 


Calculation with vectors in component form is really very simple because of the 
fact that vectors can be added, subtracted, or multiplied by scalars in a ''com- 
ponentwise"' manner. In fact, if 


А = ай + bj апа B=ci+dj 
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A + B = (a * cji + (b+ aj 


A —B = (a — ci + (b — d)j 
tA = (taU + (tb)j 


These facts are easily verified by using the identities for vector addition and multi- 
plication by scalars: for instance, to confirm the second equation, we calculate as 
follows: 


A-— B= A + (-B) = ai + bj —ci — dj = ai — ci + bj — dj = (a — ci + (b — d)j 
EXAMPLE 4 If A = 2i + 17j and B = 13i — 3j, find (a) A + B, (b) — 7A, and 
(c) — 7A — B in component form. 
SOLUTION 

(a A+ B= (2 + 13)і + (17 — 3)j = 15i + 14] 

(b) — 7A = –7(21 + 17j) = —14i — 119j 

(ees gegessen TUS — (ur кше уда = Б) ae 2) 

= -27i – 116] и 


If we бх a standard basis i, j, then a vector A = хі + yj both determines and is 
determined by its scalar components x and y. For this reason, the vector A = xi + yj 
is sometimes denoted by the ordered pair (x. у) of its components and is written 


Thus, in the previous example, we have A = (2, 17) and B = (13, —3); hence, 
А+В=(2+13,17—3)=(15,14) -7A = 14, —119) 
SWAN = (= ИЕ П =) se BS = 2, iui» 


We encourage you to use ordered-pair notation for vectors whenever it seems con- 
venient. 


Problem Set 12.1 


1 А+В 
In Problems 1 to 12, copy the appropriate vectors from Figure 18 9 21 10 2i + 3j = 51 %12 EX c 
onto your paper, and then find each vector by means of a suitable 


geometric construction. 


Figure 18 


In Problems 13 and 14, solve each equation for the vector X. 


i 13A+X+B=0 
14, (A— X)—(B-—X)=C—-X 
15 Show by a diagram or otherwise that the law of transposition 


works for vectors; that is, X + B =A holds if and only if 
X=A-B. 


16 What is wrong with the following equations? 
(a) А-В = 5 (D А +3 = В (c) A-B-0 
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In Problems 17 to 20, write the vectors PO and QP in component 
form. 


17 P = (2, 4) and Q = (6б, —1) 
18 P = (5, 0) and Q =(-1, 7) 
19 P =(—3, 0) and Q =(—1. 0) 
20 P = (0, 0) and Q = (x. у) 


In Problems 21 to 30, let A = 4i + 2j. B= -3i + 4j. and 


€ = —5i + 7j. Evaluate each expression. 

21 A+B 2A BL 

23 aN ae a) 24 7A — 5С 
25B ap SKE. 26 —3A — 8С 

27 (Б 70) 28 2A — (B + C) 
AY By) = (Gap Bis зо ATF 20 


In Problems 31 to 38, let A= (4, 2), B—-(—3, 4), and 
С = ( – 5, 7). Evaluate each expression. 


31 5B + 2C 32 4B- С 
33 2А + 3B 34 5A - 2С 
35 —3A + 2B 36 2А – B 
37 ЗА – В 38 lA - ЁС 


In Problems 39 to 44, let A = 21 * 7j, B=i-— 6j, and 
€ = —Si+ 10). 


39 Solve the vector equation (3x + 4y — 12)A + (3x — 8у)В = 0 
for x and y. 
40 Find a scalar s such that sA + B is parallel to C. 


41 Solve the vector equation (x — у)А = (3x + 2y)B — A for x 
and y. 


42 Find scalars s and г such that sA + (B = C. 
43 Find scalars C, and С» such that СА + C-B = —3j. 


44 Show that all vectors in the plane can be obtained by forming 
linear combinations of A and B. 


45 Show geometrically that —(А — B) = B — A. 


46 One of the diagonals of the parallelogram spanned by two vec- 
tors A and B is A + B. Express the other diagonal in terms of A 
and B. 


47 Suppose that the four distinet points P, О, R, and 5 all lie on the 
same line. If the vector PO has the same direction as the vector 
RS, what are the possible orders in which the points lie on the 
line? (For instance, 5, О, К, P—meaning first S, then О, then R, 
and finally P—is one possibility.) 


48 Acar travels 30 miles due east, then 40 miles due north, then 30 
miles due east again. Draw a scale diagram and represent by 
vectors the successive displacements of the car. Add these vec- 
tors, using the head-to-tail rule, and thus find the resultant dis- 
placement of the car. 


49 In Figure 19, PORS is a square, and T is the midpoint of SR. 
Express PT in terms of PQ and QR. 


50 Let A = PO. B= PR, and C = PS, where the point S is on the 
line segment QR and three-eighths of the way from О to R (Fig- 
ure 20). Express C in terms of A and B. 


Figure 19 Figure 20 R 
s р R 
B 
S 
С 
[P Q P Q 


51 Let О = (0, 0), Р = (3, 6), Q = (C1, 3), А = (7-7, —1), and 
S = (3, —6) be points in the xv plane. Find the (scalar) com- 
ponents of each of the following vectors with respect to the 
standard i, j basis. 


(a) OP (6 OQ (с) PO (d) QP 
(e) PR (f) RS (p РО + RS (b) 3OR — SSP 


52 In Figure 21, let A = РО, B = РЕ. PS = 5А, and PT = 3B. 
Express each of the following vectors in terms of A and B: 


(a) QR b OS. (с) ST 
(d) SR (ec) OM — (£) MS 
Figure 21 


53 Let ABCD be a quadrilateral, and let P, Q, R, and S be the 


midpoints of AB, BC, CD, and DA, respectively. Use vectors to 
show that РОКУ is a parallelogram. 


54 1f A and B are two fixed linearly independent vectors in the 
plane, give a geometric construction to show how to find scalars 
s and г so that sA + /В = C, where С is an arbitrary given 
vector in the plane. 


55 If A = uB, where u is a scalar, show that there are scalars s and 
г, not both zero, such that sA + {В = 0. 


56 Show that if A and B are linearly independent vectors, then the 
only scalars s and z for which sA + iB = 0 are s = O ands = 0. 
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Figure 1 


12.2 


DEFINITION t 


The Dot Product 


In Section 12.1 we saw that vectors can be added, subtracted, and multiplied by 
scalars. Vectors can also be multiplied by each other; in fact, there are several 
different products defined for vectors, each with its own special notation. One of the 
most useful is the dot product of two vectors A and B, which is so called because of 
the notation “А * B” traditionally used to denote it. In this section we define and 
study the dot product (also called the imuer product, or the scalar product) and 
calculate lengths of vectors, angles between vectors, and projections of vectors 
upon other vectors using dot products. 
We begin with a geometric definition of the dot product. 


Dot Product of Vectors 


Let A and B be two vectors with lengths (magnitudes) a and b, respectively, and 
let Ө be the angle between A and B (Figure 1). Then the dot product of A and B 


A*B = ab cos Ө 


is defined by 


(If either A or B is the zero vector, then the angle 6 is indeterminate; but, in this case 
а= 0 or b = 0, so that A+B = 0.) 

Note that the dot product of two vectors is a scalar—not a vector. In order to 
measure the angle Ө between two vectors A and В, we can always move A and B 
so that they have a common tail end (as in Figure 1) and then use a protractor in the 
usual way. We express the angle either in degrees or in radians. 


EXAMPLE 1 If the length of A is 5 units and the length of B is 4 units, find 


A-B given that the angle 0 between A and B is (a) 0 = 0, (b) 0 = 7/2, and 
(£l (c) 0 = 40°. 
SOLUTION 

(а) A+B = (5)(4) cos 0 = (5)(4)(1) = 20 

(b) A+B = (5)(4) cos (7/2) = (5)(4)(0) = 0 

(c) A+ B = (5)(4) cos 40° = 15.32 

Now, suppose that A is a nonzero vector of length a. Since the angle between A 

and itself is zero, A* A = aa cos 0 = a^; hence, а = VA*A. On the other hand, if 


А = 0. then A* A = 0 and УА * А still gives the length of A. We use the symbol 
|A| for the length, or magnitude, of a vector A; hence, we have the formulas 


А-А=|А and  |A|- VA*A 


Using the notation |A| and |B] for the lengths of the vectors A and B, we can now 
rewrite the formula for the dot product as 


A*B = |А||В| cos Ө 
where 0 is the angle between A and В. 


EXAMPLE 2 Let i and j be the standard basis vectors in the xy plane. Find i * i. 
isj, ай@ 1+]. 


718 CHAPTER 12 VECTORS IN THE PLANE 


Figure 2 


Figure 3 


SOLUTION Since |i] = 1, it follows that i- i = |i]? = 1? = 1. Similarly, j-j = 1. 
The angle between i and j is 7/2 radians; hence, i*j = |il |j| cos (7/2) = 
(1)(1)(0) = 0. 


Properties of the Dot Product 


Let A and D be nonzero vectors making an acute angle @ as in Figure 2. Then 
perpendiculars dropped from the endpoints of A to the line through D cut off a 
segment ST of length 


[5Т| = |PO| = |PR| cos Ө = |A| cos Ө 
The number |A| cos 0 is called the scalar component of A in the direction of D or 


the scalar projection of A in the direction of D. More generally, if @ is the angle 
between the vectors A and D, we define 


comppA = |A] cos 0 


even if 0 is not an acute angle. Note that, if A and D make an obtuse angle, so that 
7/2. < 0 < т, then cos 0 < 0 and сотррА is negative. Of course, сотрьА = 0 
when Ө = 7/2. 
Because 
A-D = |A| |D] cos 0 = ([A| cos 00| = (comppA) |D] 


it follows that the dot product of two vectors is the scalar component of the first 
vector in the direction of the second vector times the length of the second vector. If 
we solve the last equation for comppA, we obtain the useful formula 


A glance at Figure 3 shows that the sum of the scalar components of A and B in 
the direction of D is equal to the scalar component of A + B in the direction of D, 
so that 
A'D n В.р _ (А + B):D 
р 0 [D| 


that is, scalar components are additive. (You should check appropriate diagrams to 
see that scalar components are additive in all cases, even when some of the angles 
involved are obtuse.) Multiplying the last equation on both sides by [D]. we obtain 
the distributive law for the dot product, 


(А + B)-D=A:D+B:D 


From the rule for the product of a vector by a scalar, we have 


IsA| = 5 [Al 


for all scalars s and all vectors A. If 0 is the angle between A and B and if s is 
a positive scalar. then 0 is still the angle between sA and B: hence, 


(5А), B = |sA| |B] cos 0 = |s| |A| |B| cos Ө = |s|(A * B) = s(A * B) 


Figure 4 


sA.5 <0 


THEOREM 1 


PROOF 
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On the other hand, if s is a negative scalar, then sA makes an angle of 7 — 0 with B 
(Figure 4), and we have 


(sÀ)* B = |sA| |B| cos (ят — 0) = |s| |A| [Bl( —cos 0) 
= (—s)|A] [B|(—cos 0) = s|A| |B| cos 0 = s(A* В) 


Consequently, (5А), B = s(A * B) holds for s # 0. Since this equation also holds 
when s — 0, we have the homogeneous law for the dot product: 


(sA)*B = s(A* B) 


Because of this law, we may simply write sA * B, without parentheses. 
We can now present the four basic laws governing the behavior of the dot 
product: 


1 A:B-B-A 2 (A+B)-D=A:D+B:D 


3 (sA):B = s(A* B) 4 A:A—Oand A-A = 0 only if A— 0 


The first law follows from the fact that |A| |B] cos 6 = |B| |A| cos 6, and the fourth 
law is a consequence of the fact that A* A = |А. 

All the properties of the dot product and of lengths of vectors can be derived 
deductively from the four basic laws together with the identities developed in Sec- 
tion 12.1. Some of these properties are as follows: 


D-(A+B)=D°-A+D-°B 6 (A— B):D- A:D- B-D 
р:(А – В) = D:A- D:B 8 (sA): GB) = (А.В) 

А * B| = |A] |B| (Schwarz inequality) 

А + B| = |А| + [В| (Triangle inequality) 


The following theorem gives a useful formula for calculating the dot product of two 
vectors given in component form. 


Dot Products of Vectors in Component Form 


lf A = ai + bj and B = ci + dj. then 


A*B — ac + bd 


Using the distributive and homogeneous laws, we have 
= (ai + bj) B = (ai) B + (bj) B = a(i* B) + b(j* B) 

In order to calculate i* B. we observe that i*i = 1 and i*j = 0; hence. 

i-B—i-(ci + dj) = i+ (ci) + i+ (dj) = сі) + disc 
Similarly, 

В = ј. (сі + dj) = j- (ci) + j- (dj) = сј) + d(j-j) =d 
since j*i = 0 and j*j = 1. lt follows that 

A*B = ali: B) + b(j* B) = ac + bd 
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In words, Theorem | says that the dot product of two vectors is the sum of the 
products of their corresponding scalar components. Using the ordered-pair nota- 


tion, we have 
(a, b)*(c, d) = ac + bd 


EXAMPLE 3 Let A = 2i + 3j and B = 4i — 5j. Calculate 
(а) A-B (b) A* (2A — 3B) 
SOLUTION Using Theorem 1, we have 
(а) A+B = (2)(4) + (3(-5) = -7 
(b) А • (2A — 3B) = Qi + 3j)°(—8i + 21j) = (2)(—8) + (3)(21) = 47 
An important consequence of Theorem | is the formula 
lei + yj] = Vx? + 9? 


which says that the length of a vector is the square root of the sum of the 
squares of its scalar components. Indeed, if A = xi + yj. then by Theorem 1, 
A*AÀ =x? + y, and so 


|А| = VAA = VUES 


Notice that if A # 0, then 
A 1 1 1 
|A] |A] lA] la] 


Hence, 


ТАЈ is a vector of unit length in the same direction as А 


A vector of unit length is called a unit vector, and the procedure of dividing a 
nonzero vector by its own length to obtain a unit vector in the same direction is 
called normalizing. 
EXAMPLE 4 If A = 3i + 4j, find 

(а) |A| (b) A unit vector in the same direction as A 
SOLUTION 

(a) |A| = У32 + 42 = V25 = 5 units 


(b) Normalizing A, we obtain 


EXAMPLE 5 If A = 3i — 5j and D = 4i + 3j, find the scalar component of A in 
the direction of D. 
Aud uS (308) ta 5)(G)) mes 


SOLUTION comppA = ——— z = 
Ру МУЗ 3 5 


Figure 5 
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lf A and B are nonzero vectors, then the formula A+B = |A| (В| cos Ө can be 
rewritten in the form 


and used to find the cosine of the angle 0 between A and B. Note that 0 = 7/2 if 
and only if A * B = 0; that is, 


A and B are perpendicular* if and only if A* B = 0 


Since the zero vector has an indeterminate direction, it is convenient to say, by 
definition, that 0 is perpendicular to every vector, even to itself. 

CEXAMPLE 6 Find the angle 0 between A = (2, 3) and B = (3, — 1). 
SOLUTION 


AB  (2)3)+ OCD _ 3 3 
(Al |В V2 + 3232 + (CI  vi3V1O0 V130 


cos 0 = 


Hence, Ө = cos! (3/130) = 74.74°. 


EXAMPLE 7 Find a value of the scalar: so that A = —6i + 3j and B = 4i + т} are 
perpendicular vectors. 


SOLUTION 
A+B = (—6)(4) + 31 = 3t — 24 
Since A and B are perpendicular if and only if A+B = 0. we require that 


3t — 24 = OQ; that 15, t= 8. 


All the propositions of Euclidean geometry can be proved algebraically by using 
vectors. The following examples indicate how this is done. 
EXAMPLE 8 Use vectors to demonstrate the Pythagorean theorem. 


SOLUTION Consider the right triangle made up of the perpendicular vectors A 
and B with hypotenuse A + B (Figure 5). We have 


А + BP = (А + B)-(A + B) = A*(A + B) + B: (A +B) 
=А:А +А:В + В:А + В:В 
= А:А + 2А В + В:В 
= ЈАР + 2A* B + [вр 
Since A and B are perpendicular, A * B = 0; hence, |А + B|? = |AP + [BP. which 


is the Pythagorean theorem. 


EXAMPLE 9 Show that the points P = (4, 3), Q = (1, 2). and R = (4, —7) form 
the vertices of a right triangle. 


*Some authors use the word '*orthogonal"' rather than the word "perpendicular." 


a 
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Figure 6 


Figure 7 


Figure 8 


i NU — Е 


SOLUTION Figure 6 leads us to suspect that the angle PQR is a right angle. We 
propose to confirm this by showing that (QP): (QR) = 0. Here, 


OP = (4- lit (3 – 2)ј = 31 + ј 

OR = (4- 10+ (-7 – 2)j = 3i - 9j 
Hence, (QP)-(QR) = Bi +j) Gi — 9p 
(33) + (0(79) = 0 


Dot products are useful in mechanics for calculating the work done by a force 
acting on a particle in a direction other than the direction of displacement. Indeed, 
suppose that a constant force, represented by the vector F, acts on a particle, start- 
ing at the point P, and moves it along a straight line to the point Q. Then the work W 
done by Е in producing the displacement D = РО is defined to be the product of the 
scalar component of Е in the direction of D and the magnitude |D] of the displace- 
ment (Figure 7). Thus, 


Notice that, when Е and D have the same direction, W = F* D = |F| |D] as usual. 


EXAMPLE 10 A person pushes on a lawnmower handle with a force of 35 pounds 
and moves the mower through a distance of 100 feet. How much work is done if the 
handle makes an angle of 30? with the ground (Figure 8)? 


SOLUTION For the force vector F we have |F| = 35 pounds, while for the 
displacement vector D we have |D| = 100 feet. Since the angle 0 between F and D 
is 0 = 30°, 


V3 
W = Ер = |F| D| cos 0 = asco.) = 1750 V3 foot-pounds 


Problem Set 12.2 


In Problems 1 to 8, a and 5 denote the lengths (magnitudes) of In Problems 9 to 12, use the information to find the scalar compo- 
vectors A and B, respectively, while 8 denotes the angle between A nent comppA (scalar projection) of A in the direction of D. Denote 
and B. the angle between A and D by 0. 
Р 9 |A| = 10, 0 = 45° 10 Ар. 5, |D|= 2 
t Ifa = 15, р = 2, and 0 = 60°, find А.В. 
11 |A| = 6, 0 = 7/2 12 A-D = -7, [p - ż 


2 If a — 7, b = 4, and 0 = 57/6, find A-B. 
3 lf a = 1, b= 3, and 0 = 47°, find А,В. 
4 If a = 3, b = 4, and 0 = 10°, find А.В. 
5 Ifa #0, b #0, and А,В = 0, find б. 

6 Ifa = 2, b = 3, and A: B= —6, find 0. 


x ~ 


If a = 10, 0 = 7/3, and А,В = 30, find b. 
If a = 2 and b = 3, explain why ЈА * B| = 6. 


In Problems 13 to 24, let A = i — 3j, B = 2i + j, and € = 2i — 4j. 
Evaluate each expression. 


13 |A| and [В| 14 |3A| and | - C] 
15 ЈА + В| 16 |A — 2B| 
17 |A| + [В| 18 | — 28| + |3C] 
А В 
9 20 | — 
JA] | ІВ! | 


A+ 3B 

DI mE 2 3A АВЕС 

UE 3B| | | 
23 A unit vector having the same direction as A — B 
24 A unit vector having the same direction as А + B 
In Problems 25 to 32, find (a) A * В. (b) cos Ө, where 0 is the angle 
between A and B, (c) сотрвА. 
25 А=ї+],В=ї—]} 
26 A = 3i + 2j, В = 4 — 5j 
27 A=4i+j, B=i— 2j 

à 4i d 

Net 


i 
uS 0 3 3 


гә 


29 A = 2i + 4j, В = —3j 


31 A=(— 3, 2), В = (2, D 
32 А = (4, –1), В = ( – 3, 4) 


In Problems 33 to 38, let А = ( – 1, 3), В = (5, 3), and 
С = ( – 2, – 3). Find the value of each expression. 


33 A+(B +С) 34 (2A)+(3B) 
A B 

35 (CA): 4B — 2С) 36 ——--=— 
la] [BI 


37 (A- C)B — (A: B)C 38 (i D* (A = B + 2C) 


39 Let A = й — 3j and B = 5i + 7j, where / is a scalar. Find г so 
that À and B are perpendicular. 


40 Show that for апу real numbers s and г, the vectors A = (s, 1) 
and B = (t, —s) are perpendicular. 

(C41 A triangle has vertices A = (—3, 4), B=(4, —1), and 
€ = (1, 3). Find each of its angles. 

42 Let D be a nonzero vector. 


(a) The vector projection of A onto D is defined to be the 


vector m A-D 
D-D 
Find |P|, and describe the direction of P in terms of the 


direction of D. 
(b) Let A = 31 + 5j and D = —4i + 3j. Find the vector projec- 
tion P of A onto D, and find |P]. 
43 Explain the geometric meaning of the following conditions: 
(a) A*B0 (b A*B-0 (c) A-B«0 


44 If A is a vector in the Cartesian plane and if i, j is the standard 
basis, prove that A = (А •#)і + (А • ј) ј. 
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45 Suppose that A and B are perpendicular vectors. Write each of 
the following expressions in terms of |A] and |B}. 
(а) |А + В| (b) [2А — 3B| (с) [А – В 


46 Find a scalar г so that the vectors А = і + jand B = ri — j make 
an angle of 37/* radians. 


47 Use the dot product to show that the triangle with vertices 
А = (2, 1), B = (6, 3). and C = (4, 7) is a night triangle. 


48 Use the dot product to prove that the diagonals of a rhombus are 
perpendicular to each other. 


49 Use the dot product to prove that the four points P — (1. 2), 
Q = (2. 3, R = (1. 4), and S = (0, 3) are vertices of a square. 


50 Using vectors, show that the medians of a triangle meet at a 
point two-thirds of the distance from any vertex of the triangle to 
the midpoint of the opposite side. 


In Problems 51 to 55, use the properties of the dot product to prove 
each identity. 


51 (A + B)*(A – B) = |AP — [BP 

52 |A + BP = JAP? + 2A-B + [BP 

53 |sA + BP = SJA}? + 2s(A - B) + ПВ 
54 |А + BP? + [А — BP = ?2|AP + 2[BP 

55 А.В = (А + BP — |A}? — |BP) 


56 Prove the converse of the Pythagorean theorem; that is, prove 
that if the equation |A|? + |B|? = |А + В|? holds, then A is per- 
pendicular to B. 


57 A block weighing 15 newtons slides 6 meters down an incline 
making a 60° angle with the horizontal. Find the work done by 
the force of gravity. 


58 How much work is done by the force of gravity in moving a 
particle all the way around a vertical triangle with vertices P, Q, 
and R, starting and ending at vertex P? Assume that the mass of 
the particle is m so that its weight is mg, with g being the accel- 
eration of gravity. 


59 How much work is done by the constant force vector F in mov- 
ing a particle first along the line segment from point P to point 
Q, then along the line segment from point Q to point R? How 
much work is done by F in moving the particle directly from P 
to R? 


60 Find the work done by a force F in the xy plane whose magni- 
tude is 10 units of force and which makes an angle of 60° with 
the positive x axis if F moves an object along a straight line from 
the origin O to the point Q = (6, 4). 


61 Let A and B be unit vectors that have initial points at the origin 
and that make angles a and f, respectively, with the positive x 
axis. (a) Write A and B in component form. (b) Compute A * B 
to derive a formula for cos (a — f). 
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12.3 Vector and Parametric Equations 


Figure | „Р In this section we use the vector algebra developed in Sections 12.] and 12.2 to 
obtain the equations of curves in vector and parametric forms. This is accomplished 
by using the idea of the "position vector” of a point. 

We begin by choosing and fixing a point О in the plane called the origin. If we 
already have a Cartesian or polar coordinate system. we naturally take O to be the 
g origin origin or the pole of the coordinate system. If P is any point, then the vector 
К = OP is called the position vector of P (Figure 1). Notice that |R| = [OP] gives 
the distance between the point P and the origin O. 

Evidently, the point P determines the position vector R — OP uniquely (since O 
is fixed beforehand). Conversely, the position vector R determines the point P 
uniquely; in fact, if the tail end of R is placed at the origin, then the vector R will 
point to P. For this reason, we ordinarily place all position vectors with their tail 
ends at the origin. 

Suppose that R; = OP, and R; = ОР, are the position vectors of the points Р, 
and P, respectively. Then К — К, is the vector P, Р. from P; to P» (Figure 2). We 
usually regard the difference К; — R, of two position vectors as representing a 
Figure 3 displacement from Р; to P». Notice that |К, — R;|. the magnitude of this displace- 
ment, is just the distance between the points P, and P». 

If we have established a Cartesian or polar coordinate system in the plane, then 
the point P with Cartesian coordinates P = (x. у) has the position vector 


Figure 2 D 


* 


IDEAS, qe 


R-xityj 


(Figure 3). 


(EXAMPLE 1 Find the position vectors R; and R, of the Cartesian points Ру = 
(7, 13) and P, = (—3, 1), respectively. Also find the displacement vector Rə — К, 
and the distance between P, and Р. 


SOLUTION The position vectors К, and R» are 
К, = ОР, = 1+ 13] and КҜ, = ОР, = -3i+j 
Hence, the displacement vector Ra — К, is given by 
Е ЗК БОБИ ОКО] 


and the distance between P, and P is 


Figure 4 B 
E IR; - R| = V10F + C PRF = V244 = 15.62 units 

, C A continuously moving point P traces out a curve C (Figure 4). As P moves, its 
5 position vector R = OP changes, generally in both length and direction. If the head 
end (terminal point) P of a variable position vector К traces out a curve С. then, for 

simplicity, we say that “R traces out the curve C." 
Petes М, The idea of a position vector К varying and thus tracing out a curve leads natu- 
P rally to the notion of a vector equation of the curve. For instance, if R is a variable 
IRIS 2 position vector in the plane, then as R varies subject to the condition |R| = 2, it 


traces out a circle of radius 2 units with center at the origin (Figure 5). Therefore, 
we say that |R| = 2 is a vector equation of this circle. Notice that the circle consists 
of all points P and only those points P whose position vector R satisfies the equation 
[R| = 2. 


ә 
л 


SECTION 12.3 VECTOR AND PARAMETRIC EQUATIONS d 


More generally. we make the following definition. 


DEFINITION t Graph of a Vector Equation 


The graph of an equation involving the position vector R is the set of all points 
P. and only those points P, whose position vector R satisfies the equation. 


Figure 6 EXAMPLE 2 Sketch a graph of the vector equation 
IR = Rol к= 


where all vectors lie in the same plane, a is a positive constant, and Ro is a constant 
position vector. 


SOLUTION Let R = OP and Ro = OP. so that R — Ro = РУР (Figure ба). 
The condition |К — Ro| = a means that the distance between the points Po and P is 
a units. Thus. as К varies subject to the condition |R — Ro| = a, the point P traces 
out a circle of radius a with center at the point Py (Figure 6b). a 


If N is a fixed nonzero vector and Ro = OP, then the condition 
N*(R — Ro) = 0 means that the vectors N and R — Rg are perpendicular (Fig- 
ure 7). As R = OP varies, subject to the condition that R — Rg is perpendicular to 
N, it is geometrically clear that P traces out a line through Py perpendicular to N. 
We say that the vector N is normal to this line. Therefore, 


N*(R — Ко) = 0 | 


is a vector equation of the line containing the point whose position vector is Ro and 
having N as a normal vector. 

The equation N*(R — Ro) = 0 can be written as М.В — N- Ro =0 or as 
Figure 7 N° R = N- Ro. Since М. Ro is a constant К, the equation can also be written as 


We can convert the last equation into Cartesian scalar form simply by writing 
R = xi + yj and N = Ai + Bj. so that М, R = Ax + By, and the equation takes the 
form Ax + By = K. This equation can also be written as 


МК — Ry) =0 


R 


Ax + By +C=0 


where we have put C = —K. In particular, notice that 


N=Ai+ Bj 
gives a normal vector to the line Ax + By + C = 0. 


EXAMPLE 3 Find a normal vector to the line y = 2x — 3, and write an equation of 
this line in vector form. 


SOLUTION The given equation can be rewritten as 2x + (—1)y —3 = 0; 
hence, N = 2i + (—1)j is a normal vector to the given line. Let the position 
vector К be given by К = xi + yj. Then Ne R = Qi — j)* Gd + yj) = 2x — y. and 
the given equation can be rewritten in vector form as N*R = 3. m 
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EXAMPLE 4 Convert the vector equation № (К — Ro) = О into Cartesian scalar 
form il N = —i + 3j and Ro = 7i — 2j. 


SOLUTION With R = xi + vj. we have 
R — Ro = (i + yj) — (7i — 2j) = (x — Pi + (y + 2)j 
Hence, 
М: Вр =f-i + 3j)* 1 7 + DS (= 7) + 809m 
The condition N*(R — Ro) = 0 is therefore equivalent to 
(е 7) ae AGP ar 2) 0 or Sede ar | к= 00) 


Perpendicular Distance from a Point to a Line 
We now use the vector equation of a line to derive a formula for the perpendicular 
distance from a point to a line. 

THEOREM 1 Distance from a Point to a Line 


Let Р, be a point in the plane, let L be a line with vector equation N* = К, and 
let R, be the position vector of Р. Then the perpendicular distance d from Pj to 
L is given by 


EIN "Role 81. 


d 


PROOF Let Py be any point on the line L, and let Ro = OP, be the position vector of Pp, so 
that 
N-Ro=K 
The vector 


PoP, = OP, — OP, = Ri — Ro 


Figure 8 М.К = К extends from the point P; on L to the point Ру. As Figure 8 shows, the perpendicular 
distance from Pj to L is the absolute value* of the component of PoP, in the direc- 
tion of N; that is 

N+ (PoP) | 


4 = comps FP = | 


= IN*(R, - Ro)| = IN*R, - N: Ri| 
IN| IN| 
[NR - Kj 
IN| 


We now recast Theorem 1 in Cartesian form with P, = (xi, yj), N = Ai + Bj, 
R= xi + yj, К, = хі + уу}, and К = —C. Then 


N-R, — K = Axı ae (hy) or CS 


*The absolute value is necessary because if P,P; makes an obtuse angle with N, then 
compn(PoP 1) is negative. 
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and IN| = VA? + В? 


so that the perpendicular distance d from the point (xj, yj) to the line 
Ax + Ву + С = 0 і 


|Ах + By, + C| 
d = — 


УА? + В? 


Е ЕХАМРІЕ 5 Find the perpendicular distance from the point Pj = (3. 7) to the line 
j eme S. 


SOLUTION Ме rewrite the equation y = 2x — 5 in the form 2x — y — 5 = 0, 
that is, in the form Ax + By + C — 0 with A = 2. B = —], and C = —5. Here 
Pi = (ху. y1) = (3. 7). so the desired distance d is 
Ах + Ву + С| _ |(2)(3) + (1007) + (—5)| 6 . 
mU EL a SS 25 8 fli 
SAPE pg? Ve ЧЫ V5 


d 


Parametric Equations 


Often the variable position vector that traces out a curve is controlled by a variable 
scalar called a parameter. Equations involving parameters in an explicit way are 
called parametric equations. 
Figure 9 As an indication of the way in which parameters are used, we begin by deriving a 
vector equation for a line L, not in terms of a normal vector N, but rather in terms of 
a direction vector M parallel to the line. Figure 9 shows a line L containing the 
point Po and parallel to the nonzero vector M. Here, Ro is the position vector of Py. 
Evidently, the point P whose position vector is R belongs to the line L if and only 
if PoP is parallel to M, that is. if and only if R — Ro is parallel to M. By Defini- 
tion 1 in Section 12.1, К — Ro is parallel to M if and only if there is a scalar t such 
that R — Ro = М, that is, В = Ro + М. As the scalar г varies over the real 
numbers, the position vector R = Ro + /M traces out the straight line L. Here г is 
б the parameter whose value determines the position vector R. The equation 


R-R,*:M 
R= Ro + iM 


is therefore called a vector parametric equation for L. 


ib 


Figure 10 


* EXAMPLE 6 Let L be the line in the xy plane that contains the two points 
Po = (6, 2) and P, = (3, 5) (Figure 10). 


"d Lo (a) Find a vector M that is parallel to L. 


IP zs; op (b) Find a vector parametric equation for L. 


SOLUTION Pu R=OP =xityj, Ro = ОР = 6і + 2ј, and В, = 
ОР = 3i +65). 
(a) M = PoP, = К, — Ro = —3i + 3j 
(b) R = Ro + (M = (6i + 2j) + (—31 + 3j) 
= (6 — 3i + (2 + 30)j 


Hence, R = (6 — 30)і + (2 + 3r)j is a vector parametric equation for L. 
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Figure 11 


Y 


А 9 (a cos thi t (ta sin /)) 


Figure 12 


Ке К, + (a cos Oi t (a sin 0j 


v 


о 


To obtain a vector parametric equation for a curve, it is necessary to select ап 
appropriate quantity г to use as a parameter. The selected quantity 1 should deter- 
mine the position of a point P on the curve, and as t is varied, P should trace out the 
entire curve. Sometimes a suitable parameter suggests itself on algebraic grounds, 
while other times geometric or physical quantities such as distances, angles. or time 
can be used.* 1 

When angles are used as paramcters in the xy plane, it is important to keep the 
following fact in mind. If A is a vector in the xy plane, making an angle ¢ with the 
positive x axis, and if a = |A|, then 


А = (a cos ni + (a sin r)j 


(Figure 11). 


EXAMPLE 7 Find a vector parametric equation of the circle in the xy plane with 


radius а and center Py. For the parameter, use the angle / in Figure 12 between the 
radius vector A = Р and the horizontal line through Po. 


SOLUTION Here a = |A|, so that A = (a cos Di + (a sin nj. We put R = OP 
and Ry = OP, as in Figure 12. Then R = Ro + A, so that 


R = Ro + (a cos rji + (a sin 1)j 


As the parameter г goes from О to 27, the position vector К traces out the circle 
once. As a special case of this equation, notice that a vector parametric equation of 
the circle with vadius a aud center O is 


R = (a cos ni + (a sin Dj 


If we have a vector parametric equation giving the variable position vector 
R = xi + yj = ОР in terms of a parameter, then we can always find nvo equations 
giving the Cartesian coordinates x and у of the point P = (x, v) in terms of the 
parameter. These two equations are called (Cartesian) scalar parametric equa- 
tions of the curve under consideration. 


In Examples 8 and 9, find scalar parametric equations for the given curves. 


EXAMPLE § The circle with radius а and center О. 


SOLUTION We begin by rewriting the vector parametric equation К = 
(a cos t)Ji + (a sin fj as 


xi + yj = (a cos Di + (a sin Dj 


Since equal vectors have equal components, it follows that scalar parametric equa- 
tions for the circle with radius а and center О are 


=acost 


a sint 


EXAMPLE 9 The line containing the distinct points Py = (хо, vo) and Ру = 
(unc otl 


* Note that a Cartesian equation у = f(x) can be rewritten in vector parametric form by taking 
= x as the parameter. The result is R = ri + f(oj. 


Figure 14 
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SOLUTION Let = OP denote the position vector of a point on the line, and let 
Ro = OPo. The line is parallel to the vector M = AP, = (x; — xoi + (у — yo)j: 
hence, the vector parametric equation is R = Ro + M, or 


АБЕ vj = Xoi SF Yaj SF (х1 m Xo)i SF (v1 p vol 
= [xo + (ху xoi + [vo + (vi — уо) 
'The resulting scalar parametric equations are 


= xo + t(xi = Sty) 


=ош Му No) 


Parametric equations can provide simple descriptions of curves generated by 
physical motion in cases where it may be difficult to find a Cartesian equation. One 
such curve, called a cycloid, is traced out by a tack P stuck on the rim of a wheel of 
radius a as the wheel rolls without slipping along a straight line—say the x axis. The 
cycloid consists of a sequence of arches, one arch for each revolution of the wheel 
(Figure 13). 


Figure 13 y 


EXAMPLE 10 Find a vector parametric equation and scalar parametric equations 
for the cycloid in Figure 13. 


SOLUTION We use the angle t in Figure 14 as the parameter and assume that 
P =O when г = 0. We measure t in radians, so that the arc length of the portion 
of the circle between P and 5 is ta units. Since this portion of the circle has rolled 
along the segment from О to 5, it follows that [05| = ta; hence, 05 = tai. From 


пеше К = 05 +В+А = і +В+А 


We must write the vectors B and А in terms of the parameter г. Since B has the same 
direction as j and |B| = a, it follows that B = aj. Let @ be the angle between A and 
the positive x axis. By Figure 15, 


ш т 
(Ma hae = May so that = yup у == 
2) 2 
It follows that 
cos 0 = sin (27 — t) = —sint sin Ө = —cos (27 — t) = —cos t 
and A = (a cos 0)i + (a sin 0)j = (—a sin tji + (—a cos Dj 


Since we have 
OS - tai B = aj and A = (—a sin t)i + (—a cos Dj 
we can rewrite R = OS + B+ A as 
К = tai + aj — (а sin Di — (a cos nj 


or К = a(t — sin t)i + a(l] — cos 0j 
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The scalar parametric equations are 
l X — a(t — sin 0) 


a(l = cos t) 


У 


Sometimes it is desirable to convert a parametric equation to a nonparametric 
equation by eliminating the parameter. The technique is illustrated by the follow- 
ing examples. 


EXAMPLE 11 Find a scalar nonparametric equation for the curve R = 3ri + [7], 
and sketch the graph. 


Figure 16 SOLUTION With R = xi + yj, we have xi + yj = 3ri + 12); hence, 


|) = 3 
vd 
pag 
To eliminate the parameter ¢ from the scalar parametric equations, we solve the first 


equation for г to obtain ¢ = x/3 and substitute into the second equation, so that 


> 


5 
( dr ) X 

y — — or x == —— 

i i 9 


(Figure 16). 


EXAMPLE 12 Find a scalar nonparametric equation for the curve 


Figure 17 y | 
AS 
ge 
у= 31+ 1 
and sketch the graph. 
SOLUTION From the first equation, we have t— 1 = 1/x, or r— I + (1/9). 
Substitution into the second equation yields 
D 3 
y=3(1+—) +1 or у=4+— 
EG x 


(Figure 17). 


EXAMPLE 13 Find a scalar nonparametric equation for R = (cosh fi + (sinh 7j. 


SOLUTION In scalar parametric form, we have 
x = cosh t 
y=sinht 


Here the parameter г can be eliminated by using the identity cosh? t — sinh? г = 1 to 
obtain x^ — y? —],x790. 


Given the equation of a curve in scalar parametric form, you can find the deriva- 
tive dy/dx by eliminating the parameter and then proceeding as usual; however, it 
is possible to find dy/dx directly from the scalar parametric equations. Indeed, 
assuming the existence of the required derivatives, we have 


dy dx — dy 
dx dt dt 
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by the chain rule. Hence, if dx/dt # О, then 


dy dy/dt 


dx — ауа 


Similarly. if we put у’ = dy/dx, then we can obtain the second derivative d^y/dx? 
by using the chain rule again; hence, 


dv _ dy'/dt 


dx dx/dt 


EXAMPLE 14 Given 


find dy/dx and d^y/dx?. 


SOLUTION 


and 


Problem Set 12.3 


In Problems 1 to 4, find the position vector R of each point P. 
Express R in terms of i and j. 


1 P=(5, –3) 
3P=0 


2 P=(0, 7) 
AD (Gn a) 


In Problems 5 to 8, find the vector Rə — К, if К, and К, are the 
position vectors of P, and P», respectively. Also find |R» — Rj]. 


5 Р = (2, –1), P» = (7, 2) 6 Р = (5, 1), Р = (—3. 4) 


7 Ру = (2, 4). P = (-2. -1) SEDE Seb = iP 


In Problems 9 to 20, convert each vector equation to Cartesian scalar 
nonparametric form. and sketch the graph. 

9 (i-4j)-R=1 
10 Qi + 3)):К = Gi + 3j)-j 
ll i(Ó:R-2-j-R 12 R:j-0 
13 (i+ D-R 20 14 Qi + 3: (R- i =0 
16 R- R = 16 


18 [Rs 


15 |R| = 3 
17 |R- Qi + 3p| =4 


ПА у 
mo m yo ee em fort #0 
dx ауа — 2t 2 
d^ E ty’ d '' dt 3 3 
y dy _ аташе ee for г = 0 


d? d dx/dt 2t t 


19 |R- il+ [R +iļ=6 20 ||R - i| - |R + il] 5 1 


In Problems 21 to 25, find the perpendicular distance from the indi- 
cated point P, = (xi, y) to the line whose equation is given. 

21 Py = (1.2): 3x —y =4 

22 Р =(-7. 3k у= 3х +3 

23 Py ="(1, 2); G + рК 21-43 —0 

24 P, = (0, 0): Ax + By +C=0 

25 Ру = (Ч, 0); y 22x — 5 


26 Find a formula for the perpendicular distance from the origin to 
the line NeR = К. 


In Problems 27 to 32, (a) find a vector М parallel to the line L 
containing the two given points Py and Ру: (b) write a vector para- 
metric equation for L: (c) write scalar parametric equations for L; 
and (d) sketch a graph of £L. ; 


27 Po = (1, 2), ie = (3, 4) 
ss (VAL (yp Jen ЕЕЗ) 


M 
- 


„шл 


Df ез 2), же =} 


КЫП 
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30 Py (0, а). P, = (0, 0). a #0, b #0 

31 P= (т, e), P, (= V2, V3) 

HO Nt) ГА, Үү) 

In Problems 33 to 36, find à vector parametrie equation for each 

curve. 

33 The line through the point whose position vector is Ry = 7i — 2j 
and which is parallel to the vector M = —i + 3j 


34 The line through the point whose position vector is 
Ry = -i/7 + j/3and which has N = 3i — 7j as a normal vector 


35 The circle with center at the point whose position vector is 
Ry = 3i + 4j and whose radius is 4 units 


36 The cycloid generated by a point P on the circumference of a 


rolling circle of radius 5 units 


In Problems 37 to 44, (a) convert the vector parametrie equation to 
scalar parametric form, (b) eliminate the parameter г and thus obtain 
a scalar nonparametric equation, and (c) sketch the graph. 

37 
38 


К = (2 cos г)і + (2 sin nj for 0 S15 27 
R = (3 cos Ni + (4 sin Nj for OS 1S 27 
39 R = (5 cos 2r)i — (5 sin 20j for OS 1 = z/2 
40 = і + јог 1515 1 
R = dr + (31 + 5)j for x <1 <% 

R 


=еі+ е!) for -x<1<x« 


43 R= i+ (27+ 1)j for О == о 


к? 
44 К = (sin rji + (sin Hj for OS 1 = 7/2 


In Problems 45 to 52, (a) eliminate the parameter f, (b) write the 
equation in scalar nonparametric form, and (c) express dy/dx and 
d'y/dx? as functions of t. 


] 
= х = — 
as [t 3r+ 1 46 TERES 
nu 2er 
у= М +1 
1 
х= г - 2 che = 33 
47 D 48 u- 2) 
REA y= 3142 
= И Io 
= 3 cos“ 
49 | so {* а 
у= 45 1 
qc 2 ae 
1 
sie rcc E [x = 4 sin? reos t 
Ё (у= 2 – 3i UU у= sin reos? t 


53 Let М #0. К # 0, and suppose that L is the line whose vector 
equation is N* R = К. Put D = (K/|N|?)N. Show that L also has 
the vector equation D*(R — D) = 0. 


54 Find a vector equation of the parabola with focus at the origin 
whose directrix ts the line D-(R — D) = 0, where D is a fixed 
nonzero vector. 


55 Find a formula for the perpendicular distance from the point with 
position vector R; to the line р: (К — D) = 0, where D is a 
constant nonzero vector. 


ty 
A 


Show that the vector M = —Bi + Aj is parallel to the line 
Ax + By + C =0. 


57 A point Р is located on a spoke of a wheel of radius a > О at a 
distance b > 0 from the center. Derive vector and sealar para- 
metric equations for the curve traced out by P as the wheel rolls 
without slipping along the x axis. Assume that when x = 0, 
P = (0, a — b). 


58 Find a vector equation for the ellipse whose foci are at the points 
F, and F and whose semimajor axis is a > 0 (Figure 18). 


Figure 18 


59 Derive a vector parametric equation for the curve traced out by 
the point P halfway between A and В in Figure 19 as / varies 
with 0< 7< m. Sketch the graph. 


Figure 19 Y 
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Figure 1 


F (r) 


12.4 


DEFINITION t 


Fin) 


Vector-Valued Functions of a Scalar 


The vector parametric equations developed in Section 12.3 can be better understood 
in terms of the idea of a vector-valued function. Thus, a vector parametric equa- 
tion has the form 


К = F(a) 
where the *'independent variable" is the parameter г. Е is the vector-valued func- 


tion, and the **dependent variable" 15 the position vector R. The following defini- 
tion makes this idea more precise. 


Vector-Valued Function 


A vector-valued function F assigns a unique vector F(t) to each real number 1 
in its domain. The range of Е is the set of all vectors of the form F(1) as г runs 
through the domain of F. 


EXAMPLE 1 Let Е be the vector-valued function defined by the equation 
F(t) = (2 cos di + (2 sin nj 0O=:1=27 
(a) What is the domain of F? 
(b) What is the range of F? 
(c) Find F(z). 


SOLUTION 


(a) The domain of F is the interval [0, 277]. 


(b) As т runs from 0 to 27, F(t) = (2 cos rji + (2 sin nj, regarded as a posi- 
tion vector, traces out a circle in the xy plane with radius 2 units and center at 
the origin. Therefore, the range of F is the set of all position vectors of points 
on this circle. 


(c) F(z) = (2 cos m)i + (2 sin z)j = —2i. 


A vector-valued function F whose range is contained in the xy plane can always 
be defined by an equation of the form 


F(t) = g(ni + Aaj 


where g and Л are ordinary real-valued functions called the 


Al scalar component functions of F. 


Let F be a vector-valued function. and let A be a fixed 
vector. The scalar |F(r) — A| represents the distance between 
the head ends (terminal points) of F(z) and A when their tail 
ends (initial points) are at the origin (Figure 1). Evidently, 
IF() — Al is close to zero when F(z) is close to A. in both 
magnitude and direction. Thus, we make the following defi- 
nition. 
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DEFINITION 2 


THEOREM 1 


DEFINITION 3 


THEOREM 2 


Limit of a Vector-Valued Function 


Suppose that the number c belongs to an open interval / and that every number in 
1. except possibly c, belongs to the domain of the vector-valued function F. If A 


is a vector such that lim |F(s) — A| = 0. then we say that F(1) approaches A as а 
Tec 


limit when t approaches c, and we write lim F(1) = A. 
| pu 


> 


Limits of vector-valued functions can be calculated ‘“‘componentwise,”” as is 
shown by the following theorem, whose proof is left as an exercise (Problem 31). 


Limits of Vector-Valued Functions 


Suppose that F(r) = g()i + A()j and A = ai + bj. Then lim F(¢) = A if and 
(=g 


only if 


lim g(1) = a and lim A(t) = b 


e CC 


EXAMPLE 2 If F(t) = (12 + Di + (3r — 2)j, find lim F(r). 
t€———mÓ [t 


SOLUTION lim F(t) = [lim (2+ Ii + [lim Gr — 2) = 21 * j 
к» г» t— 


By direct analogy with the definition of continuity for real-valued functions, we 
make the following definition for vector-valued functions. 
Continuity of a Vector-Valued Function 


A vector-valued function F is said to be continuous at the number c if the 
following conditions hold: 


(i) с belongs to the domain of Е 


(ii) lim F(r) exists 


(iii) lim F(t) = F(c). 
Hier 


A vector-valued function is said to be continuous provided that it is continuous at 
every number in its domain. One can also define right- and left-sided limits and 
right- and left-sided continuity for vector-valued functions in essentially the same 
way as for real-valued functions. There are no surprises, and everything works as 
expected. 

Using Theorem 1, we easily establish the following result (Problem 32). 


Continuity of Vector-Valued Functions 


A vector-valued function F is continuous at a number c if and only if both of its 


scalar component functions are continuous at c. 


] 
EXAMPLE 3 Discuss the continuity of F(r) = PES ав (yr a> TD. 


DEFINITION 4 


THEOREM 3 
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SOLUTION Тһе scalar component functions of Е are 


Q(t) = and h(t) = 5t - 1 


t—2 


where g is continuous for every value of t except for г = 2 and Л is continuous for 
every value of t. The domain of F consists of all real numbers different from 2, and 
Е is continuous at every number г in its domain. 


Given a vector-valued function F, we can form the difference quotient 


EnA) EO E Е 
ү N [К(т + М) — Е(ї)] 


by direct analogy with the difference quotient of a real-valued function. Notice, 
however, that (1/As)[F(¢ + Ar) — F(e)] is the product of a scalar 1/Ar and a vector 
F(t + At) — F(z); hence, it is a vector. Pursuing the analogy with real-valued func- 
tions, we make the following definition. 


Derivative of a Vector-Valued Function 


Let г be a number belonging to an open interval contained in the domain of a 
vector-valued function F. We define the derivative of F at г, in symbols. 
Au. Кк ОЖ) = Fu 

At 


Е) = lim 
Ar—0 


provided that this limit exists. 


By using Definition 4 and Theorem 1. it is easy to prove the following theorem 
(Problem 38). 


Derivatives of Vector-Valued Functions 


Let F(t) = g(t)i + h(t)j and suppose that г belongs to an open interval contained 
in the domain of F. Then: 


(i) F has a derivative at ¢ if and only if both of the scalar component 
functions g and л have derivatives at г. 


(ii) If g'(r) and A'(r) both exist, then F'(z) = g'(r)i + h'(n)j. 


EXAMPLE 4 If F(t) = e? — (sinh 2)j, find Е”). 


SOLUTION F'(t) = (D,e~)i + [D,(—sinh 1)]j = 2e — (cosh t)j 


The notation and terminology used in connection with derivatives of vector- 
valued functions are the direct analogs of those used for real-valued functions. For 
instance, if Е is differentiable for all values of t in some open interval, then F’. the 
derived vector-valued function. is defined on this interval, and we can ask whether 
F' has a derivative. If it does, we denote this second derivative by F". Third- and 
higher-order derivatives of F are treated similarly. 


EXAMPLE 5 Let F(t) = (cos ¢)i + (sin £)j. Find 


(a) К) — (b) F'() (с) F'(0*F'() 
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SOLU TtON 
(a) F'(r) = (—sin t)i + (cos 0j 
(b) F"(r) = (—cos ni — (sin Dj 
(c) Е") E”) = sin г cos £ — sint cos г = 0. a 
The Leibniz differential notation is used in connection with vector-valued func- 
tions in much the same way as for real-valued functions. For instance, if F is 


a differentiable vector-valued function and the variable vector R is defined by 
R = F(t), we write 


dR 
dt 


F'(r) and dR = F'(r) dt 


Note that the differential dR is a vector since it is a product of the scalar dr and the 
vector F'(r). Thus, we can rewrite Theorem 3 as follows. ИК = ui + vj, where the 
scalars н and v are differentiable functions of г, then 


dR = dui + dvj 


5 dR 
EXAMPLE 6 If R = r^i + (tan nj, find чу, and dR. 
dR А е : 2 : 
SOLUTION zn = 211 + (sec* nj and dR = (Qt doi + (ѕес t dt)j a 


Using the Leibniz notation and Theorem 3, we now establish the basic properties 
of derivatives of vector-valued functions. 


THEOREM 4 Properties of Derivatives of Vector-Valued Functions 


Let R and S be differentiable vector-valued functions of the scalar г, and let w be 
a differentiable scalar function of ¢. Then 


миш (і Р IR dS 
Mee (R eS) ms sp 
dt dt 


dS 


(iv) 
(v) 
€ 


if w #0 


(К) еки ауа 


w w 
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РКООЕ Parts (i) through (iv) сап be proved by expanding the vectors in terms of their 
components and using Theorem 3. We leave parts (i), (ii), and (iii) as exercises 
(Problems 39 and 40) and attend here to parts (iv). (v). and (vi). 


(iv) Let R = xi + vj. and let S = ui + vj. Then, R* S = xu + yv and pi 
1 а d dv dy ; 
(6:5) = — (xu + уу) = е + у а 
dt ` dt dt dt dt 


( dx dy ` ( du dv 
= Ta. Sy) ШЕ x+y) 
dt dt Gu. — wb 


Gk. Gh . : е М , GR. wie. 
= (== equis un + it ype (i+ Sj 


dt dt dt dt 
1 

E R seer: dS 
dt dt 


eS a M 

dt dt 2VR*R dt 2|R| ` dt dt 
=, о жш 
AR аг |R| dt 


(vi) Assume that w # 0. By part (iii), we have 


d = a E 2) =, ЯК _, dw og dR 

[e| Б р = |— ww R + yw — >= m —R +w — 

pw og = ee oe СТЫКЕ. 
_ w(dR/dt) — (dw/dt)R 


w? 


EXAMPLE 7 Let К = (5 sin 22)i + (5 cos 20j, S = еї + е2), and w = e^?*. 
Find 


n 


d d d 
(a) “IR! (b) R9 (c) qr OS 


SOLUTION By Theorem 4, we have 


e е9 
dt 


Sein 2t)i + (5 cos 20)j 
V/(5 sin 21)? + (5 cos 20° 


_ 2) Sa 27 ру 2s 50 cos 2t sin 2t 


* [(10 cos 25i — (10 sin 25j] 


IR dS 
(b) —(R+S) = — s + Re 
dt dt 


[(10 cos 20i — (10 sin 20j] > [ei + e774] 
+ [(5 sin 2i + (5 cos 2r)j] * (2671 — 228 ^3] 


il 


= 10 cos 2t e” — 10 sin2t e^?' + 10 sin 2t e” — 10 cos 2r e ?' 


10(соѕ 27 + sin 20(e? — e^?) 
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(Qe M ME 0 
dt dt dt 
= —5e (e? e^? + е (0e? — 2e?) 
= —5e^i — 5e^"'j + 267? – 2e 7j = —3e 3 Бш, 


The chain rule also works for vector-valued functions, as the following theorem 
shows. 


THEOREM 5 Chain Rule for Vector-Valued Functions 


Let R be a differentiable vector-valued function of the scalar t, and let ¢ be a 
differentiable function of the scalar s. Then, regarding R as a function of s, we 


have 
L3 dR — dR dt 
ds dt ds 
PROOF Let R = id + vj, where the scalar components « and v are functions of г. By the 
usual chain rule for real-valued functions, 
du du dt dv dv dt 
= an === сые 
ds dt ds ds dt ds 


Hence, by Theorem 3, 


dR du. dy. du d, dw dr. du. dv .\ dt dR dt 
SS] Se ge ey] = | SS | eS е 
ds ds ds dt ds dt ds dt dt 


ds dt ds 


EXAMPLE 8 Given that R = F(r). F’(1) = 2t — e 'j, and / = sin 9, find 
dR 


SOLUTION 
(a) By Theorem 5, 
dR — dR dt 


d 
= — = IM Sen.) = e s Ө 
dé dt dO 0 40 СОНИ еро 


= [(2 sin 0)i — e?" *$] cos Ө = (2 sin 0 cos 8)i — (е "^ * cos Ө) 


= (sin 20)i — (e ^*^ * cos Ө)ј 
(b) Using the result of part (a). we have 


> 


а 
40° 


= (2 cos 20)i + е^" "(sin Ө + cos? 0)j 


Problem Set 12.4 


In Problems 1 to 6, (a) lind the domain of Е, (b) find F(t) if to | F(t) = (3t + 2) + 
belongs to the domain of Е, (c) find lim Еб) if it exists, and 
(d) determine where Е is continuous, ^ 


е 2 


E 


2 Fi) = Vi- lit V5—tjit-l 


CHU 
ia: (Gia! AR bS 


1 п 
S = —ji + in 3 i: m 
5 Еа) m (sin 31)j: to 6 
6 F(t) = In (r* Di + e 73:1, = 0 


In Problems 7 to 12, find F'() and F"(r). 


7 F(t) = (32 — l)i + (96 + 5) 
8 F(t) = In (3 + 0i + (sin 2j 

9 F(r) = e*i + (In 20j 

10 F(t) = (3 sec ni + (4 tan nj 
11 F(t) = (5 cos Di + (3 sin 0j 


12 F(r) = (гап! 25i + еј 
In Problems 13 to 16, find dR/dt апа ФК /аг2. 


13 R = (cos r)i + (sin /7)] 


I4 К = ie ^?'i + re?j 


I I 
ПЕ 183 == 11 = 
: " г) 

= п = 5 
M pL 


In Problems 17 to 20, find (a) F'(1), (b) F"(0. (c) F'(0* F'(1), and 


d 
(es [Fc]. 


17 F() = (е + 3) + (e' + 7) 
18 F(t) = (3 cos 20i + (3 sin 20j 
19 F(t) = (4 sin 30) — (4 sin 3j 


20 Fi) = ei + ej 
d d 
In Problems 21 to 24, find (a) pa and (b) a OR 


21 R= ej + ej. S = (cos 20i + (sin 20j. w = е7" 
22 R = 51 + rj, S = (sec ni + (3 sin Dj, w = cots 


: 3 
з=. w = cos 7t 


23 R - (In Di + 
Ж) 1 


i 2j : 2; 2) 
= = 2 2 
24 R П H 7S (In Di +), w = 57 + 8 
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ra 
"n 


28 


29 


30 


36 


37 


Let F(1) = (sin t)i + (cos nj and = s?. Use Theorems 4 and 5 
to find 


d 12 
(b) —\Fa)- 


4 
ар 
аж ai! 


Show that. if dw/dr exists and A is a constant vector, then 


dw 
— (wA) = — А 
di У а 
Show that, if dR/dt exists and c is a constant scalar, then 
d dR 
dt 25 dt 


Suppose that d R/dt exists and that |R| is constant. Show that R 
and dR/dt are perpendicular. 


Suppose that R is a variable vector that is always parallel to a 
fixed nonzero vector A. If dR/dt exists, show that dR/dt is 
always parallel to the fixed vector A. 


ЕК 4 0 and dR/dt exists. find a formula for 


d{R 
EX 


Prove Theorem 1. 
Prove Theorem 2. 


Prove that the sum or difference of continuous vector-valued 
functions is again continuous. 


Prove that the dot product of continuous vector-valued functions 
is a continuous real-valued function. 


If F is a continuous vector-valued function. show that the real- 
valued function f defined by fir) = |F(r)| is also continuous. 


If F is a continuous vector-valued function and if f is a con- 
tinuous real-valued function. both of which have the same 
domain. show that the vector-valued function G defined by 
G(t) = f() FQ) is continuous. 


Give an appropriate definition of the following one-sided limits: 
(a) lim Fi) =A (b) Jim Е) = А 

Prove Theorem 3. 

Prove parts (i) and (ii) of Theorem 4. 

Prove part (iii) of Theorem 4. 

Prove that a differentiable vector-valued function is continuous. 


Give an appropriate definition of the following: The vector- 
valued function F is continuous on the closed interval [a, b]. 


Assuming the existence of the required derivatives. show that 


d- J PME PE e a ES 
dt^ dt dt di^ 
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Figure 1 
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Figure 2 


Figure 3 
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Р 
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Figure 4 


Velocity, Acceleration, and Arc Length 


A vector parametric equation К = F(t) can be regarded as giving the position vector 
R of a moving point P at the time ¢ (Figure 1). As the time г varies, the point P 
traces out a curve C. Even if the parameter г actually represents some quantity other 
than time, it may be useful to think of it—at least for the purposes of this section— 
as corresponding to the elapsed time since some arbitrary (but fixed) initial instant. 
This point of view enables us to study the vector-valued function F in terms of the 
intuitively appealing idea of physical motion. 

For the remainder of this section, we assume that the moving point P traces out a 
curve C in the plane and that the variable position vector R of P at time t is given by 
К = F(t). Furthermore, we assume that Е has a first derivative F' and a second 
derivative F". We imagine that the moving point P is equipped with an odometer to 
measure the distance s that it has traveled along the path C, starting at Py when 
ї = 10, and that it is equipped with a speedometer to measure its instantaneous 
speed 


at any time г (Figure 2). Here s is just the arc length of the curve C between Po and 
P, and v is the instantaneous rate of change of s with respect to the parameter t. 

The velocity vector of the moving point P is defined to be the vector V whose 
direction is parallel to the tangent line to the curve C at P and whose length is the 
speed of P, so that 


(Figure 3). Here we understand that V points iu the "instantaneous direction of 
motion" of P, so that if the constraints causing P to follow the curve C were 
suddenly removed, then P would "fly off along the tangent line’ in the direction 
of V. 

We are now going to give an informal argument to show that the velocity vector of 
a moving point is the derivative with respect to time of the position vector of the 
point. To begin the argument, let At = t — t, denote a small positive interval of 
time, and put 

Е = OF, = Ел) © and К, = OP, = F(n) = F(t, + М) 

(Figure 4). During the time interval Ar from t, to t», the point P moves along a small 
portion of the curve C between P, and P». Denote the are length of this portion of 
C by As. In moving from P, to P», the point P undergoes the displacement 


AR = R; = R, = F(t, ap At) en Ft) 
Evidently, 
As = |AR| 


with better and better approximation as Аг — 0*. Dividing by At, we obtain 


Figure 5 


Tangent 
line at P, 
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Hence, taking the limit as Ar — 0*, we have 


ds 
IV| =F = Ium = 
dt 


dR 
dt 


Therefore, dR/di has the same length as the velocity vector V. 

To finish the argument, we only need to show that dR/dr has the same direction 
as the velocity vector V. If the time interval Ar is small. then I/Ar is large: hence, 
the difference quotient 


AR F(t, + An) — F(t) _ E 


c AR 
M м Мм 


not only has the same direction as the displacement vector AR but also is consider- 
ably longer than AR (Figure 5). 

As Ar — 0°, the displacement vector AR becomes shorter and shorter; however, 
the difference quotient AR/Ar approaches dR/dt, which is not necessarily 0. At the 
same time, AR/Ar pivots about the point Р, and approaches the direction of the 
tangent line to the curve C at Р, (Figure 6). Since dR/dt = Jim, AR/ Ar, it follows 


that dR/dt is parallel to this tangent line; hence, dR/d? has the same direction as the 
velocity vector V. Since dR/dt has the same length and direction as V, we conclude 
that 


As the point P moves along the curve C, its velocity vector V can change in 
length, in direction, or in both. The instantaneous rate of change of V with respect 
to time is a vector dV/dr called the acceleration vector of the moving point P and 
denoted by A. Thus. 


dR 
Vv = = F' ) d 
a (r) an 


EXAMPLE 1 A point P is moving on an elliptical path according to the equation 


К = (5 cos 2i + (3 sin 20j. Distances are measured in meters and time in sec- 
onds. Find (a) the velocity vector V, (b) the acceleration vector A, (c) the speed v 
at the instant Т. 


SOLUTION 


dR 
(a) V= re = (—10 sin 2t)i + (6 cos 21)j 


7 


(b A= 
(с) v = |V| = V100 sin? 2 + 36 cos? 27 meters per second 


= (—20 cos 2t)i + (—12 sin 21)j 


EXAMPLE 2 A moving point P has position vector R = (t7/2)i — rj at time г. 
Find (a) the velocity vector V, (b) the acceleration vector A, and (c) the speed v of 
the moving point at the instant when ¢ = 10. 
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SOLUTION 
(a) V = ti — 3j; hence, when г = 10, V = 10i — 300]. 
(b) A =i — 6rj: hence, when г = 10, A = і — 60j. 
(с) v—2|V| = Vie + 9; hence, when += 10, v= V100(1 + 900) = 
10V 901. 
If the velocity vector V is not the zero vector, then we can normalize V by 
dividing it by its own length |V|. The resulting vector T has the same direction as the 


Figure 7 velocity vector, but has unit length (Figure 7). Since V 1s parallel to the tangent line 
to C at P, so is T; hence, we call T the unit tangent vector to the curve C at the 


3d point P. Evidently, 
T we 


dR 
dt 


| dR | 
dt | 


EXAMPLE 3 Find a unit tangent vector T to the curve C whose vector parametric 
equation is R = (12 — 40i + Gj. 


SOLUTION Here we have 


dR К 3 
— = (t - pHi + (3г)) 
dt 
IR 3 5 5 
so that F | = V(Qt – Ay. + Gry = V9r + 417 — 16r + 16 
dR 
d 2t — Hi + (327)j 
Г pet Ot i+ Om 
dR 91° + 47 — 16r + 16 
dt 
Sinee ds/dt = v = |dR/di|, we have the differential equation 
dR 
ds = E dt 
dt 


for the arc length s of the curve whose vector parametric equation is R = F(t). 
Integrating, we find that the arc length s between the point corresponding to = a 


vg wy and the point corresponding to т = р is 


Figure 8 


Fia) (Figure 8). If R = F() = g(t)i + A(0j, then 
| dR „б. эю... 
€ —| = |e (ni + DE 
dt 


= Vir Or + [Ар 
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and 


b 
= | Vien + [А] dt 


а 


In Examples 4 to 6, find the arc length s of the given curve between the indicated 
values of the parameter. 


EXAMPLE 4 R = (3:2) + (1° — 3r)j between t = О and t = 1 


SOLUTION Неге, dR/dt = (бї + (31? — 3)j and 


dR DO Waa aes E +, nee EE 
c N (61)? + (312 — 3 = V36  9r* — 1817 + 9 
t 
= VIr + 1812 + 9 = V(r? +3) = 360 + 3 
Therefore, 
1 IR 1 » 1 
;-[ R| a= | Geta aa +30 = 4 units [| 
0 dt 0 [n 
х= е 'cost 
IE EXAMPLE 5 ae between г = 0 and t = т 
Eu m GN = е sin 


SOLUTION Тһе given scalar parametric equations are equivalent to the vector 
parametric equation R = g(t)i + h(r)j. where g(t) = e ' cos t and A(t) = e™ sin t. 
Thus, 


g(t) = —e (cos t + sin г) В) = —e “(sin t — cos t) 


Ie (OP. + [h' (OP dt 


e "(cos? t + 2 cos t sin t + sin? t) + e "(sin t — 2 sin t cos t + cos? t) df 


| 
| 
- | e 'V2(cos? t + sim t) dt 
0 
| 


= Be dt 
= (~V2e7') 
0 


= V2(1 — e^?) = 1.35 units 


EXAMPLE 6 у = f(x) between x = a and x = b 
SOLUTION With x as the parameter, the scalar equation y = f(x) is equivalent to 
the vector parametric equation R = xi + f(x)j. Here. 


b 
= ЧЫ ОГ aml 5 -Í V1 +[F a) dx 


da aua E 
E i+ f'(x)j 


which coincides with the formula for the arc length in Section 6.4. a 


623 R= 
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Problem Set 12.5 


In Problems | to 10, the vector equation of motion of a point P in the 
xy plane is given. Find (a) the velocity vector V, (b) the acceleration 
vector А, (c) the speed v of the moving point at the time 1. 


] К = (302 - Di + (27 + 5)j 

2 К = (2 cos Ni — (7 sin nj 

ЗВ = гї + (In nj 

48 = (02+ i+ Fj 

§ К = 2(t — sin i + 2(1 — cos nj 

6 К = (4 cos? ni + (4 sin? nj 

7 К = (cos t + sin si + (cos г — sin nj 
8 К = (2 cot Di + (2 sin? nj 

9 R = (е cos fi + (e sin 1)j 

10 R= (ni + AAM 


In Problems 11 to 16, the vector equation of motion of a point P in 
the xy plane is given. Find (a) the velocity vector V, (b) the acceler- 
ation vector A, and (c) the speed v of the moving point at the instant 
when z has the indicated value 1). 

П R- (72 — oi + (51 7); д = 2 

12 К = (1 sin £i + (cos 0j; 1 = 7/2 

13 К = 3(1 + cos wai + 4(1 + sin maj; t =3 

14 к= й +еј; л =0 

15 К = (In sin r)i + (In cos 0j; t; = 7/6 


16 К = (4 cos ji + (4 sin Dj: tj = Ут/2 


In Problems 17 to 24, find (a) the velocity vector V, (b) the speed v 
at time 7, and (c) the unit tangent vector T at the indicated time 4). 


17 R = (12 — 3i — (77 + 9)j; t) = 3 
18 R = (21 — Di + Gr? + Djin 


2 


19 К = (t — sin Hi + (1 — cos Nj; t, = 7/2 

20 R = (cos? ni + (хіп? Nj; д = 37/4 

21 R = (-7 + cos 2ni + (5 + sin 20j; 1 = 77/6 
22 К = (t cos Ni + (t sin Nj; 1, = 0 


cos f А sing, /5 
x — r — — Ji. ШЖК © 
1 + cos? ТЕН cos? } : 


24 R 2 In (à + Di + e?j; t = УЗ 


In Problems 25 to 38, [ind the arc length s of each curve between the 
indicated values of the parameter. 

25 К = (71 — 9)i — (51 + 4jir-01tor-2 

26 R = (at + Бі + (ct + dj t1, tot=h 

27 R = ei + Ge" — 0: ге 0 юге 5 


28-R — 21 rj r-Qtor-u 


29 К = (3 cos 20i + (3sin20j; 1 = 0 tot — 7 


x = 3 cos t — cos 3t 
t à ; 1-010177 
y-3smnt- sin 3t 


Sf à 

Жозе SOR 

| a у t=0to1=27 
y=e'sint 


[x=t-—sint 
| > t=O0to1=27 


y=1-—cosr 

33 К = (cos г + t sin Di + (sin? — t cos 0j; t = 0 to t = 7/4 
[ч =й +72). 1= О000г=а 

35 R = (In VI + + (tan^! 0j; 1 =Otor=1 

36 = as 


2 


| (бе + 9)? 


9 |: =оъг=ч 


(37 R = (cos! ni + Gin? nj: t = 0 to 1 = 7/9 
(38 R = d + (cosh 0j; 1 =O tor =4 


39 The curve C whose equation in polar coordinates is r = f(@) can 
be expressed in parametric Cartesian form as 


ү = f(0) cos Ө 
y = f(@) sin Ө 


by using 0 as parameter. Using the methods of this section, find 
a formula for the arc length of the portion of C between the point 
where 0 = 0, and the point where 0 = 6. 


40 Find a formula for the unit tangent vector T to the curve C in 
Problem 39. 


41 The curve C whose Cartesian equation is y — f(x) can be ex- 
pressed in vector parametric form as К = xi + f(x)j. by using x 
as the parameter. Find a formula for the unit tangent vector T to 
the curve C. 


42 If R = F(s), where the parameter s is the arc length, find a 
formula for the unit tangent vector T. 
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Figure 1 


2. 


R= F(t) 


Figure 2 


Figure 3 


L 


12.6 


P 


Ne 


T = (cos a)i + (sin а) ј 


Normal Vectors and Curvature 


In this section we continue the study, initiated in Section 12.5, of the curve C traced 
out by a moving point P in the plane according to the vector parametric equation 


R = OP = Fit) 


(Figure 1). As in Section 12.5, the parameter ¢ can be thought of as time, so that the 
vector derivatives 


Уу =Е'() апа А = К"(ї) 


which we assume exist, represent the velocity and acceleration vectors of Р, respec- 
tively, at the time t. We continue to denote by s the arc length traced out by P along 
the curve C since some arbitrary (but fixed) initial time fo, so that 


is the instantaneous speed of the moving point P. 
For the remainder of this section we assume that the instantaneous speed of the 
moving point P is never zero, v # 0, so that we can form the unit tangent vector 


dR ака ав/а _ 


ds а ds а/а 


that is, the unit tangent vector Т is the derivative dR/ds of the position vector with 
respect to arc length. 

As the moving point P traces out the curve C, the unit tangent vector T at P can 
change its direction but not its length (which is always 1 unit). In order to study the 
change in direction of T, we denote by a the angle in radians from the positive x 
axis to T when the initial point of T is moved to the origin (Figure 3). Thus, since 
|Т| = 1, we have 


T = (cos aj)i + (sin a)j 


(see Figure 11, page 728). 

Any vector perpendicular to the unit tangent vector T at the point P on the curve 
C is called a normal vector to C at P. Of course, a normal vector whose length is 
| unit is called a unit normal vector. lf you were to sit on the moving point Р, 
facing in the direction of the unit tangent vector T, as P traces out the curve C, you 
would find that one of the unit normal vectors, Му, is always on your left and the 
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Figure 4 other unit normal vector, N,, is always on your right (Figure 4). Evidently, 


Since №, is obtained by rotating T counterclockwise through 7/2 radians. it 
follows that N; makes an angle of œ + (7/2) radians with the positive x axis. 
Therefore, since |М = 1, we have 
—Ó ; я У, а 
№, = соѕ (a 18 Ij + sin (a oF za 


= (—sin a)i + (cos a)j 


Hence, 


N, = —N, = (sin a)i — (cos a)j 


If g and A are the component functions of F. so that 
R = F(t) = g(0i + hj 


then, as we have seen in Section 12.5, 


dR/dt g'(t) - h'(t) 
= | e aa 
ldR/d| VIZ (oP + (AP Vig (Ol + [n] | 


Also. T = (cos a)i + (sin @)}; hence, it follows that 


g(t) h'(t) 


COS (dy mU cue and sin a = 2 ———  Ó 
VIDI + (Aw) Vig (oy + [ho] 


Therefore, since № = (—sin a)i + (cos a)j. we have 


= 4) А g(t) 
ne e SSS SS a aa ышы i+ === dl 
NV [ео]? + (QD? vie GT r AO 


EXAMPLE 1 Find the unit normal vector N, to the curve R = гі + Pj at the point 
P whose position vector is R. 


SOLUTION Here the component functions g and h are given by g(t) = t and 
A(t) = t^. Thus, 
, ТТ т ГТ 3 
g(t) = 1 h'(t) = 2t Vigo? + [А709] = МІ 4C 
and 
oo we l 


Na — i. me 
“Т uL vsum 


When the curve C bends rather sharply. the unit tangent vector T changes its 
direction quite rapidly; that is, the rate of change da/ds of the angle а (Figure 3) 
with respect to arc length s is large in absolute value. For this reason, the instanta- 
neous rate da/ds at which the tangent vector is turning, in radians per unit of arc 


Figure 5 


turning 


counterclockwise 
b 


Figure 6 


(b) 


turning 
clock wise 


Figure 7 
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length. is called the curvature of C at the point P and is traditionally denoted by the 
Greek letter к (called *"kappa"). Thus. by definition. 


Notice that x > 0 if о is increasing as P moves to trace out the curve; that is, x > 0 
if the unit tangent vector turns counterclockwise as s is increased (Figure 5a). 
Similarly, к < 0 if the unit tangent vector turns clockwise as s is increased (Fig- 
ure 5b). 

If we differentiate the equation T = (cos а)і + (sin а)ј on both sides with re- 
spect to arc length s. we obtain 


2* = (-s am ) Е ЕСЕ [і пенза) 
= та Ws ji cos а FS || = т sin @)ї cos a)j 
Hence, 


The equation dT /ds = «N; is extremely important in the theory of curves in the 
plane. Since №, is normal to the curve C and x is a scalar, it implies that the vector 
dT/ds is always a normal vector to the curve C at the point P. Furthermore, since 
№ = 1, it follows that 


Thus. te vector dT/ds is long where C is rather sharply curved and not so long 
where C bends slowly. Finally, it can be shown that dT/ds always points in the 
direction of concavity of the curve C (Figure 6) (see Problem 30). 

The vector dT/ds is called the curvature vector of the curve С at the point P. If 
the curvature vector is nonzero, that is, if |x| = |dT/ds| + 0, then the vector М. 
defined by 


dT 


B lx| ds 


is called the principal normal vector to C at P (Figure 7). Notice that N is a unit 
normal vector to the curve C and points in the direction of concavity of C. ( Why?) It 
follows that 


N=N, ifk>0 
while 


N=N, ifk <0 
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Evidently, the equation 


always holds, provided that к 7 0. If к = 0, the principal normal vector is unde- 
fined. 

The following important theorem relates the acceleration vector A, the unit tan- 
gent vector T, the speed v, the curvature vector d T/ds, the principal normal vector 
М, and the curvature к. 


THEOREM 1 Resolution of the Acceleration Vector into Tangential and 
Normal Components 


T dv © " 
(ii) А = Т + if « 50 
С 


PROOF Since T = V/v, we have V = vT. Differentiating both sides of the last equation 
with respect to т, we obtain 
dV dy dT 
—— ST — 
dt dt dt 
0 2 ali dT 


By the chain rule, — = o 
dt dt ds ds 


Hence, AN == sey 
and part (1) is proved. To obtain part (ii), we substitute d T/ds = |к|Х into part (1). @ 


Theorem 1 expresses the acceleration vector A as a sum of its tangential compo- 
nent vector (dv/dt)T and its normal component vector v7(dT/ds) (or »?|k|N if 
к 5 0) and has useful applications to mechanics (see Section 12.7). It also has the 
following important consequence. 


THEOREM 2 Formula for Curvature 


PROOF We have dT/ds = «Nj; hence, 


dT 2 
—— СМ, = KN;* N; = к\к? =к 
ds 


since |№ = 1. Therefore, taking the dot product on both sides of the equation in 
part (i) of Theorem 1 with N;, we obtain 
dT dv 


dv 2 2 2 
AN = T-N +? N; = — (0) + v^k = vk 
dt ds dt 


since the vectors T and N, are perpendicular. Solving the last equation for x, we 
obtain the formula к = (A+N,)/v7, as desired. a 
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The formula for curvature in Theorem 2 can be rewritten in terms of the compo- 
nent functions g and h of R (Problem 22). Thus. if R = g(t)i + A(1)j. then 


ES 


KU dI OP + OEP? 


EXAMPLE 2 Find the curvature к of R = гі + rj. 


SOLUTION Here the component functions g and л are given by g(t) = t and 
h(t) = t^. Using the formula above and noting that 


g(t)=1 g'(t) = 0 h'(t) = 2t and h"(r-2 


_ Ше) TG Е 2 
[ime (07)? а айу" 


we obtain 


EXAMPLE 3 Find a formula for the curvature к of the graph of y = f(x). using x 
as the parameter. Then find the curvature к of the sine curve y = sin x at the point 
(27/09 А 


SOLUTION In vector parametric form, we have R = xi + f(x)j. so the 
component functions g and h are given by g(x) = х and h(x) = f(x). Thus, 


replacing t by x in the formula for к, we have g'(x) = 1, g'(x) = 0, h'(x) = f'(x). and 
h'(x) = f"(x); hence, 


g'(xur'(x) Lg" wh (x) 
K E р TE pe ae 
[Le GOP. + [A COP P? 


or 
Ji o) 
SEL Е ay ETL, 
ШИШ (О 
Using this formula with f(x) = sin x, f'(x) = cos x. and /"(х) = —sin x, we have 


ESSI 


К — —— NUT. 
(1 + cos? x)?” 


Thus, when x = 7/2, к= —1/1 = - 1. 


Problem Set 12.6 


In Problems 1 to 16, find (a) the unit tangent vector Т, (b) the unit j = 2-21 
normal vector №, (c) the curvature к, and (d) the principal unit y=1-71 
normal vector N for each curve. 
7R=tite'j 
1 К = (71 — 4)і + (9 — 3nj 2 R - (at + b)i + (ct + d)j 8 R = (2 cos 0)ї + (5 sin Øj 
х= 3 cosi 2 
asc = || 3 А 
P m ee d ш> 10 R = ri + (In sec Dj 
4 К = (a cos г)і + (a sin t)j. where a is a positive constant TM 
E AE : : EL R= E 0 12 | 
5 R = 3(1 + cos т0)і + 5(1 + sin тг) ј t y-e 
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13 К = (cos 20)i + (sin 0)j 14 R = (In wi + ej 

15 y = In x, with x as the parameter 

16 v = 4c, with x as the parameter 

In Problems 17 to 21, find (a) the unit tangent vector Т, (b) the unit 
normal vector №, (c) the curvature к, and (d) the principal unit 
normal vector N lor each curve at the point where the parameter has 
the indicated value. 

17 = 31 — cos t)i + X1 — sin f)j when t = 7/6 


18 К = (sin )ї + (tan £)j] when t = 57/6 


A = In (t + 3) 
19 il a when [= | 
у=—[ 
4 
20 К Pg , when u = 0 
у = ue 
— || 1 
2) R= it+—j whenn =2 
tim | и” 


22 Using Theorem 2, derive the formula for the curvature « of the 
curve К = g(t)i + ACO]. 


тә 
„ы 


Consider the curve С whose equation in polar coordinates 1s 
r = f(0). With 0 as a parameter, the corresponding vector para- 
metric equation is R = [f(8) cos 6]i + [/(0) sin 6]j, and the 
component functions g and A are given by 2(0) = f(0) cos 0 
and A(8) = f(0) sin Ө. Find formulas for (a) T, (b) №, (c) к, 
and (d) N. 


24 Show that the principal normal vector for a circle always points 
toward the center of the circle. 


In Problems 25 to 28, use the results of Problem 23 to find (a) T, (b) 
№, (с) к. and (d) N for the curve C whose equation is given in polar 
coordinates. 


r= coso 26 r=] + 2 соѕ @ 


33 
34 


35 


ed 
PS, HE 
1+ esin@ 
r= 0 
Show that the absolute value of the curvature of a cirele is a 


constant equal to the reciprocal of its radius. 


Explain why the curvature vector dT/ds and therefore also the 
principal unit normal vector N always point in the direction of 
concavity of the curve. (Hint: For s small, dT/ds is approxi- 
mated by AT/As.) 


If we use x as the parameter, explain the geometric significance 
of the algebraic sign of the curvature « of the graph of y = f(x). 


Prove that dN/ds = —|к|Т [Hint: Begin by noticing that N = 
(к/]к|) N; where № = (—sin aji + (cos a)j.] 


Prove that |к| = A* N/v?. 


Assume that R = F(z) is the vector parametric equation of a 

curve with constant nonzero curvature к. Prove that the curve is 

a circle (or a portion of a circle) by carrying out the following 

steps: 

(a) Show that R + (1/|x|)N is a constant vector by proving that 
its derivative is zero (use Problem 32). 


(b) Put Ro = R + (1/к|)М. 


(c) Show that К satisfies an equation of the form |R — Rol = 
constant. 


Assume that R = F(z) is the vector parametric equation of a 
curve whose curvature is equal to zero at all points. Prove that 
the curve is a line (or a portion of a line). [Hint: First use the 
relation |d'T/ds| = |x| to prove that T is a constant. Then select a 
fixed vector № 7 0 such that М. T = 0. Choose and fix a value 
of R, say Ro. Show that 


d 
ex edis dsl 0 
ds 


conclude that N*(R — Ro) is a constant, and then show that 
N*(R — Rg) = 0.] 


I2 


Figure 1 


Applications to Mechanics 


In this section we use the ideas and techniques developed in Sections 12.5 and 12.6 


to study the motion of a particle in the xy plane. Briefly, the idea here is to consider 


point. 


mass nt 


a curve that is traced out by a physical particle of mass m, rather than by a geometric 


Thus, suppose that a particle P of mass m moves in the xy plane and traces out a 
curve C (Figure 1). The curve C is called the path, or the trajectory, or the orbit of 


the particle P. As before, we can locate the particle at any given time / by the 


О 


position vector R = ОР, and we have 


К = Fir) 
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where we assume that F is a twice-differentiable vector-valued function. The equa- 
поп R = F(t) is called the equation of motion of the particle P. 

By the results in Section 12.5, the velocity of the particle at any instant is the 
vector 


where v is the instantaneous speed of the particle and T is the unit tangent vector to 
the path of the particle. 


EXAMPLE t А particle moves along the parabola y? = 2x from left to right away 
from the vertex at a speed of 5 units per second. Find the velocity vector V as the 
particle moves through the point (2. 2). 


SOLUTION Using y (not г) as a parameter, we can write a vector parametric 
equation of the parabola as 


R= m ap Si] 
since x = y2/2. Here we have 
ак __. M. А dR VS 
— = yi an =— | Soe 
Jw 3 : dy ў 
Hence, 
dR 
GG Mo 
| dR Му?” + 1 
dy 


is the unit tangent vector to the parabola at the point (y?/2, y). When pom) WE 
have 


21 + | 


T = ав yeto 27 c vs 
= an =T = — = 2i 
уЗ V5 1 


In the example above, we were not given the equation of motion of the parti- 
cle—we were given only the equation of its path and the speed of the particle at a 
certain instant. Thus, we were not able to calculate V directly as dR/dt and had to 
rely instead on the formula V = vT. 

Newton's second law of motion can now be expressed in the form 


where the vector f represents the force acting on the particle and 
dV ФЕ 
dt dr? 


is the acceleration of the particle. (Here we are assuming that the mass тт is constant 
and we are neglecting relativistic effects.) 
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Tangential and Normal Components of Acceleration 


By part (ii) of Theorem 1 in Section 12.6, we have 


ау 


— Т + |каМ Икая 0 
dt 


Geometrically, this equation says that the acceleration vector A can be resolved into 

а sum of two perpendicular vectors, (dv/dt)T and |k|v?N, the first of which is 

tangent to the trajectory and the second of which is normal to the trajectory (Fig- 
Figure 2 ure 2). (If « = 0, then the normal component vector of the acceleration is 0, and we 
have A = dv/dt T.) The normal component vector lk? N of the acceleration is also 
called the centripetal acceleration. It can be regarded as that part of the accelera- 
tion A caused by the change in direction of the velocity vector. If P moves along a 
straight line, then к = 0, so that the centripetal acceleration is 0. On the other hand, 
if the speed v of the particle is constant, then dv/dt = 0, the tangential component of 
the acceleration is 0, and the acceleration is entirely centripetal. 


E 
іку“ № 


Р 


EXAMPLE 2 А particle Р is moving with a constant speed of 10 units per second 
in a counterclockwise direction around the ellipse (x?/4) + (y?/9) = 1. Find the 
acceleration vector A at the moment when the particle passes through the vertex 
(0. 3). 


SOLUTION We find A by using the formula 
dv А 
А = E EKEN 
А 


Since v is constant, we have dv/dt = 0 and A = |k|v?N. To find к, we begin by 
implicitly differentiating the equation of the ellipse to obtain 


4 OLX 
so that 
dy 
П = оу ss р —— 
ау 9х d^y j dx 
= === апа SS SS 
dx 4v dx 16y- 


Thus, when x = 0 and y = 3, we have 


dy d?y —(36)(3) + 0 3 
——=0 апа у = SS нз) 
dx dx“ (16)(3)- + 
Using the formula obtained in Example 3 Section 12.6, we have 
dy/dx? -i 3 
LO EERE RENCE RETE Md 
[1 + (dy/dx PA (1 + 0) 4 


When (x, y) = (0, 3), the tangent vector is horizontal, so that the principal unit 
normal vector points straight down (in the direction of concavity of the ellipse at this 
point). Therefore, at the point (0, 3), N = —j, and we have 


А = ||? N = |-3[q00) (7) = —75] 
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Centripetal Force 


If we combine Newton's law f = mA with the equation A = (dv/dr)T + |k|v?N, we 
obtain the equation 


dv 


f-m-——T-ikm^N 
5 [klm 


that is, the force f acting on the particle can always be resolved into a sum of two 
perpendicular component vectors, a tangential component vector n (dv/dt) T of 
magnitude m |dv/di| and a normal component vector |k|mv?N of magnitude 
[k[my?. The normal component vector |x|mv?N is called the centripetal force vec- 
tor, and its length |к|ту” is called the magnitude of the centripetal force, or 
sometimes simply the centripetal force. 


EXAMPLE 3 A particle P is moving on a circle of radius r with center at the point 
Po. Find the tangential and the normal component vectors of the force f acting on 
the particle in terms of the instantaneous speed v and its time derivative dv/dr. 


Figure 3 Discuss the case in which the speed v of the particle is a constant (Figure 3). 
SOLUTION Ву Problem 29 in Problem Set 12.6. the absolute value of the curva- 
5.5 ture of the circle is given by |x| = 1/r. Thus, 
тт 
dt dv my? 
f=m— T+ N 
dt {р 


where the principal normal unit vector N points directly toward the center of the 
circle and the unit tangent vector T points in the instantaneous direction of motion 
of the particle. If the particle moves with constant speed v, then dv/dt = 0. and the 
force vector f coincides with the centripetal force vector (jv? /r)N. In this case the 
centripetal force is 


The negative of the centripetal force vector in the example above—that is, the 
vector —(mv7/r)N— points directly away from the center of the circle and is called 
the centrifugal force vector. If a stone is whirled at the end of a string, the inertia 
of the stone causes it to pull away from the center of rotation, and this pull is 
represented by the centrifugal force vector. The magnitude mv/r of the centrifugal 
force vector is often called the centrifugal force; it manifests itself as tension in the 
string. Notice that the centrifugal force and the centripetal force are numerically 
equal, but the corresponding force vectors point in opposite directions. 

The formula ту2/ғ for centripetal (or centrifugal) force gives the force in newtons 
when the mass л is in kilograms, v is in meters per second, and r is in meters.* 


GEXAMPLE 4 A 0.1-kilogram mass is whirled around in a circle, 3 times per sec- 


ond, at the end of a string 0.7 meter long. Find the tension in the string. 


*If m is expressed in pounds. v in feet per second. and r in feet, you must divide mv7/r by 
g = 32 feet per second squared if you want the result in pounds of force. 
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SOLUTION The tension in the string is equal to the magnitude of the centrifugal 
force, mv?/r. Since the mass travels 3 times around the circle each second, its speed 
у is given by 

v = (Qar)3) = бтк = (67)(0.7) = 4.27 meters per second 


Thus, the tension is given by 


ту? (0. 1)(4.22)* 
БЫ -— = 2.5277 newtons = 24.87 newtons 
r . 


Kepler’s Laws of Planetary Motion 


One of the most interesting applications of vectors to mechanics is the derivation of 
Kepler's laws of planetary motion. Johannes Kepler (1571—1630). after learning 
the Copernican theory of planetary motion at the University of Tübingen, was in- 
vited to join the staff of the Danish astronomer Tycho Brahe (1546—1601) at his 
observatory near Prague. When Brahe died, Kepler was appointed director of the 
observatory and thus inherited Brahe's highly accurate data on the motions of the 
planets. From these data, Kepler was able to formulate his three laws: 


1 Each planet moves in a plane, and its orbit is an ellipse with the sun as 
one focus. 

2 A radius vector Irom the sun to a planet sweeps out equal area in equal 
time intervals. 


3 The square of the period of revolution of a planet is proportional to the 
cube of the semimajor axis of its elliptical orbit. 


The simplicity and elegance of these laws strongly motivated Newton, who, 
using his newly invented calculus, was able to show that they could be derived from 
his second law of mechanics and his law of universal gravitation. This derivation, * 
using modern vector notation, is outlined in Problems 15 to 22. 


Tycho Brahe in his observatory 


*For a proof that each planet moves in a plane, see Problem 48 on page 806. 


Problem Set 12.7 


1 A particle moves along the upper branch of the hyperbola 3 A particle moves along an ellipse according to the equations 
(у2/4) — (2/9) = 1 from left to right, with a constant speed of NA 
5 units of distance per second. Find (a) the velocity vector and b a 
(b) the acceleration vector at the instant when the particle passes у= 3 sin 271 
through the vertex (0, 2). Find the speed v and the rate of change of the speed dv/dt of the 
2 A particle moves along the parabola y = x? trom left to right. As particle at time г. 
it passes through the point (2, 4), v has the value 3 units per 4 A particle moves along a curve in the xy plane according to the 
second and dv/dt has the value 7 units per second squared. Find equations 
(a) the velocity vector and (b) the acceleration vector at this b =) 
point. у= A(t) 
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Derive the following formulas: 10 A horizontal centrifuge rotates at 4300 revolutions per minute 
E ake ak [f dx V dy V and has a radius of 0.08 meter. The centrifugal force developed 
шу таии ur) (B) N (2) + (4) by an object in the centrifuge is how many times the force of 


а тауу on the object? 
dads uy dy d | 


dx. Фу, ду dt а? d ud ae П A jet plane is flying at a speed of 600 miles per hour in a hori- 
(c) A= pm + am (d) LE Гау гау: zontal circle. Find the radius of the circle in miles if the pilot 
s : V (=) + ey feels a centrifugal force of **3 g's,” that is, 3 times her own 

dt. dt 


weight. 
dx dx — dy dy 


ES ET ЧЕ Ит A 12 A particle of mass т is moving in a circle of radius r at a uniform 
(сус Гїл oe oS (es ir 23) speed. If the particle makes № revolutions per second, show that 
Hh (dx/dty + (dy/dry \ dt А the centrifugal force is given by 4z^N?mr. 
(б) |N = 


13 A child whirls an open pail of water in a vertical circle. What is 
the minimum number of revolutions per second that will keep 
the water in the pail if the radius of the circle is 60 centimeters? 


cH die аг 


|2 < Шу а | ў E ie d'y dy cx | 


а “а d? а de dt 


E ar ES 14 A 9-ton truck goes around a curve with a 100-foot radius at a 
А @ ge : . speed of 15 miles per hour. How much centripetal force is re- 
5 A particle moves along a curve whose parametric equations are quired? 
ж 22 
p Е А 15 Suppose that the position of a moving point Р in the plane 
у SRE is given by polar coordinates (r, 0), where r and 6 are func- 


tions of the parameter t. Then the position vector R of P 


Find the tangential and normal components of its acceleration : Я A Е н Ў 
is given Бу R = (г cos 0)i + (r sin 6)j (Figure 5). Let 


when t = 1. 
u = (cos @)i + (sin @)j be a unit vector in the direction of R, 
6 The position vector of a moving particle is given by and let 
R(t) = (t cos г)і + (z sin 1)j. Find the tangential and normal ak «|. qr. 
components of the acceleration when г = 7/3. "n E ( д я) 4 ( я) | 


7 Suppose that a projectile is fired at an angle of 60° with the level = (—sin @)i + (cos 0)j 
ground at an initial speed of 300 meters per second. Assuming 


that the only force acting on the projectile is the force of gravity, ba he mii vadet Чишш by ао 


through 7/2 radians. 


f= —mgj (a) Show that 
and that the projectile is fired from the origin О at time г = 0, vs dr ut 46 че 
find (a) the velocity vector V and (b) the position vector R at dt dt 
time г (Figure 4). роз йн 
А @ ав Y dr d0 а 
Fee [re pt 
A qum a E quur ДЖА. 


f--—mgj 


Figure 5 


8 A projectile is fired from the point (a, b) in the xy plane in a 
direction making an angle @ with the positive x axis at an initial 
speed of vo units of distance per second. Neglect air resistance. 
(a) Derive the vector equation of motion of the projectile. (b) 
Show that the projectile moves in a parabola. 


m 
9 A particle of mass 2 kilograms is whirled in a horizontal circle of P 


radius 3 meters. The particle makes 4 revolutions per second. 
Find the centripetal force on the particle. 
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18 


19 
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In Problem 15, suppose that Р is a particle of mass гт. We say 
that P is moving under the influence of a central force f if there 
is a function g such that f= g(r)u holds for all values of time r. 
Using Newton's second law of motion, f = mA. show that in 
this case: 


ҮК | dr E J| 
a) gir)" m — — r |— 
MES dt^ \ dt 
dr d ro 
Ip) l= == ==) 
К^ ах dE 
] ( , 40 Л Н А F 
(с) Т (r Т ) = 0 [Hinr: Multiply both sides of the equation 
in part (b) by r.] 
, dé 
(d) г^—— = К, К a constant 
dt 


In Problem 16, let A denote the area swept out by the radius 
vector R during time t, starting from some arbitrary but fixed 
value of t. Show that for motion under the influence of a central 
force, the radius vector sweeps out equal area in equal time 
intervals, This result generalizes Kepler's second law of plane- 
tary motion. [/7int: Use the result in part (d) of Problem 16 and 
the fact that dA = $r? dO from Section 9.3.] 


In Problem 16, let у = 1/r. and assume that the particle P is 
moving under the influence of a central force f = g(r)u. Show 
that 


dé А dr i 

—-KRq (b ==- 
ш dt E ш) 1 GF 

dr dq RUN d dq ae | 
9 — = -K — | Him: — = —— —- —. 
а dao l a dq d9 di 

dr ET dig | Рр w (ча 40 | 
d Б S 3, H E NER ее tuas cu у eer. D 
LE. To Aee 2! do pe di 


a f 
(e) g(r) = ко a 


é 


+4) [Hint: Use рап (а) of 


Problem 16.) 


In Problem 16. the particle P is said to be moving under the 
influence of an inverse-square force Ё if there is a constant А 
such that f = (k/r?)u. (Note that an inverse-square force is a 
central force.) In this case, show that q = 1/r satisfies the differ- 
ential equation | 

+ " Eis 


|Hint: Use part (e) of Problem 18.] 


d'q 
de? 


mk? ) n 


In Problem 19, let y = q + (K/ünK?)]. 

(a) Show that v satisfies the equation (d^y/d07) + v = 0. (Note 
that this is the harmonic oscillator equation with @ playing 
the role of t and with w = 1.) 

(b) Using Theorem 5 on page 285 to solve the differential equa- 
tion in part (a). show that there are constants A and ф such 
that у = A cos (0 — d). 


r2 
r2 


(с) Show that by a suitable rotation of the polar axis (page 577). 
we may asume that œ = 0 in part (c). 


(d) Using the results of parts (b) and (c), show that 


a h mK? d AmK? 
where a = — an = 
1 — В сох 0 5 k k 


= 


(e) Using part (d) and the results in Section 9.8, show that a 
particle moving under the influence of ап inverse-square 
force moves in a conic section. 


By Newton's law of universal gravitation, the gravitational force 
f exerted on a planet P by the sun is given by 


M 
"ENS n В 


where G is the gravitational constant, т is the mass of the 
planet, M is the mass of the sun, r is the distance between the 
sun and the planet, and n is a unit vector in the direction from the 
sun to the planet. (The minus sign indicates a force of attrac- 
tion.) Using the result of part (e) of Problem 20 and the observed 
fact that the orbits of the planets are closed curves, show that 
Kepler's first law follows from Newton's law of universal 
gravitation. 


Let a and 5 be the semimajor and semiminor axes of the ellipti- 
cal orbit of a planet P. and suppose that 7 is the period of revolu- 
tion of P. Let A be the area enclosed by the elliptical orbit of P, 
so that A — zab (see Problem 55 on page 563). 


(a) Using part (d) of Problem 16 and Problem 17, show that 
A = f6 3K dt = 3KT. 
(b) Using part (a). show that 
> "aab? 
um 
K- 


(c) In part (d) of Problem 20, show that 


ES 


= K- 
— GM 
(d) Using part (c) and Problems 34 and 36 on page 591. show 
that 
К? и b? 
GM a 


(e) Combine parts (b) and (d) to show that 


em 33a? 
GM 


(f) Explain why Kepler's third law follows from part (e). 


The gravitational constant has the value G = 6.672 x 107"! 
N- m^ /kg^. the period of revolution of the earth around the sun 
is T = 3.156 х 107 seconds, and the semimajor axis of the 
earth's elliptical orbit is a = 1.496 x 10!! meters. Using this 
information and part (e) of Problem 22. find the mass M of 
the sun. 


24 Explain why the speed of a planet in its orbit is maximum when 
the planet is closest to the sun. 


125 The eccentricity of the earth’s orbit is e = 1.673 x 10 7. Find 


the semiminor axis 5 of the earth's orbit. (See Problem 23 for the 
semimajor axis.) 


[£126 


[2127 
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Using Problems 23 to 25, find the maximum speed of the earth 
in its orbit. 


The period of revolution of Venus in its elliptical orbit about the 
sun is 1.941 x 10’ seconds. Using the information in Prob- 
lem 23, find the semimajor axis of the orbit of Venus. 


Review Problem Set, Chapter 12 


lif A, B, C, and D are points in the xv plane such that 
OB — OA = OC — OD, show that ABCD is a parallelogram. 


2 Let A and B be position vectors of points P and О, respectively. 
in the plane. Find the position vector of the point four-fifths of 
the way from P to Q. 


3 If OABC is a parallelogram in the xy plane with A and C as 
opposite vertices, show that 


OA + 3(0C — 04) = ioB 
4 Explain the geometric significance of the condition that 


А + B + С = 0, where A, B, and C are vectors in the plane. 


5 [f u and v are scalars such that uA = vA, where A is a nonzero 
vector, is it true that и = v? Why? 


6 Show that if u = ai + bj, u # 0, then a/ Va? + b? = cos 0 and 
b/N/ a? + b° = sin Ө, where 0 is the angle between u and the 
positive x axis (Figure I.) 


Figure 1 


7 lf s is a nonzero scalar and if A and В are vectors such that 
sA = sB, is it true that A = B? Why? 


8 If i, j is the standard basis in the xv plane. write A as a linear 
combination of i and j and find |A|, where A is the vector whose 
tail end is (2, — 1) and whose head end is (—1, —2). 


9 Let A = 2i — 3j and B = 4i + j be position vectors in the xy 
plane. Draw the vectors А, B, and С = A + 7B on the same 
diagram for (a) г = i and (b) t = —2. 


10 


12 


13 


14 


16 


17 


18 


19 


Let A = 2i + j and B =i + 3j be position vectors in the xv 
plane. Draw the vectors A, B. and C = sA + 7B on the same 
diagram for (a) s = г = $ and (b) s = —1 and t = 2. 


Find the midpoint of the line segment containing the terminal 
points of the position vectors A = —i + 3j and B = 2i + 7j. 


Find the coordinates of the point that is seven-tenths of the way 
from P = (—5, —9) to Q = (7, 7). 


Let A = 2i — j and B = 2i — 3j. Find each of the following 


expressions: 

(a) 5A (b) —4B 

(c) A+B (d) А – В 

(е) 2А + 3B (f) A-B 

(g) (2A — 3B)- (2A + 3B) (b) jA] 

(i) ЈА — В| (j) |2A| + |3B| 
(К) сотрв A 


Let A =i + 2j. B = 2i — 4j, and С = 3i — 5j. Find scalars s 
and г such that C = sA + iB. 


Use dot products to find the three vertex angles of the triangle 
ABC where A = (—2, —1). B = (—1. 6), and C = (2, 2). 


Find two vectors X and Y in the plane such that both X and Y are 
perpendicular to the vector A = 2i — 3j and |X| = |Y] = |A]. 


Find the scalar components with respect to the standard i. j basis 
of the vector obtained by rotating the vector A = xi + yj coun- 
terclockwise through 90°. 


Find the scalar components with respect to the standard i, j basis 
of the vector obtained by rotating the vector A = ai + yj coun- 
terclockwise through @ radians. 


Given that |А + B? — ЈА — B|? = 0, show that A must be per- 
pendicular to B. 


Let A and B be two given vectors in the plane such that 
A*B = 0, [A| = 0, and |B| # 0. Show that if С is any vector in 
the plane. then 

В.С 

B-B 


АС 


С = 
АА 


А + В 


Find the scalar component сотрвА of А in the direction of В if 
A = 2i + 3j and B = —3 + 4j. 
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22 A manufacturer sells x sofas at a dollars per sofa and y chairs at 
b dollars per chair. The vector D = (x. у) is called the demand 
vector, while the vector R = (a. b) is called the revenue vector. 
The cost vector is defined to be C = (c, d). where c is the cost of 
manufacturing one sofa and d is the cost of manufacturing one 
chair. Give the economic interpretation of 
(a) D-R (b) D-C (c) D*(R - С) 

23 Draw two vectors A and B in the plane such that 
(a) A*:B^0 (b A:B-0 (c) A-B «0 

24 Sketch the graph of the given vector nonparametric equation, 
where A = i — 3j and B = 2i + j. 

(a A(R- B)-0 (b) (R - В): (Е - B)=9 
(c) ASR=8 (d) R-(R - 28) =0 


t2 
л 


Find the equation of the line that contains the point (3, 4) and has 
slope — (a) in scalar nonparametric form, (b) in vector nonpar- 
ametric form, (c) in vector parametric form, and (d) in scalar 
parametric form. 


26 Rewrite equations (a) through (d) in Problem 24 in vector para- 
metric form. 


27 Show that the following two vector parametric equations have 
the same graph: 


(a) R = (3 sin r)i + (3 cos Dj 
(b) R = (3 cos 27)і + (3 sin 20)j 

28 Let F(t) = Vt — li + In (2 — dj. (a) What is the domain of F? 
(b) Find lim, F(1). (c) Is Е continuous? Why? 


29 Find a vector parametric equation for the hyperbola х - у? = 
1. (Hint: Use hyperbolic functions.) 


In Problems 30 to 34, find (a) F'( and (b) F'(1). 


30 Fir) = (7 + 7i + (r Dj 

31 F()26-10)^7i-30-2)j 
32 F(r) = (2 cos 51)і + (5 sin 5/)] 
33 ER = е”'й + (e+ 7)] 


34 F(t) = (cos 1°)i + (cos? nj 


In Problems 35 to 38, find (a) d|F(r)|/dt and (b) F'(r) * Е"). 


35 F(t) = (t — sin г) + (1 + cos 1)j 
36 F(t) = (e ‘cos t)i + (е sin Dj 


37 F(t) = е + ej 38 F(t) = fe “i + rej 


In Problems 39 to 44, suppose that F(1) = e'i + (12 — Dj. 
биг) = (cos? r)i + (sin? Aj, and A(t) = In (: + 1). Evaluate each 
expression. 


d d 
39 — [Ft + Gto) oe Sal 
dt dt 


ai -© iro 42 Wool 
dt dt i 
d FG) 
B on? X 4. | 
ee) а UF) 


45 Find the are length of the curve whose vector equation is R = 
3(sin 1 — l)i + 3(cos r — 1)j between the point where ¢ = 0 and 
the point where г = 2. 


46 Find the arc length of the curve 
Ё = 
у= 2 sin 
between the point where ¢ = 0 and the point where t = 27. 


47 The position vector of a particle at time / is given by 
3 1 \ 
кей + [эя 

Find the distance traveled by the particle during the interval from 

t=lwor=4, 
48 A ball is moving in accordance with the equations 

ji = 32% 
у= -16° 
where г is the time in seconds. How far does the ball move along 
its path during the first 3 seconds? 


In Problems 49 to 52, find (a) the unit tangent vector T, (b) the 
curvature « of the given curve at the given value of 1, and (c) the 
principal unit normal vector N. 

49 R(t) = (3 cos t)i + (sin nj atr = 0 


50 R(t) = (tan 2/)і + (cot 20j at 1 = 7/8 


52 ie 
у = In sect 


gg 
51 М: y weal 
at t= 77/4 


In Problems 53 to 57, find (a) the velocity vector V, (b) the acceler- 
ation vector A, (c) the speed v. (d) the rate of change dv/dt of the 
speed, (e) the tangential component vector of the acceleration, and 
(f) the normal component vector of the acceleration for a particle at 
time f moving according to the given equation of motion. 


53 R(t) = (P? + 6)і + (21° — Dj 
54 Ri) = ei + ej 


55 R(t) = (3 cos 71)i + (3 sin 71)j 


59 


60 


R(t) = (t cos t)i + (1 sin 1)j 
à 2 3 


R =) Еи 
m= uw 


A particle is moving along the branch of the hyperbola xv = 1 
that lies in the first quadrant in such a way that its abscissa is 
increasing in time. At the instant when the particle passes 
through the point (1, 1), its speed is given by v — 2 units per 
second, and the time rate of change of the speed is given by 
dv/dt — —3 units per second squared. Find (a) the velocity vec- 
tor V and (b) the acceleration vector A at this instant. 


A pilot is pulling out of a vertical dive by following an arc of a 
circle of radius 1 mile. The speed of the plane is a constant 500 
miles per hour. With how many times his usual weight is the 
pilot being pressed into the seat at the lowest point on the arc of 
the circle? 


Let R = g(t)i + h(t)j be the equation of motion of a particle P 
in the xy plane. If A(r) denotes the area swept out by the variable 


[ci 61 
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position vector К as a function of the time г, show that 


cuo d ОХООО, 
а | 2 | 


The period of Neptune is 164.8 years. Show that it is about 30 
times as far from the sun as the earth is. 


Suppose that a particle P, moving under the influence of a cen- 
tral force, has a spiral trajectory of the form г = Б ^, where b is 
a positive constant. Show that there are constants у and rp such 
that r = (yt + rj). 


The period of Mars is 1.881 years. How much farther is Mars 
from the sun than the earth is? 


The angular momentum L of a particle P of mass m moving in 
the plane according to an equation of motion r = f(0) is defined 
by L = mr? 20/4. Prove that L is a constant. (This is the two- 
dimensional version of the law of conservation of angular mo- 
mentum.) 


COORDINATE SYSTEMS IN 
THREE-DIMENSIONAL SPACE 


In this chapter we study three-dimensional geometry with the aid of coordinate 
systems and vectors in three-dimensional space. All the operations defined for vec- 
tors in the plane—sums, differences, multiplication by scalars, and dot products— 
carry over directly to vectors in three-dimensional space. In addition, we define the 
"cross product’ of vectors in space and use vectors to obtain the equations of lines 
and planes in space. The chapter also includes vector-valued functions, curves in 
space, surfaces of revolution, and quadric surfaces. 


Figure 1 
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horizonlal xv plane 


13.1 


P? 


Cartesian Coordinates in Space 


In order to assign Cartesian coordinates to a point P in three-dimensional space, we 
begin by choosing an origin O as usual. We then set up a Cartesian coordinate 
system in the horizontal plane passing through O, with the positive x axis pointing 
toward us and the positive v axis extending to our right (Figure 1). To find the 
Cartesian coordinates of a point P in space, we drop a perpendicular from P to the 
xy plane. and we denote the foot of this perpendicular by О = (x, у). We define the 
z coordinate of P by z = +|PQ|, where we use the plus sign if P is above the xy 
plane and the minus sign if P is below the xy plane. If P lies on the xy plane, then 
P = Qandz = 0. Thus, z is the directed distance from the xy plane to P. The point 
P is understood to have three Cartesian coordinates x, v. and z, and we write 


Р = (ху у, 


In dealing with Cartesian coordinates in three-dimensional 
space, it is customary to introduce a third coordinate axis, 
n called the z axis, perpendicular to the xv plane, passing 
through the origin O, and directed upward (Figure 2). The z 
axis is equipped with its own number scale, just as the x aud y 
axes are, and the unit of distance on the z axis is usually 
chosen to be the same as the unit of distance on the x and у 
axes. 


Figure 2 Я 
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Figure 3 


If P is any point in space, then the z coordinate of P can be 
determined not only by measuring the directed distance from 
the xy plane to P, but also by dropping a perpendicular from 
P to the z axis (Figure 3). The scale value at the foot of this 
perpendicular is evidently the z coordinate of P. Similarly, 


Figure 5 ? 


xy plane 


the x and v coordinates of P can be found by dropping per- 
pendiculars to the x and у axes (Figure 4). Since all three 
coordinates of P can be found by dropping perpendiculars to 
the three coordinate axes, it is not necessary to draw the 
xy plane at all when sketching three-dimensional dia- 
grams—the three coordinate axes are sufficient. 


In the same way that the x and у axes determine the xv plane. the remaining pairs 
of axes determine planes, namely the xz plane and the yz plane. The xy. xz, and yz 
planes are called the three coordinate planes. You can visualize these planes by 
thinking of the origin as a corner of a room with the floor as the xv plane, the wall to 
your left as the xz plane. and the wall facing you as the yz plane (Figure 5). Notice 
that: 


І The xy plane consists of all points of the form (x, у, 0) and is perpendicular 
to the z axis. 


2 The yz plane consists of all points of the form (0, y, z) and is perpendicular 
to the x axis. 


3 The xz plane consists of all points of the form (x, 0, z) and is perpendicular 
to the y axis. 


The three coordinate planes divide the space into eight parts called octants. The 
octant in which all three coordinates are positive—that is, above the xv plane, to the 
right of the xz plane, and in front of the yz plane in Figure 5—is called the first 
octant. Figure 6 shows the point (2. 3, 5) in the first octant and all other points 
obtained by projecting it perpendicularly onto the coordinate planes and the coordi- 
nate axes. Notice that the x axis consists of all points of the form (x. 0, 0), the y 
axis consists of all points of the form (0, y. 0), and the z axis consists of all points of 
the form (0, 0, т). 

The coordinate system described here is called a right-handed,* three-dimen- 
sional, Cartesian (or rectangular) coordinate system. If such a coordinate system 
has been set up, we refer to three-dimensional space as xyz space. 


*A left-handed Cartesian coordinate sysiem would have the x and y axes interchanged; how- 
ever, we do not use left-handed coordinate systems in this book. 
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Figure 8 z 


By the graph in xyz space of an equation (or of a set of simultaneous equations) 
involving one or more of the variables x. v, or =, we mean the set of all points 
P = (x, y. 2) whose coordinates x, y, and с satisfy the equation (or the equations). 
For instance, the graph of the equation z = 0 is the set of all points Р = (x, y. 0) and 
therefore consists of all points in the xy plane. Similarly. the graph of x = 0 is the yz 
plane, and the graph of y = 0 is the xz plane. 


EXAMPLE I Sketch the graph in хуг space of 
(a) 2= 3 (b) х= -2 

SOLUTION 
(a) The graph of z = 3 is the set of all points whose z coordinate is 3, that is, 
all points 3 units above the xy plane. Thus. the graph of z — 3 is a plane 
parallel to the xy plane and 3 units above it (Figure 7a). 
(b) The graph of x — —2 is the set of all points whose x coordinate is —2, that 
is, all points 2 units behind the yz plane. Thus, the graph of x = —2 is a plane 


parallel to the yz plane and 2 units behind it (Figure 7b). 


EXAMPLE 2 Sketch the graph of = 0 and the graph of y = | in xyz space, and 
show the intersection of these two graphs. 


SOLUTION Тһе graph of z = 0 is the xy plane, and the graph of y = 1 is a plane 
parallel to the xz plane and 1 unit to the right of it (Figure 8). These two planes 
intersect in a line parallel to the x axis, in the xv plane, and 1 unit to the right of the 
origin (Figure 8). 


Any two nonparallel planes, such as the planes z = 0 and y = 1 in Figure 8, 
intersect in a line. For instance, if b and c are constants, then the graph of z = b is 
a plane perpendicular to the z axis, and the graph of v — c is a plane perpendicular to 
the у axis. Thus, the intersection of the plane z = b and the plane у = c is a line 
parallel to the x axis and consisting of all points of the form P — (x, c, b), where x 
can be any real number. This line is the graph of the simultaneous equations 


MF 
у= 


EXAMPLE 3 Write a pair of simultaneous equations whose graph is the line con- 
taining the point (—3, 2, 1) and perpendicular to the xy plane (Figure 9). Using 
these equations, describe two planes whose intersection is this line. 


SOLUTION Тһе line in question contains the point ( —3, 2, 0) in the xy plane. A 
point P is on this line if and only if the x coordinate of P is —3 and the у coordinate 
of P is 2. There is no restriction on the z coordinate of P. Therefore, the given line is 
the graph of the simultaneous equations 


x=-3 
ужа? 


This line is the intersection of the plane x = —3 and the plane у = 2. The plane 
x = —3 is perpendicular to the x axis and contains the point (—3, 0, 0). The plane 
y = 2 is perpendicular to the y axis and contains the point (0, 2, 0). 
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Figure 10 EXAMPLE 4 Find an equation of the plane containing the point (a, b, c) and 
б parallel to the yz plane. 


SOLUTION Ор the plane in question, all points have the same x coordinate 
x — a. Conversely, any point P of the form P = (a, y, z) belongs to the plane. 
Therefore, an equation of the plane is x = a. 


We now derive a formula for the distance r becween the point P = (x, y, z) and 
the origin О in xyz space. In Figure 10, let r, denote the distance in the xy plane 
between the point Q — (x. y, 0) and the origin O. By the usual formula for the 
distance between two points in the xy plane, гү = x^ + y^. Applying the Pythago- 
rean theorem to the triangle ООР, we have r? = гү + |PQ|? = x? + у? z^; hence, 


EXAMPLE 5 Find the distance r between the origin and the point (2, 3, —1). 
Figure 11 = 
s From the formula above, we have 


r= V2? + 3 + (1) = VIA units 


SOLUTION 


EXAMPLE 6 Describe and sketch the graph in xyz space of the equation 
х2 +у? +2? = 4. 


SOLUTION The point P = (x, у, z) belongs to the graph if and опу if 
Мх? + у? + 22 = 2, that is, if and only if the distance from О to P is 2 units. 
Therefore, the graph is the surface of a sphere of radius 2 units with center at the 
origin O (Figure 11). 


Problem Set 13.1 


1 The points (3, 5, 7), (3, 0, 7), (0. 0, 7), (0, 5, 7). (3, 5, 0), 
(3, 0, 0), (0, 0, 0), and (0, 5, 0), form the vertices of a rectangu- 
lar box in xyz space. Sketch this box and label the vertices. 


(a) P — (1, 2, 4) (b) (3, 5, 0) (NZ, os =3) 


6 Two points A and B in space are said to be symmetrically lo- 
cated with respect to a line that bisects the line segment AB and 


A perpendicular is dropped from the point P = (—1, 2, 5) to the 
yz plane. Find the coordinates of the point Q at the foot of this 
perpendicular. 

Plot each point in xyz space: 

ба) (жт ©) (eee a) 
(d) È, 0, =) (е (4, 3, 22) 


O = == 
4) (ЛК =z, =) 


Two points A апа В in space are said to be symmetrically lo- 
cated with respect to the plane that bisects the line segment AB 
and is perpendicular to it. 1f A = (x, y, z), find the coordinates of 
the point B that is symmetrically located to A with respect to 
(a) the xy plane, (b) the xz plane, and (c) the yz plane. 


In each of the following cases, find the coordinates of the point T 
that lies on the line through P parallel to the y axis but is 2 units 
farther to the right than P. 


is perpendicular to it. If A = (x, у, z), find the coordinates of the 
point B that is symmetrically located to A with respect to (a) the 
x axis, (b) the y axis, and (c) the z axis. 


A cube each side of which is 6 units long has its center at the 
origin, and its faces are perpendicular to the coordinate axes that 
intersect them. Sketch the cube, and find the coordinates of the 
eight vertices. 


Two points A and B in space are said to be symmetrically lo- 
cated with respect to the midpoint M of the line segment AB. 
If A = (x, y. 2), find the coordinates of the point B that is sym- 
metrically located to A with respect to the origin. 


A perpendicular is dropped from the point P = (3, 5, 7) to the 
plane y = —1. Find the coordinates of the point О at the foot of 
this perpendicular. 
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10 1f P = (3, 4, 5), find the coordinates of the indicated points 
(Figure 12). 
(a) The point Q symmetric to P with respect to the xy plane 
(b) The point А symmetric to Р with respect to the v axis 
(c) The point S symmetric to P with respect to the origin 
(d) The point T that is 5 units directly below P 
(See Problems 4, б, and 8.) 


Figure 12 


Р = (3, 4, 5) 


Q 


In Problems 11 to 18, describe and sketch the set of points 
P = (x, у, z) that satisfy the given conditions. 


Il y=5 12х=у 13 х= 0 
14 x —0 15 х= —-3 16 :=2 
17 у= —4 18 x 20, vy € 0, andz>0 


In Problems 19 to 28, give an equation or a pair of simultaneous 
equations for the plane or line. 

19 The horizontal plane 3 units below the origin 

20 The line parallel to the x axis and containing the point (3, 4, 5) 


21 The plane parallel to the xz plane and containing the point 
(П) 
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25 The 


SPACE 


22 The plane perpendicular to the v axis and intersecting it at the 
point (0, —5, 0) 


23 The x axis 


24 The line parallel to the z 
(2.07, eS 


axis and containing the point 


line parallel to the y 


axis and containing the point 
16 7 
(By tao 10) 


26 The line containing the two points (5, 0, 7) and (5, —1, 7) 


27 The line perpendicular to the yz plane and containing the point 
g.-3,4 

28 The plane containing the z axis and making a 45° angle with the 
xz plane and the yz plane 


In Problems 29 to 36, sketch a graph in xyz space of each set of 
simultaneous equations. 


у= —2 х= 1 х= –2 
29 yas 30 "m 31 E 
х= 3 ee ae = | х=у 
3.1, mg 35 Mam 341 T 
x=] В 
213 Inte 2 м | ар S WES || 
Е т r=y 


37 Write an equation of the sphere of radius 5 units with center at 
the origin in xyz space. 
38 Write an equation of the sphere with center at the origin and 


containing the point (1, 2, —1). 


In Problems 39 to 42, find the distance r between the origin and the 
point P. 


39 P = (—2, 1, 2) 40 P = (8, 0, —6) 


41 P —(—4, —3, 0) 42 Р = (1, 4, 5) 


13.2 


Vectors in Three-Dimensional Space 


The concept of a vector and the algebra of vectors in two-dimensional space carry 
over almost without change to vectors in three-dimensional space. Thus, a vector in 
space is defined to be a directed line segment—that is, an arrow—and the directed 
line segment from P to О is denoted by РО. Two vectors in space are regarded as 
being equal if they have the same length, are parallel, and point in the same direc- 
tion. The definitions of sums and differences of vectors. the negative of a vector, 
the product of a scalar and a vector, and the dot product of two vectors all carry over 
verbatim to vectors in space. 


Figure 1 


Figure 2 


coplanar vectors 


Figure3 = THEOREM t 


the standard basis 
vectors in 
XYZ space 


Figure 4 


tà 


О = (х, у, 0) 
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The basic algebraic properties of vectors in space are exactly the same as the 
corresponding properties of vectors in the plane. We encourage you to sketch dia- 
grams illustrating the following. 


Basic Algebraic Properties of Vectors in Space 


Let A, B, and С be vectors in three-dimensional space, and let s and г be scalars. 
Then 


A+B=B+A A+(B+C)=(A+B)+C 
A+0=A A + (-А) = 0 


(sr)À = s(tA) s(A + B) = sA + sB 
(s + А = 5А + tA ІА = А 


If just two vectors А and В in space аге involved, they can always be placed so 
that they have the same tail end (initial point) and lie in the same plane (Figure 1). 
Notice that all linear combinations så + tB of A and B lie in the same plane. 
(Why?) 

Three vectors А, В, and С in space are called coplanar (or linearly dependent) 
if, when they are placed so as to have a common tail end, they all lie in the same 
plane (Figure 2). Three vectors in space are coplanar if and only if one of them can 
be expressed as a linear combination of the other two (Problem 70). 

Three vectors A, B, and C are said to be linearly independent if they are not 
coplanar. The following theorem provides a handy test for the linear independence 
of three vectors. (For the proof, see Problem 72.) 


Linear Independence of Three Vectors 


Three vectors A, B, and C are linearly independent if and only if the following 
condition holds: The only scalars a, Б, and c tor which 


aA +В + cC = 0 
are a = 0, b = 0, and c = 0. 


The unit vectors i, j, and k pointing in the positive directions along the x, v, and 
z axes, respectively, in xyz space are three noncoplanar—hence, linearly independ- 
ent— vectors (Figure 3). We call i, j, and k the standard basis vectors in xyz space. 

Just as every vector in the xy plane can be written as a linear combination of i 
and j. every vector in xyz space can be written as a linear combination of i, j. and 
К. In fact, given a vector К in хус space, we can move the tail end of R to the origin 
О, so that R = OP is the position vector of the point P = (x, у, г) (Figure 4). Let 
Q — (x, y, 0) be the point at the foot of the perpendicular from P to the xv plane. 
Since OQ is the position vector of Q in the xv plane, it follows that OQ = xi + yj. 
Because QP is parallel to К, it is clear that ОР = zk. Therefore, since 
R = OQ + ОР, we have 


As before, x. у, and т are called the (scalar) components of R with respect to the 
standard i, j, К basis. 
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A= аі ЕЕ а) Ег ak and B= bj ағ bj ar b3k 


А +В = (a, + Бї Е (a> T b3)j Es (аз аР ba)k 


А-В = (ay = b)i T (а> = b)j ae (аз Б b3)K 
sA = (sa,)i + (saz)j + (sax)k 


EXAMPLE t Let A = 2i — 3j + k and B =i + 2j + 5k. Find 
(a) A+B (b A-B (c) 7A (d) 7А – B 
SOLUTION 
(а) А ЛАБ SS (@ SE I (8 4 ЕЕЕ = J) ar aK 
(b) А-В = (2—1) + (-3 — 2)j + (1 — 5)k =i — 5j — 4k 
(с) 7А = (7)(2)і + (7(—3)j + (7)(1)К = 14i - 21j + 7k 
(d) 7А ~B = (и —1 (— 21 -Vj HE = 5k = Bi 23 es a 


The three scalar components of a vector in xyz space are uniquely determined by 
the vector. To see this, assume that 


xpi + ур} + 2k = xi + yoj + zk 
Then (xi E x>)i ae (Qi y y2)j 3P (zi = z3)k =0 


Hence, since i, j. and k are linearly independent, it follows that x, — x» = 0, 
Yi — у» = 0, and z, — z; = 0. Therefore, x, = x», y, = уз, and тү = za. 

Since a vector R = xi + yj + zk both determines and is determined by its three 
scalar components x, y, and z, it is customary to represent R by the ordered triple 
(x, y, z) and to write R = (x, y, z). Using this notation, we can write the solution to 
the last example as 


(Ej) Q3, ==, Il» se Ql, 2, у= (5%, =, © 

((5). =, II) — Ql, 25-5) = (Л з =) 

(у 092 —3. INH OB. =, 05 

(abi 03. —3 I) = Ol, 22, 5) = О —23. 2 
We encourage you to use ordered-triple notation for vectors in xvz space whenever it 
seems convenient. 

The angle 0 between two vectors A and B in three-dimensional space is measured 

by bringing the tail ends of the vectors together, so that the two vectors lie in the 


same plane (Figure 1), and then measuring the angle as usual. The dot product of A 
and B is defined, just as for vectors in the plane, by 


where |A| and |B| denote the lengths (magnitudes) of A and B, respectively. 
The basic properties of the dot product in three-dimensional space are established 
by using virtually the same arguments as for vectors in the plane. 


Figure 5 


THEOREM 2 
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Basic Properties of the Dot Product in Space 


If A, B, and C are vectors in three-dimensional space and s is a scalar. then 


A*:B-B-A (A+ B)-C=A-C+B:C 


" 
(54): В = 5А В) = А (58) 4 А-А = (А2 20 

6 АВ = Oif and only if A and B 
are perpendicular 


If -А = 0, then A = 0 


Properties 7 and 8 follow from the facts that i. j. and k are unit vectors and that they 
are mutually perpendicular. 

The following useful theorem is the analog for хус space of Theorem | in Sec- 
tion 12.2. 


Dot Product of Vectors in xyz Space 


Let A = ai + bj + ck and B = xi + yj + ck. Then 


— A*B = ax + by + cz * 


The proof of Theorem 2 is accomplished by expanding the dot product 
(ai + bj + ck)* Gd + yj + ck) and using Properties 7 and 8 (Problem 74). An 
immediate consequence of Theorem 2 is that if B = xi + vj + ck, then B: B = 
X + у? + 22, Since |B] = УВ B by Property 4, we have the following formula 
for the length of a vector in xyz space: If B = xi + vj + zk, then 


IBI = Vety ае 


If A and B are vectors in three-dimensional space, then, by the same argument 
given in Section 12.2 for vectors in the plane, the scalar component (scalar pro- 
jection), compgA, of A in the direction of В is given by 


А • B. 
comppA = "IB 


provided that B + 0 (Figure 5).* 


EXAMPLE 2 Let A = 3i — 2j + k and B = 2i + 5j — 2k. Find 
(а) А.В (b) |А| (с) |A – В| (9) сотрвА 
SOLUTION 


(E). og 8 & (S210) se (SBS) че (00153) — Se 
(b) |А| = VZ + (2) + P= М14 


*Figure 5 shows a case in which the angle 0 belween A and B is acute. If the angle is obtuse, 
then сотрвА is negative. 
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(с) [А — В| = li — 7j + 3k| = VI? + (7) + 32 = V59 


(d) A A: B -6 ao 
com ЭМ а — SE i 
i В| МОО = v3 


Suppose that @ is the angle between the vectors A and B in three-dimensional 
space. Then, since А * B = |A| |B| cos Ө, we have 


This formula enables us to find the cosine of 0, and hence the angle @, in terms of 
the dot product. 
“EXAMPLE 3 Find the angle 0 between А = 2i — 3j + k and B =i + 2j + 5k. 


Tu А-В (0000) + (=3)2) (00) O O 
SOLUTION cos 0 = SS OS NM 
lallg| №22 + (3) + 123/12 + 22452 2V105 


1 
Непсе, = cos !————— = cos! 0.0488 = 87.2? 
[ 2V/108 


a 


Distance Between Points in Space 


Figure 6 We can now use vectors to derive a formula for the distance between two points 
т Р = (x, у, z) and О = (а, b. c) in xyz space (Figure б). Неге, 


дг аруа? OP —-x tyjt:k 00 =ait+bj+ck ай РО = OQ – ОР 


It follows that 


О = (а, Б, с) 


EXAMPLE 4 If P = (2, 3, —2) and О = (— 1. 1. 5), find (a) the scalar compo- 
nents of PO and (b) the distance between P and Q. 


SOLUTION 
(а) PO = —1) 2] + [b —3]j + 15 — C329 SC ICE 
(b) Using the distance formula above, we have 


IPO = Vic- D = 2F + [1 = 32 + [5 — (-2F = V62 units 


Direction Cosines of a Vector 


Consider a nonzero vector А in хус space. Move A, if necessary, so that its tail end 
is the origin О, and let a, B. and у be the angles between A and the positive х, y, 


Figure 7 
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and z axes, respectively (Figure 7). The angles o, B, and y, which are the same as 
the angles between A and the standard i, j, and k basis vectors, respectively, are 
called the direction angles of the vector A. The cosines of the three direction angles 
are called the direction cosines of the vector A and are given by the formulas 


(Problem 54). 
Now, suppose that A = ai + bj + ck, so that 


А :і=а А :ј = Б Ack=c 
and |А| = Ма? + 52 + с? 
Then. 


a b 
COS а = — В = SS 
WGP чк Ел (25 War se ЕЕ 


cos y = 


SS c 
Va tb + с? 


Notice that 
( і + ¢ В)) + ( a (ai + bj + k) = 
COS a) cos COS у at CX) = ——= 
J NU 1T b? с? J | A | 


Hence, the direction cosines of a nonzero vector A are the scalar components of the 
unit vector A/|A| in the same direction as A. Since (cos а)і + (cos 8)j + (cos y)k 
is a unit vector, it follows that 


cos? a + cos? B + cos? y = 1 


that is, the sum of the squares of the direction cosines of a nonzero vector is always 
equal to I (Problem 59). 


EXAMPLE 5 Let P = (—1, 2, 3) and О = (—3, 3, 5). Find the direction cosines of 
the vector A = PQ, and verify that the sum of the squares of these direction cosines 
is equal to 1. 


SOLUTION A = PQ = (-3 + I)i + (3 — 2j + (5 – Sk = —2i + j + 2k 


2 СА 


Непсе, сова = -r 
Wa ar [i> SEE 3 
В 1 1 
cos LL esc 
УСЕ) Fras 3 
2 2 
Gub yp 
К | 137 3 


and we have 


боз a + cos? В + cos? y -(- 3)? + d? + (2)2= 2+1 р | 
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Problem Set 13.2 


In Problems 1 to 46, suppose А = 3i + j — 4k, В = 4i + j — К, 
C = 21 — 5j + 4k, р = ( — 2, 1, 7), and E = (2, 1, 1) are vectors 
in space. Evaluate each of the following. 


ТА +В 2 3A + 2B 
SEG(U A 4р-Е 
5 Е-2р 6 A-B+2C 
7 3(A + B - 6C) 8 -3A – 4B + C) 
919A БЕ С) 10 20 — $E 
ll A-B P DAE 
13 A*(B + С) 14 B-(2A - B +С) 
15 A*(-B) +А С 16 (A* B)C — (А -C)B 
17 (D + Е). (D – E) 18 (2A + В): (C — A) 
19 (E* DE — (E-E)D 20 2|A| + 2|C| 
21 |р 22 | — 2B] + 2|C| 
Psi WS +C 24 |B|A — |A|B 
25 |A] + |С| 26 |D + E] - |D] — |E] 
B A 
д as | +3} 
ДЕН 30 comp,B 
compyC 32 comppE 
33 compy(A + С) 34 сотрь(А — C) 
35 compeD 36 comp,A 


37 The angle 0, between A and B 

38 The angle 0 between A and B — A 

39 The angle Ө; between A — B and A + В 

40 The angle 64 between D and E 

41 The direction cosines of A 

42 The direction cosines of E 

43 The direction cosines of A + B 

(44 The direction angles of E 

45 A scalar a such that A is perpendicular to F = ai + j — 5k 
36 А scalar b such that D is perpendicular to С = (1, b, 4). 


47 Use vectors to show that P = (1, 7, 2), Q — (0, 7, —2), and 
R = (—1.6, 1) are vertices of a right triangle. At which vertex is 
the right angle? (Hint: Show that two of the three vectors РО, 
QR, and RP are perpendicular.) 


48 lf D#0, show that compp(A + В) = comppA + comppB 
holds for all vectors A, B, and D. 


- 49 Find the distance between the points P, and P5 if 


{аз бү = Qus See Pa СЕ) 
(b) P1 = (1, 1. 5); P3 = (1, —2, 3) 
(с) Ру={2, 5, == ОЕ —2) 


50 Under what conditions is it true that [A + B| = |A| + |B]? 


In Problems 51 to 53, find the direction cosines of the vector 
A = ОР. (Also find the direction angles of A. 

51 P = (6, —1, —2) and Q = (4, 9, 9) 

52 P — (3, 8, 1) and Q - (1, 2, 10) 

83 P = (9, 1, —7) and Q — (1, 0, —1) 


54 Verify the formulas given on page 769 for the direction cosines 
of a vector. 


In Problems 55 to 58, determine whether each triple a, B, y could 
possibly be direction angles of a vector A. 


55 а = 90°, B = 135°, у = 45° 
56 а = 27/3, В = 30/4, у = п/3 
57 а = m/3, В = m/6, у = п/4 
58 а = 120, В = 45°, у= 60° 


59 Prove that the sum of the squares of the direction cosines of a 
nonzero vector is 1. 


60 Ifa = 7/3 and B = 7/3 are two direction angles of a vector A, 
find the possible values of the third direction angle y. 


61 Show that a nonzero vector A in space is completely determined 
by its length / and its three direction cosines: cos a, cos B, and 
cos y. [Hint: Show that A = (/ cos a)i + (1 cos B)j + ( cos yk.) 


62 Show that A = 7i + 2j — 10k, В = 4i ~ 6j + 5k, and С = 
3i — 2j — 3k are position vectors of the vertices of an isosceles 
triangle. 


63 Let |А = 2, [В| = 6, and suppose that the angle between A and 
В is 30°. Find (a) |А + B| and (b) |A — Bl. 


64 Give a geometric interpretation of the *'average" (A + B)/2 of 
two vectors A and B. 


65 Let A = PO where P = (—1, 2, —3) and Q = (11, 11, 3). Find 
a point 5 = (x, у, z) such that PS = 2A. 
E 


66 If A is a vector and E is a vector with = |, show that E is 
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perpendicular to А — (comppA)E. Sketch a figure showing A, 
E, (compgA)E, and A — (comppA)E. 


67 If A is a vector in space, show that 
= (A*i)i + (A* Dj + (А ЮК 


(Hint: Begin by writing A as A = xi + yj + ck. Then take 
the dot product on both sides of the equation with i, with j, and 
with k.) 


68 Show that D = (B* B)JA — (А. В)В is perpendicular to B. 
69 Are the vectors А = (1, 1, 0, В = (2, –1. 0). and C= 
(1, 1, 1) coplanar? Explain. 


70 


71 


70) 


73 


74 
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Show that three vectors are coplanar if апа only if one of them 
can be expressed as a linear combination of the other two. 


Are the vectors A = 2i — 3j + 5k, В —3i + j — 2k. and 
С =i — 7j + 12k linearly independent? Explain. 


Prove Theorem 1. 
Suppose that A, B, and C are linearly independent vectors and 
that xA + yB +С = aA + БВ + cC. Prove that x = a, y = b, 


and z= c. 


Prove Theorem 2. 


15:3 


Cross and Box Products of Vectors in Space 


In this section we define and study a product that is available for vectors in three- 
dimensional space but not for vectors in the plane. This product is called the cross 
product (outer product or vector product). By combining the dot and cross prod- 
ucts, we obtain the box product (or determinant) of three vectors in space. 

The cross product of two vectors in space is defined to be a vector with a certain 
magnitude and direction. In order to specify the direction of the cross product of two 
vectors, we need the following concept: Three linearly independent vectors A. B. 
and C are said to form a right-handed triple in the order A, B, C if the thumb. 
index finger. and middle finger of the right hand (held in a "natural" position) can 
be aligned simultaneously with &. B, and C, respectively (Figure 1). For instance, 
the standard basis vectors in the order i, j, k form a right-handed triple, but in the 
order j, i. К they do not. (Why?) 

We can now give the definition of the cross product. 


DEFINITION T 


Cross Product of Vectors 


Figure 1 


Figure 2 


thumb 


middle finger 


index finger 


area = | A x BI 
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Figure 3 


4 counterclockwise as 
|^ viewed from the 
| 4 

tip of AX B 


Figure 4 


Figure 5 


The condition that A, В, A x B is a right-handed triple can be rephrased in 
various equivalent ways. For example. a right-handed screw turned through the 
smaller angle from A to B advances in the direction of A X B. Equivalently, if the 
parallelogram spanned by A and В is viewed from the tip of A X В, then the angle 
0 from A to B is generated by a counterclockwise rotation (Figure 3). (Also, see 
Problem 38.) 

Notice that the direction of the cross product is reversed when the two factors are 
interchanged; that 1s, 


ВХА = (A х В) 


Thus, the cross product is not a commutative operation. Consequently, in calculat- 
ing with cross products, you must be very careful about the order in which the 
vectors are multiplied. 


EXAMPLE 1 Find 
(a) i X j (b jxi 
SOLUTION 


(a) Because the two perpendicular unit vectors i and j span a square of unit 
area, it follows that i X j isa unit vector perpendicular to both i and j. Since i. 
j, іх j is a right-handed triple, we conclude that i x j = k (Figure 4). 


(b) Using the result in part (a), we find that j x i= —(i X j) = —k. 


Proceeding as in the example above, we can find the cross products of all pairs of 
standard basis vectors: 


We also have 


"un " C 13. 
ae wo of these : 
wheel, the cross product of the two named symbols is the re: y ]; if y 
go pru sende it is the negative of the remaining po For instance, in 
moving froin k to j we go counterclockwise; hence, k X j = 

If s is a positive scalar, then sA has the same direction as A, but i s times as long. 
It follows that the parallelogram spanned by sA and B has an area that is 5 times the 
area of the parallelogram spanned by A and В; that is, 


(54) x B| = s|A x B| for 5 >0 


Obviously, the direction of (sA) X B is the same as the direction of A X В (why?), 
and it follows that 


(sA) X B= s(A х B) 
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We leave it to you to make the simple geometric argument showing that the last 
equation holds even when s is not positive (Problem 43). Similar considerations 
(Problem 44) show that 


А X (tB) = (A х B) 


i 


Putting s or t equal to —1 gives 


(-A)X B= -(AXB)-AXx(-B) 


The Box Product 


The cross product A х B of vectors A and B is a vector, and it is therefore possible 
to form its dot product (А х В): С with a third vector C. The scalar 


(A x B):C 


box product (triple scalar product, or determinant) of the vectors A, 

ar . Suppose that A. B, C is a right-handed triple. Notice that A, B, and C 
(ssim three adjacent edges of a Бох” whose six faces are parallelograms and whose 
opposite pairs of faces are parallel and congruent (Figure 6). Such a box is called a 
parallelepiped, and its volume V is given by the area ЈА x В| of its base times its 
height A. If 0 is the angle between C and A х B, then k = |C] cos 0, and by the 
definition of the dot product, 


= |А x В|л = |А x В| |C] cos 0 = (A х B):C 


Figure 6  isca 


volume = V 


A Thus. the box product (A х B)* C gives the volume of the box (Figure 6) spanned 
by A, B, and C. 

If A, B, and C are linearly independent vectors that do not form a right-handed 
triple A, B. C, we say that they form a left-handed triple. If A, B, C is a left- 
handed triple, it is easy to see that B, A, C is a right-handed triple; hence, if V is 
the volume of the box spanned by B, A, and C, then 


(A X B):C-[-(B x A) -C= —[(B X A):C] = - 


It follows from these considerations that the volume V of the box (parallelepiped ) 
spanned by the three linearly independent vectors A, В. and С is given by 


V= Ł(A хВ).С 


where the plus or minus sign is used according to whether the triple A, B, C is 
right-handed or left-handed, respectively. 

If A, B, C is a right-handed triple (as in Figure 6). then—as you can easily 
see— B. C, A is also a right-handed triple. Thus, since the volume V of the box 
spanned by the three vectors is the same regardless of which face is called the base, 
we must have 

= (В х С)-А = (А х B)-C 


Similarly, if A, В, С is a left-handed triple, we have 
V= —-(B х C)-A = -(A х В): С 


In any case, then, 
(B x С) А = (А x B)-C 
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Since the dot product is commutative, we have (В X C)* A = A*(B х C), so the 
last equation can be rewritten as 


A*(B x C) = (А x B): C 
Tli the Baz node! tfe босан. cross can be interchanged, provided that the 
t vectors are kept in the same order. 


The Distributive Law and the Cross-Product Formula 


Although the preceding discussion describes the cross product А х B geometrically 
and relates it to the volume of a parallelepiped. it does not show how A X B can be 
found directly from A and B when A and B are given in component form. A 
"cross-product formula’ that gives the components of A х B in terms of the com- 
ponents of A and of B can be derived on the basis of the following theorem. 


THEOREM 1 Distributive Law for the Cross Product 


For any three vectors A, В, and С in three-dimensional space, 


AXxX(B+C)=(AxB)+(A xC) 


PROOF Let 
О=Ах(В+С)-—(А ХВ) – (А х С) 


and note that it is sufficient to prove D = 0. We do this by showing that 
D-D = |р = 0. We have 


D:D = D:[AX (B+ C) - (А X B) - (A х С)] 
= D-[A X (B+ C)- D: (AX B)  D:(À х С) 


Interchanging the dot and cross in the three box products, we obtain 
D-D = (DX A):-(B*- C) -(Dx A) B-D X A)-C 
(Dx A)-B + (D X A)-C —(D X A)-B — (р X A)-C =0 


and the proof is complete. 
Naturally, the distributive law for the cross product extends to three or more 
summands; for instance, 
A xX (B+ C+D)={[A x (B+ C)] + (А х р) 
= (АХВ) + (A X C) + (А хр) 
Also, the distributive law works "from the right’; that is, 
(A + B) x C = -(C X (A + B)] = С X A) t (C X B)] 
—(C x A)— (C x B) = (Ах C) + (B x C) 


It 


THEOREM 2 The Cross-Product Formula 


If A = ai + aaj + ask and B = bii + Рә] + bak, then 


A X B = (ар; — aib3)i — (ауру — a3b,)j + (ар = arb, )k 


PROOF 
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Using the distributive law for the cross product. we have 
AX B =A X (bi + bj + bk) 
= [А х (b,i)] + [A х (boj)] + [A X (bsk)] 
= b(A X i) + b(A х j) + b(A X К) 
Here. 


A Xi = (аі + ој + ak) хі 


Каф X i] + Маз) X i] + (ask) х i] 


ai X i) + aj X i) + ak X i) 
= 40 + ax —k) + aaj = aaj — а-к 
Similar calculations yield 
A X j =a,k -aai and A Xk =aii — ajj 
Therefore, substituting into the original equation, we have 
A X B = Баз] — ask) + blaik — азі) + (аі — aij) 
= Буаз] — biak + boajk — bazi + Баай — b3ayj 


= (arb, a axb>)i = (арз ар aab, )j xl (ар "E arb, )k 


The formula in Theorem 2 is not easily recalled as it stands; however, by using 
determinants, it can be rewritten in a much simpler form. A determinant of order 
2 15 defined by 


In what follows, we often find it convenient to use determinant notation in which 
the first row contains vectors rather than scalars. so that, for instance, 


: c» je . xl 
== = ar К 
| хт ad! |н эм? и ae 

= (ye — zv) = Gow — к) + (xv — yu)k 


Using determinant notation, we can now rewrite the cross-product formula in 
Theorem 2 in the following easily remembered form. If A = аі + а} + ask and 
B = рі + р) + b3k, then 


i j 
AXBS a, a 


b, bə 
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EXAMPLE 2 Evaluate (a) A X B and (b) B X A if A = 21+ 3j — 4k and 
B = 5i = 20 - k. 


SOLUTION 


i j k 
| =A] 25 es 2 

(a) AxB-22 3 —4- и а Т Nk 
5 -2 -I = —ц{ Юе! DEP 


кой =) == CC» = fO» 300 COS) 
+ [(2)(=2) — (3)(5)]К 


ШЕСЕ 
(b) Since B x A = —(A х B), we have 
Bx4A--(-1li — 18j — 19k) = lli + 18j + 19k 
By combining the cross-product formula with the formula for calculating dot 


products, we obtain, in the following theorem, a formula for the box product. The 
proof is left as an exercise (Problem 42). 


THEOREM 3 The Box-Product Formula 
КА = aj + aj + ask. B = bii + bj + bak, and С = сі + сј + csk, then 


|а 45 ay 


(А x B)-C= ЬЬ bj 


In Examples 3 and 4, evaluate (А х В): C. 
EXAMPLE 3 A =і+ј, В = 21 — 3j + k, and C = j- 4k 


SOLUTION 
пто 
wi See i 2 -3] 
(AxByC=|2 -3 =i Ца Цо 
TE at 1 2410 al Ова ш 
= Л = {= +0 = 19 
EXAMPLE 4 A=(1, 0, CI, В = (2, 1, 3), and С = (5, —1. 0) 
SOLUTION 
1 0 -1 
3 2:8) 2 
(A x В)-С =|2 1 3-1 1 а= 02 oft Cus | 
|s -w oL i | 
= 3-0+4+7=10 


Identities Involving the Cross Product 


Using Theorem 2, we can establish a number of useful identities involving the cross 
product. For instance, the identities in the following theorem can be verified by 
expanding both sides in terms of the scalar components of the three vectors (Prob- 
lem 53). 
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ТНЕОҢЕМ 4 


For any three vectors A, В, and С in three-dimensional space, 


(1) A x (B CLS A C)B- (A?) )C 


One immediate—and important consequence of the triple vector product iden- 
tities is that the associative law does not hold for cross products; that is, in general, 


(A x B) xX C¥A х (В х С) 


EXAMPLE 5 If A =7i—j+ 2k, B = —3i + 2j – К, and C = 5j — 3k, find 
(A X В) X Cand A х (B x C). 


SOLUTION 
(A x B) x C = (A: OB - (B*:C)A = (C 1DB — 13A = —58i — 9j — 15k 
A X (Вх C) -(A-CB-(A:B)C-(-1DB-4*25C-33i + 103j — 64k m 


Using the triple vector product identities and the fact that the cross and dot can be 
exchanged in the box product, we can prove the following theorem. 


THEOREM 5 Lagrange's Identity 


For any four vectors А. B. C. and D in three-dimensional space. 


А.С A'D 
x Bi:( D) = | 
(A X B)*(C x D) Ee wd 
PROOF (А x B)-(C x D) = A:[BX (C X D] 2 A*[(B* DIC - (B: C)DJ 


A:C ae 


= (B- . — (В · D -| 
(B-DXA*C) -(B-CXA-D)- b C. рр 


EXAMPLE 6 Use Lagrange's identity to find a formula for |А x В[. 


SOLUTION 


3 A*A A-B 
А x В| 


А х (Ax B)=| | = (A+ ABB) - (ABP 
(А в) (He В popl > OW mes 
[AP |B)? — (A+ B и 


From the identity obtained in the last example. we have the formula 


for the length of the cross product of A and B. If @ is the angle between A and B, 
0 = 6< 7, then 


А x B| = VIAP|B? – (А.В)? = 
= |A| |B] V1 — cos? 8 


and it follows that 
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Geometric Applications of the Cross and Box Products 


Many geometric applications of the cross product follow directly Irom its definition. 


EXAMPLE 7 Find the area of the parallelogram spanned by the vectors 


A =1- 2j + 3k and B = -i+j + 2k. 


SOLUTION The desired area is numerically equal to the length |À x В| of the 
cross product À X B. Using the formula obtained above, we have 


А x В| = “АРВ - (A- B? = V(14)(6) — 3? = 5V3 square units ш 


Naturally, the box product is useful for computing the volume V of the parallele- 
piped spanned by the vectors A. В, and C; in fact, 


У = (А х B)-C| 


EXAMPLE 8 Find the volume V of the parallelepiped spanned by the vectors 


A = 31+ 3. B=i + 2k, and C =i + 2j + 3k. 


SOLUTION Here, 


MORS Ua m le I 2 0 
( ) il: | 1: A M to > 
= Sedi = NOD se Os =) 
Hence, V = |-13| = 13 cubic units. a 


The algebraic sign of the box product can be used to determine whether a triple of 
vectors is right-handed or left-handed. 1n fact, A. B, C is a right-handed or left- 
handed triple according to whether (А X В) • С is positive or negative, respectively 
(Problem 48b). Also. (A х B)* C = 0 if and only if the vectors А, В, and С are 
coplanar—that is. linearly dependent (Problem 48a). 


EXAMPLE 9 Determine whether A, B. C is a right-handed or left-handed triple if 
Ai 5 RBE Pic oy + ke andie = ЕЕ STIEG s 


SOLUTION 
= 2 

(A x в.с. : і ТЕЕ ЕЕ |4 2 ВЕ. ЖЕ 

| E еш ү ск 
CS 

Hence, А. B. C is a left-handed triple. [| 


EXAMPLE 10 Show that the three vectors A = (1. —1, 1), B = (2, 1, —1), and 


C = (0, —1, 1) are coplanar (linearly dependent). 


SOLUTION 
| © 1 
(A хВ)‹С=2 =| 
0 -1 1 
l 2 =) ams | 
= || = | = 
Didak Wo dar tom a 


Hence, A, B, and C are coplanar. ш 
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Many geometric objects can be built up from nonoverlapping triangles; hence, 


the following theorem, which gives a formula for the area of a triangle in terms of 


the coordinates of its vertices, can be quite useful. 


THEOREM 6 Area of a Triangle in Space 


PROOF The area of triangle PQR is half the area of the parallelogram spanned by the vectors 


PQ and PR (Figure 7). 


Figure 7 EXAMPLE 11 Find the area a of the triangle whose vertices are P = (2, 1, 5), 


О = (4. 0. 2). and R = (—1, 0, –1). 


SOLUTION Here, 
(4 - Di + (0 – Dj + 2 — 5)k = 21 – j – 3k 
(== 26 (0 ОРЕ 1g ЭЕ ok 


р РО = 


апа РЕ 


Hence, 


Therefore, 


M i 1 A 
ХыРК S m? mu de шие д —5К 
-3 -1 -6 
1 = = = V 475 5 
= ls 5r (QF 4» (=S)F = 5 = г MIS square units 


Problem Set 13.3 


1 Determine geometrically whether each triple of vectors is right- 
handed or left-handed. 


(a) i, —j, К (5) Ts le US (c) j. К, i 
(ЧИ ci К Gm = ах (GO) TP th, 3] = oh TS 
2 Suppose that A, B, C is a left-handed triple. Determine whether 
each triple is right- or left-handed. 
(a) B, A, С (b) —А,В,-С 
(с) С, А,В (d) C. B. A 
3 Find each cross product by sketching an appropriate figure and 
using only geometric facts. (Do not use the memory device of 
Figure 5 or the cross-product formula.) 
(a) iX k (b) (7D X j 
(с) k Xi (d) +j) x (j-i) 
OCDE E X k 
4 Using only the memory device of Figure 5, calculate 


(a) (i x j) x jand (b) i x (j x j). Conclude from your result 
that the associative law does not work for the cross product. 


In Problems 5 to 34. let A=i+j+k. В = —2j, C =k - 3j. 
D= зу — 2j Hk: E = ЕКЕ = с = Ole): 
and H = (1, —1, —2). Evaluate each expression using the identities 
for cross and dot products whenever possible to simplify your calcu- 


lations. 


SAXB 

7 C XID 

9ExB 

WFxG 
3FxG-GxF 

5 Ввхр+ВвхЕ 

16 CXA-EXC+CxF 
17 (—2A) x (3B) 

19 (A x B)°C 

21 F-(G x H) 


6CxB 
ЗЕХН 
10 DXA 
129D x C CXD 
14GxH-GxF 


18 (A + E) X (A – E) 
20 C-(D x E) 
22 F-(F X H) 
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36 


38 


39 


40 


4] 


46 


47 


3 (B x C) E 


24 H-(F x H) 


(A X A): € 26 (А X С): (А x C) 

A X (B x D) 28 (F x G) ХН 

(Ах В) хр 30 (Ах B): (C x D) 

(А X D)*(A х C) 32 (A X B) x (B x A) 
А x Dj 34 IF x Нр — |FPIHP 
Find the area of the parallelogram spanned by A and B: 


(a) A=i+j+k, B-i-j-k 

(b) A = (2, 5, –1), В = ($, –1, 4) 

Suppose that (А х В): С = 4. Find 

(a) A*(B х С) (b) B-(C x A) 

(c) B*(A х С) (d) C*(A x B) 

Find the volume of the box (parallelepiped) spanned by A, B. 
and C: 

(a A=i+ 2j, B= 2i-j, C=i+j+k 

(b) A =i — 23+ k, B= 3i ~ 4) —k, C= 4 — ј + 3k 

(с) А = (1, 2, –1), В = (0, 1, -1), C= (3, 0, 1) 

If you grab the vector А х В with your right hand so that the 
fingers curl in the direction of the angle from A to B and your 
thumb lies along the shaft of the vector A х B (pointing away 


[rom your fis), will your thumb point in the same direction as 
the vector A X B or will it point in the opposite direction? 


Determine whether the three vectors A, B, and C are coplanar or 
linearly independent. If the vectors are linearly independent, 
determine whether the triple A, B, C is right- or left-handed. 


(а) A=i+ 2j + 3k, B= 2i-—j—k. C= —-2i+j-k 

(D A= 2i-j + 7k, B=j + 3k, C = 2i - Sj +k 

(с) A=(1, 1, –1), B = (1, -1, 1), C=(-1, 1,1) 
Suppose that A is perpendicular to B. (a) Explain geomet- 
rically why [А x B| = |A| |B|. (b) Prove algebraically that 
[А x B| = JA] Bl. 

Find the area a of triangle POR in xyz space: 

(в PS, Te Bo (9) =, Fy =) = (ll, @, 1) 

(Б) P=(-1, 0, 1), Q = (0, 1,0), R=(1, 1, 1) 

Prove Theorem 3. 


Show that (sA) X B = s(A x B)even if the scalar s is not posi- 
tive. (Make direct use of the definition of the cross product.) 


Prove that A X (iB) = (A X B). 


Prove that (A- B) ХС = (А X C) - (B x C). 
A-B=A+ (-1)B] 


|Hint: 


Prove the following identity; (A — B) x (C — D) = 
(AX OO – (A X D) - (Вх C) * (B x D). 


True or false: (A + B) X (A — В) = (А X A) - (B x В)? 


48 


49 


52 
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(a) Show that A, В, and С are coplanar (linearly dependent) if 
and only if (A x B)-C = 0. 

(b) If A, B, and C are linearly independent, show that 
(А X B)*C is positive or negative according to whether 
A, B. € forms a right- or a left-handed triple, respectively. 


Let РОК be a triangle in the xy plane with P = (ху, yj), 
О = (х, уз), and R = (x3. уз). Show that the area a of PQR is 
given by 


Ж, p ll 
| | 
1 
a = absolute value gii == X5 у) l 
[Ку Sy d 


Using Problem 49, explain why the equation 


xy 1 
BUR o 1| = 0 
ae 3j d 


represents the line in the ху plane containing the two points 
(ху, y1) and (x2, y2). 

Find the area of triangle PQR in the xy plane: 

(a) P = (1, -5.Q = (—3, —4), К = (6. 2) 

(b) Р=(—5, 7), О = (3, 60. R = (2, 1) 

(a) Show that the triangle in the xy plane two of whose adja- 
cent edges аге formed by the vectors A = xj + ур} and 


B = xi + y2j (Figure 8) has an area given by the absolute value 


of 
Хр M 


1 
21% У2 


(b) Give a geometric interpretation of the determinant 


X0 MN 


Bu Ma 


Figure 8 
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В 


Prove Theorem 4. (For simplicity, choose the х axis іп the direc- 
tion of the vector C, and choose the y axis so that the vector B 
is contained in the xy plane.) 


From part (1) of Theorem 4, it follows that the three vectors B, 
С, and A X (B X C) are always coplanar. Explain geometri- 
cally why this should be so. 


Let A = OP, B = OQ, and С = OR. Prove that the area of 
triangle POR is given by 3j(A х B) + (B x C) + (€ x AJ. 
Use the cross product to prove the law of sines; that is, for any 
triangle ABC with a = [BC], b = |АС|, and c = |AB| 
sinA — sinB — sinC 
a b с 


57 Prove that 
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59 If u is a unit vector perpendicular to A, show that 


(A — B) x (A + B) = 2(A X B) их (А хи) = А 


58 Prove the Jacobi identity: 


60 If u is a unit vector, show that 


A X (B X C) + B x (C X A) + C Xx (А х В) = 0 [KA хо) X (B X u))*u = (А x B):u 


13.4 


Figure 1 N 
k 
E j 
i 
Figure 2 N 


Parallel planes formed by venetian blinds 


Equations of Lines and Planes in Space 


In this section we make use of the vector algebra developed in Sections 13.2 and 
13.3 to derive vector equations for lines and planes in space. By considering the 
scalar components of the vectors in these equations, we also obtain scalar Cartesian 
equations for lines and planes in space. 

As before, R = OP denotes the variable position vector of the point P, and the 
graph of an equation involving the vector R is the set of all points P (now in 
three-dimensional space) whose position vector R satisfies the equation. 


Planes in Space 


I t ro 

It is geometrically clear (Figure 3) that a point P belongs to the plane containing 
the point Po and having the normal vector N if and only if the vector PoP is 
perpendicular to N; that is, (РоР) "№ = 0. If R is the position vector of P and Rg is 
the position vector of Pp, then PaP = R — Ro; hence, the condition that PoP is 
perpendicular to N can be written 


This is a vector equation of the plane with normal vector N and containing the 
point whose position vector is Ro. 


Figure 3 
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Figure 4 
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tà 


ax + by +cz =D 


The equation N* (R = Ro) = 0 is easily converted to s 
putting 


N = ai + bj + ck R — xi + yj + ck and Ro = xoi + Yoj + Zok 
Then, R- Ro —í(x— Xo)i ate (y =: yoj + (z = Zo)k 
N: (R = Ro) = а(х — Xo) dE bly = Уо) s c(z = 20) 


and the equation of the plane takes the form 


Find the scalar Cartesian equation of the plane containing the point 


Po ‚ 1, 7) and having N = 2i + 3j — k as a normal vector. 


SOLUTION Here we have хо = —3, yo = 1, and 20 = 7. Also, a = 2, b = 3, and 
c = —]. Therefore, the equation a(x — xo) + b(y — yo) + c(z — zo) = 0 becomes 


Age ap Sh) ar XC — T) ae == v» = © or 2х +.3у e NO) = 0) 


Given a scalar Cartesian equation of a plane in xyz space, 
a(x — xo) + b(y — yo) + c(z — 20) = 0 


we can always carry out the indicated multiplications and thus rewrite the equation 
in the form 


ax + by + cz — (ахо + byo + сту) = 0 or ax + by + сг =D 


where D is a constant equal to axo + byo + czo. In the scalar Cartesian equation 


for a plane in xyz space, the coefficients a, b, and c— which cannot all be zero— 
form the scalar components of a normal vector 


N= di + bj + ck 


As the constant D is assigned different values, we obtain different planes in space, 
all of which have the same normal vector and therefore are mutually parallel. The 
value assigned to the constant D determines exactly one plane in this stack of 
mutually parallel planes. 


E2 Find a scalar Cartesian equation of the plane that contains the point 
and is parallel to the plane 3x — y — 22 = 14. 


> 45, - 


SOLUTION The desired plane has an equation of the form 3x — y — 2z =D, 
where the constant D has to be determined. Since the point (1, 2, 3) belongs to the 
plane, we have 3(1) — 2 — 2(3) = D, so D = —5. Therefore, an equation of the 
plane is 

SY — y 9E or Зх — y 2 0 


A plane ах + by + cz = D that is not parallel to any of the three coordinate axes 
must intersect each of these axes (Figure 4). The x, v, and z coordinates of the three 
points of intersection are called the x, у, and z intercepts of the plane, respectively. 
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For instance, the point (x, 0, 0) where the plane intersects the x axis satisfies 
ax + b(0) + c(0) = D, or ax = D. Hence. the x intercept is given by x = D/a. 
(Note that a ¥ 0: otherwise, the plane is parallel to the x axis.) Similarly, the y and 
2 intercepts are given by y = D/b and z = D/c, respectively. Since there is exactly 
one plane containing three noncollinear points, the three intercepts determine the 
plane uniquely. 


Figure 5 EXAMPLE 3 Consider the plane —x + 2y + 3z = 6. 
A (a) Find a unit normal vector to the plane. 
(b) Find the intercepts of the plane. 
(c) Sketch a portion of the plane. 
SOLUTION 
(a) We can take N = —i + 2j + 3k. so that [N = V(-1 + 22 + 32 = 
V14. Therefore, a unit normal vector to the plane is given by * 
NE 199] - 3k 
, IN vs 
(b) The х, y, and z intercepts are given by x = 6/(—1) = –6. y = 6/2 = 3, 
and z — 6/3 — 2, respectively. 


(c) The shaded triangle in Figure 5 is a portion of the plane. 


Figure 6 


gives a normal vector to the plane (Figure 6). Since (xo, vo. zo) lies on the plane, we 
can find either a vector equation or a scalar Cartesian equation of the plane just as 
before. 


In Examples 4 and 5, find an equation in scalar Cartesian form of the plane satisfy- 
ing the given conditions. 


EXAMPLE 4 Containing the three points A — (1. 1, —1), B — (3, 3, 2), and 
С = (Qu =), m2 


SOLUTION Неге, 
АВ = (3 – Di + 3 — Dj + (2 + Dk = 21 + 2j + ЗК 
ДС = 


апа (3—1й+(—1—1)}]+(—2+1)к=24—2р—К 


Hence. 


j 
N = AB x AC = 2 зр di- 8j – 8k 
2 


b9 I9 =. 


gives a normal vector to the plane. Since the point (1, 1, —1) belongs to the plane, a 
scalar Cartesian equation is 


Ax — 1) + &y — 1) – 82 + 1) =0 
This equation can also be written in the form 


4х + 8y — 8: = 20 or x 2¥— 2 — 5 
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SOLUTION Because the plane is parallel to the y axis, its equation has the form 
ax + ez = D. (Why?) Therefore, since the point (3, 2, 1) satisfies the equation, so 
does the point (3, 0, 1). Letting A = (3, 2, 1), B = (—5, 1, 2). and C = (3, 0,1), 
we have AB = —8i = j + k and AC = —2j. so that a normal vector N to the plane 
is given by 


i j А 
N=AB x AC =|-8 -1 1| = 21 + 16k 
0-2 0 


Therefore, an equation of the plane is 
AGe— 3) sr Oy c 2 sr Metz — шу = or х + 8 = ll 
An equation of a plane can also be put into vector or scalar parametric form, 


since a plane is two-dimensional, two independent parameters are required. We do 
not take up this matter here. 


Figure 7 Lines in Space 


A line in space can be s 
vector for the line. Two lines with the same direction vector are parallel to each 


mutually parallel lines. Specification of 
one and only line that contains Po (Fi 

It is geometrically clear (Figure 9) that a point P belongs to the line containing the 
point Po and having the direction vector M if and only if the vector PoP is parallel to 


M, that is, 


x = 
Figure 8 M x PoP =0 


(Recall that two vectors are parallel if and only if their cross product is the zero 


vector.) If R is the position vector of P and Ro is the position vector of Po, then 
pus PoP =R — Ro; hence, the condition that M be parallel to PoP can be written 
This is a vector nonparametric equation of the line with direction vector M and 
Р, containing the point whose position vector is Ro. 
To convert the vector equation M X (R — Ro) = 0 to scalar Cartesian form, let 


Figure 9 M = ai + bj + ck Е = xi + yj + ck and Ro = xoi + yoj + Zok 


=< Then M x (R — Ro) = 0 can be rewritten as 
i j k 
a b € |= 01+ Oj + Ok 


that is, 


[bz = 2g) = cy — vo) = la = zo)i= eh Saal 
i + [a(y — yo) = b(x — xo)]k = Oi + 0j + Ok 
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Equating the three scalar components, we obtain three simultaneous scalar equa- 
tions 


Ke — a) = C= = aE у = CX = Xo) = 
a(y — Yo) — b(x — x9) = 0 
or 
Ux = 2) SAS Sia) c 0) = ae iy) a(y — yo) = b(x — xo) 


These three simultaneous equations give a scalar Cartesian nonparametric form for 
the line. 

If the coefficients а, b, and c in the equations above are nonzero, we can rewrite 
the equations in the form 


21—20 Y уо 2 — 20 X Xo Va Yo To но 


or 


These simultaneous scalar nonparametric equations are referred to as symmetric 
equations of the line. Here, (xo, уо, 20) is a point on the line, and the denominators 
d, UE and c are the scalar кош ofa vector bi mance to the line. 


Jj P. symmetric equations of the line containing the point Po = 
Хо. Yo. Zo) = (3, 1, —1) and parallel to the vector M = 5i — 7j + 9k. 


SOLUTION Symmetric equations of the line are given by 


—? 1. al 


5 =7 9 


EXAMPLE ' 
form. 


Write an equation of the line in Example 6 in vector nonparametric 


SOLUTION Ап equation of the line in vector nonparametric form is given by 


MX(R-Ry9-20 whereM=Si-7j+9k and R=3i+j-k 


Therefore, an equation of the line is 


(5i — 7j + 9k) x [x — 3) + (y - Dj + (с + Dk] = 0 
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lector NON Quia ree Ate 
GN URR О 


to\or ©, умел 

в 
Y- hy = s Yo ир» 
a —S шас ae 


\lechor — Coro sete 
e- Ro xv M 


LUNES. 
EE. Lu 
Me m wu - 

Ed 


is parallel to the line; hence, an equation of the line in vector form is 


AB x (R— Ry) = 0 


where Ro = xoi + yoj + 2 


We have seen that the equation M x (К — Ry) = 0 expresses the condition that 
R — R, is parallel to M. This condition can be expressed equally well by the 
equation 


R= Ro = iM 


where t is a variable scalar. Solving the last equation for the position vector R, we 


obtain г r 01 


of the line parallel to the nonzero direction vector М and containing the point whose 
position vector is Rg. As the parameter / varies, the position vector К traces out the 
line. 

Letting R = xi + yj + ck, Ro = xoi + yaj + zok, and M = ai + bj + ck in the 
vector parametric equation R = Ro + 1M, we have 


xi + yj + ck = (xol + yaj + zok) + (ai + bj + ck) 
or xi + yj + zk = (xo + at)i + (yo + bt)j + (Zo + ct)k 


Equating scalar components, we obtain scs ons of the line: 


As the parameter t varies, the point (x, у, z) given by these simultaneous equations 
traces out the line. Notice that the point (xo, yo, zo) corresponds to the parameter 
value t = 0. 


I Let A = (—-2, —1, —5) and B = (2, 1, 5). Find (a) an equation in 
vector parametric form and (b) equations in scalar parametric form for the line that 
contains the point Po = (3, 2, 5) and is parallel to the line containing A and B. 


SOLUTION The vector 
M = АВ=(2 + 2) + (1 + Dj + (5 


is parallel to the T. line, and Ry = 31 4 


(a) R = Ro + 1M = 3i 2j + 5k + r(4i + 2j + 10k) 


+ 5)k = 4i + 2j + 10k 


= + лий + (2 + Эл} + (UO . 


(b) 


x 


Y 
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г= 5 + 101 


3 LE 9 7 Find equations іп scalar parametric form for the line containing the 


point Po = (3, —2, 5) and perpendicular to the lines 


ir all 


SOLUTION 


so that 


M = M, хм, = |3 


52. 


з=) до] т a 
= апа = 


l =? 1 2 


—|n 


Here, vectors parallel to the indicated lines are given by 


Mi-3i*j-2k an M,=i+2j+k 


E k| 
-2| = si = 5] + 5k 


li 


ә me Gee 


М 


is perpendicular to both lines. Therefore, М 15 parallel to the desired line, and scalar 
parametric equations for the line are 


x = 3+ 5t 
p= —2—.5/ 
£g = 5+ 51 


Problem Set 13.4 


In Problems 1 to 4, find scalar Cartesian equations of the plane 
containing the point Py and having the given normal vector N. 
I Py = (1, -1, 2) and N =i + 2j — 3k 

2 Po = (1, 3, —1) and N= 21 + ј – К 

3 P, = (0, 0, 0) and N = 5i — 2j + 10k 

4 Ро = (0, 0. 1D) and N=j+k 

{n Problems 5 and 6, give scalar Cartesian equations of the plane 
containing the points A, B, and C. 

5А = (2, ~1, 0). B = (—3. —4, —5), and C = (0, 8, 0) 

6 A = (2, 2, —2), B =\4, 6, 4), and C = (8, —1, 2) 

x 


In Problems 7 to 12, find (a) a unit normal vector to the plane and 
(b) the intercepts of the plane. (c) Sketch a portion of the plane. 


Thx + 3y + 62 = 12 8 x—4y + 8: = 
9 N*(R — Ro) = 0, where М = 12) — 5k and Rọ = 5j 
10 N-(R — Ro) = 0, where N = k and Rp =i + j + 3k 
11 5x = 3y + 42 


12 3x = 42 + 12 


In Problems 13 to 16, determine whether the planes are parallel. 
13 3x — y + 2z = 5 and 6x — 2y + 4: = 10 

14 —x + y +32 = 4 and 5x + 5y + 152 = 21 

1532x +y —27—3 and 4x Fy- 37 = 3 

6] х ом 27 = 3 and =x — 2y + 27= 3 


In Problems 17 to 26, find a scalar Cartesian equation of the plane 
satisfying the given conditions. 


17 Containing the point (—1, 3, 5) and parallel to the plane 


бх = Зра 2AF 900 


18 Containing the point (4, —1, 3) and parallel to the plane 
ОЕ aaa) 


19 Containing the point (—1. 3, 2) and parallel to the yz plane 
20 Containing the point (2, $. —1) and parallel to the xz plane 
21 Containing the origin and parallel to the plane 3x ~ 7y +z = 4 


22 Containing the origin and the points P — (a, b, c) and Q — 
(p. 9. Р) 

23 Containing the points (1, 2, 3) and (—2, 1, 1), but not intersect- 
ing the x axis. (Hint: Begin by arguing that if the plane 
ax + by + cz = D is parallel to the x axis, then a = 0.) 
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24 Containing the point (4, — 2, 1) and perpendicular to the line 
containing the two points A = (2. —1. 2) and B = (3, 2. —1) 


25 Containing the point (1, 1, 1) and perpendicular to the vector 
whose direction angles are 7/3, 7/4. and 7/3 


26 Containing the point (2, 3, 1) and parallel to the plane containing 
the origin and the points Р = (2, 0, —2) and О = (1, 1, 1) 


In Problems 27 to 32. give a geometric interpretation of the condi- 
tion imposed on the plane whose equation is ax + by + cz = D by 
the given equation or equations. 


27 D=0 28 a = 0 


29 а= О апі р = 0 30 2a + 3b — 4с = 0 


35-0 32 b=0 апіс = 0 


In Problems 33 to 40, find an equation ог equations of the line 
satisfying the given conditions in (a) vector nonparametric, (b) sca- 
lar symmetric, (c) vector parametric, and (d) scalar parametric form. 


33 Containing the point (—1, 1, 4) and parallel to the vector M = 
П aml] 215 


34 Containing the point (5. 7, — 1) and parallel to the vector М = 
EIL 


35 Containing the point (3. 1, —4) and parallel to the vector M = 
-2j + 5k 


36 Containing the point (1. 3. —2) and perpendicular to the plane 
Ny + 2e— 5 


37 Containing the point (1, — 1. 2) and perpendicular to the plane 
5x = + 31— 7 


38 Containing the point (0, 0, 1) and parallel to the vector with 
direction angles 27/3, 7/3, and 7/4 


39 Containing the points (1, 3, —2) and (2, 2, 0) 
40 Containing the points (—1. 3, 4) and (4, 3, 9) 


In Problems 41 to 48, find an equation or equations of the line L in 
the indicated form. 


41 Symmetric form: L contains the point (0, 4. 5) and is parallel to 
the line through the points (1, 5, —2) and (7, 7, 1). 


42 Scalar parametric form: L contains the origin and is perpendicu- 
lar to both of the vectors — 3i + 2j + k and 6i — 5j + 2k. 


43 Vector nonparametric form: L contains the point (3, — 1, 2) and 
is parallel to the line 


ám dl Sanal Bae 3 


3 —4 7 


44 Vector parametric form: L contains the point ( — 1, 3, 5) and is 
parallel to the line x = 3 – l, y= 5 + 7,2 = —7г/ + 1. 


45 Symmetric form: L contains the point (7, 1, —4) and is parallel 
to the x axis. 


46 Scalar parametric form: L contains the origin and is perpendicu- 
lar to the line 


at their point of intersection. 


37 Symmetric form: L contains the point (2, 3. — 1) and is perpen- 
dicular to the two lines 


4p sess] EXT x war Jl a= || 


=- = and — E c == ———— 


4 5 x2 7 3 =| 


48 Scalar parametric form: L contains the origin and is perpendicu- 
lar to the two lines 
xX Mag tecum Vee E us 


and «+3 =— = 
6 5 4 4 =? 


49 Show that the points (2. 0, 0), (—2, —22. — 10), and (4, 11. 5) 
lie on a line, and find equations of this line in symmetric form. 


50 Assuming that a, Б, and c are nonzero, derive equations in the 
symmetric form by eliminating the parameter г from the scalar 
parametric equations 


X = xo tat 
(2 E Spoon (Hf 
EN cote 


Exactly what happens if, say, а = 0, but b and c are not zero? 


In Problems 51 to 56. give a geometric interpretation of the condi- 
tion imposed on the line 


х= х tal 


Yo + bt 


Y 


es дү Cl 
by the given equation or equations. 
52 a=0 


54 5a — 3b + 7c =0 
56 b=0 and c=0 


51 xo = yo = 20 = 0 
53 а= О апі b=0 
55 р= 0 


57 Find the coordinates of the point on the line 


we p23 E 


4 2 W 
where this line intersects the plane x = 5. 


58 Find the coordinates of the point where the line x = 2 — 3r. 
y=1+7,2=4—1 intersects the plane 2x — 3y + 2 = —16. 
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13.5 The Geometry of Lines and Planes in Space 


In Section 13.4 we developed equations in both vector and scalar forms for lines and 
planes in three- dimensional 1 space, In this section we obtain formulas for the dis- 
the distanc eb etween two lines, the angle between two ә 


| a гош to a 


The argument used in Chapter 12 to derive a formula for the distance from a point to 
a line (Theorem 1, page 726) can also be used to prove the following theorem. 


Lines in space formed by supporting 
cables of a bridge 


THEOREM 1 Distance from a Point to a Plane 


Let R, = OP, be the position vector of a point P, in space. Then the perpendicu- 
lar distance d from P, to the plane with vector equation N*(R — Rọ) = 0 is 
given by 


PROOF Let Ро be the point with position vector Ro. so that Ro = OP, and Po lies on the 
plane N*(R — Ro) = 0. The distance d is the absolute value of the component of 


PoP, = OP, — OP, = К, – Ro 


Figure 1 in the direction of the normal vector N (Figure 1); thus, 
a N*(R, — Ro) IN- (R; — Ro) 
= |compx(PoP})| = SER = ——————— L| 
IN| IN| 


The distance formula in Theorem 1 can be converted to scalar Cartesian form as 
follows: Suppose that a scalar Cartesian equation of the plane is ax + by + cz = D. 
Then 


N = ai + bj + ck R = xi + yj + zk and N*Ro =D 


If Р, = (ү. Ms Zi)» so that R, = xj аР yj + zk. we have 


N°(R, — Ro) = М.К, — N- Ro = ax, + byi tezi = /0) 
апа 


e Е = 


Now, substituting into the formula in Theorem 1. 
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Figure 2 


perpendicular planes 


e. 
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EXAMPLE | Find the distance d from the point P, = (1, 3, —4) to the plane 
2x + 2у— 2 = 6. 


SOLUTION Here a = 2, р= 2, с= -1, р = 6. x, = 1. уу = 3, z, = —4, and 
the distance d is given by 
p lax, + by, + cz, — DI 
ма + Б? + с? 
_ JQXD + (2) + C- DC-24) 6 


= —— = 2 units 


v9 


EXAMPLE 2 Find the perpendicular distance between the two parallel planes 
dire eso де ае | gil 0 ep oar с= QE 


SOLUTION The required distance is the distance from any point on the plane 
2x — y + 22 = —11 to the plane 2x — y + 22 + 2 = 0. For instance, the point 
(—6. —1, 0) belongs to the plane 2x — y + 2z = —11, and its distance from the 
plane 2x — y + 22 + 2 = 0 is given by 


12-6) + ENE) + 00) +2) _ [-9| 
м2 + (=) + 2 3 


= 3 units 


It is geometrically clear that two planes are parallel if and only if their normal 
vectors are parallel (see Figure 2 in Section 13.4). By definition, we say that nvo 
planes are perpendicular if and only if their normal vectors are perpendicular 
(Figure 2). 


Find an equation of the plane containing the points Po = (1, 0, 3) 
. 1, —2) that is perpendicular to the plane 2x + 3y +z + 4=0. 


SOLUTION Тһе point P, = (1, 0, 3) belongs to the plane in question, so the 
desired equation has the form "A Ey 
{ of 


N*(R – Ry) = 0 


where Ro = OP, = i + 3k and the normal vector N has yet to be determined. 
Since Ро and P, both lie on the plane, PoP; is perpendicular to №. The plane 
2x + Зу +z + 4 = 0 has normal vector № = 2i + 3j + К; hence, N is perpen- 
dicular to N,, since the two planes are perpendicular. Thus, N will be perpendicular 
to both of the vectors PoP; and N, provided that we take 


N = PoP, XN, 
i j kK 
=(-i+j—5k)x Qi+3j+kK)=/-1 1 par 
2 3 1 


The desired equation is therefore 


(HIGH = SF) S KS ES = ( ae ОЛЕ or lox = 9% = 5а Pa 
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Figure 3 


More generally, we can determine the angle between two planes by finding the 
angle between their normal vectors (Figure 3). However, some care must be taken 
to ensure that the angle is uniquely defined. Thus, let No*(R — Ro) = 0 and 
N,*(R — Кү) = О be equations of two planes having normal vectors Ng and №. We 
define the angle a between the two planes to be the smaller of the two angles 6 


and т — 0, where 6 is the angle between № and N, (Figure 4).* Since 
No’ N, 

COSKO= roe mee 

INol № 


it is easy to check that the smaller of the angles 0 and т — 0 is given by 


(Problem 52). 


© EXAMPLE 4 Find the angle а between the two planes 3x — 2у+ z — 5 and 
En Y z—]7. 3 


SOLUTION Here, the normal vectors No and № to the two planes are 
No = 3i 2) + k and N, = i + 2j — k. Therefore, 
si ÍNo * № - E 1 


cos 1 ———— = cog! == [ЛЕ E 
№ [Ni V14V6 №] 


Ея а = cos 


гот а Point to a Line 


The following theorem provides a handy formula for the distance from a point to a 
line in space. 


THEOREM 2 The Distance from a Point to a Line 


The perpendicular distance d from the point P, whose position vector is 
К, = OP, to the line with vector equation M x (R — К) = 0 is given by 


Їм x (R, - Во] 
МІ 


PROOF In Figure 5, we have 


d = |К, — Rol sin Ө 
Figure 5 


|M] |R; — Rol sin Ө 
M| 
[M] 


MXIR - R70 
M ° by the formula on page 777 for the length of the cross product of two vectors. u 


*Notice that the two planes are perpendicular if a = 7/2 and parallel if a = 0. 
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(EXAMPLE 5 Find the distance d from the point P, = (1, 7, —3) to the line 


RS qme Bar 


7 =] 2 


2 e 


SOLUTION A direction vector for the line is M = 2i — j + 2k, and Ry = 
5i — 4j — 6k is the position vector of a point on the line. Thus, M x (R — Ro) = 
0 is a vector equation of the line. Putting К, = OP,, we have R; = і + 7j — ЗК, 
and so В, — Rọ = —4i + 11) + 3k. Therefore, 


Dj k 
= 
IM x (R, — Ro)| = V(—25)? + (— 14)? + (18 = V1145 
and 
[M x (R, = Ro)| V 1145 l К 
= A rmm ege a 
[M] po РА 


The distance between two parallel lines in space is easy to find by using the formula 
in Theorem 2. Indeed, it is only necessary to select a point (any point will do!) on 
one line and then find the distance from that point to the other line. The distance 
between two nonparallel lines in space can be found by using the following 
theorem. 


THEOREM 3 The Distance Between Two Nonparallel Lines in Space 


Mo x (R E Ro) =0 and М, х (R = R,) =0 


be the vector equations of two lines in space, and suppose that Mg X М, # 0, so 
that the two lines are not parallel. Then, the distance d between the two lines is 
given by 


ES |(Mo x M,)°(R, e Ro) 


d= 


IM, x Mil 


PROOF Notice that the vector Мо X M, is perpendicular to both of the lines and that the 
desired distance d is the absolute value of the component of 


PoP, = R, - Ro 


Figure 6 
in the direction of Mo x M, (Figure 6). Thus, 
МХК = Rp 7-0 Mo x M,)*(Ri — Ro)| 
= res R — R 2 meee ———— 
d |compm, xm, (R; o)] [Mo x Mj 
My X My Rp 


[EXAMPLE 6 Find the distance between the lines 


e Aer 2 Bap || 8e 3} p= || 
Mo X(R - Ry) = 0 T am T7 J -A 
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SOLUTION Here M; 23i +j —2k, Ro = —2i+ j - К. M, = —i + 4j + К, 
and К, = 3i + j + Ok; hence, 
i j k 
Mo x M, =| 3 Л = = i = 305 Ri- Ro = 51 + Oj + К 
|— 1 4 1 


апа (Mo X М), (Е, — Ro) = (9i = j| 35 13k) (5i + 0j К) = 58 
Hence, 
_ (Мә x M) (R: = Ro)| _ |58] 58 


IM, x му №92 + (-12 + 132 yK 


= 3.66 units 


Theorem 3 has the following useful consequence: 


Two nonparallel lines My x (R — Ro) = 0 and M, x (R — R,) = 0 intersect 
each other if and only if 


(Mo x М), (К, 5 Ro) = 0 


EXAMPLE 7 
(a) Show that the two lines 


J A - — Bn. i Б | 
à cop coto SU EXE 3 
meet in space. 


(b) Find the coordinates of their point of intersection. 


SOLUTION 


(a) Direction vectors Mo and M, and position vectors Ro and К, of points on 
the two lines, respectively, are given by 


M;-5i-7j-k = 9-1 
M,=i+2j+3k В = 21+ 5) + к 


і j k 
Here we have Мх М, = 5 T ESSI GE HS KK 
1 2 3 


so that 
(Mo X M,)*(Ri — Ro) = (23i — 16j + 3k)* (11i + 16j + k) 
= 23) = 2356 4-3 e 
Therefore, the two lines do meet in space. 


(b) We have four simultaneous equations 


ХС... 3 ae Л PS =] 


Z =€ ee 


5 7 2 І 3 


in the three unknowns x, y, z. Choosing any three of these equations and 
solving them, we find that x = 1, y = 3, and z = —2: hence, (1, 3, —2) is the 
desired point of intersection. * 


*As a check, we could substitute x = 1, y = 3, z = —2 into the fourth equation. 
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The Angle Between Two Lines 


Consider the two lines Мо X (R — Ro) = 0 and M, х (К — R,) = 0 having direc- 
tion vectors Мо and Mi, respectively. If 0 is the angle between Mo and M,, we 
define the angle a between the two lines to be the smaller of the angles 0 and 
T — 0, so that 


1 (Mo? Mil 


а = COs: 


(Mol Mi] 


Note that, by definition, we speak of the angle « between the two lines even if these 
lines do not meet in space. In particular the es are said to be perpendicular, 
if œ = 7/2; of course, they are para | 


(EXAMPLE 8 Find the angle a between the two lines 


ў = © ic 5 о B= 1 
=ү+3,2= 2 апа =- = 


SOLUTION Here M, = —7i + j + Ok and M, = 5i + 3j — 2k; hence, 


æ = cos! [Mo * Mi| = а о EE = COs 
^. |Mol (Mal. V50V 38 5V19 


== 42.77° 


Intersecting Planes 


Two nonparallel planes aox + boy + coz = Do and ax + biy + сүл = Dy intersect 
in a line / (Figure 7). The normal vectors to the two planes are given by 


No x aoi dr boj 3r сок апа М, = ai sls bij 3r cık 


respectively. Since / is contained in both planes, it is perpendicular to both of the 
normal vectors Ng and №; hence, / is parallel to the vector 


М= №х № 


An equation of /, in veetor form, is therefore 


M x (R—- Ry) = 0 


where Rg is the position vector of any particular point Pp on /. To find such a point 
Po, we just find any solution (xo, yo. zo) of the two simultaneous equations 
ү + boy + coz = Do 
ax + by t ez =D, 


This can be accomplished by setting one of the three variables x, y, or z equal to О 
and solving the resulting pair of equations for the remaining two variables. 


EXAMPLE 9 Find equations in symmetrie form of the line in which the planes 
3x + 2y + z= 4 and x — 3y + 52 = 7 intersect. 
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SOLUTION Тһе normal vectors to the two planes are given by No = 3i + 2j + К 
and М, = i — 3j + 5k; hence, a direction vector M for the line of intersection is 


given by 
i ja aki 
M-NgQXN,—-|3 2 | = I4j — 11k 
ES ES 


To find a point (хо, Yo. zo) common to both planes, we put y = yọ = 0 in the 
simultaneous equations 


n + = 
a Ser 7 
to obtain x = хо = 13 and 2 = zo = H The point (xo. уо. 20) = (Чї. 0, 17) belongs 


to both planes; hence, it belongs to the line in which they intersect. Equations in 
symmetric form for this line are accordingly 


13 1 


x- m $—0 аа 
13 —]4 zl 

Problem Set 13.5 
In Problems 1 to 6, find the distance from the given point to the In Problems 13 to 16, determine whether the planes are perpen- 
indicated plane. dicular. 
1 (3, 2, —1); 7x - бу + 6: = 8 13 2x — y + 7z + 5 2 0 and 9x + 4y — 22 = 13 
a (), O, Op 2esr = 2255 7 0 14 6x + 3y +z – 2 = 0 and 2x — 5y + 32 = 8 
3 (-2, 8, –3); 98x — y — 4: = 0 15 20 3 Sezer randi e ES VIELE? чү) 
4 (-1.2, -I;xtyv=6 16 4x —y + 2z = | and бх — dy —z=7 
5 (0, —3, 0); x - 7y tz 1-0 17 Finda numberc such that the plane (c + Ix — y + (2— c) = 5 


6 (4, —4, D; 21343 y 2223 is perpendicular to the plane 2x + 6y — z + 3 = 0. 
| 18 Find the equation of the plane parallel to the two planes 
In Problems 7 and 8, find the perpendicular distance between the 8x — y + 32 = 12 and 8x — y + 3z — 17 = O but lying midway 
two given parallel planes. [сйс йсй, 
7 Sx +y—42+6=0; Sx y — 42 = 24 In Problems 19 to 21, find an equation in scalar Cartesian form for 
82x: y—z212: Sx + 4y— 422 7 the plane satisfying the conditions given. 


19 Containing the points (— 1, 3, 2) and ( —2, 0, 1) and perpendicu- 


Eln Problems 9 to 12, find the angle a between the two planes. 
lar to the plane 3x — 2y + z = 15 


2 к= дуз е tac yr 20 Containing the origin, perpendicular to the plane whose equation 
1 2. = : a eie о 
10 3x =:= 7; 2y +4: = 5 is 14х P 2y + 11 = 0, and having a normal vector making a 45 
angle with the vector k 
1 4x — 4y + 72 = 31: 3x — 2y — 62 = 11 . 
Ж : \ 21 Containing the point (2, 0, 1) and perpendicular to the two 
12 2x + 3y + 5z=17;x=4 planes 2х — 4y — z= 7 and x- y +z = 
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22 Show that the distance d between the two paralle! planes 
ax + by + cz = D, and ax + by + cz = Р» is given by 
О, — Dj 
d = ——————^—- 
Моз иран ie 


23 Find a formula for the distance trom the origin to the plane 
atit by hez =D.: 


24 Show that if the point P, with position vector К, is on the same 
side of the plane N * (R — Ro) = 0 as the normal vector N (when 
the tail end of N is on the plane), then № (Е, — Ro)/|N| is 
positive. 


In Problems 25 to 28, find the distance d from the given point to the 
indicated line. 


41 
26 (0, 0. 0); = — - and z = 4 


аю ыг = е 


28 (0, 0, 0): Aa NS, уа 
a b € 


In Problems 29 and 30, find the distance d between the two lines. 


Р 5 x - Ron wa dea 
29 - = йш сс = jd xg 


t2 
l 

t3 
! 


30 R = (-4i + 4j — 7kY + 4i — 4j + 7k, and 
К = (2i + 2j + ky + i — 2j + 3k 


In Problems 31 to 34, determine whether the lines are parallel or 
perpendicular. 


gj gm || uec ar wel ЕЕ 
3l = = ; I == 

E == m ME 3 Ер 

Par || y- aap 2 peal 20) gai 
32 2 = à = = 

3 =2 3 un 4 10 

+3 `E- + + 2+4 

gay 2 - I n x ee SM 

p 4 ESSI =6 ESI 9 

w3 =3 ZELES —4 que 
DINI e and x = 2, — = 

D 1 I =| 


In Problems 35 and 36, determine whether the two lines mect in 
space. If they do meet, find their point of intersection. 


Eln Problems 37 and 38, find the angle а between the two lines. 


х y e XE и АИ ESO 
Se un ОТ у к 
Sem Л MILES Rie ў mr 2 
38 = = = and —— = + = 
5 EL Sa 3 6 


39 Consider the two lines 


dp Ser De Bo П к= 
Пе Дш UN Е 


(a) Find the angle a between the two lines. (b) Show that the two 
lines intersect in space. (c) Find the point of intersection of the 
two lines. 


40 Find a necessary and sufficient condition for the line 


X л + at 
y 9g bt 
z— 29 ct 
to intersect the x axis. 
41 Determine whether the linc 
yra му ke 
2 =} 4 


is perpendicular to the plane 3x + 2у — 2 — 11 = 0, and find 
the coordinates of the point where the line intersects the plane. 


42 A certain plane contains the two points (1, 0, 1) and (1, 1, 0), 
but does not contain any of the points on the line 


Find a scalar Cartesian equation of the plane. 


In Problems 43 to 46, determine whether the two planes are parallel. 
If they are not parallel, find equations in symmetric scalar form of 
their line of intersection. 


a 


Dy |æ >= 
ee it 


E а | х + 2у + 3с = | 
КОШО с 


=3х = бт — 9a 
Jy — 3yh Чг = 5 Эх + ж— ВЕ 0 
s [5-5 s [7* 
6x -9y + 82 = 1 n= у = == 


47 Find an equation of the plane that contains the points P, = 
(1,0, —1) and P; = (— I, 2, 1) and is parallel to the line of 
intersection of the plane 3x + y — 22 = 6and 4x — y + 32 = 0. 


48 Show that the two lines 


verdes rs- TS n 
y-7l1-4t and w= = Set PI 
g cese ПЕ 20 Jes] 


meet in space, and find an equation in scalar Cartesian form of 
the plane containing them. 
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49 Find an equation of the plane that contains the line (d) Find the angle between the line 
аи у Е 598 х= y 
= —— = = 2—5 = () 
à ml 2 3 1 
but does not intersect the line and the plane x + 2y = 7. 
х= — 1 52 1f @ is the angle between the nonzero vectors Ny and №, show 
= 214+ 2 that 
r= 31 Ly Not Naf 


CUTS ММ 
50 Let /, be the line of intersection of the two planes х + y — 3z = 0 
and 2x + 3y — 82 = 1, and let / be the line of intersection of 
the two planes 3x — y — z = 3 and x + у — 3z = 5. (a) Show 53 Find a point on the line x = у = z that is equidistant from the 
that /, and /» are parallel lines. (b) Find a scalar Cartesian equa- points (3, 0, 5) and (1, —1. 4). 
tion of the plane containing /, and /;. 


always gives the smaller of the two angles 0 and 7 — 6. 


54 A tetrahedron is a pyramid with four vertices Po, P1. P2, and P3 


51 (a) Give a reasonable definition of the angle a between the line and four triangular faces (Figure 8). Its volume V is one-third 
Mo X (К — Ro) = 0 and the plane N;*(R — Rj) = 0. of the distance from P, to the base PPP, times the area of 
(b) Show that the angle а of part (a) is given by the base. Find a formula for the volume V in terms of the co- 


ordinates of the vertices, Po = (xo. Vo. 20). Pi = (x. у. 21). 


EXT 
z! INSEL Р» = (Xo, уз, 22), and P3 = (х3, уз. 23). 


а = sin 


{Mol [№] 
(c) Find the angle between the line Figure 8 Po 
Р; 
el Ды P 
TOTNM Ш> 
P, 
and the plane 2x + 2y — z= 6. P 


13.6 Curves in Space 


The concept of a vector-valued function and the results obtained in Sections 12.4 to 
12.7 can be extended to vectors in three-dimensional space. Indeed, all the defini- 
tions in those sections were so formulated as to be applicable not only to vectors in 
the xy plane, but also to vectors in space. Furthermore, all the facts about continuity 
and differentiability of vector-valued functions carry over immediately to xyz space, 
provided that the vectors are written in terms of three scalar components. For 
instance, if F is a vector-valued function of the scalar z, then 


FO) = uoi + vj + WOK 


where u, v, and w are the three scalar component functions of Е; furthermore, F is 
differentiable if and only if и, v. and w are differentiable. If u, v. and w are 
differentiable, then 


Е) = ші  v'(nj + w'()k 


and so forth. 
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The facts concerning the cross product of two vector-valued functions are exactly 
as might be expected. Indeed, if F and G are vector-valued functions, then: 


1 If lim F(r) and lim G(r) both exist. it follows that lim [F(t) X G()] 
fece 


{эё гэс 


exists and 


lim (F(t) x G(0] = [lim F()] x [lim G] 
t—c эс [153 


2 |f F and G are continuous, then so is the function H defined by 
На) = F(t) x GU) 


3 If F and G are differentiable and Н is defined by H(r) = FU) х Си). 
then H is differentiable and 


H'(t) = F'() x Gi) + F() x G'() 


These facts are easy to verify by considering the scalar component functions of F 
and G (Problems 38 to 40). Using Leibniz notation, we can rewrite the equation for 
the derivative of the cross product as 


Motion in Space 


Figure 1 If F is a three-dimensional vector-valued function, then a vector equation of the 
form R = F(1) can be regarded as specifying a variable position vector R in terms of 
a parameter f. As t varies, R traces out a curve in space (Figure 1). For instance, if 
M is a nonzero constant vector, then the position vector R given by 


К= К + М 


traces out а line in space, as seen in Section 13.4. 

We can always regard R = F(t) as giving the position vector of a moving particle 
P at time r. By the same considerations as those in Section 12.5, a particle P moving 
in space according to the equation of motion 


where x, y, and т are functions of time г, has a velocity vector V given by 


Reasoning exactly as in two dimensions, we find that the velocity vector V is 
always tangent to the path traced out by P. Also, the length |V| of the velocity vector 
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Figure 2 gives the instantaneous speed v of P; that is, 


ds where s is the arc length measured along the path of P (Figure 2). 


EXAMPLE 1 A particle P is moving in space according to the equation of motion 
К = (4 cos t)i + (4 sin Dj + ^k 


At the instant when ¢ = 7/2, find (a) the velocity vector V, (b) the speed v, and 
(c) the acceleration vector A. 


SOLUTION At any time t we have V = dR/dt = (—4 sin ni + (4 cos nj + 2tk, 
and A = dV/dt = (—4 cos ni + (—4 sin Dj + 2k. Therefore, at the instant 
t= 7/2, 


(a) У = (-4 sin Ji + (4 cos £y ШЕ e ak 
2 2 2 
(b) v = |V| = Vi6 + я2 


(с) А = (-4 cos 2) + (-4 sin 


T 
2 


\г+ 2k = ca + ж 


Let R = F(z) be a vector parametric equation of a curve in space. Then, provided 
that |dR/dt| # 0, a unit tangent vector T to the curve is given by 


x Notice that 


so that the velocity vector is obtained by multiplying the unit tangent vector by the 
speed. Henceforth, we assume that |dR/dt| = 0, so that T is defined as above. 


Since 
ds | dR [E e E 
dt dt dt dt dt 


the arc length of the portion of the curve R = F(t) between the points corresponding 
to t= a and t = b is given by 


b I o dB NS 
je |t a= | JG) + 


EXAMPLE 2 Let С be the curve whose vector parametric equation is 
R = V6r7i + 3] + $k. Find (a) the unit tangent vector T to C when г = 1 and 
(b) the arc length s of C between the points where г = 0 and where г = 1. 


SOLUTION Неге dR/dt = 2 V 6ti + 3j + 417k, so that 


pus ал р dt 


\ dt 
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dR T 5 2 
= V24r +9 + l6 = У (4° + 35 = ҷо? +3 
di 
dR/di — 2N'6ri + 3j + 4k | |! 
and 8 SS туз SS for any value of г 
Id R/di| au mE 3 
m 2V6i + 3j + dk 
(a) For z = 1, we have T = а 7 ай 
! | dR ' i x 
(b) у= ——| dt = H- + 3) dt = — units a 
o ! di о 3 


Normal Vector and Curvature 


Figure 3 In what follows we denote by s the arc length measured along the curve C between a 
fixed starting point Py and the point Р whose position vector is R = F(t) (Figure 3). 
Then, by the chain rule, 

dR dR dt _ dR/dt _ 


ds ш ds ds/dt 


The vector dT/ds is still called the curvature vector, just as it was in two 
dimensions. In three-dimensional space, we do not attempt to give the curvature « 
an algebraic sign, and we simply define 


Ба 
so that к = 0. Because T is a unit vector, T * T = 1. Differentiating with respect to 
s, we obtain 


IT IT ат 
== рл Oe ae 


d 
—(T-T)= 
ds 


ds S ds 


That is, 


Therefore, the curvature vector dT/ds is always perpendicular to the tangent vector 
T. If к #0, then the vector N defined by 


Figure 4 G 
S is а unit vector perpendicular to the tangent vector T. Just as in two dimensions, we 
1 refer to the vector N as the principal unit normal vector to the curve C (Figure 4). 

Notice that 
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If we differentiate both sides of the equation V = vT with respect to /, we obtain 


dV dy dT 
— + {=E 


dt dt dt 
= dv ds dT 
dt dt ds 


or 


Hence, even in three-dimensional space. the acceleration vector A decomposes into 
the sum of a tangential component vector (dv/dt)T and a normal component 
vector 12к№. 

Taking the cross product with V on both sides of the last equation 
A = (dv/dt)T + v°KN, and using the fact that V = vT, we obtain 


d р du : 
УХА = eV x T) + уку х № = at x my sie N) 


=@0+у°к(Т x М) = wk(T x N) 


In what follows, we make extensive use of the equation 


Since T and N are perpendicular unit vectors, it follows that [T x N| = 
|T| IN| = 1: hence. by the equation above. 


IV x Al = |P?«(T x N)| = ?«[T x N| = ок 


Solving for к, we obtain 


Because vT = V, the equation V x A = i?k(T х М) can be rewritten as 
V X A = y?k(V x N) 
Taking the cross product with У, we obtain 
(V X A) x V 2 «(V x N) x V = vki. VN – (№ VV] 


where we have used the triple vector-product identity (Theorem 4 in Section. 13.3) 
to expand (V x № x V. Since VV = Iv? = ү? and 


N:V— N*(T) = М.Т =1(0) =0 


the equation above can be rewritten as 


(V X A) X V = 12к(12№ — OV) = укМ№ 


Thus. 
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The equations к ^ |V x A|A? and N = (V x A) x V/(v^x) allow us to find the 
curvature and the principal unit normal vector directly in terms of the original 
parameter г. 


EXAMPLE 3 Find T, М, and « if = (212 + ii + (? — 20j + (? — Dk. 


SOLUTION Here; V = dR/dt = 4ti (2t — 2)j + 2k. so that 


v = |V| = V 1607 + (2г— 2) + 4° = 2V6? —2r 1 
л dV 
"d A=— = di 2j + 2k 
dt 
Thus, а параши 
v V6 —2t* 1 
i j k 
VXA-—[d4 22-2 21 = —4i + 0j + 8k = —4(i — 2k) 
4 2 2 
i j k 
(V x A) ХУ = |-4 0 8| = (-16 + 16)i + 40rj + (—8r + 8)k 
и о 2 Юю 
_|VxAl 4li — 2k| V5 
к= 3 © ME V cS 3/2 
\ Ge res T Ae — 3g sr n 


Ez aono VEO. ac РЕБ 
i V5V 6r? — 21 + 1 


Binormal Vector and Torsion 
The vector T х N that appears in the equation 
Vx A=wk(T х № 


is called the unit binormal vector to the curve and is symbolized by B. Thus, by 
definition, 


that is, 


Figure 5 


Note that B is a unit vector, and it is perpendicular to both T and N; furthermore, 
T. N, B is a right-handed triple, just as i, j. К is. However, Т. N, and B are variable 
vectors, moving along with the point P as it traces out the curve (Figure 5). 
Just as i, j, К forms a basis, so does any particular triple T, N, B; hence, any 
vector X can be expressed as a linear combination of T, М, and B as follows: 


T ы X = (X: T)T + (X: NN + (X: B)B 
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(see Problem 67 in Section 13.2). In particular, 


1 \ | 
dN Ж = тут + E N)N + = -B)B 
ds ds ds ds 


Differentiation of both sides of the equation N* T = 0 with respect to s gives 
(dN/ds) * T + М. (dT/ds) = 0, so that 


dN dT 
jee We N° = ММ = «NN = к= =; 
ds ds 
Similarly, differentiation of both sides of the equation М.М = I gives 
2 (dN/ds)* N = 0, so that 
dN Д 
ds 


Therefore, substituting into the equation above for dN/ds, we obtain 


The scalar (dN/ds) * B in the last equation is called the torsion of the curve and is 
traditionally denoted by the Greek letter 7 (called *‘tau’’). Thus, by definition, 


The torsion 7 is a measure of how rapidly the curve is twisting" in space. The 
three equations 


are called the Frenet formulas. (For a proof of the third equation, see Problem 44.) 
These Frenet formulas— which express the rates of change of T, N, and B with 
respect to arc length in terms of T, N, B, the curvature, and the torsion—are the 
fundamental equations for the study of curves in space. It can be shown that all the 
intrinsic geometric features of the curve are implicit in these three equations. 

If we differentiate both sides of the identity A = (dv/dt)T + v?kN with respect to 
arc length s and use the identities dT/ds = KN and dN/ds = –кТ + 1B, we obtain 


dA d(dv/dt dv ат * 
BE adt viet) ала щш on 2, AN 


ds ds dt ds ds К ds 


d(d 2 
А ( ай тз Д " d(v^K) 
ds dt ds 


N+ у?к(—кТ) + 1?k(7B) 


Taking the dot product on both sides of the last equation with B and using the facts 
that T-B=N-B=0 and B-B= l, we obtain (dA/ds)*B = у°кт. Since 
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Circular helix: the track of a roller 
coaster in an amusement park 


Figure 6 


X =acost 
v=asint 
г= ы 


2nlbl 


v(dA/ds) = (ds/di)(dA/ds) = dA/dt, we can multiply the last equation by v to ob- 


x [А iA 
( ES) “В = wer ог B= er 
ds dt 
Since B = (V x А)/(у?к). we have 
l dA z x A ) 7 
= 3 = VKT 
dt к 


or 


This formula gives the torsion 7 in terms of quantities that can be found directly in 
terms of the parameter f. 

The following example involves a curve К = (a cos t)i + (a sin t)j + ЫК, 
where a and b are constants and а > 0. In scalar parametric form, x = a cos f, 
y-asinf, and z = bt. As the parameter г increases, the point (x. у, 0) = 
(a cos t, a sin г, O) in the xy plane traces out a circle of radius a. Meanwhile, the z 
coordinate z = br changes uniformly, so that the point (x, v. z) traces out a circular 
helix (Figure 6). When / increases by 27, x and у return to their previous values 
while z increases by 2zb. We say that the helix has radius а and pitch 27b]. 


EXAMPLE 4 If R = (2 cos f)Ji + (2 sin Dj + 3tk, find V, v, A, T. V X A, к, N, 
B. dA/dt. and т. 


SOLUTION dR 
y= ao (—2 sin +i + (2 cos tj + 3k 
a 
vy =|V| = V4 sin? t + 4 cos? + 9 = V13 
av А , Л 
= = (—2 cos t)i — (2 sin Dj 
dt 
that T ly [(—2 sin Ni + (2 Oj + 3k] 
so tha = MGS ——[|(—2 sin Ni 2 cos 3k 
ET 1 
i i k 
УХА = |-2sinf 2 cos t 3| = (6 sin Ni — (6 cos Nj + 4k 
— Nu =2 ows 0 
Thus, 
IV x Al V36 sin? г + 36 cos? г + 16 V 52 2 
ELLE SS EE EE ES Se 
y ОЕ BNE MIB 
А ? k 
VxA xV | | J 
A. Мей Ы ea 6sint —6cost 4 
MSS Hos 2cost 3 
= (—cos t)i — (sin 0j 
and 


УХА —(6sin Hi ~ (6 cos Dj + 4k _ (3 sinni — (3 соз ТӘК 


pe = 
У x A| V36 sin? t + 36 cos? г + 16 V13 


Also, 


so that 


1 dA 


убк2 dt 
1 
50 


Problem Set 13.6 
In Problems I to 6, find (a) F'(15) and (b) F"(19). 


1 F(r) = SPi + Gr + Dj + (3 – 0k. p= 1 

2 Fi) = Мй * ej tk, 0 = 4 

3 F(t) = (1 + 071 + (cos Dj + In (1 — Dk, t = 0 

4 F(r) = (2 + sin Di + (cos Dj + tk, to = 7/2 

5 F(t) = (cos 20i + (sin 20j + Pk, to = 7/4 

6 Fi) — ei + ej + tk, г = 
In Problems 7 to 12, find (a) the velocity vector V, (b) the speed v, 
and (c) the acceleration vector A at the time г of the particle whose 
equation of motion is given. 

7 К = (2 cos 2t)i + (3 sin 2r)j + tk 

8 R=(2+ fi + 3rj + (5 — 3)k 

9R=e i+ 2ej + Pk 

10 К = (In cos Di + (sin Dj + (cos Nk 

П R = (rsin Di + (t cos Nj + £k 

12 К = (e cos Di + (e ' sin Dj + e 'k 


In Problems 13 to 16, find (a) V, (b) v, and (c) A for the indicated 
value of z. 


13 К = (cos 20) + (3e )j + (sin 20k when г = 0 
14 R = (z sin ji + ej + (cos Nk when г = 0 

15 К = (4 cos Di + (4 sin Dj + e'k when г = 7/2 
16 R = (27 — Di + 3j + (P + DK when г = 1 


In Problems 17 to 26, find the arc length of the portion of the given 
curve between the point where г = a and the point where 1 = b. 


17 К = (3 cos tji + (4 cos Dj + (5 sin ОК; а = 0. b —2 


[(2 sin ai 
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dA m n ; 
—— = (2 sin ni — (2 cos г)ј 
dt 
(V X A) 
x А m. pi k] = E = 2 
— (2 cos nj] * [(6 sin i — (6 cos Dj + 4k] = 52 ы 13 


= (cos 3r)i + (sin 3)j + Stk: a = 0, b = 27 
= 6ri+ 32) +k: а= 0, b = 3 
= 2001 u- 3) + ЭК; a = 6, b — 10 


=i +e f+ Vik: a=0,b=1 


R 

R 

R 

R 

22 R = (t sin Hi + (г cos Nj + kja=0,b=4 

К = (е ‘cos гі + (e~ sin Dj +e 'k;a=0, р= т 
R = (cos i + (In cos nj + (sin Dk: a = 0, b = 7/4 
R = (0/3 — 1/0) + (0/3 — 7/0j + tk: a= 1. b —4 
R 


26 Б = (21° + 3d + (3 — 212) + 4rk: а= 0, Б= 2 


In Problems 27 to 32, find (a) V, (b) у, (c) A, (d) Т. (e) V x A. 
(Е) к, (g) N, (h) B, (i) dA/dt, and (j) т for each curve in space. 
27 R = (2 cos Di + (3 sin Dj + tk 

28 R = (P — 3 (P + 7)j +(e + Dk 

29 Res eer le eM TK 

30 R = e'i + 2te'j + 3e'k 


® i 
31 R= a+ с + rk 


cos f In cos f sin Г 
32 R= i+ j+ k 
Iy "ELE m 


In Problems 33 to 36, let F(r) = 51 + (? — 2)j + Pk, GU) = 
i+ (1/0) + Pk, and A(t) = 31. 


33 Find - ково: 


(a) By calculating А(г)Е(г) and differentiating 
(b) By using the formula 


Soman = [noo cnt] 
di [A(OF(] = | di А) (EC) + (тї) E, F(t) 
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ы 
n 


1 
Find —[F() GI: 
di 


(a) By calculating Fit) * G(s) and differentiating 


(b) By using the formula 
1 1 1 
— [Ft Сп) = | d r| cw + FD: ЕСЙ 
dt dt : dt 


Find “FW x GD): 


(a) Е ee Ка) х Gr) and differentiating 
(b) By using the formula 


4 
t2 


44 
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Suppose that the curve R = F(z) in space has curvature к = 0 at 
all points. (a) Show that T is a constant vector. (b) Show that 
T x R is a constant vector. (c) Show that the curve is a portion 
of a line. 


Prove the formula 


2 | dR X к ‚ФЕ 
у BO ds ds*/ dg 
\ x б 5 ] 1A 
Hint: Take t = s in the formula 7 = ——- ——*(V X A). 
WK dt 


Prove the third Frenet lormula: 


1 1 1 dB 
IF) x Gin] = [Lro] x Ga) + FU) x ЕС —— = –1№ 
а а а ds 
d d dB JD / dB dB 
36 Find (a) —\F()| : — F’). [ -( “ГЕ -NJN + iR ‚в)в.| 
Find (a) Е {F(2)| and (b) Jm F(t’) ШЕ E. ) ( zi ih 
37 Find T, М, B, к, and 7 for the circular helix 45 Suppose that the curve R = F(z) in space lies in the plane 
E. | No’ (R — Ro) = 0. Prove that the torsion 7 of the curve is iden- 
: = ч cos И tically zero. (Caution: Here №, is the constant normal vector го 
x ч ITE the plane— do not confuse it with N, the variable principal nor- 
= mal vector fo the curve.) 
sh tovs Mag i lim Ки) and lim G(r) both exist, then 46 Suppose that the curve R = F(z) in space has torsion 7 = 0 at all 
lim [F(1) X Gtr)] exists and equals [lim Ft] x [lim Gi}. points. Prove that the curve hes in a plane. 
EO qe ise 
dB 
39 If F and G are continuous vector-valued functions, show that 47 Prove that r= + zu 
F x G is also continuous. 
| А PRENNE Я 48 Let R = F(z) be the equation of motion of a particle Р of mass 
40 Suppose that F and G are differentiable vector-valued functions m. We say that P is moving under the influence of a central 
of t. Prove that F х С is differentiable and that force f if there is a function g such that 
di dF AG values of time г. Assuming that this is so and using Newton's 
ИЛА! x G)= xG+Fx 7 second law of motion, f = mA, (a) show that R X A = 0 for 
all values of t, (b) show that the orbit of P has torsion 7 = 0 
ФЕ x G) at all points. and (c) conclude that P moves in a plane. (See 
АЛШЕх апае — == 3 
Е Problem 46.) 
13.7 Spheres, Cylinders, and Surfaces of Revolution 
Figure 1 


equations. 


In Section 13.4 we found that a plane in хус space has a scalar Cartesian equation 
ax + by + cz = D. In general, the graph of an equation involving x. y. and z is a 
two-dimensional surface in xyz space. For instance, Figure 1 shows a computer- 
generated graph of the equation 


hee atl ee Ties 
Zr ;9 ) DR тл: + ] 


In this section and the next, we study some special types of surfaces and their 
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Figure 2 Spheres 


If P = (x. у, z) and Ро = (xo. yo. zo). then, as we saw in Section 13.2, the distance 
between Р and Po is given by 


Ip] = V(x = хо)” + = va + (2 = 20)? 


Therefore, the equation 


where r is a positive constant, means that the distance between P and Po is r units; 
hence, this equation represents the surface of a sphere of radius r with center at the 
point Po = (хо. Yo. zo) (Figure 2). In particular, if Ро = (0, 0, 0), then the equation 
of the sphere becomes 


х? + у? = 


EXAMPLE 1 Find an equation of the sphere with radius 5 units and center at 
(= 2. 4), 


SOLUTION Ап equation of the sphere is (x + 1)? + (y — 2)? + (z — 4)? = 25. E 


EXAMPLE 2 Find the radius and the center of the sphere whose equation is 
x? y! 2° — 6x4 2у + 4с — 10 = 0. 


SOLUTION Regrouping terms and completing the squares, we obtain 
(х2 — 6x9) + (у? + 2у + 1) +(2"+4г+4)=9+1+4+ 11 


or 


Figure 3 (х — 3)? d (y at 1)? + (2 + aye = 25 
2 which represents a sphere of radius 5 with center (3, —1, —2). [| 
9 d. Cylinders 
© 


A line L in space which moves so as to remain parallel to a fixed line Lo while 

intersecting a fixed curve C is said to sweep out a cylindrical surface—or just a 

cylinder for short (Figure 3). Any particular position of L is called a generator of 
Figure 4 - the cylinder, and the curve C is called the base curve. If the base curve C is a circle 
and all the generators are perpendicular to the plane of the circle, then the surface is 
called a right circular cylinder. A cylinder whose base curve is an ellipse, parab- 
ola, or hyperbola is naturally called an elliptic, parabolic, or hyperbolic cylinder. 
respectively. 

In what follows we consider only cylinders whose generators are parallel to one 
of the coordinate axes and whose base curve lies in the coordinate plane perpendicu- 
lar to that axis. For instance, the cylinder in Figure 4 has generators parallel to the z 
axis; hence, if the point О = (хо, yo. 0) is on the base curve С. then all points of the 
form P = (хо, уо, 2) also belong to the cylinder. It follows that the equation of 
this cylinder cannot place any restriction on z whatsoever—that is, either z is not 
present in the equation, or else it can be removed from the equation by algebraic 
manipulation. 
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Figure 5 


base curve 


yeas 


Figure 7 


К = (0, 0, 2) 


To sketch the graph of a cylindrical surface whose equation is missing опе of the 
variables x, v. or z, begin by sketching the graph of the equation in the coordinate 


plane involving the variables that are present, thus obtaining the base curve C. 
The surface is then swept out by a line perpendicular to this coordinate plane and 
intersecting the base curve. 


In Examples 3 and 4, the graph of the given equation is a cylinder. (a) Identify the 
coordinate axis that is parallel to the generators. (b) Specifv the coordinate plane 
containing the base curve. (c) Describe the base curve. (d) Sketch the cylinder. 
EXAMPLE 3 уг =x 
SOLUTION 

(a) The variable z is missing; hence, the generators are parallel to the z axis. 

(b) The base curve is contained in the xy plane. 

(c) The base curve is a parabola. 

(d) The graph appears in Figure 5. 


EXAMPLE 4 2 = sinx 
SOLUTION 


(a) The variable y is missing; hence, the generators are parallel to the y axis. 
(b) The base curve is contained in the xz plane. 

(c) The base curve is a sine curve. 

(d) The graph appears in Figure 6. 


Figure 6 


ta 


base curve 
z-sinx 


Surfaces of Revolution 


A surface of revolution is defined to be a surface generated by revolving a plane 
curve C about a line L lying in the same plane as the curve. The line L is called the 
axis of revolution. For instance, a sphere is the surface of revolution generated by 
revolving a circle C about an axis L passing through its center. Notice that a surface 
of revolution intersects a plane perpendicular to the axis of revolution in a circle or 
a single point, provided that it intersects the plane at all. 

Figure 7 shows a portion of a surface of revolution obtained by revolving the 
curve C in the yz plane about the z axis. In order to find an equation of this surface, 
consider a general point P — (x, v, z) on the surface, noting that P is obtained by 
revolving some point Q on the original curve C about the z axis as in Figure 7. 
Perpendiculars dropped from P and Q to the z axis meet the z axis at the same point 
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R = (0, 0, z). Notice that P, Q, and R have ihe same z coordinate. Let r = IPR| = 
IQR}. Since О lies in the yz plane, its x coordinate is zero. Let Q = (0, y}, 2), noting 
that ly,| =r. 
Now, E 
УТ =? = |РЕ|> = (с – 0) + (у 0) уз 


Hence, y; = € Vx? + y?, We conclude that if Р = (x. у, т) belongs to the surface 
of revolution, then either О = (0, Vx? + y?, z) or Q = (0, М + y^, 2) belongs 
to the generating curve. Conversely, if О = (0, ут, z) is a point on the generating 
curve C, then any point P = (x, y, z) such that Vx? + y? = у. lies on a horizontal 
circle of radius r = |y,| with center at R = (0, 0, z); hence, such a point P belongs 
to the surface of revolution. We conclude that P = (x, y, z) belongs to the surface of 
revolution if and only if О = (0, + Vx? + y^. т) belongs to the generating curve. In 
other words, an equation of the surface generated by revolving the curve C in the yz 
plane about the z axis is obtained by replacing the variable y in an equation of C 
by the expression € V x? + у?. 


EXAMPLE 5 Тһе parabola 2 = y? in the yz plane is revolved about the z axis to 
form a surface of revolution. A computer-generated graph of this surface is shown 
in Figure 8. Find an equation of this surface. 


SOLUTION Replacing y in the equation z = y? by + Vx? + y2, we obtain 


оси у? 


The surface in Figure 8 is called а paraboloid of revolution. Similarly, a surface 
of revolution obtained by revolving a hyperbola or an ellipse about one of its own 
axes of symmetry is called a hyperboloid of revolution or an ellipsoid of revolu- 
tion, respectively. 


Figure 8 


x. 


The preceding considerations apply to curves lying in any coordinate plane, 
and we have the following general rule for finding an equation of a surface of 
revolution: 


I List the three variables in such an order that the first variable represents 
the axis about which the generating curve C is revolved and the first two 
variables represent the plane in which C lies. 


2 In an equation for C, replace the second listed variable by plus or minus 
the square root of the sum of the squares of the second and third listed 
variables. 
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This procedure is summarized by the following table. 


Plane curve C lies in the: 


Axis of revolution In an equation for С, replace: 


x axis xy plane y Бу = WAVE SES 
X axis xz plane z by tV + у? 
у ахіѕ xx plane х Бу V +: 
у axis yz plane zby «М: + д 
т axis zx plane 


zy plane 


EXAMPLE 6 Find an equation of the surface of revolution generated by revolving 
the curve y? = 3x in the xy coordinate plane about the x axis. Sketch a graph of the 


surface. 
Figure 9 z SOLUTION Following step 1 of the rule above, we list the three variables in the 
order x, у, z. Carrying out step 2, we replace у in the equation y^ = Зх by 
б Га ^ e 
+ Vy? + г? to obtain (+ Vy? + 27)? = 3x, or y? + 2? = 3x (Figure 9). a 


Note that an equation represents a surface of revolution about one of the coordi- 
nate axes if it contains the variables corresponding to the other two coordinate 
axes only in combination as the sum of their squares. For instance, the equation 
ү? = A(z? + х2) contains the two variables x and z only in the combination 2? + х? 
and so represents a surface of revolution obtained by revolving a curve about the y 
axis. 

If a surface is known to be a surface of revolution about one of the coordinate 
axes, a generating curve C can be found by intersecting the surface with either one 
of the coordinate planes containing that coordinate axis. Of course, in order to find 
an equation of the intersection of a surface with the xy, xz, or yz coordinate plane, 
you may set z, y, or х. respectively, equal to 0 in the equation of the surface. 


EXAMPLE 7 For the surface of revolution x? — y? + 2? = 1: 


(a) Find the axis of revolution. 


(b) Find a generating curve in either one of the coordinate planes containing 
the axis of revolution. 


(c) Sketch the graph. 


SOLUTION 


Figure 10 2 


(a) The equation can be rewritten as (x^ + 2?) — у? = 1 and thus contains the 
variables x and = only in the combination x? + 22. It is therefore a surface of 
revolution about the у axis. 


(b) We can find a generating curve by intersecting the surface with either the 

xy plane or the yz plane. The intersection with the yz plane is found by setting 

x = 0 in the equation x? — y? + 22 = 1 to obtain 22 — y? = 1. the equation of a 
hyperbola. 

(c) The surface. sketched in Figure 10, is generated by revolving the hyper- 
bola 22 — y? = 1 about the y axis and thus is a hyperboloid of revolution. B 
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Problem Set 13.7 


In Problems 1 to 4, find an equation of the sphere satisfying the 
given conditions. 
1 Center at (2, —1, 3) and radius 4 units 


2 Its diameter is the line segment joining the points (8, —1, 7) and 
(S25. =, Sy 


3 Center at (4, 1. 3) and containing the point (2, — 1, 2) 


4 Containing the points (3, 0, 4), (3, 4. 0), (9, 0, V7). and 
(—3, 0, 4) 


In Problems 5 to 9, find the center and radius of the sphere. 
RIED —*20 

Get teeter + 2x + 149 10g + 74 = 0 

7 2x? + 2y? + 222 + 4x — 4y — 14 =0 

82 +у +22 – 8+ 4у + 100+9=0 

9 х2 + у +” — бу + ву 4: – 1920 


10 Find the set of points that are equidistant from the points 
Ge Sy = D eut (@, =] Dh 


In Problems 11 to 30, (a) identify the coordinate axis to which the 
generators of the cylinder are parallel, (b) specify the coordinate 
plane containing the base curve, (c) describe the base curve, and 
(d) sketch the cylinder. 


П у= 2 

12 xy = 3 

13 yz=1 

14 у + = 4 

15 д2 + у> = 9 
ce у 

Lyra Tc 

Tu E 
g 4 

18 y =4-2 

19 x7 == 

20 у= е 

Pal Par ees) 

22 3x + 2y= 


23 9? — 42? = 36 


= 


29 х- = :г- 


30 И + = 1 


In Problems 31 to 40, find the equation of the surface that results 
when the graph of the given equation is revolved about the indicated 
axis. Sketch the surface. 

31 y= x in the xy plane about the x axis 

32 y = 3x + 2 in the xy plane about the y axis 

33 г? = 8x in the xz plane about the x axis 

34 4i? — 92° = 5 in the xz plane about the z axis 


35 z — x? in the xz plane about the z axis 


+ —— = 1 in the yz plane about the z axis 


m 
37 бу? + 62 = 7 in the yz plane about the y axis 
38 x? — 422 = 4 in the xz plane about the x axis 
39 z = 1 — y? in the yz plane abont the z axis 


40 y — In x in the xy plane about the x axis 


In Problems 41 to 46, each equation represents a surface of revolu- 
tion about one of the coordinate axes. ldentify this axis, find the 
equation of a generating curve in the indicated coordinate plane, and 
sketch the graph. 

41 x?- y? + z= 3; xz plane 

42 9:2 = x? + y^; xz plane 

43 x? — 93? — 927 = 18; ху plane 

44 4— y = 3G + 27); yz plane 

45 x? + y? = sin? 2; хс plane 

46 9x7 + 9y? + 42? = 36; yz plane 

47 If A? + B^ + C^ 4D, by completing the squares show 


that the equation х? + у + 7 + Ах + By + Cz + Р = 0 can 
be rewritten in the form (x — до)” + (у — yo)? + (2 = zo = г”. 


$12 CHAPTER 13 COORDINATE SYSTEMS IN THREE-DIMENSIONAL SPACE 


13.8 Quadric Surfaces 


in Chapter 9 we showed that, apart from certain degenerate cases, the graph in the 
xy plane of a second-degree equation 


Ах? + Bry + Cy? + Dx + Ey + F=0 


is acircle, an ellipse, a parabola, or a hyperbola; in any case, it is a conic section. A 
second-degree equation in the three variables x, y, and z has the form 


Ax? + Ву? + Cz? + Dey + Exz + Fyz + Gx + Hy + Iz tK = 0 


and the graph of such an equation in xyz space is called a quadric surface. By 
rotating and translating the coordinate system in three-dimensional space, it is pos- 
sible to bring the second-degree equation into certain standard forms and thus to 
classify the quadric surfaces. Figures | through 6 show computer-generated graphs 
of some quadric surfaces. 

In this section we do not attempt a detailed study and classification of quadric 
surfaces. Rather, our intention is to familiarize you with the general shapes and the 


Figure I Figure 2 Р Figure 3 2 


TINS 


an ellipsoid a hyperboloid of one sheet a hyperboloid of two sheels 


ч 


Figure 4 z Figure 5 8 Figure 6 


2 
у 
a? с2 * 


ап elliptic cone an elliptic paraboloid a hyperbolic paraboloid 


Figure 7 


surface _ 


copy of x axis 
in cutting 
plane 


copy of z axis 
in cutting plane 


cutting 


plane as shown in Figure 7. Exactly the same idea applies to cross 
IG 
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standard equations of the common quadric surfaces. We begin by mentioning, very 
briefly, some of the basic techniques for visualizing or graphing surfaces in space. 
These involve (1) cross sections, (2) traces and intercepts, and (3) symmetries. 


Cross Sections 


The simplest (but in many cases the most effective) technique for visualizing, rec- 

ognizing, or graphing surfaces in space is to find the cross sections formed by 

intersecting the surface with planes—especially by planes 

perpendicular to the coordinate axes or perpendicular to the 

axes of symmetry of the surface. For example, Figure 7 

cross shows the cross section cut from a surface by a plane y = a 
men perpendicular to the y axis. An equation of the cross section 
in the cutting plane y = a can be found simply by putting 
у = a in the equation of the surface. The resulting equation, 
which involves only x and z, is an equation of the cross sec- 
tion relative to copies of the x and z axes in the cutting plane 


sections cut by planes perpendicular to the other coordinate 
axes. 


Traces and Intercepts 


The cross sections cut from a surface by the coordinate planes themselves are called 
the traces of the surface. For instance, the yz trace of the surface (that is, the cross 
section cut from the surface by the yz plane) is obtained by putting x = 0 in an 
equation of the surface. The Xy trace and the xz trace are defined similarly. 

The x. у, and z intercepts of the surface are defined to be the points (if any) in 
which the x, y, and z axes, respectively, intersect the surface. For instance, to find 
the x intercept, we set y = 0 and z = 0 in an equation of the surface. 


Symmetries 


Surfaces often display symmetries with respect to points, lines, or planes. Of 
course, a surface is said to be symmetric with respect to a point, line, or plane 
provided that whenever a point P lies on the surface, so does the point Q, which is 
symmetrically located with respect to the point, line, or plane. For instance, if an 
equation equivalent to the original equation of the surface is obtained when y is 
replaced by — y, then the surface is symmetric with respect to the xz plane. Symme- 
try with respect to the z axis can be tested by replacing both x and y by —x and у, 
respectively, and checking whether the resulting equation is equivalent to the origi- 
nal one. Similar tests are easily discovered for symmetries with respect to the other 
coordinate planes or coordinate axes as well as for symmetry with respect to the 
origin (Problems 25 to 27). 


Central Quadric Surfaces 


The graph in xyz space of an equation of the form 


where a, b, and c are positive constants and not all three algebraic signs are nega- 
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tive, is called a central quadric surface. Since only even powers of the variables 
appear, a central quadric surface is symmetric with respect to all three coordinate 
planes, all three coordinate axes, and the origin. The central quadric surfaces are 
classified as follows: 
I If all three algebraic signs are positive, then the surface is called an ellipsoid. 
2 If two algebraic signs are positive and one is negative, then the surface is 
called a hyperboloid of one sheet. 
3 If one algebraic sign is positive and the other two are negative, then the 
surface is called a hyperboloid of two sheets. 


We now discuss each of the central quadrics briefly. 


Figure 8 E The Ellipsoid 


The x, v, and z intercepts of the ellipsoid 


are (+a, 0, 0), (0, +b, 0), and (0, 0, +c), and the traces on the coordinate 
planes are the ellipses (or circles) (х2/а2) + (y?/b?) = 1. (x?/a?) + (22/2) = 1, 
and (y"/b?) + (22/с2) = 1. In fact, all cross sections cut by planes perpendicular to 
the coordinate axes are ellipses (or circles) (Problem 29). The graph is sketched 
in Figure 8. 


The Hyperboloid of One Sheet 


Suppose, for definiteness, that the term involving z? carries the negative sign, so 


that the equation has the form 


The x and v intercepts are (+a, 0. 0) and (0, +b, 0). but there is no z intercept since 
the equation —z7/c? = | cannot be satisfied by any real number z. The traces on the 
coordinate planes are as follows: 

1 The xy trace is the ellipse (or circle) (x2/a?) + (y?/b?) = 1. 

2 The xz trace is the hyperbola (x?/a?) — (27/0) = 1. 

3 The yz trace is the hyperbola (7/5?) — (22/с2) = 1. 


Figure 9 z 


Indeed, all cross sections cut by planes perpendicular to the x or y axes are hyper- 
bolas or pairs of lines, and all cross sections cut by horizontal planes are ellipses 
(Problem 30). A portion of the surface is sketched in Figure 9. 


The Hyperboloid of Two Sheets 


Suppose, for definiteness, that the terms involving у? and z? carry the negative 
signs, so that the equation has the form 
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The x intercepts are (+a, 0, 0), but there are no y and no = intercepts. (Why?) The 
traces on the coordinate planes are as follows: 


1 The xy trace is the hyperbola (х2/а2) — (y?/D?) = 1. 
2 The xz trace is the hyperbola (x?/a?) — (22/с2) = 1. 


Figure 10 > 3 There is no yz trace. 


Although the hyperboloid of two sheets has no trace on the 
yz plane, it does have cross sections cut by certain planes 
x = k parallel to the yz plane. Indeed, the cross section cut by 
the plane x = k has the equation 

p z 2 > 2 pg 


— === => =] or -+ = = jj 
am b- c p? E ar 


provided that |k| > a. The last equation can be rewritten as 


2 2 


y 22. 


EJUS НЕ ——— теді 
b[G/a)-1] с @/@ – 1] 


Therefore, the cross sections сш by planes perpendicular to 
the x axis and at least a units from the origin are ellipses. A 
portion of the surface. which consists of two separated 
"parts," or “*sheets,”’ is shown in Figure 10. 


Elliptic Cones 


The graph in xyz space of an equation of the form 


where a, b, and c are positive constants and not all three algebraic signs are the 

same, is called an elliptic cone. By multiplying by — 1. if necessary, we can arrange 

that two of the algebraic signs are positive and the remaining one is negative. 
Suppose, for definiteness. that the equation has the form 


Again, since only even powers of the variables occur, the elliptic cone is symmetric 
with respect to all coordinate planes, all coordinate axes, and the origin. If two of 
the variables are set equal to zero in the equation, then the third variable must also 
be zero; hence, the only x, у, or z intercept of the elliptic cone is the origin. The 
traces on the coordinate planes are as follows: 


1 The xy trace is (x7/a?) + (y7/b?) = 0. or (x, у) = (0, 0), just one point at the 
origin. 

2 The xz trace is (x?/a?) — (22/с2) = 0. or z = £(c/a)x, a pair of intersecting 
lines. 

3 The yz trace is (y?/b7) — (22/с2) = 0. or = +(c/b)x, a pair of intersecting 
lines. 
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Figure 11 


Figure 12 


Cross sections cut by planes perpendicular to the x or v axis that do not pass 
through the origin are hyperbolas, and cross sections cut by horizontal planes that 
do not pass through the origin are ellipses (or circles) (Problem 31). A portion of the 
elliptic cone is shown in Figure 11. Notice that if а = b. the elliptic cone becomes 
an ordinary right circular cone. 


Elliptic and Hyperbolic Paraboloids 


We now consider the graph in хуг space of an equation having one of the forms 


where a, b, and c are positive constants. If both terms on the left carry the same 
algebraic sign, then the graph of any one of these equations is called an elliptic 
paraboloid. On the other hand, if the terms on the left carry opposite algebraic 
signs, then the graph of any one of the equations is called a hyperbolic 
paraboloid. We discuss these two cases briefly, considering only the first equation, 
+ х°/а? + y?/b* = т. The other equations are handled similarly. 


The Elliptic Paraboloid 


For definiteness, we assume that the coefficients of x? and v^ are both positive, so 
that the equation can be written in the form 


where a, b > 0. Evidently, this surface intersects the xy plane only at the origin and 
otherwise lies above the xy plane. It is symmetric with respect to the xz plane, the yz 
plane, and the z axis, because only even powers of x and v occur. The traces in the 
xz and yz planes are the parabolas z = х2/а? and т = y*/b’, respectively. The cross 
sections cut by horizontal planes above the origin are ellipses (or circles) (Problem 
32). A sketch of a portion of the elliptic paraboloid appears in Figure 12. Notice that 
in the special case in which a — P, the elliptic paraboloid becomes a paraboloid of 
revolution (about the z axis). 


The Hyperbolic Paraboloid 


For definiteness, we assume that the coefficient of у” is positive while the coeffi- 
cient of x? is negative, so that the equation can be written in the form 


where a, b > 0. The coordinate axes intersect this surface only at the origin, and the 
surface is symmetric with respect to the xz plane. the ус plane, and the с axis. The 
traces are as follows: 


Figure 13 


Figure 14 
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I The xy trace, (y?/b*) — (x2/a?) = 0, or y = +(b/a)x, is a pair of intersect- 
ing lines. 

2 The xz trace, —x*/a* = z, is a parabola opening downward. 

3 The yz trace, y*/b* = =. is a parabola opening upward. 


Moreover, cross sections cut by horizontal planes above the origin are hyperbolas 
with transverse axes parallel to the v axis, and cross sections cut by horizontal 
planes below the origin are hyperbolas with transverse axes parallel to the x axis 
(Problem 33). All cross sections cut by planes perpendicular to the x axis or y axis 
are parabolas opening upward or downward, respectively (Problem 34). A sketch of 
a portion of the hyperbolic paraboloid appears in Figure 13. Near the origin, the 
hyperbolic paraboloid has the shape of a saddle.* 


Examples of Quadric Surfaces 


The surfaces discussed above, together with cylinders whose base curves are conic 
sections, exhaust all possibilities for quadric surfaces with the exception of certain 
degenerate cases which we do not consider here. In the following examples we 
illustrate the technique of identifying and graphing quadrics whose equations are in 
standard form. 


In Examples 1 to 4, for the given quadric surface, (a) find the intercepts, (b) 
discuss the symmetry, (c) find the cross sections perpendicular to the coordinate 
axes, (d) find the traces. (e) identifv the surface, and (f) sketch the graph. 


EXAMPLE 1 х? — 9у2 + z* = 81 


SOLUTION After dividing by 81. we see that the equation has the form 
(х2/а?) — (y7/b?) + (z?/c?) = 1, where a = 9, b = 3, and c = 9. 


(a) The x intercepts are (+9, 0, 0). There are no y intercepts. The z intercepts 
are (0, 0, +9). 

(b) All variables are squared, so the surface is symmetric with respect to all 
three coordinate planes, all three coordinate axes. and the origin. 

(c) The intersection with the plane x = k is the curve 22 — 9? = 81 — K, 
which is a hyperbola except when k = +9. When К = X9, the intersection 
with the plane x = & is the pair of intersecting lines z = +3y. The intersection 
with the plane у = k is the circle x? + 2? = 81 + 9K of radius V8I + 9K. 
The intersection with the plane z = А is the curve x? — 9y* = 81 — £^, which 
is a hyperbola except when k = +9, in which case it is a pair of intersecting 
lines x = +3y. 

(d) The traces are found by putting К = 0 in (c). The yz trace is the hyperbola 
2? — 9у? = 81. The xz trace is the circle x? + z? = 81. The xy trace is the 
hyperbola x? — 93? = 81. 

(e) The surface is a hyperboloid of one sheet—in fact, a hyperboloid of revo- 
lution about the y axis. 


(f) The graph is sketched in Figure 14. 


* For this reason, the origin O is called a saddle point of this surface. 
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EXAMPLE 2 —9x? — 16y + 2? = 144 


SOLUTION The equation has the form —(x?/a?) — (y?/b?) + (22/с2) = | with 
а= 4, b= 3, апіс = 12. 
(a) There are no x intercepts. There are no y intercepts. The z intercepts are 
(ОТОЖ 12) 
(Б) АП variables аге squared, so that the surface is symmetric with respect to 
all three coordinate planes, all three coordinate axes, and the origin. 


(c) The intersection with the plane x =k is the hyperbola z? — 16y? = 
144 + 942. The intersection with the plane у = А is the hyperbola 
2° — 9x? = 144 + 164°. For |k| > 12, the intersection with the plane z = k 
is the ellipse 9x? + 165? = А — 144. 


(d) Putting k = 0 in (c), we find that the yz and xz traces are the hyperbolas 
z? — 16y? = 144 and 22 — 9x7 = 144, respectively; there is no xy trace. 

(e) The surface is a hyperboloid of two sheets. 

(f) The graph is sketched in Figure 15. 


Figure 15 z 


Ux? lov? +22 = 144 


EXAMPLE 3 


SOLUTION 


(a) The only intercept along any coordinate axis is the origin (0, 0, 0). 

(b) The surface is symmetric with respect to all three coordinate planes, all 
Figure 16 z three coordinate axes, and the origin. 
(c) The hyperbola (у2/9) — (22/4) = k?/16 is the intersection with the plane 
X = k for k # 0. For k # 0, the intersection with the plane y = & is the ellipse 
(х2/16) + (22/4) = k?/9. For k # 0. the intersection with the plane z = k is the 
hyperbola (2/9) — (x?/16) = k7/4. 
(d) The yz trace consists of two intersecting lines, y = +32. The xz trace 
consists just of the origin (0, 0, 0). The xy trace consists of two intersecting 
lines, y = +4y. 
(e) The surface is an elliptic cone. 
(f) The graph is sketched in Figure 16. 


N 


Figure 17 
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EXAMPLE 4 9y? — 2527 = x 


SOLUTION Тһе equation has the form (y?/b?) — (22/с2) = x, where b = 3 and 
1 
@= к, 


(a) The only intercept along any coordinate axis is the origin (0, 0, 0). 


(b) The squared variables are y and z, so the surface is symmetric with respect 
to the xy plane, the xz plane, and the x axis. 


(c) For & <0, the intersection with the plane x — & is the hyperbola 
252? — 9y? = —k whose transverse axis is parallel to the z axis. For k > 0, 
the intersection with the plane x = k is the hyperbola 9y? — 252” = k whose 
transverse axis is parallel to the y axis. The intersection with the plane y = k is 
the parabola x = 9&^ — 25z?, opening in the direction of the negative x axis. 
The intersection with the plane z = К is the parabola x = 9y? — 25/2, opening 


in the direction of the positive x axis. 


(d) The yz trace is the pair of intersecting lines у = +3z. The хт trace is the 
parabola x = —25z?. The xy trace is the parabola x = 9y?. 


(e) The surface is a hyperbolic paraboloid. 
(f) The graph appears in Figure 17. 


Problem Set 13.8 


In Problems 1 to 8, identify the intersection of each quadric surface 16 х2 + у? + 22 – 2у + 22 = 0) 
with the indicated plane. їй DUCUM ea 18 —x2 — 25y! — 2522 = 25 
1 2x? +3y4+2=6r=1 B 
19 32 = х? + y? 20 4у = — + у? 
2 z ЙЕ <P z ;2= 4 = 
o a aa an? 
З $ 21 = = 32 22 4y* — 92? — 18x =0 
5 у? Bg 16 9 
3 7° -=— —-—=],y=2 
9 16 no y? 
А 1 23 х= у+ г? 24 — ———] 
4 3х? + 4y =z; х= 2 16 9 
2 fe. Fla 8 LM ed 
5 25x" + 4y* — 1007 = 0; z l 25 Show that the graph of an equation is symmetric with respect to 
6 3x? – 422 + 5y- z-2=0;z= the xy plane provided that when z is replaced by —z in the equa- 
^ 3 tion, an equivalent equation is obtained. 
74x? = 16у? = 2; х= $ 
3 E ^ 26 Find the conditions for symmetry of a graph with respect to 
8 =. = r3 t x =х+у+лу=4}х=5 (a) the yz plane, (b) the x axis, and (с) Ше у axis. 
27 Find the condition for the symmetry of a graph with respect to 
In Problems 9 to 24, (a) find the intercepts, (b) discuss the symme- the origin. 
try, (c) find the cross sections perpendicular to the coordinate axes, 28 Discuss the symmetry of the graph of the equation 
(d) find the traces, (e) identify the quadric surface, and (f) sketch a 2xy + 3xz — 4yz = 24. 
graph. 
т А 29 Find all cross sections сш from the ellipsoid 
Озу + 227 0 10 144x? + 9y? + 162 = 144 (х2/а?) + (y?/b?) + (22/2) = 1 by (a) the planes x = k, (Б) the 
11 Ax? — 9y? + 922 = 36 10:0? iy ty = 1 planeso f. and Ce): the planea a 
155299. 0 So) nies 30 Find all cross sections cut from the hyperboloid of one sheet 


15 y? — 9x? — 9:2 = 9 


(х2/а?) + (?/b?) — (22/с2) = 1 by planes perpendicular to the 
coordinate axes. 


820 


31 Find all cross sections cut from 
Ga?) + (у”/Ь”) 


coordinale axes. 


the elliptic 
(22/7) = 0 by planes perpendicular to the 
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cone 36 Prove that if (xo, vo. zo) is any point on a hyperboloid of one 
sheet, there are two lines in space, passing through (xo. Yo, 20). 
both of which lie on the hyperboloid. 


32 Find all cross sections cut from the elliptic paraboloid 37 Find an equation that describes the surface consisting of all 


(x?/a*) + (y! /b?) = z by the planes perpendicular to the coordi- 


nate axes. 


33 Find all cross sections cut by planes 2 = К from the hyperbolic 38 
paraboloid (b?) = (x*/a7) = z. Discuss the cases k <0, 


К = 0, and Å > 0 separately. 


points P = (x, y, z) whose distance from the v axis is 3 of its 
distance from P to the xz plane. 
Prove that if (xo, Yo. zo) is any point on a hyperbolic paraboloid, 


there are two lines in space, passing through (xa. yo. zo), both of 
which lie on the hyperbolic paraboloid. 


34 Find all cross sections cut by planes perpendicular to the x or y 39 A central quadric surface Ax? + By + Cz? + К = 0 contains 


axes from the hyperbolic paraboloid (x7/b?) = (x?/a?) = т. 


the points (3, —2, —1), (0, 1, —3), and (3, 0, 2). Find the 
equation of the surface, and identify the surface. 


35 Write an equation that describes the surface consisting of all 
points P = (x, y, 2) such that the distance from P to the point 40 A quadric surface Ax? + By? + Cz = 0 contains the points 
(0, 0, —1) is the same as the distance from P to the plane z = 1. (1, 0, 1) and (0, 2, 1). Find the equation of the surface, and 


Identity this surface. 


identify the surface. 


13.9 


Figure 1 Р 


polar axis 


Figure 2 


РЕ { (х. y, 2) Cartesian 
(ob Cr. 0. 2) cylindrical 


Cylindrical and Spherical Coordinates 


In Chapter 9 we found that some problems in the plane were easier to formulate and 
to solve if polar coordinates, rather than Cartesian coordinates, were used. Simi- 
larly, there are situations in which problems in three-dimensional space become 
more tractable if non-Cartesian coordinate systems are introduced. Two of the most 
important non-Cartesian coordinate systems in space, the cylindrical and the 
spherical, are discussed in this section. 


Cylindrical Coordinates 


In Section 13.1 we obtained the Cartesian coordinates of a point P in three-dimen- 
sional space by dropping a perpendicular PQ to the horizontal plane through the 
origin O and using the Cartesian coordinates of Q in this plane together with the 
directed distance z — +|PQ|. The cylindrical coordinate system is quite similar, 
except that polar coordinates are used for the point Q in the horizontal plane (Fig- 
ure 1). Thus, the cylindrical coordinates of the point P in Figure 1 are (л. Ө, 2). 

Figure 2 shows the point P with respect to the Cartesian coordinate system and 
with respect to the cylindrical coordinate system. If the polar coordinates of Q (with 
the x axis as the polar axis) are (r, 0), then the Cartesian coordinates of Q are 
x = r cos 0 and y =r sin Ө; hence, the Cartesian coordinates of P are given by the 
equations 


x=rcos 0 


y=rsin 0 


Since the point Q at the foot of the perpendicular from point P to the xv plane has 
an unlimited number of different representations in the polar coordinate system, it 
follows that P has an unlimited number of different representations in the cylindrical 
coordinate system. For instance, if P = (r, 0, z), then also P = (—r. 0 + т, 2). In 
any case, i£ P — (x, y, z) in Cartesian coordinates, then the cylindrical coordinates 
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(r, 0, z) of P must satisfy 


and tan 0 = 2 for x # 0 
x 


If x = 0, then 6 = 7/2 when у > 0 and 0 = 37/2 when v < 0. 


EXAMPLE 1 Find Cartesian coordinates of the point P whose cylindrical coordi- 
nates are (5, —7/3, 3), and plot the point P showing both coordinate systems. 


SOLUTION Here, 
» T 5 
x = r cos @ = 5 cos (-3) => 


у o 
Figure 4 А " 
Е Т Р Р ( =; 5V3 
VSEE == 
Ф 3 2 
^k [ ==; 
АГ c= 3 
(cylindrical) i 50 that the point P has Cartesian coordinates (8, –5%3/2, 3) (Figure 3). m 
І 
1 


"ue та EXAMPLE 2 Find cylindrical coordinates of the point Р whose Cartesian coordi- 


nates are (—2. 2V3, 4), and plot the point P showing both coordinate systems. 


SOLUTION Here, r= +V(—2)?+ (2V3y = +V16 = 44, and we take 
г = 4. Since x = —2 < 0 and y = 2V3 > 0, it follows that @ is a second quadrant 
2 angle with tan 0 = у/х = —2\/3/2 = — V3; hence, we take 0 = 120° = 27/3 
polar axis radians. Thus, the cylindrical coordinates of P are (4, 27/3, 4) (Figure 4). п 


Figure 5 z 


Figure 6 (a) (b) (с) 

In cylindrical coordinates. the graph of the equation r = & is a circular cylinder of 
radius |k| with the z axis as its central axis (Figure 5a). Likewise, the condition 
Ө = Oo describes a plane through the z axis making an angle 65 with the positive 
x axis (Figure 5b), while the equation z — zo represents a horizontal plane inter- 
secting the z axis at the point (0, 0, zo) (Figure 5c). The point P with cylindrical 
coordinates P = (k, 05, zo) is a point at which the circular cylinder r = k, the 
plane 0 = 6, and the plane 2 = Zo intersect (Figure 6). 

Since the equation of a circular cylinder is exceptionally simple in cylindrical 
coordinates, such coordinates are naturally adapted to the solutions of problems 
involving such cylinders. More generally, an equation of a surface of revolution 
about the z axis is usually simpler in cylindrical coordinates than in Cartesian coor- 
dinates. 


822 CHAPTER 13 COORDINATE SYSTEMS IN TILREE-DIMENSIONAL SPACE 


EXAMPLE 3 Write an equation in cylindrical coordinates of the right circular cyl- 
inder of radius 17 having the z axis as its central axis. 


SOLUTION An equation of the right circular cylinder is r — 17. E 
EXAMPLE 4 Find the equation in cylindrical coordinates for the paraboloid of 
revolution whose Cartesian equation is x^ + у? = z. 

SOLUTION Since r? = x? + у”, the desired equation is r? = г. 2 
EXAMPLE 5 Find an equation in Cartesian coordinates of the surface whose equa- 
tion in cylindrical coordinates is z — 3r, identify the surface, and sketch its graph. 


Figure 7 SOLUTION Squaring both sides of the equation. we obtain 22 = 9r?, or г? = 
9(x? + у”). The last equation can be rewritten as x^ + у? — (22/9) = 0, which rep- 
resents an elliptic cone. In fact, since the coefficients of x^ and у” are the same, the 
graph is a circular cone (Figure 7). a 


A curve in space can often be expressed parametrically by giving the cylindrical 
coordinates (r. Ө, z) of a point P on the curve in terms of a parameter /. Thus, if 


r — үи) 
Ө = g(t) 
zo hts) 


where f. g, and Л are continuous functions, then the point P = (г, Ө, z) traces out the 
curve as г varies. If f’, g’, and h' exist and are continuous, then from the equations 


x=rcos 0 y-rsin Ө and z= 
we obtain 
dx dr А dé dy dr d 
== — —À Ges (6) — E? Siti —— and SSS SS Sin sri eos (0 == 
dt dt dt dt dt dt 
Thus, 


па к 


(ar og? сш + (28), (Problem 39) 
dt dt dt 2 


It follows that the arc length of the curve between the point where the parameter has 
the value ¢ = a and the point where it has the value г = b is given by 


dt 


ы жир 


dt dt / 


r=5 
0 = 2т 
т= 31 


between the point where ¢ = 0 and the point where 1 = 1. 
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SOLUTION Here dr/dt = 0, d0/dt = 27, dz/dt = 3. and 


1 1 
ps | VO? + 5227)? + 3° dt = | М'100л” + 9 dt 
o 0 


1 
= Vio +9 | dt = N 10077 + 9 = 31.56 units 
0 


Spherical Coordinates 


Figure 8 In the spherical coordinate system, the angle 0 has exactly the same meaning as it 
does in the cylindrical coordinate system. Thus, 6 locates the point P on a plane 
containing the z axis and making the angle Ө with the positive x axis (Figure 8). The 
distance between P and the origin O is denoted by the Greek letter p (called "rho"; 
thus. p = |OP|. Finally, the angle from the positive z axis to the line segment OP is 
denoted by the Greek letter (called **phi"). The spherical coordinates of the point 
P are customarily written in the order (p. Ө, ф). and they are usually chosen so that 


p=0 0O=6<27 and О=ф= тп 


A point P with spherical coordinates (ро. 89, фо) is po units from the origin: 
hence, it is located on a sphere of radius po with center at O (Figure 9). The z axis 
intersects this sphere at the “‘north and south poles," and the xy plane intersects it 
in the *"'equator." Semicircles cut by half planes passing through the north and 
south poles are called meridians, and the meridian that intersects the positive x axis 
is called the prime meridian. The angles Өл and фо locate Po on the surface of the 
sphere, as shown in Figure 9. The spherical coordinate 65, which is called the 
longitude of Po, measures the angle between the prime meridian and the meridian 
passing through Ро. (On the surface of the earth, the meridian passing through 
Greenwich, England. is designated as the prime meridian.) 

Circles cut on the surface p — po by planes perpendicular to the z axis (hence, 
parallel to the equatorial plane) are called parallels, and the angle measured from 
the equator to a parallel is called the latitude of that parallel (or of any point on the 
parallel) (Figure 10). Notice that the point Po with spherical coordinates (po, 8o, Фо) 
has latitude (7/2) — фо; in other words, the angle фо is the complement of the 
latitude of Po. For this reason, фо is called the colatitude of Ро. For instance, the 
latitude of Boston, Massachusetts, is approximately 42.4°, so its colatitude is ap- 
proximately 47.6°. 


Figure 9 parallel 
containing 


Figure 10 
North Pole 


| colatitude 
POR ы 6 Фо 


sphere of 
radius pg 


South Pole Py 


і 
i 1 “Во \ i latitude 
кес cei pa d д 
go ! S E = & 
ШО | 7 gu о TES тъ 
i Bho ! 7 f i ^ = 
xs c cS - arallels | 
UNE Sons) Sey p i [ve 
D 
| Ө, | N Т БРЕ ' Equator 
, 2 1 
А 1 Equator Й 
prime m 
meridian А in 
| 7 meridian ч 
| containing 8 
1 
i 


South Pole 
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Figure 11 In Figure 11, suppose that the point P has Cartesian coordinates (x. y, z) and 
spherical coordinates (р, 0, Ф). The line segment РО is parallel to the z axis, so that 
angle OPQ is equal to Фф. Since ООР is a right triangle, 


sin ó = 1001 = — 
ORI p 
Непсе, г= р 5п ф 


Therefore, we can rewrite the equations 


х = ғ соѕ 6 апа y=rsin 0 
аѕ x= p sin ф cos 0 and у = рѕіп ф sin Ө 
Triangle ORP in Figure 11 is a right triangle, so that 
О= (х, у, 0) d 
OR Z 
; cos ф = RI = 
loP| р 
Hence, z — pcos ф 


The equations just derived, 


х= p sin ф cos 0 у = р їп ф sin Ө z= р соз ф 


give the Cartesian coordinates of the point Р whose spherical coordinates are 
(p. 0. ф). The argument just given applies if P lies above the xy plane, and (Problem 
38) the same equations are effective even when P lies on or below the xy plane. In 
some applications of spherical coordinates, the conditions р = 0, 0 = 0 < 27, and 
0 = ф = таге dropped, and (p. Ө, Ф) is understood to locate P in spherical coordi- 
nates if x. y, and z are given by the equations above. 

Since p is the distance between P = (x, v, z) and the origin O. 


р? =x? de у? di z? 


Also, if x 3 0, then 


y sin Ө 
— = = tan 0 
x cos 0 
Finally. if p # 0. then 
dm cos ф 
p 


Therefore, if we choose the spherical coordinates (р. Ө, ф) so that pz 0, 
0= 0< 27. and 0 = ф = т. we have the formulas 


Y A 
tan 0 = — for x #0 
aU 


for p = 0 


EXAMPLE 7 Find Cartesian coordinates of the point P whose spherical coordi- 
nates are (2, 7/3, 27/3), and plot the point P showing both coordinate systems. 
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Figure 12 SOLUTION Неге we have p = 2, 0 = 77/3, and ф = 27/3, so that 
x sin & cos 0 = 2 si a coe 
х= р se 2 sin == Gas = 

a Жс 
" рае V3 
E EL c A 
27r т 
у = рїп ¢ sin 0 = 2 sin — sin — 
3 3 
=o ү 3 
Ка E С 
am h) 
EE =? ——— e eem 
and т = р соз ф = 2 cos 3 x 5, 1 


Thus, the Cartesian coordinates of Р аге (ЛУУ: $. — D (Figure 12). 


EXAMPLE 8 Find spherical coordinates of the point P whose Cartesian coordi- 
nates are (V3, —1, 2), and plot the point P showing both coordinate systems. 


Figure 13 SOLUTION Since tan 0 = y/x, we have 
Ө = tan! S 
V3 6 i 
If we require 0 = 0 < 27, we can take 
8-2 т = im S aif 
= Penne жы а Mi 
6 / 6 
Here, 
= V(V3)? + (-1)2 + 22 = V8 = 2V2 
and 
z 2 м т 
= cos !— = cos! = cos | —— = — = 45° 
i p 2/2 2 4 


Therefore, the spherical coordinates of P are (V8, 117/6, 7/4) (Figure 13). 


EXAMPLE 9 Convert the equation ф = 7/4 in spherical coordinates into 
(a) Cartesian coordinates and (b) cylindrical coordinates. 


SOLUTION 
= 
(a) x = p sin ф cos 0 = pre o 
А y т 

у= p sin d sin 6 = (si 02), ae 

mJ Е T М? 
апа uc RW 5 р 
Since z = (V2/2)p. we can rewrite the first two equations as х = z cos Ө and 


у =z sin Ө, so that 


x2 + у? = 22 cos? Ө + 22 sin? 0 = 2 (cos? Ө + si? Ө) = 7 
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Thus, the equation in Cartesian coordinates is х2 + у? = 27; hence the graph of 
the equation is a right circular cone. 

(b) In cylindrical coordinates r? = x? + у?, so the equation obtained in part 
(a) can be written as 7? = 22. u 


EXAMPLE t0 Rewrite the equation of the paraboloid x^ + y? = z in spherical co- 
ordinates. 


SOLUTION Here we have 


x? + у? = (p sin ф cos 0)? + (p sin ф sin 0)? 
= р? sin? dcos? 0 + sin? 0) = p? sin? ф 


Thus, since z = p cos ф, the equation x^ + у? = z becomes 
E . ia 
p sin’ ф = pcos ф 


We lose no points оп the graph by canceling p to obtain p sin? ф = cos ф since the 
latter equation is still satisfied when p = 0 and ф = 7/2. Therefore, in spherical 


coordinates, the paraboloid has the equation p sin? ф = cos ф. a 
Problem Set 13.9 
In Problems | to 4, find the Cartesian coordinates of the point whose 17 zc des 18 х2 + у – 4x =0 
cylindrical coordinates are given, and plot the point. i SS 0 – V3x 
1 (4, 7/3, 1) 2 (3, 7/2. 4) 21 х2 + у = 52? 22 2 +у + (2-1) = 1 
3 (El, wk, =2) (20212) ууу = DS 24x+ 2y = 0 
25 х + уг? = | 26 х2 + у + 2°— 6: = 0 


In Problems 5 to 8, find cylindrical coordinates (r, 8, 2) with r = 0 
and 0 = 8 < 2л for the point whose Cartesian coordinates are 


given, and plot the point In Problems 27 to 32, each equation is written in cylindrical coordi- 


nates. Convert each equation to an equivalent equation in 
5 (ah 08 10 оом со) (a) Cartesian coordinates and (b) spherical coordinates. Sketch a 
graph of the surface. 


7 (-3V3, 3, 6) 8 (1, 1, -1) 
27 2= 12 es 
In Problems 9 to 12, find the Cartesian coordinates of the point p a 7 A 
whose spherical coordinates are given, and plot each point. = Е 
39 —— X1 30 z =—r sin 20 
9 (2, 7/6, 7/3) 10 (7, 7/2, п) 9 4 2 
11 (12, 57/6, 27/3) 12 (т. т, п) M r= 4 cos 0 


E» Ө + 3r sin Ө + 22 = 6 
In Problems 13 to 16, find spherical coordinates (р, 0, ф) with dcs фи 


p=0,0 = 0 < 27, and 0 = ф = л for the points whose Cartesian 


À С à In Problems 33 to 37, each equation is written in spherical coordi- 
coordinates are given, and plot each point. 


nates. Express each equation as an equivalent equation (a) in Carte- 
sian coordinates and (b) in cylindrical coordinates. Sketch a graph of 


iG, =f. a 14 (0, 0, 5) the surface. 
їз 26 =з) 16 (0, 0, 0) 
33 p=2 34 9 = 7/3 
In Problems 17 to 26, convert cach equation to an equivalent equa- = : 
; е (ыл? i Р : à 35 005 e 36 p=2 
поп (a) in cylindrical coordinates and (b) in spherical coordinates. SUP MERO, 8 ты 
Sketch a graph of the surface. 37 ф= 7/3 


38 Show that the equations given on page 824 for converting from 


3 


| 


spherical to Cartesian coordinates are correct even when the 
point P lies on or below the ху plane. 


9 Complete the proof of 


а - pL | ттер i 
dt dt di ’ \ dt dt / dt 


on page 822. 


40 Consider the curve in space whose equation is given para- 


| 


metrically in spherical coordinates by р = f(t), @ = g(t), and 
Ф = hit), where f’. g’, and Л” exist and are continuous. 


(a) Prove that 


a) «GG шый 


(b) Show that the arc length of the curve between the point 


where г = a and the point where t = b is given by 


b EJ V3 Ta 
Беа дат, 


ЕЕЕ Vm ey 


41 


REVIEM PROBLEM SET 827 


Find the arc length of the curve whose equation is given para- 
metrically in cylindrical coordinates by 
v2 E 
П g = 2; апі Е = 


2 2 


== 


between t = 0 and t = V2z 


A Cartesian coordinate system is established with the origin at 
the center of the earth, the positive x axis passing through the 
point where the equator intersects the prime meridian, and the 
positive z axis passing through the North Pole. Taking the radius 
of the earth to be 3959 miles, find: 


(a) The Cartesian coordinates of New York if the latitude of 
New York is 40.7? north of the equator and the longitude of 
New York is 74.02? west of the prime meridian 

(b) The Cartesian coordinates of San Francisco if the latitude of 
San Francisco is 37.81? north of the equator and the longi- 
tude of San Francisco is 122.4? west of the prime meridian 


(c) The angle between the position vector of New York and the 
position vector of San Francisco 


(d) The great-circle distance between New York and San 
Francisco 


Review Problem Set, Chapter 13 


In Problems 1 to 6, for the given point P. find another point Q which 
is symmetric to P with respect to the given plane or axis. 


1 


1 


Т ОУУ 5) ғ plane 2 Р = (5, 6, 3); х ахіѕ 


SEDE (СЗЗ — Кү plane ІР (1 —2.°3): eraxis 


БЕРЕ (ВЕ TIRES) ж ах 6 P — (1, 2, 5); x: plane 

7 Find the distance from the point P = (3, — 1. 6) to (a) the origin, 
(b) the x axis. (c) the xy plane, (d) the point (2, —3, 7). and 
(e) the point О which is symmetric to P with respect to the 
origin. 


8 Use the distance formula to show that the triangle with vertices 
P = (1. 3. 3), О = (2, 2, 1), and R = (3. 4. 2) is equilateral. 
Also, find the coordinates of the point where the medians of the 
triangle intersect. 


9 Use vectors to determine whether the points P = (—5, —10, 9) 
О — (—1, —5, 5), and А = (11, 10, —9) are collinear (that is, 
lie on the same line). 


0 Use vectors to determine whether the quadrilateral with vertices 
Р = (3, 2, 5), О = (1, 1. 1), R = (4, 0. 3), and $ = (6, 1, 7) is 
a parallelogram. 


1 A vector К makes an acute angle 0 with the x axis, an angle 7/4 
with the y axis. and an angle 7/3 with the z axis. Find Ө. 


12 


If P = (1. 2, 3) and О = (2, 5. 7). find (a) the scalar compo- 
nents of the vector A = PO and (b) the direction cosines of A. 


In Problems 13 to 30, evaluate each of the following, using 


A =i- 2+ 3k 


B-3i-2jek | C-2i- 3j 


D--3i-5j- 6k  E-i-3j-2k Е= 31+ 5j+6k 
A-3B+C 14 C - Е 
|А — 3B + С| 16 (Е: EC - (C- РА 
(3A) (F + E) I8AxD 
E-(D x E) 20 В-(С x E) 
AxB 22 A x (B x D) 
(A + B) X (A — B) 24 (AX B) x D 
A*(B x €) 26 (3A — D) x (E — 2С) 


The angle between C and D 
The scalar component of C in the direction of F 


The volume of the parallelepiped whose edges are the vectors A, 
B. and C 


(A X В}: (С x D) 


8 


= 


31 ро 
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the vectors A =і= 2j + 3k, В = 31 + 2) + к, and 


€ = 2i + 3j form a right-handed triple A, В, C? Why? 


32 Find the area of the triangle whose vertices are A = (2, 0, — 1). 


П а) н О Nigel beget iis 


In Problems 33 to 40, find an equation in scalar form of the plane 
satisfying the conditions given. 


33 Containing the point P = (1, 2, 3) and perpendicular to the ra- 


dius vector OP at the point P 


z^ 
\ 34 [Containing the three points (1, 7, 2), (3, 5, 1), and (6, 3, — 1) 


35 Containing the point P = (2, 0, — 1) and perpendicular to the 


line joining the points Q = (3, 4, 4) and R = (—1, 2, 1) 


— 
i AN a distance of 4 units from the origin and perpendicular to the 


line joining the points P = (—2, 3, 1) and О = (—5, 1, —5) 


37 Containing the point (4. 3, 1) and parallel] to the plane 


A+ 32= 


GE XN я а 
138 / Containing the points (1, 3, 1) and (4, 6, —2) and perpendicular 
to the plane x + y—z=3 


39 Containing the point (2, —1, 3) and perpendicular to the line 


VS sit Ey — Si deez Sit ТО 


\40 Containing the point (1, 2, 10) and the line 


к= б 
= 


In Problems 41 to 48, find the equations of the line (а) in scalar 
parametric form and (b) in symmetric form for which the given 
conditions hold. 


41 Containing the points (5, 6, —4) and (2, —1, 1) 


42 Containing the point (— 1, 2, 3) and perpendicular to the plane 


mU 


43 Containing the point (2, —3, —2) and parallel to the line 


у? z 


ruf wc Su E 
7 


3 =p 


lta] Containing the origin, perpendicular to the line of intersection of 


the two planes x = y — 5 and z = 2y — 3, and meeting the line 
of intersection of the two planes y = 2x + 1 and z= x + 2 


45 Formed by the intersection of the two planes 21 + y = z= 1 


and x — y + 32 = 10 


86] Containing the point (3, 6, 4), parallel to the plane x — Зу + 


5z — 6 = 0, and intersecting the z axis 


47 Containing the point (2, 1, 4) and perpendicular to both the x and 


the y axes 


48 Containing the’ point (2, —1, 4) and perpendicular to the lines 


хезш+1,‚, у= 


z=- 


=з, т=г—2 and 20 — i v=, 


49 


50 


51 


л 
t3 


53 


55 


56 


x=yt3= 


Find the distance from the point (2, —3, 4) to the plane 
2х = 2) + ess 


Find the distance between the two parallel planes x — 2у + 
5 and x — 2y + 2: = 17. 


2: = 


Show that the lines 


JR О уга SSH 

99 -9 ^ 50 
m x- 102 y+9 z-52 
ў EST 99 E 


intersect, and find an equation of the plane containing the two 
lines. 


Given the equations 


AC d) 
a b с 


of a line, explain how you would go about finding several points 
on this line. 


Find the distance between the two lines 


г 00 п 3 ПЕ! 


m 2 


EU || 


and 


to 


Let P be a variable point on a first line in space, and let Q be a 
variable point on a second line in space. 1f M, and М» are direc- 
tion vectors for the first and second lines, respectively, show 
that the quantity (M, x M;) «PO remains constant as Р and О 
vary. 


Show that the lines 


ОИ Y Wo See 


ao bo 


Sees Жаш | 
апа = SS Se E 
ay b, Су 


meet in space if and only if 
bo Со 


а bi С = (0 


ag 


Apes vil Л 


2) — 20 


Let R; be the position vector for a point P, in space. 


(a) Show that 
N*(R, — Ro) 
IN} 
is the position vector of the point in the plane 


N*(R — Ro) = 0 that is closest to P;. 
(b) Show that 


К, 


2%, 


M -(R, — Ro) 
IMP 


is the position vector of the point on the 
M x (R — Ro) = 0 that is closest to Р. А 


Ry + M 


line 


57 Suppose that A is a known nonzero vector, that X is an unknown 
vector, but that the scalar a — A * X and vector B — A X X are 
both known. Show that X is then determined by the equation 


a Aves AXB 
АР |A}? 


(Hint: Start by expanding A х B.) 


58 If А is a nonzero vector and A X X — A X Y, can we 
**cancel'" and conclude that X = Y? Explain. 


d 

In Problems 59 and 60, find F'(r), F"(t), and P JE]. 
4 

59 F(t) = еі — ej + tk 


60 F(t) = tan ( + ij + (tan Dj + tan ( = ae 


In Problems 61 and 62, assume that a particle P moves according to 
the given equation of motion. Find (a) the velocity vector V, (b) the 
acceleration vector A, (c) the speed v, (d) the unit tangent vector T, 
(e) the unit normal vector N, (f) the unit binormal vector B, and 
(g) the distance traveled by the particle along its path from the in- 
stant t = 0 to the instant г = I. 
61 R = (3 cos 271)i + (3 sin 271)j + 21k 
62 R = (e* cos ni + (e* sin Nj + ечк 
In Problems 63 to 66, find (а) У, (b) v, (c) A, (d) T, (e) V X A, 
(f) к, (g) М, (h) B. (1) dA/dt. and (j) т for each curve in xyz space. 
7 5 2s 3 
63R = ri t+ rj + Ck 
64 R = ati + bij + ct*k, where a. b, and c are constants 
65 R = (sint cos t)i + (sin? 0j + (cos Nk 
60 R = (t sin Di + (t cos Nj + tk 


67 A particle moves according to an equation of motion R = F(t). 
Expand and simplify the following expressions: 


d d 
ЕЕ Р-У ass 
(a) 7 (К.У) (b) 4 (R x V) 


d hs 
(с) Е (d) М х А) 


dT dB dR | d@R) dR 


225.0 = || 
ds ds? / ds 


68 (a) Sketch the curve z = cos (тту) in the yz plane. (b) Sketch the 
cylinder with generators parallel to the x axis having the curve in 
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part (a) as its base curve. (c) Write the equation of the cylinder in 
part (b). 


69 Find an equation of the surface of revolntion generated by rotat- 
ing the curve z = 2(x — 3)” in the xz plane about the x axis. 


70 Find an equation of the torus (doughnut-shaped surface) that 
results when the circle y? + (x — a)? =r? (a > r > 0) in the 
xy plane is revolved about the y axis. Sketch the surface. 


71 Find the generating curve in the xz plane and the axis of revolu- 
tion of the surface of revolution y? + 22 = e ™. Sketch the sur- 
face. 


72 Find an equation of the surface of revolution generated by 
revolving the cardioid г = I - cos @ in the ху plane about the 
X axis. 


In Problems 73 to 78, identify and sketch a graph for each quadric 
surface. 


73 x? Ay? + Az! = 16 74 x? + Ay? + 422 = lbr 


{Бак = ey TO EL 


TL ы ыо NE 78 y 22 + 9x7 =0 

79 A quadric surface has an equation Ах” + By! + Cz = 
Identify the surface if it contains the points (3, 5, 8) and 
(CU oO 


80 A quadric surface has an equation Ax? + Ву? + Cz? = 1 and 
contains the points (2, —1, 1), (—3. 0, 0), and (I, —1, —2). 
Identify the surface. 


81 Describe and sketch the surface whose equation in cylindrical 
coordinates is (а) r = 2; (b) 0 = m/6; (c) r = sin Ө. 


82 Describe and sketch the surface whose equation in spherical 
coordinates is p = 5 cos ф. 


83 Find an equation in cylindrical coordinates of the surface ob- 
tained by revolving the curve z — f(x) in the xz plane about the 
z axis. 


84 Find the arc length of the curve whose parametric equations in 
spherical coordinates are p — 12.0 = 7/6, ф = t as t varies over 
the interval (0, V/5]. 


85 Convert the equation p^ sin 26 = 4 in spherical coordinates to 
Cartesian coordinates, and sketch the graph of the surface. 


[186 Find the great-circle distance between Honolulu, with latitude 


21.31°N, longitude 157.87°W, and Chicago, with latitude 
41.83°N, longitude 87.62°W. Assume that the radius of the earth 
is 3959 miles. 


PARTIAL DIFFERENTIATION 


In the preceding chapters we dealt exclusively with functions of a single real vari- 
able; however, there are many practical situations in which functions depend on 
several variables. For instance, the frequency of a tuned circuit depends on its 
capacitance, its inductance, and its resistance; the pressure of a gas depends on its 
temperature and its volume; the demand for a commodity may depend not only on 
its price but also on the prices of related commodities, on income level, and on time; 
a person’s income tax liability depends not only on income but also on several 
itemized deductions and the number of dependents; and so forth. 

In this chapter we study functions of more than one variable, we see that the 
concepts of limits and continuity are applicable to such functions, and we investi- 
gate their ‘‘partial’’ derivatives. Chain rules are developed for functions of several 
variables. The chapter also includes a study of directional derivatives, tangent 
planes and normal lines to surfaces, and maxima and minima of functions of several 
variables. 


The graph of a function of two variables 
is a surface. 


830 


Functions of Several Variables 
A right circular cylinder, closed at the top and bottom, with base radius r and height 
h, has total surface area § given by 

S = 2arh + 2тт° 


Here we say that the (dependent) variable S is a function of the two (independent) 
variables r and Ai, and we write 


S = f(r, h) 
For example, if г = 11 cm and Л = 5 cm, then 
S = f(11, 5) = 2я(11)(5) + 22(11)> = 3527 cm? 


Proceeding somewhat more formally, we make the following definition. 
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DEFINITION 1 Function of Two Variables 


A real-valued function f of two real variables is a rule that assigns a unique real 


number z = f(x. v) to each ordered pair (x, v) of real numbers in a certain set D 
called the domain of f. 


In the equation т = f(x. у). we call = the dependent variable, and we refer to x 
and v as the independent variables. The set of all possible values of z that can be 
obtained by applying the rule f to ordered pairs (x, v) in D is called the range of the 
function f. If f is defined by an equation, or a formula, then (unless we make a 
statement to the contrary) the domain of f is understood to be the set of all ordered 
pairs of independent variables for which the equation. or formula, makes sense. 


V4-x-—y 
ч . 


Figure 1 EXAMPLE I Find and sketch the domain of f(x, у) = 


SOLUTION Тһе domain of f consists of all ordered pairs (х. y) for which 
x? + y? = Aand y x 0. This is the set of all points not on the x axis that are either on 
the circle х? + у? = 4 or in the interior region bounded by the circle (Figure |). Ш 


Мар + #0 
this portion of the 


x axis is excluded 1 


! j sin = 
Š EXAMPLE 2 Find the domain of f(x, v. z) = Ec 
a а БЕЗЕ х+у 
SOLUTION Since sin™' z is defined only when |z| = 1, the domain of f consists 
of all ordered triples (x, у, z) such that x + y = 0 and |z| = 1. Е 


We define the graph of a function f of two variables to be the graph of the 
equation = = f(x, у): that 15. the set of all points (x, у. z) in Cartesian three- 
dimensional space such that (x, y) belongs to the domain D of f and z = f(x, y). The 
domain D can be pictured as a set of points in the xy plane and the graph of f as 
a surface whose perpendicular projection on the ху plane is D (Figure 2).* Notice 
that as the point (x, v) varies in D, the corresponding point 


(Qv, v. 2) (x, yt f(x, ») 


varies over the surface. The methods introduced in Sections 13.7 and 13.8 are 
useful for sketching graphs of functions of two variables. 


Figure 2 z 


domain D 


x 


*[n Figure 2, the point shown as (x, у) in D is really (x, у. 0); however. the third coordinate 
has been purposely omitted. 
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Figure 3 In Examples 3 to 5, sketch the graph of each function of two 


variables. 


EXAMPLE з f(x, y) = 1— x — (v/2) 


SOLUTION Тһе domain D of f is the entire xy plane. The 
point (x, у, z) belongs to the graph of f if and only if 
gm =a = QE that їч, 
2v + у-+@є=@2 

"Therefore, the graph of f is a plane with intercepts (1, 0, 0), 
(0. 2, 0), and (0, 0, 1). A portion of this plane, showing 
its traces with the xv. xz. and ус planes. appears in Fig- 
ure 3. 


5 


Кез ‚дег ъс 
EXAMPLE 4 f(x. у) = МІ х? у? 


а = SOLUTION The domain D of fis the circular disk consist- 


ing of all points (x, v) with x^ + у” <= 1. A point (x, v, 2) 
belongs to the graph of f if and only if z = f(x, v). that is, 
z= V]—x*-—34 The condition <= V1 — x^ 85 
equivalent to the two conditions z = 0 and x? + y? + 22 = 1. 
Thus. the graph consists of the portion of the sphere 

v x?+y?+2°=1 lying on or above the x plane 
(Figure 4). 


EXAMPLE 5 g(x, y) 2 32 3v 

SOLUTION Тһе domain D of g is the entire xy plane. and the graph of g is the 

x h f th ti D 2 
graph of the equation pi aee 


By the discussion in Section 13.8 (page 816), this graph is an elliptic paraboloid 
(Figure 5). 


Functions of three or more variables are defined by an obvious extension of 
Definition ] as follows. 


DEFINITION 2 Function of Several Variables 


A real-valued function f of n real variables is a rule that assigns a unique real 


Figure 5 number w = f(xi, Xo, Хз... . .X,) to each ordered n-tuple (x4, хэ, х3... -s Xn) 
of real numbers in a certain set D called the domain of f. 


—t tà 


gix yr) mx? + 3у2 


In the equation w = f(xy. X2,.X3, . . . х,). we call w the dependent variable, and 
we refer to x, хэ. ха... . , х, as the independent variables. The set of all possible 
values of w that can be obtained by applying the rule f to ordered n-tuples in D is 
called the range of the function f. In case n = 2, w = f(x), хә) is usually written 
z = f(x, y) as in Definition 1. In case n = 3, w = f(xi, xo, Хз) is usually written 
w = f(x, у, z). 

XY е 
EXAWIPLE 6 lieu 34°) = —— 5 —- 3 = for all values of x. v. and z except those 
—_ Ale SE 
that make the denominator equal to zero, find 


(a) g(2. 3, 7) (b) g(sin r, cos r, О) 


——————-—-ўЧ _—-— 


Figure 6 
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SOLUTION 
(2)(3) 
2, 35 1) = SS = | 
a P E. у 
: sin 1 cos t 
(b) g(sin т, cos t, 0) = а f cos t 


sin? t + co? t — 0 


EXAMPLE 7 lff(x,.x2. X3,- . -s Xn) =X} + Аз b x$ +°°° x? forall values of 
Se hing S o зул, ТАРЗИ Ет 


SOLUTION Using the formula for the sum of successive squares (Section 5.1), 
we have 
2 2 2 2 : 2 пе | ge 
A3 Mee ee Ge ee oe uo T3 г = ЖЕ ИЧИ +!) 


nex 


Scalar Fields 


We have seen that a function f of two independent variables can be thought of in 
terms of its graph, which is a surface in xyz space. There is a second way of 
picturing such a function, which, for some purposes, is even more suggestive; 
namely, the function f is regarded as a scalar field. The idea is as follows: The 
domain D of f is visualized as a set of points (x, y) lying in a certain region in the 
xy plane, and each point (x, y) in this region is assigned a corresponding scalar 
f(x. y) by the function f (Figure 6). The scalar value f(x, y) corresponding to the 
point (x, y) in D is shown in Figure 6 on a "'flag" attached to the point. As the point 
(x. y) is moved around in the region D, the flag moves with it, and the number 
f(x. y) on the flag changes. 

The scalar f(x. y) assigned to the point (x, y) might represent, for instance, the 
temperature at (x, у). or the atmospheric pressure at (x, у), or the wind speed at 
(x, y), or the intensity of the magnetic field at (x, у), and so forth. 


Figure 7 y 


f(x, у) = 80 


constant 
70°F 

along this 

line 


60 90 120 150 180 210 


EXAMPLE 8 In Figure 7, suppose that f(x, v) = 80 — (x/20) — (y/25) gives the 
temperature in degrees Fahrenheit at the point with Cartesian coordinates (x, у), 
where x and y are measured in miles. 

(a) Find the temperature at the point (60, 75). 


(b) Find an equation of the curve along which the temperature has a constant 
value of 70°F. 


(c) Sketch the curve in part (b). 
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SOLUTION 
| 2 60 75 
(a) Д60, 75) = 80 – — — —= 74°F 


20 25 


(b) An equation is f(x. у) = 70; that 15. 


Figure 8 


g0-—--=-=70 or ое 0000 


20 25 


(с) The curve 5х + 4y = 1000 is a line (Figure 7). 


A curve along which a scalar field has constant value (such as the curve along 
which the temperature field in the previous example maintains the constant value 
70°F) is called a level curve of the field or of the function f that describes the field. 
An equation of the level curve along which the function f assumes the constant value 


K is 
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Level curves for various scalar fields: The level curves for various scalar fields are customarily given special names de- 
(a) equipotential lines for the electric field — pending on the nature of the field—isotherms for the level curves of a temperature 
of a dipole; (b) Computerized Tomography field, equipotential lines for the level curves of an electric potential field, and so 


scan of a chest section of a patient 
undergoing radiation therapy showing 
isodose curves (level curves for radiation 


forth. Figure 8 illustrates a number of practical applications of level curves in fields 
ranging from physics to meteorology. 

di (Ше ME sho Suppose that the function f gives the height z= f(x. v) of a certain surface 5 
ROREM (IENE Jay: maximum above the xy plane at the point (x, v). (Then $ is the graph of the function f.) The 
temperature). | intersection of the surface S with a horizontal plane = = А produces a curve С 
consisting of all points on the surface that are Å units above the ху plane (Figure 9a). 
The perpendicular projection of the curve C on the xy plane gives a level curve for 
the function f. Such a level curve, whose equation in the xy plane is 


fix. у) = К 


is called a contour curve for the surface $. By plotting a number of different 
contour curves, each labeled with its own value of k, we obtain a contour map of 


Figure 9 


Figure 10 
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(b) 


the surface 5 (Figure 9b). Such a contour map enables you to visualize the surface as 
if you were looking down upon it from above and seeing its intersections with 
horizontal cutting planes at various heights. 1f these heights are made to differ by 
equal amounts, then a crowding of successive contour curves indicates a relatively 
steep part of the surface. Figure 10 shows a contour map of Dutch Flat, N.W., 
Arizona. 


Figure 11 


Not only are contour maps used for representing the surface features of a geo- 
graphical region. but they are also nsed to help us visualize complicated graphs of 
mathematical functions. Figure 11 shows a computer-generated graph of a surface 
z = f(x, y) and its corresponding contour map. 

EXAMPLE 9 Let S be the surface z = x? — y? + 20 for x = 0. Plot the contour 
curves for this surface* corresponding to z = 0,2 = 10,2 = 20, z = 30, and z = 40. 


SOLUTION Forz = 0 we obtain 0 = x? — y? + 20, огу? — х? = 20, ће equa- 
tion of a hyperbola with a vertical transverse axis. Since x = 0, we get only the 
portion of this hyperbola lying in the first and fourth quadrants as the contour 


*Note that this surface is a portion of a hyperbolic paraboloid. 


836 CHAPTER 14 PARTIAL DIFFERENTIATION 


Figure 12 curve corresponding to 2 = 0. For z= 10, we obtain 10 = х? — у? + 20, or 
y! — х2 = 10, another hyperbola. For z = 20, the equation is 20 = x^ — у? + 20, 
or x = жу, two lines meeting at the origin. Continuing in this way, we obtain 
the desired contour map (Figure 12). 


Y 


The idea of a field as a continuous spatial distribution of a physical quantity was 
originally conceived by the English experimental physicist Michael Faraday 
(1791-1867). Faraday's brilliant conception had a powerful impact on the later 
work of the English mathematical physicist James Clerk Maxwell (1831—1879), 
who developed the fundamental equations for electromagnetic fields. The concept 


level curves of 


т=хї—у° + 20 


forx > 0 of a field has become more and more important in physics—indeed, many modern 
physicists regard physical reality as a network of interacting fields. 


Michael Faraday James Clerk Maxwell 

Problem Set 14.1 
In Problems 1 to 14, evaluate each expression, using the functions f, 11 f(x, y) + g(x, Y) 12 fat Л, Saye) 
g. к h defined by fx, es e + Ixy, glx, y) = V/xy, and "E 
LS. es) = (2ху + у): 13 A(x, у, 0) iT 

1 f(3, —4) 2 f(2, 0)g(2, 0) 

3 gik, k) 4 g(a’, b^) In Problems I5 to 26, find and sketch the domain of each function. 

Sho ee 3) 6 h(x, z., у) VEEN Sy 

A : 15 fix, у) = DIEM. ы 16. g(x; у) = СБК 
7 fiv a. b) 8 e(sin Ө, 2 cos 0) i» 
Дх. у) у 


17 Hix, у) = 


9 hisin f, cos t, 0) P e 
lex, y) UR Tuy Y — 16 


WES SIF = 


x 


18 Р(х, y) = 19 f(x, у) 2 In (x? — y) 


20 Gx, у) = In (4 – x? — y 21 р(х, y) = Vx * vy -4 
Y 


22 h(x. y) = oe 23 A(x, y) =In у= 2) 
V 36 — 4x° = 9у- 


24 f(x, у) = sin ! (2x + y) 


m GES 
25 Fox. e 222277 26 F(x. у) = “== e 


In Problems 27 to 40, find the domain of each function of two 
variables, and sketch the graph of the function. 

ZTE Nass a) = as P 5 

28 р(х, y) = 2x - Зу + 6 

29 A(x. y) = V4— à у? 

30 A(x. y) =3 + У9 х2 y 
31 Fa, у) = х + у? 

33 f(x. y) = 4 

Bep cc Va ts 

ENG —4-x y 

aX) fiis. Spes ei» sel 


32 f(x, y) = Vitr + yi 
34 sa, у) = ha 

36 h(x, y) = -Vr yl 
38 g(x, y) = у? 


40 fx. y) = Vx +y — | 


ПОСИ КЕ) eX ah X» xg Ех, evaluate 
and simplify f(1, 2, 3,.... n). 


19142 The present value P of A dollars to be paid г years in the 
future (assuming an 8 percent continuous interest rate) is 
P(A, t) = Ae 9?*', Find and interpret P(100, 13.8). 


In Problems 43 to 50, plot a contour map of the graph of z = f(x, y) 
showing the contour curves corresponding to the given values of z. 


ЧЗ ВР z — В = 057 — | 2 = 2 
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FARINE ge Б 


44 fix, y) = V9 х2 = 2 =0,2=1,2=2,2=3 


2х 
48 f(x, у) = = 2 = 0,2 =1,2=2,253 
элу 
= y. 1 
49 fix Sa a ык z=] ‚== 
Lk mr д 


Бн, УЙ D mem sf=0,2=1,2=2,2=3 


51 Suppose that the electric potential V in volts at a point (x, у) in 
the xy plane is given by Vix. y) = 4/V9 — x? — y^, The level 
curves of V are called equipotential curves. Plot the equipoten- 
tial curves corresponding to V = 16, У = 8, V = 4, and V = $. 


52 Suppose that the temperature T in degrees Celsius at a point 
(x. y) in the xy plane is given by T = 2x? + у”. The level curves 
of T are called isotherms. Plot the isotherms corresponding to 
Т=6,Т= 4, Т = 2, аіТ = 0. 


53 What does it mean if the isotherms (level curves) of а tem- 
perature field tend to crowd together near a certain point 
Ро = (хо, Yo)? 


54 Given a map showing the isotherms of a temperature field, ex- 
plain how you would plot a path, starting at a point Po, along 
which the temperature would increase most rapidly. 


55 A person is driving at 50 miles per hour from left to right 
along the line y = 75 in Figure 7. How rapidly does this person 
feel the temperature dropping, in degrees Fahrenheit per hour, 
if the temperature at the point (x, y) is given by f(x, y) — 
80 — (x/20) — (y/25)? 


56 Look up the following words in a dictionary, and explain how 
each refers to the level curves of a certain scalar field: (a) isobar, 
(b) isocheim. (c) isoclinal line, and (d) isodynamic line. 


14.2 


Limits and Continuity 


The idea of a limit can be extended to functions of two or more variables. For 
instance, if we say that f(x, y) approaches the limit ZL as (x. y) approaches (хо, yo). 
we mean that the number f(x, v) can be made to come as close to the number L as 
we wish by choosing the point (x. y) to be sufficiently close to the point (xo. yo). 
provided that (x, у) = (хо, yo). The notation is 


lm Д, y) =L 


(xy) (x0,Y0) 
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As a specific example, notice that 
1 


im = 
Roo MEn y 


since the quantity 1/\/4 — x^ — Y^ comes closer and closer to 3 as the point (x, y) 
comes closer and closer to (0, 0). Later in the section we give a formal definition of 
a limit of a function of two variables; however, for now, we prefer to proceed 
informally. 

It can be shown* that all the properties of limits of functions of single variables 
extend to functions of several variables; for instance, the limit of a sum, difference, 
product, or quotient is the sum, difference, product, or quotient of the limits, re- 
spectively, provided that these limits exist and that zeros do not appear in denomi- 
nators. Also, if f(x, v) depends only on x and not on y, so that 


fix. у) = A(x) 


then lim — f(x, y) = lim A(x) 


(x. Y)—7(Xo. Yo) X—*Xo 
provided that the last limit exists. We abbreviate this by writing 


lim h(x) = lim h(x) 


(х,у) (10,0) xx 


HT a " | | 
Similarly, we have Bm LE up ces 
yoyo 


Gy) — Go, vo) 


provided that the last limit exists. 


In Examples 1 and 2, evaluate the limit. 


EXAMPLE 1 lim (sxy a y= ) 
c (See a doy 
SOLUTION Applying the limit properties for sums and products, and abbreviat- 


ing lim as lim, we have 
fg:v)4(— T, 


E 


m ЖЕ Зу К 
Ш О E 
аў 
зү? 


Хе 


lim 5x?y + lim 2xy — lim 


3 lim y? 


Slimy lime t Shs in = 
lim x + lim y 


5(—1)%2) 20-0) - —* 
(ee) ee с 
= 42 
EXAMPLE 2 lim — (e *» + cos 3xy) 
IEEE (Gv) 10,0) 
SOLUTION lim — (e *9 + cos Зуу) ei +01 + cos [3(0)(0)] 


(1,9) (0.0) 


e + cos 0 = 2 


*The proofs are similar to the proofs of the properties of limits of functions of a single 
variable given in Appendix B. 


Figure 1 


(b) 
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In Chapter ] we observed that lim f(x) exists if and only if both one-sided limits. 


Aa 


lim, f(x) and lim f(x), exist and are the same. In dealing with a limit of a function 


Ё аклы 1 0 


Jf of two variables, say, lim Я f(x. у). we can allow the point (x, у) to approach 
(a.¥)—ta,b) 


the point (a, b) not only from the right or from the left, but also from above, below, 
or indeed, any direction (Figure 1а). We can even allow (x. v) to approach (a, 5) 
along a curved path (Figure 1b). 


lim 


(a.v) a.b) 


To say that 


fx. 


along any path whatsoever, f(x, v) approaches the same limit L. 


Y) = L ts to require that as (x, y) approaches (а, b) 


Thus, a convenient way to show that a particular limit lim 3 f(x. у) does not 
(ayi — la, b) 


exist is to show that f(x. y) can be made to approach two different limits as (x. v) 
approaches (a, b) along two different paths. 


Dey 


ESAMPEER E LOU CENE o a 
PE ET ас se She 


(a) Evaluate the limit of f(x, v) as (x, v) approaches (0, 0) along each of the 
following paths: (i) the x axis, (ii) the v axis, (iii) the line y — x, (iv) the 
parabola y — x?. 


(b) Does lim fix, у) exist? If so, what is its value? 
(д.7 00.0) 


SOLUTION 
2x*(0) 
(a) (1) On the x axis. у = 0 and f(x. у) = f(x, 0) = —5——— = 0 for x 0. 
ane A) 
Therefore, lim f(x. 0) = lim 0 = 0. 
2(0)”У 
(n) Ont the махтап о 0 ОЖ уу —— x зи 
sr ay 
Therefore, lim /(0. y)- lim 0 = 0. 
f On the Ii ETE. = pne ЕС ЕГ, 
ш) On the line y = x, f(x, v) = f(x. x сш се 3 or 
x #0. Therefore, lim fx. х) = lim = = 0. 
— ef г Е gut Suc 
y arabola у = x^, f(x. v) = f(x. x7 Sea = EE 
ар 
oy 
for x = 0. Therefore, lim f(x, x^ EE lim a =0 
x—0 ) S4 3x? 


(b) Along all the paths in part (a), the limit is the same, 0. Although 
there might be some other path along which the limit is not 0, the evi- 
dence leads us to suspect that the limit is 0. Our suspicion is confirmed as 
follows: For x? + у? #0, sx +y, so x?lv| = (х2 + у”)|у|; hence. 
x7|y|/(x? + у?) = (У. It follows that 


9 2x?y | 


2 
2 + Зу | Be 


Ах. у)| = S 
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Therefore, as (x, y) approaches (0, 0), f(x, y) must approach 0, since | f(x, у)| 
is no larger than 3|y|, which approaches 0. It follows that 
2x-y 


it ————— 
C=O) She sp Bye 


EXAMPLE 4 Follow the directions in Example 3 for the function 


а s 
ho) Se 
+ атма 
SOLUTION 
2-0 
(a) (1) On the x axis, y = 0 and f(x, у) = f(x, 0) = = 8; = 1 for x 0. 
ie 


Therefore, lim fix, 0) = lim 1 = 1. 


0 ea 
(ii) On the y axis, x = 0 and f(x, у) = f(O, у) = 57 y= —1{огу 0. 
y 


Therefore, lim f(0, y= lim (= ЮЕ 
у у 


Gii) On the line y = x, f(x, y) = f(x, х) = ee = 0 for x = 0. There- 
Ie dpa 


ar d 
fore, lim f(x, x) = lim 0 = 0. 
x0 x0 
(iv) On the parabol ЖОЛ l 
iv) On the parabola y = x?, f(x, у) = f(x, x?) = = = Or 
P A à х? + xt 1 +2 
х 7 0. Therefore, lim f(x, x2) = lim ———~ = 1 
x0 x—0 ] +x“ 


(b) Since the limits in (1) and (ii) are different, ; Jus 8 f(x. y) does not exist. 
Xy) —HUU, 


The following example shows that f(x, y) can approach the same limit as (x, y) 
approaches (a, b) along every line through (a, b), and yet lim Р f(x. у) сап fail 
à Gy) (a,b) 
to exist. | 


EXAMPLE 5 Let Дх, у) = s А Jr pos 

0 ifx=0 
(a) Calculate the limit of f(x, v) as (x, y) approaches (0. 0) along the line 
y = mx. 
(b) Calculate the limit of f(x, y) as (x, у) approaches (0, 0) along the parabola 
х= у". 


(c) Does lim f(x, y) exist? 
(х,у) (0,0) 


SOLUTION 
(a) On the line y = mx, f(x, v) = f(x, mx) = [x + (1/x)]onxy? for x # 0. so 


that lim f(x, mx) = lim [x + (1/)](тх)? = lim (nx? + т?х) = 0. 


(b) Along the parabola x = у”, f(x, у) = f(y”. у) = [y? + (1/y?)]y? for y # 0, 
so that lim f(y”, y= lim [»? + 0/53] = lim (y* + 1) = 1. 
y yo yo 


(c) Since the limits in parts (a) and (b) are different, ' lim, m у) does not 
exist. SERRE 


DEFINITION t 
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The formal definition of the limit of a function of two variables is patterned on the 
definition in Section 1.7 of the limit of a function of a single variable. 


Limit of a Function of Two Variables 


Let f be a function of two variables, and let (xo, vo) be a point in the ху plane. 
Assume that there exists a circular disk with center at (хо. vo) and with positive 
radius such that every point within the disk. except possibly for the center 
(хо. Yo). belongs to the domain of f. Then we say that the limit as (x. у) ap- 
proaches (Xo, Уо) of f(x. y) is the number L, and we write 


Дх. у) SL 


lim 
(X,V)—(x0.¥0) 


provided that for each positive number e, there is a positive number 6 such that 
| f(x, y) — Ц < e holds whenever (x. у) # (xo. yo) and the distance between (x, у) 
and (xo. vo) is less than 6. 


The condition given in this definition can be written as follows: For every e > 0, 
there exists 6 > 0 such that 


0 < (x — xo) + (y — ул)? < & implies that |f. vy) = 4 € e 


EXAMPLE 6 Show that ! lim, (3x + 2y) = 7 by direct application of Defini- 
tion 1. 28 


SOLUTION Let e > O be given. We must find ô > 0 such that |3x + 2y — 7| < є 
holds whenever 0 < (x — 1)? + (y — 2)? < 6. Now, 


[3x + 2y = 7| = [3х — 3 + 2y — 4| = [3x — 3| + [ру — 4| 
= BB — 1) + [му — 2] = 3[х — 1] + 21y — 2] 
Hence, if 3|x — 1| < є/2 and 2|y — 2| < e/2, then 


Bet 2) ys I + jy - 2] + 7€ 


The condition 3|x — ]| < є/2 is equivalent to 9(x-— 1)? < e?/4. ог to 
(x ~ 1? < €/36. Similarly, the condition ap = luc e Duis equivalent to 
(у — 2)? < є/4, or to (y — 2? < €?/16. Therefore, if (x — 1)? < «2/36 and 
(у — 2y < €/16. it will follow that |3x + 2y — 7| < e. Thus, choose 8 = є/6, 
and note that if 


0<( 2 + (у = 2)2 < & a 
Oe m d e REL зс] 
: 36 
then («= 1) = (к – 0) + ( Pa 
B os Рас (ae ee = \ E 
: 36 
and (9—2)-(—1y-( ng c 
lS г” = A == == RT 
36 16 


Hence, (x — 1)? < €7/36 and (y — 2)? < 7/16, so that |3x + 2y — 7| < e. 


The definition and the properties of limits can be extended to functions of three or 
more variables. For instance, if the number f(x, v, z) can be made to come as close 
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DEFINITION 2 


Figure 2 


(a, ba 


boundary 
point of 
(xg, Vg). an D 
interior point 
ot D 


to the number L as we wish by taking the point (x, v. 2) sufficiently close to the point 
(Xo, Yo. Zo) but different from this point, then we write 


lim Дх, у. 2) =L 


(«,у,2)-—э{Хо,уө,до) 


Continuity : 


The definition of continuity for a function of two variables is patterned after the 
definition in Section 1.9 for continuity of a function of a single variable. 


Continuity of a Function of Two Variables 


Suppose that f 15 a function of two variables and that the point (хо, vo) is the 
center of a circular disk of positive radius contained in the domain of f. We say 
that f is continuous at (xo, yo) if both of the following conditions hold: 


(i) lim Дх, у) exists 


(xy) (лоу) 


(ii) lim — f(x. y) = f(xo. Yo) 


(x Y) — Go. vo) 


In Examples 7 and 8, decide whether the given function is continuous at the indi- 
cated point. 


EXAMPLE 7 f(x. y) = 3x? + 2xy at (—1, 3) 
SOLUTION Ву the properties of limits, 
Dr (3x? + 23) = 3(-1? + 2(- 13) = —3 = f(-1. 3) 


(х,у) (= 1,3 
Hence, f is continuous at (—1, 3). 


4x ` 
И) 
EXAMPLE 8 f(x, у) =3 V + у at (0, 0) 


0 if (x. у) = (0, 0) 
SOLUTION Along the x axis, we have 


0 if x #0 


"imo 
pue ОЕ Сх 


so that lim f(x. 0) = 0. Along the line у = x, we have 


P ifx#0 


ДАЕ |7 ifx=0 


so that lim ftx, x)=2. Thus, lim f(x. y) does not exist, and so f is not 
1 (a.y) (0.0) 


continuous at (0, 0). 


Let D be a set of points in the xy plane. A point (хо, уо) is called an interior point 
of D if all points in some circular disk of positive radius with (xo. vo) as its center are 
contained in D (Figure 2). On the other hand, a point (a, 5) is called a boundary 
point of D if every circular disk of positive radius with (a, b) as its center contains 
at least one point that belongs to D and at least one point that does not belong to D 
(Figure 2). There is no requirement that a boundary point (a, b) of D belong to the 
set D. Note that a point cannot be an interior point of D and also a boundary point of 


Figure 3 


x 


SECTION 14.2 LIMITS AND CONTINUITY 843 


D. A set D is said to be open if it contains none of its own boundary points, while a 
set D is said to be closed if it contains all its own boundary points. (This terminol- 
ogy is suggested by the ideas of open and closed intervals.) 

Notice that Definition 2 applies only to the continuity of a function at an interior 
point of its domain. A modified definition of continuity, which we do not set forth 
here, is required for continuity of a function at a boundary point of its domain. 
Naturally, a function is said to be continuous if it is continuous at every point in its 
domain. 

In order to show that a set D of points in the plane is open, it is enough to show 
that every point in D is an interior point of D (Problem 42). 


EXAMPLE 9 Show that the domain of the function f(x, у) = xv/(x — y) is an open 
set. illustrate this domain with a sketch. and show that f is continuous. 


SOLUTION The domain of f consists of all points in the xy plane except those 
lying on the line y — x (Figure 3). Suppose that (xo. vo) is a point in the domain D 
of f, so that (хо. уо) is not on the line у = x. If d is the distance from (xo, vo) to the 
line y = x. then any circular disk of radius r with 0 < r < d is contained in D; 
hence, (xo. yo) lies in the interior of D. lf follows that the domain D is open. Since, 
for xo Æ yo. 

Ay XoYo 


lim m = tis fy. 
(х,у) —э(хо,уо) XY — Y Xo — Yo 


it follows that f is continuous at every point (хо, vo) of its domain. Therefore, f is 
a continuous function. 


Functions of two variables have many of the same properties with regard to 
continuity as do functions of single variables. Among these are the following. 


Continuity Properties for Functions of Two Variables 


Suppose that (xo, vo) is an interior point of the domains of the functions f and g of 
two variables, and assume that f and о are continuous at (хо. yo). Then: 


] A(x, y) = Дх, у) + g(x, y) is continuous at (xo. vo). 


2 х. у) = f(x. y) — g(x, у) 15 continuous at (xo, vo). 
3 р(х, x) = f(x. v)g(x, v) is continuous at (xo. vo). 
: убы) ые , 
3 If g(xo. Yo) Æ 0, then g(x. у) = рар is continuous at (хо. Vo). 
Six, y 
5 If wis a function of a single variable that is defined and continuous at the 
number f(xo, vo) and if (хо. vo) is ап interior point of the domain of 


у(х. у) = w[ fix. у)], then v is continuous at (xo. yo). 


EXAMPLE 10 What are the interior points of the domain of the function и defined 
by u(x, y) = МІ — x^ — y? In (x + у)? Is и continuous at such points? Ilustrate 
with a sketch of the domain of u. 


SOLUTION The expression V1 — x? — у? is defined only for 1 — x? — у? = 0. 
that is, for x? + 3? = 1. The condition х2 + y? = 1 holds exactly when (x, у) is on 
or inside the circle x? + у” = 1 of radius 1 with center at (0, 0). The expression 
In (x + у) is defined only for x + ү > 0, that is, only when the point (x, у) lies 
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Figure 4 


above the line x + y = 0. The domain of u is therefore the shaded region shown in 
Figure 4 inside or on the circle x? + у? = 1 but above the line x + y = 0. The 
interior points of this domain are just those points not lying on the rim of the circle 
(nor on the line x + у = 0). Since the square-root function is continuous, the func- 
tion f(x, y) = МІ — x^ — у? is continuous inside the circle х? + у? = 1, by Prop- 
erty 5 above. Similarly, the function g(x, у) = In (x + y) is continuous above the 
line x + у = 0. By Property 3, the function u(x, у) = f(x. y)g(x, у) is continuous at 
all interior points of its domain. 


The definitions and properties of continuous functions are extended in an obvious 
way to functions of three or more variables. Naturally, every polynomial function in 
several variables is continuous. Also, a ratio of such polynomial functions—that is, 
a rational function of several variables—has an open domain and is continuous at 
every point of its domain. For instance, the function 


5i Ug rn poor hz — x + Ly + ол 


Sahaa Эк ey -Ь eee 


is continuous at every point (x, v, z) for which the denominator is not zero. Roughly 
speaking, any function built up in a *'reasonable way”’ from continuous functions is 
continuous at every interior point of its domain. 


Problem Set 14.2 


In Problems 1 to 12, evaluate each limit. 


sin (x^ + y?) 


14 f(x, у) = ЧЕН? as (x, y) approaches (0, 0) (i) along the 
x+y 
1 alt тя (5х2 + Зху) 2 Кы [ш » (sin 2x + sin 2y) x axis, (ii) along the y axis, (ii) along the line y = 10x, 
wo, 2 xy) ‚т n 
(iv) along the curve у = х? 
: у з 5 
3 б (Съ + sec Sxy) 4 lim i. ew g me 
(.)—(0.0) (y)0,0) In (x + 3y + e) 15 f(x, = =a (x. у) approaches (0. 0) (i) along the x axis, 
s x T s . m E » . nma E . H 
S iim ET 6 lim 07+ 253] Gi) along the y axis, (iii) along the line y = x, (iv) along the line 
(y)-(00.00 ех + Зе? Gy) 1,2) y — mx 
2 оу sin uv 
7 lim. 2—0 im ату 
(uy 1,2) 90.0) uv 16 fix, y) = quU ys as (x, y) approaches (0, 0) (1) along the x 
xt + у2)) 
; 3,2 ; ITE s А TOME. ч Е 
9 ote. In (1 + 4x^y^) 10 es its) GWE SE S axis, (ii) along the y axis, (iii) along the line y = x, (iv) along the 
curve y = —x 


Жака үз үз 


11 lim ORIA 
CAOR a tye 2°—4 "c В 
d (Ge ue SPEI if y #0 
; 9 
12 lim z sin с=ш= а у= k as (x, y) approaches 
tx y, 7) 0.0.0) Ve у от 0 ify =0 
0, 0) (i) al the x axis (ii) al the y axis, (iii) along the 
In Problems 13 to 18, (a) evaluate the limit of f(x, v) as (x, v) MEAT 2 е = e M 1 
approaches (0, 0) along each of the indicated paths (1). (ii), (i11), and a i 
(iv); (b) determine lim f(x, y), if it exists. 
(x.y) —(0.0) а Г 
— sin xy if y #0 
S 18 f(x, v) = as (x, у) approaches (0. 0) 
13 fix, y) = ug as (x, y) approaches (0, 0) (i) along the К ify =0 


х axis, (1i) along the у axis, (iii) along the line y = 5x, (iv) along 
the parabola y — x? 


(i) along the x axis, (ii) along the line y = 2x. (iii) along the 
parabola у = x^, (iv) along the curve y = 5x? 


In Problems 19 and 20, prove each statement by making direct use 
of the definition of limit; that is, show that for each given e > 0, 
there is a 6 > O so that the conditions of the definition hold. 


19 lim 


(х,у) 02.1) 


(5х + Зу) = 13 20 1 (~x + 2у) = 8 


im 
G.v)—1(—4.2 


In Problems 21 to 28, decide whether each function is continuous at 
the point indicated. Justify your answer. 


21 f(x, y) = №25 — x? — y? at (-3, 3) 


22 f(x, v) = e^*' In (х2 — 2y + 7) at (0. 0) 


; T if y # 2x 
© Жы АЙКОША — ат (2) 
1 if у= 2х 
24 2) 8 М t (0. 0, 1) 
INES Moe с ао at (0. 0. 
25 9 sin x a ( ) 
=ә = Norm 
ынс sin y 2 
26 h(x, y) = —— at (0, 0) 
26 h(x, у LE a s 
zu ; 
(а а) GE — if x x0 
27 fix. у) = Ы at (0. 0) 
0 if +=0 
m» 
c ролш 
28 fix. у) = : at (0. 0) 
0 if (x, y) = (0, 0) 


SECTION 14.3 PARTIAL DERIVATIVES 845 


In Problems 29 to 39, (a) sketch a diagram showing the domain of 
each function in the xy plane, (b) specify which points of the domain 
are interior points, and (c) determine those interior points of the 
domain—if any—at which the function is discontinuous. 


29 Дх. y) = Уху 30 g(x, у) = sin! (2x + у) 


41 D 
31 h(x, y) = > 2 32 F(x, у) = In (xy — 2) 
= у 
33 f(x, y) = SE 34 H(x, y) = ln (х2 + у”) 
Xy y! 
35 f(x, Y) = SSS SS 36 G(x, y) = sin! — 
f БОЕ т =: E 


E. 
ў if (x, y) # (0, 0 
3X iatis. "e if (x, y) # (0, 0) 


0 if (x, y) = (0, 0) 
Ах? Oy ра + Oye y 
38 A(x, у) = l if 4x? + 9y2 2 1 
42 + 9y? A d 
с ое 
39 Fad i 2 omg 
nu if х? + у? «c4 


40 Prove that the limit of the sum is the sum of the limits for func- 
tions of two variables. Use the precise definition of limits in 
terms of e and ô, and give a clear statement of whatever assump- 
tions you need to make. 


41 Write out a precise definition, in terms of e and 6, for the state- 


meni fa. v2) =L 


um 
(х.у.2) (20.90.20) 


42 Prove that a set of points D in the xy plane is an open set if and 
only if every point in D is an interior point of D. 


14.3 


Partial Derivatives 


The techniques, rules, and formulas developed in Chapter 2 for differentiating func- 
tions of a single variable apply to functions of two or more variables, provided that 
we hold all but one of the independent variables constant and then differentiate with 
respect to the remaining variable. 

For instance, consider the function f of two variables given by 


Дх, у) = х2 + Злу — 4y? 


Let’s agree, temporarily, to hold the second variable y constant and differentiate 
with respect to the first variable x. Then since y is constant, 


ae By кт d pe TRU 
a - yer RA E. ay dx i 


846 


CHAPTER 14 PARTIAL DIFFERENTIATION 


DEFINITION I 


Hence, 


d da d d 3 

КОО ЕЕ Iu (Е) yey 
ах ах ах ах З 

In order to emphasize that only x is being allowed to vary, so that y ts held fixed 

while the derivative is calculated, it is traditional to modify the symbol d/dx and 

write 0/9х instead. (The symbol à is called the "round 47°) Thus, we write the 

equation above as 


J 7 
— fix, у) = Е 3xy — 4у2) = 2x + 3y 
OX OX 


The derivative calculated with respect to x while temporarily holding y constant is 
called the partial derivative with respect to x, and d/dx is called the partial 
derivative operator with respect to x. Similarly, if we wish to hold the variable x 
fixed and differentiate with respect to y, we use the symbol 0/0ду. Thus, for the 
function f(x. y) = x? + 3xy — 4y?. we have 


2 quon = we 538—451 = (ху + qus ye NE 

С) = k ar у= dle) = 09) sr — GRE mmn Ces 

dy 1 ду аА ду 9) шш Oy a 

= 0+3х— 8у = 3x — By 
More formally, we have the following definition. 
Partial Derivatives of Functions of Two Variables 
If fis a function of two variables and (x, v) is a point in the domain of f, then the 

орх, y) of(x, y) 
GEL al —— 


partial derivatives —— 
ax 


of f at (x. y) with respect to the first 


and second variables are defined by 


af(x. у) l jus SE aw Sm fS S) 
Dui n Кр. шша генер А 


n 
ax х0 Ах 
f(x, у) о узд Е: А) 
апа == 
ду Av —0 Ay 
provided that the limits exist. The procedure of finding partial derivatives is 
called partial differentiation. 


EXAMPLE t Use Definition 1 directly to find ðz/ðx if z= х, у) = 


5x? — 7ху + 2y?. 


SOLUTION 


oz „— “йу с ves $9) = ao, 30 
= im —L——————2—————— 
Ox Ax—0 Ax 
"X [5(х + Ax? — 7(x + Ах)у + 2у°] — (Sx? — 7ху  2y?) 
- Aen Ax 
= Slx? + 2x Ax + (Ax] — 7xy — Ty Ax + 2y? — Sx? + 7ху - 2y? 
а vA Ax 
10x Ax + 5(Ax)? — 7y Ax 
= pues. pU) a nrc E нү 
Ax—0 Ax Ax—ü 
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It 15 convenient to have a notation for partial derivatives that is analogous to the 
notation f'(x) for functions of one variable. Thus, if z = f(x, y), we often write 
fix. y) or fi (х, y) rather than dz/dx or f(x, y)/ðx for the partial derivative of f with 
respect to x. The subscript | (or the subscript x) denotes partial differentiation with 
respect to the first independent variahle (or with respect to x). Thus 


Similarly, the subscript 2 (or the subscript у) denotes partial differentiation with 
respect to the second independent variable (or with respect to y), so that 


ey) = AW, у) =A У 


Partial derivatives of functions of more than two independent variables are de- 
fined by an obvious extension of Definition 1. For instance, if w = f(x, y, z), then 


ow „ {lear Aus Wa 2) а) 
D = жы уы Жуке быз TI =] кык DNE CRI. Kad БЫ Dorm. С БШМ 
т Лоу DAG, yz) т = 
ow Оууу) 
== ке Hex. um s DS [ү ———M————————— 
Jy BRE US CE) dun E: 

and 
Fu LII ES ep. dG So Bar NB) fts 3 £) 
дс ЗС ws) SCs ж dica ais Az 

More generally, if w = f(x, Xo, X3... . , ? X4). then we use the notations 


for the partial derivative of f with respect to the kth independent variable x}. We use 
the words *'partial derivative" to refer both to the function f; and to the value 
TROGIR ИКЕ. Xz, ... S х.) of this function—you can always tell from the con- 
text what is intended. 

Partial derivatives can be calculated by using the same techniques that are effec- 
tive for ordinary derivatives, except that all independent variables other than the 
variable with respect to which the differentiation takes place must temporarily be 
regarded as constants. 


EXAMPLE 2 If w = xy?z?, find 
(a) àw/óv (b) ди/дг 
SOLUTION 
(a) Holding x and z constant, and differentiating with respect to y, we obtain 


d 


= — (xy?z)) = xz? (y?) = xz?(2y) = 2xyz? 


ду ду ау 
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(b) Holding x and v constant and differentiating with respect to z, we have 


ow д Er di E 2 
SS = — (6072) = wu uy 39822 
Oz az dz 


EXAMPLE 3 If f(x. y) = xe* + v In x, find 
(a) fia, v) (b) р(х, у) 


SOLUTION 


) i (xe* + y In x) И (xe?) + 2 (у In x) 
Aue MU = We rin X) = — (xe- — tina 
(a) fix. Y) m xe Уу \ p xe p. y 


dx d т" 
SO Sg sa Se 
dx dx Ag 


(b) fX X. y) ( 9 l ) ng ( 7j t ( l ) 
why d xe- ¥ n AG NG у n x 
2 2 SM d ду 7 ар 


ду 


d А ау Е 
== (ЙЕ eve пт 
dy dy 


EXAMPLE 4 If f(x. v. 2) = e™ z^. find (l. 2. 3). 


SOLUTION Holding x and v constant and differentiating with respect to 2, we 
have 


Ji ) 1 (eos 2 ойый (£^) = 3e £2 
а 2) = = (62) = озу — Зе 
(OD. Oz dz 


Therefore, l 
JEU, By Spese C Pe qs = a 


Note that to find f.(1, 2, 3), we first differentiate to find f.(x, у, z) and then substi- 
tute х=], y = 2, and z = 3. 


There are many versions of the chain rule applicable to partial derivatives, the 
simplest one being virtually a direct transcription of the ordinary chain mule 
for functions of a single variable. Thus. let g be a function of more than one 
variable—say two variables for definiteness. If w = f(v) and v = g(x, y), so that 
w = f[g(x, y)]. then, holding у constant and using the usual chain rule, we have 

ow ШЕ. Next ) - f'Q) ov dw ду 

— = С) = — 

ox А Ox dv ox 
provided that the derivatives dw/dv and dv/dx exist. Similarly. holding x constant 
and using the usual chain rule, we have 

ðw ИК ТЕРУ ду dw ðv 

—— = (кл Э = Mm 

PULL. EA VIS, | = Gh oe 


provided that the derivatives dw/dv and dv/dy exist. In summary, if dw/dv, ду/дх, 
and év/dv exist, then 


dv ax 


EXAMPLE 5. If w= V] — x? — v), find ów/óx and ðw/ðy. 
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SOLUTION Put v = 1 — x? — y7, so that w = V/v. By the chain rule, 


ðw dw ду 1 2 5 ^ ] = 
Ж с 
ox dv ox 2NVv Ox 2Vv | g^ 
ðw dw av 1 д 7 1 =y 


= с (1 -  -y) = S 
ду dv ду 2Vv oy 2\/» Мї-х?—у* 


In using the version of the chain rule, given above, you proceed in much the same 
way as in Section 2.7, except that you multiply the ordinary derivative of the 
"outside function” by the appropriate partial derivative of the "inside function.” 


EXAMPLE 6 If f(x, y) = tan (х2 — D find f(x, y) and f(x, y). 


SOLUTION Here the **outside function’’ is the tangent function, and the ‘‘inside 
function" is the function g(x, y) = x? — y?. Thus, 


j 
sec? (x? — y?) = =) = [see (бу ym 
X 


FACS 39) 


2x sec? (х2 — y?) 


kd 5 3 д 2 2 у 7 “у 
апа (ыу = See (u^ — р) EN CH= we ese @ = eC») 


F > 
—2y sec? (x? — y?) 


EXAMPLE 7 If w= e`”, find ów/óx and dw/dy. 


SOLUTION ðw Omm vlla те 
— = ev —— |||) eA VIL & 
Ox ox Ny y y 
; US 
OU ме Sal (4) "E ( 2 2. - шан 
oy oy y ү y? y? 


Geometric Interpretation of Partial Derivatives 


Suppose that f is a function of two variables and that f has partial derivatives fı and 

fo. The graph of f is a surface with the equation z = f(x, y) (Figure 1). Let zo = 

fo. Yo), so that Р = (xo. Yo, zo) is a point on this surface. The plane y = yo cuts a 

cross section APB from the surface, while the plane x — xo cuts a cross section CPD 
Figure 1 z from the surface. As a point moves along the curve APB, its x and z coordinates 
vary according to the equation z = f(x, yo), while its v coordinate remains constant 
with y — vo. The slope of the tangent line to APB at any point is the rate at which the 
z coordinate changes with respect to x; hence, this slope is given by óz/óx — 
Лбх, уо). In particular, / (xo. yo) represents the slope of the tangent line to APB at 
the point P. Similarly, /(хо. yo) represents the slope of the tangent line to CPD at 
the point P. Thus, in Figure 1, we have 


| | дс 
ana о 30a оо Bo) = E evaluated at (xo. Yo) 
дх 


tangent line 
to CPD 


н DE 
tangent line tan B = f2(Xo. Yo) = fi(Xo. Yo) = Tm evaluated at (хо, yo) 


to APB 
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EXAMPLE $ Find the slope of the tangent line to the cross section cut from the 
surface z = 4x?y — xy? by the plane y = 2 at the point P = (3, 2, 48). 


SOLUTION Here we hold у constant and find dz/dx. We have 


д: д B д a 5 
c Es fau n Gia uU 
ox Өх OX 


so that when x = 3 and y = 2, 


Oz 


Ox 


Rates of Change 


Suppose that a variable quantity, say w, depends on a number of other quantities, 
Say Xj, хә... . , Xn. If all but one of the independent variables ху. х... . , X, are 
held constant, then w depends only on the remaining variable, and the instantaneous 
rate of change of w with respect to this variable is given as usual by a derivative—in 
this case, the partial derivative of w with respect to the variable in question. 


Ies 


SEXAMPLE 9 The volume V of a right circular cylinder is given by V = ar7A, 


where r is the radius of the base and Л is the height. 


(a) Find the instantaneous rate of change of the volume with respect to the 
height if the radius remains constant with the value r = 6 centimeters while the 
height А varies. Evaluate this rate of change at the instant when А = 10 centi- 
meters. 


(b) Suppose that the height remains constant with the value /t — 10 centime- 
ters. Assuming that the radius is variable, find the rate of change of the volume 
with respect to the radius at the instant when r — 6 centimeters. 


SOLUTION 


When r = 6 and Л = 10 centimeters, we have dV/dh = (36) = 113 cubic 
centimeters per centimeter. 


(b) g d (rr^ h) } 
— = “h) = 2тг 
3 p түй arh 


When г = 6 and Л = 10 centimeters, we have 0V/ór = 27(6)(10) == 377 cubic 
centimeters per centimeter. 


Problem Set 14.3 


In Problems ! to 6, find each partial derivative by direct application 3 А-1. 2), where f(x, у) = —7x? + 8ху? 


of Definition 1. 


1 fix, y), where f(x, y) = 8x — 2y + 13 


o 2 
2 € у), where f(x, у) = 3х2 + Sey + 7y* 
дх 


д 2 >; 
4 pul y, 2), where f(x, y, z) = 2xy* — Тас + 3yc^ 


5 (1. —1). where fix, у) = 5? + 6x7 + 11 
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д: 2 x, VW i S 1 XY) 
6 ES at the point (3. —5), where с = —7x*y + ху + 3 ла Mahere иу = tan Ce) 


28 fix. у), where f(x, у) = p 
In Problems 7 to 22, find each partial derivative by treating all but 


one of the independent variables as constants and applying the rules 
of ordinary differentiation. 


ow a 
29 pm where w = sin ! u and u = Vxy 


sin (x+y) 
30 a | 
dy 


д y mA 
7 EON y), where f(x, y) = 7x^ + 5v + 2 
as 31 fi(2, —1), where f(x, у) = Vx? + y? = || 


8 2 (x? sin y) 32 f.(x, у, 2), where f(x, y, 2) = x?/Vy^ + =" 
x 
33 g(x, y, т). where g(x, y, z) = xz?e? cos yz 
9 h(x, y), where A(x, у) = sin x cos 7y Bran Dus 
5 д т К 
10 f(x, y), where f(x. y) = e^? tan у 3 Er [z sin (xz) cos (ху)] 


ow х? + у? 
11 == there Ww = = NE 2 p 07 
ox Ea 35 GRO where w = (x? + y? + 2)? 


дм А 
36 TE where w =e ' sin (s + u) 
s 


д 
12 (т y Inox) 
Ox 


13 fi(r. 0). where f(r. Ө) = r^ cos 70 SUR I where AN tees tt +} УЭ] 


п 
8 = ў = sin 2 5 i 3 /s 
E edo. p . оао 38 =. where w = (y? tan x) ?? 
5 2 = oy. om) ы 255 — А je + ү | ә 2 
15 Fil 2 3) where fax y» X y 3xy 2y 39 g,G. y) where glx, y) = cos? (3x7y7) 


x 
2 )w х,у) = = well үй 
MG gales where кты) | f j 40 rx where w = sinh V/s cosh? (45%?) 
À s 
f: 2), Ww x. у. 2) = бху: + 3д?у + 72 | Г 
ШЕ у ӘК Саскалак * ovy 41 f(d, 1, 57/4), where f(x, у. 2) = (ху + 3y967? 


д 2.3.4 3 
— р(х, у, z), wh Ооу. = SUV RU o д5 : | 
18 ст AGH Dh WINS Biss р ey) ыг, ху 42 a ТРЗ nn 
и 


ow 2 2 2 
D. where w = xy? + yz? y а 
19 ax 5 where w XY У X y 43 px where p= (Зи = сүр" 


D 


ow И н 
20 ——, where w = x cos z + y sin x + хе? ox 
д: ы 44 ——, where x = (sri)?! n" 
u 


21 g1(2, 3, —4), where gi. x2, хз) = 20е + 2re™ + 2x3e* 
45 Given that w = x^v? — 2xy* + Зх2у?, verify that 
ow ow 


x+y = 5 
um Уу w 


22 po(x,, х2, Хз, х4). where p is defined by p(xi. xo, х3. X4) = 
XjX2X3 Sin X4 — ХоХзХїз SIN Xj 


In Problems 23 to 44, find each partial derivative by using the chain 46 


| Given that w = (ax + by + ст)", where a, b, and с are con- 
tule. 


stants, verify that 


dw 3 ðw ow ow 
23 RT where w = Vu and и = 3x? + y? RS лш ар а le 
x I 


д E 47 Given that w = г? + tan te’, verify that 
24 E g(x, у), where р(х, у) = sin (xy)* 


= 
у д. a 
DS . where м = ] d u = 7х2 + 4y? : БЕЛЕ т 
x Wigs " К m 7 48 Let f be a differentiable function, and let w = (257 — 91^ 2). Ver- 
ify that 


TUE 
/ 2 ow ðw 
26 & in (2) Ti + 55 2520 
oy \ s 
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f у Е TR - 
49 Given that w = x? sin — + y? In — + z?eV*, verify that 
2 x i 


50 Given that w = e? + e + e^, verify that 


ди дм 
ҮЕ Ва 
aN oy 
52 Given that 
А? + у 
= е 
" х? + у? 
show that 
oz dz 
Е ide — — 0 
OX ду 


In Problems 53 to 60, find the slope of the tangent line to the cross 
section cut from the given surface by the given plane at the indicated 
point. 


53 The surface т = 3x — 5у + 7 and the plane у = 2 at the point 
(Hn 23. (Oh 

54 The surface = V4 — x^ — у? and the plane x = 1 at the point 
(ЛЬ 0. Уа) 

55 The surface z = УЗІ — 2x? — Зу” and the plane у = 2 at the 


point (3, 2, 1) 


56 The surface x^ + y? + 22 = 14 and the plane x = 1 at the point 


WW Boel) 

57 The surface z= e^" sin 3y and the plane x — | at the point 
(1. 0, 0) 

58 The surface 6x^ + 9y? + 4z? = 61 and the plane y = —1 at the 


point (1, —1, 2) 


59 The surface z = 2xy/(x? + y?) and the plane у = 4 at the point 
(3, 4, 34) 


a/y v/x 


60 The surface z = еч" — e"* and the plane y = 2 at the point 


(Bo Bs (0) 


(6,61 The lateral surface area A of a right circular cone of height Л and 
with base radius r is given by A = zr V h^ + r^. 
(a) If r is held fixed, with r = 3 centimeters while л is varied, 
find the rate of change of A with respect to h at the instant 
when Л = 7 centimeters. 


(b) If A is held fixed with А = 7 centimeters while r is varied, 
find the rate of change of A with respect to r at the instant 
when к = 3 centimeters. 


62 


[©] 63 


64 


65 


66 


67 


[С] 68 


69 


If two sides x and y of a triangle are held fixed while the angle 6 
between them is varied, find the rate of change of the third side z 
with respect to 0. (Use the law of cosines.) 


Clairaut' s formula for the weight W in dynes of a 1-gram mass 
at latitude L degrees and at height А centimeters above sea level 
is 
W = 980.6056 — 2.5028 cos а M 
90 3,000,000 

(a) If Lis held constant at 40°N while Л is varied, find the rate of 
change of W with respect to / at the instant when the mass is 
6 kilometers above sea level. 

(b) If the mass remains at a constant altitude of 6 kilometers 
above sea level while its latitude L is varied, find the rate 
of change of W per degree of latitude at the instant when 
L = 40°М. 


А circular hill has a central vertical section in the form of a curve 
whose equation is z = 10 — (v7/160), where the units are in 
meters. The top is being cut down in horizontal layers at the 
constant rate of 100 cubic meters per day. How fast is the area of 
horizontal cross section increasing when the top has been cut 
down a vertical distance of 4 meters? 


The resistance R ohms of an electric circuit is given by the for- 
mula R = E//, where / is the current in amperes and E is the 
electromotive force in volts. Calculate dR/of and dR/dE when 
1 = 15 amperes and Е = 110 volts, and give an interpretation of 
these two partial derivatives in terms of rates of change. 


A mortgage company computes the maximum size of a 25-year 
mortgage that it is willing to give on a one-family house by using 
the formula 

М = Зх + 0.025? 


where x is the size of the down payment in dollars and y is the 
applicant's monthly salary in dollars. Find #М/дх and ӘМ/ду, 
and interpret their meanings in terms of rate of change. 


Psychologists define the intelligence quotient O(M, C) of a per- 
son to be 100 times the person's mental age M divided by the 
chronological age C, so that Q(M, C) = 100M/C. Find @Q/aM 
and 9Q/GC when M = 12 years and C = 10 years, and interpret 
the results. 


Medical researchers use the body surface area of a patient to 
calibrate the results of tests of kidney performance. The formula 


A- 0.007w 9-325 779-725 


is often used to calculate the body surface area A in square centi- 
meters of a person whose weight is W kilograms and whose 
height is H centimeters. Find 6A/@W and 9A/8H when W = 58 
kilograms and Н = 168 centimeters, and interpret the results. 


The economists Paul Douglas and Charles Cobb proposed the 
theoretical relationship Р = AL*KP among the total production P 
of a firm or industry, the input L of /abor in person-hours, and 
the investiment К in capital equipment. Here a, В. and A are 
constants depending on the firm or industry in question and the 
units in which P is measured. Find formulas for the marginal 
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vessel, P is the blood pressure, and v is the viscosity of the 
blood. Find #V/éP and дУ/дЁ when L= 10 centimeters, 
P = 100 grams per square centimeter, R = 0.0075 centimeter, 
r = 0.0025 centimeter, and v = 0.05. 


productivity of labor oP /AL and for the marginal productivity of 
capital 0P/OK. 


70 The formula H = (2.14 + 1.37 VV — 0.0916V)(91.4 — Т) 
gives the heat loss (wind chill) H in Btu's per square foot of skin 


per hour if the air temperature is 7 degrees Fahrenheit and the 73 If x = r cos Ө and v = r sin Ө, show that 


wind speed is V miles per hour. Find ӘН/дУ and ðH/ðT when 


V = 20 miles per hour and T = 25°F, and interpret the results. = = 2 
ax ox en 90 = 
71 The ideal gas law PV = nRT is used to describe the relationship d 89 $ Av Ge | 
among the pressure P, the temperature T, and the volume V of a Gn a ШШ D = aio 
gas, where л is the number of moles of the gas and R is the = 
universal gas constant. NU E fos 
‘or 90 oz 


(a) Find 6P/dT when nR = 10, T = 80°F, and V = 50 cubic 
inches. 


74 lf x = p sin ф cos 0. v = p sin ф sin Ө, and z = p cos ф, show 


that 

(b) Show that 

ду GT ӘР E lm 

eer cem = др 90 дф 

| 2r Юу Xy 2. 
[6/72 According to Poiseuille’s law, the speed V in centimeters es 6 mS p sin ó 

per second of blood flow in a vessel is given by V — л 
PIR? — r*)/(4Lv), where R is the radius of the vessel, r is the # ж o 
distance from the center of the vessel, L is the length of the löp 90 дф 


14.4 


Linear Approximation and 
Differentiable Functions 


In Section 14.3 we saw that the partial derivatives fi (хо. vo) and (хо. yo) involve 
only cross sections cut from the surface z = f(x, у) by the two perpendicular planes 
y = yo and x = xo; hence, in general, these two partial derivatives tell us very little 
about the shape of the surface “in between" the two cross sections. For this reason 
it is not appropriate to call a function of two (or more) variables “‘differentiable’’ 
just because its partial derivatives exist. The key to the proper definition of *‘differ- 
entiability"" for a function of more than one variable is the important idea of linear 
approximation. 


Linear Approximation 


As we saw in Section 4.1, if f is a differentiable function of one variable, then the 
linear approximation 

f(x + Ax) = f(x) + (х) Ax 
is often quite accurate, provided that |Ax| is sufficiently small. The analogous linear 
approximation procedure for a function f of two variables involves the partial 
derivatives f| and f» and has the form 


fix + Ax, y + Ay) = fx, y) + fil. у) Ax + р(х, y) Ау 


Again, if |Ax| and |Ay| are sufficiently small, this linear approximation can be quite 
accurate. 
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Б ЕХАМРЬЕ I If f(x, y) = Vx? + y? + 2, use the linear approximation procedure 
to estimate /(3.01. 4.96) and check the accuracy of your result by using a calculator. 


SOLUTION — In the linear approximation 
f(a + Ax, y + Ay) = f(x, y) + fi(x, y) Ax + р(х, y) Ay 
we put x = 3, y = 5, Ax = 0.01, and Ay = —0.04, to obtain 
f(3.01, 4.96) = V3? + 52 +2  fi(3, 5)(0.01) + (3, 5)( 0.04) 


д 5 5 x 
Here, fi (x. y) = ге Е Ma +2 = Ae Ese 
fax. у) = =з пота 
i ду А Ve y pea 
so that AG, 5) = 2: = 23 and PORIE we = e 
v36 2 yo wb 


Thus, — f(3.01, 4.96) = V36 + 4(0.01)  2(—0.04) = 5.97166 · · - 


The true value of f(3.01, 4.96), correct to five decimal places, is 5.97174, so the 
linear approximation procedure has given a result that is correct to the first three 
decimal places. [| 


Differentiable Functions of Two Variables 
The error E involved in the linear approximation 
Дх + Ax, y + Ay) = f(x. y) + fi(x, y) Ax + f(x, y) Ду 
is given by 
18 = age ae Nee, sy ar АУ [ДО у аз 39) AWE ae (хз ЖА] 
= f(x Ax, y + Ay) — fix, y) — fi, у) Ах — f(x, у) Ay 


Roughly speaking, the condition that fis differentiable is that the error E approach 
zero very rapidly as Ax and Ay approach zero, so that the linear approximation is 
very accurate when |Ax| and |Ay| are sufficiently small. More formally, suppose that 
(хо, Yo) 15 an interior point of the domain of f and that the two partial derivatives 
fiio. Yo) and /5(хо. yo) exist. Then we make the following definition. 


DEFINITION 1 Differentiable Function of Two Variables 


We say that f is differentiable at (xo. yo) if the error E involved in the linear 
approximation 


fx + Ах. Ду ат Av) = fixo, Yo) + бо. Yo) Ax + fo(%o. Yo) Ay 
has the form 
Е = є Av + є Ay 


where є = 0 and lim €3—7 0 


lim 
Cx) 00.0) (33) (0.0) 


If the domain of f is an open set. then f is called a differentiable function 
provided that it is differentiable at every point in its domain. Note the analogy 


THEOREM t 


PROOF 


DEFINITION 2 


THEOREM 2 
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between the condition on the error E in Definition 1 and the condition on the 
linear-approximation error for functions of a single variable in Theorem 1 on 
page 249. 

Recall that a differentiable function of a single variable is necessarily continuous 
(Theorem 1, page 96). The following theorem establishes an analogous result for a 
function of two variables. 


Continuity of a Differentiable Function 


Let f be a function of two variables, and let (хо. yo) be an interior point of the 
domain of f. Then. it f is differentiable at (xo. Yo). it follows that f is continuous 
at (хо. Yo). 


Let (x, y) be a point in the domain of f, and let 
NELLO Ay = у — Yo 
Note that the condition (x. y) — (xo. Yo) is equivalent to the condition 
(Ax, Ау) — (0. 0). Because x = xo + Ax and y = yo + Ay, we have 
f(x. у) = Ко + Ax. yo + Ay) 
= (хо. уо) + (о, Yo) Ax + foto. Уо) Ay +E 
where E is the error as in Definition 1. Thus, we have 


lim E- lim (e, Ax + є Ау) = 0 


(х,у) (xo, yo) (Ax, Ay) —(0.0) 


since both e, and e» approach zero as (Ax, Ду) (0, 0). Therefore, 
lim — f(x. у) lim А [f(Xo, Yo) + Л (о. Yo) Ax + Љ (хо. Yo) Ay + Е] 


(х,у) —э(хо,уо) (х,у) —э(х0,у0 
= (хо. Yo) + (хо. YoX0) + f2(xo. уо)(0) + 0 = fixo. Yo) 


and it follows that f is continuous at (Xo. уо). 


The mere existence of the partial derivatives fı (хо, yo) and /»(хо. Yo) of a function 
f of two variables does not guarantee that fis differentiable at (ха, yo) (see Prob- 
lem 46). A condition that does ensure the differentiability of f is provided by the 
following definition. 


Continuous Differentiability 


Let f be a function of two variables. and let U be an open set of points contained 
in the domain of f. We say that f is continuously differentiable on U if the 
partial derivatives fi(x. v) and fs(x. у) exist at every point (x. у) in U and the 
functions f; and f» are continuous on U. 


If the domain D of f is an open set and f is continuously differentiable on D, then 
we say that f is continuously differentiable. The following theorem shows that the 
term "continuously differentiable” is not a misnomer. 


A Continuously Differentiable Function Is Differentiable 


Let U be an open set contained in the domain of the function f of two variables. 1f 
fis continuously differentiable on U. then fis differentiable at each point (Xo. Yo) 
in U. 
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PROOF* 


Let (xo. Yo) be a point in U. Since U is open, there is a circular disk of positive 
radius with center (хо, vo) such that al] points within this disk are contained 
іп U. In what follows we assume that |Ax| and |Ау| are sufficiently small that 
(Xo + Ах, уо + Ay) belongs to this disk and hence to the set U. Define 

fixo + Ах, yo) — хо, Yo) 
(D) Gp = *o ME 

0 if Ax 20 


— fixo. Yo) if Ax 0 


fixo ar Кү, Уо Rs Ay) = fo E Ax, yo) 
(2) 6 = Ху 
0 iV EO 


— f(Xo. yo) if Ay #0 


Note that 
(3) є Ax = До + Ах. yo) — хо. yo) — Л (хо. Yo) Ах 
even if Ax = 0, and 
(4) 6 Ay = f(xo + Ах, yo + Ay) — /(х + Ах, vo) — fo(xo. Yo) Ay 
even if Ay = 0. Furthermore, 
(5) eq Av + © Ау 
= хо + Ax. Yo + Ay) — Јо, Yo) — Л (ко, Yo) Sx — foo. Yo) Ay 


Also, because 
б {Wo Т AX, ) — Ato. му) 
—2 Rm 
Ax—0 AR 


= fi(Xo. Yo) 


it follows that 


(6) lim €, = 


GXx. 3) —(0.0) 
Now choose and temporarily fix Ах and Ay with Ay # 0 and define a function œ 
of one vanable by 
P y) = fixo + Ax. y) 
Note that 
ф'‹у) = fo(xo + Ах, у) 
By the mean-value theorem (Theorem 3, page 169), there exists a number c be- 
tween уо and yo + Ay such that 
oye Oo E ны) fo ov Ер Дх че ОША 
(лус хуй =з Ау 
that is, 
Xo $x, Vo + Ay) — fg + PESO) 
О) tod avs qi E ae нец 2 ths = 
Y 


*This proof, which is somewhat technical, may be omitted on à first reading of the section. It 
is included here because the theorem itself is rather important and is used extensively in what 
follows. 
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Note here that the value of c may depend on our choice of Ах and Ay; however, 
since c is between yo and yo + Ay, it follows that c — yg as Ay — 0. From Equa- 
tions (2) and (7), we have 


ЧО = оар т) 
Because f» is continuous and с — yo as Ay— 0, Equation (8) implies that 
(9) ue pO 
Now let Е be the error involved in the linear approximation 
fixo + Ax, yo + Ay) = хо, yo) + Л (хо, Yo) Ax + (о, Yo) Ay 
so that 
(10 E=e, Ах + є Ay 


by Equation (5). From Definition 2 and Equations (6), (9), and (10), it follows that f 
is differentiable at (xo, yo). a 


EXAMPLE 2 Is the function f(x, y) = е? differentiable? 


SOLUTtON Тһе domain of f is the entire xy plane, so it is an open set. (Why?) 
Here, 


д j 
ка а Muse Gey) = Sem 
AC EG 


д д 
Р(х. y) = e (grey = e 4y ae (3x de 4y) = 4e** ^v 


so that fi and f are continuous on the entire ху plane; that is, f is continuously 
differentiable. It follows from Theorem 2 that f is differentiable at each point in its 
domain; hence, f is differentiable. ш 


EXAMPLE 3 Is the function f(x, у) = |ху| differentiable (a) at (1, 1) and 
(b) at (0, 1)? 


SOLUTION 


(a) Inside a circular disk of radius, say, i with center at (1, 1), both x and y 
are positive, so that f(x, у) = [xv| = ху. Thus, inside this disk, fi(x, y) = 
Of(x, у)/дх = y and р(х, у) = дб, у)/ду = x; hence fis continuously differen- 
tiable. It follows that fis differentiable at each point in the disk. In particular, it 


is differentiable at the center point (1, 1) of the disk. 


(b) Since f(x, 1) = |А] and since the absolute-value function (of one variable) 
is not differentiable at 0, it follows that the partial derivative /1(0, 1) does not 
exist. However, by definition, a differentiable function must have both of its 
partial derivatives. Consequently, f cannot be differentiable at (0, 1). E 


It can be shown that the sum, difference, product, and quotient of continuously 
differentiable functions are continuously differentiable; hence, they are differenti- 
able at each point of their domains. In particular, every polynomial function in two 
variables is continuously differentiable, and so is every rational function in two 
variables. 
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The Total Differential 
Suppose that f is a function of two variables, and let 
„= 0 
If x and y are changed by small amounts Ах and Ay, respectively, then z changes by 
an amount Az given by 
Nz ИОА - АКЕ) 
Assuming that f is differentiable at (x, y), we know that the error involved in the 
linear approximation 
f(x + Ax, y + Ay) = fx, у) + fil, у) Ax + fox, y) Ay 
will be small, and it follows that we can approximate Az as 
Az = fi(x, y) Ax + р(х, у) Ay 


Using the alternative notation dz/dx and dz/dy for the partial derivatives f\(x, y) and 
f(x, у), we can write the approximation as 


92 OZ 
= = — Ax + — Ау 
Ox dy 


By analogy with the notation used for functions of one variable in Section 4.1, 
the changes Ax and Ay in the two independent variables x and y are sometimes 
called the differentials of these variables and written as dx and dy, respectively. 
Thus, if dx and dy are small, then the change Az in the value of z caused by 
changing x to x + dx and changing v to y + dv is approximated as 

z= Z dhe ar = dy 
ox ду 7 
Pursuing the analogy with functions of a single variable one step further, we define 
the total differential dz of the dependent variable z by 


Thus, if dx and dy are small, then 


Sinee z = f(x, y), we also write dz as df, so that 


df = fix, у) dx + рб, y) dy 


EXAMPLE 4 If f(x, y) = 3xy? — 2x3? + ху — 1, find the total differential df. 
SOLUTION Here, 

(ка) ЛУ — 2y-Fwe and хуш бао 
Hence, df = fix, у) dx + рх, y) dv 


= (9x — 2y? + у) dx + (бх?у — Oxy? + х) dy 
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SEXAMPLE 5 The volume V of a right circular cone of height Л and base radius г 
is given by V = т2л. If the height is increased from 5 to 5.01 centimeters while 
the base radius is decreased from 4 to 3.98 centimeters, find an approximation to the 
change AV in the volume. 


SOLUTION We use the total differential dV to approximate AV. Here, 


24 A é (da x4 
ар (аа) dh + — = dr 
oh or др \3 / дг \3 


= dan dh + Зп) dr 
When Л = 5, dh = 0.01, r = 4, and dr = —0.02, we have 
AV = dV = 51(4)2(0.01) + $7(4(5)( —0.02) 
that is, AV = —0.6702 cubic centimeter 


(The true value of AV, correct to five decimal places, is —0.66978.) 


Functions of Three or More Variables 


The notions of differentiability, continuous differentiability, and the total differen- 
tial extend in an obvious way to functions of three or more variables. For instance, 
if fis a function of three variables, then a point (хо, vo, zo) is called an interior point 
of the domain D of f if there is a positive number г such that all points (x, y, г) 
within a sphere of radius r with center at (xo. уо. Zo) belong to the domain D; that is. 
if (x — хо)? + (y — yo)? + (e — zo)? € r?, then (x. y. ғ) belongs to D. Similarly, a 
point (a, b, c) is called a boundary point of D if every sphere with positive radius r 
and center (a. b, c) contains a point that belongs to D and a point that does not. We 
say that D is open if it contains none of its own boundary points, that is, if it 
consists entirely of interior points. Similarly, D is called closed if it contains all its 
boundary points. 

Now assume that (xo, Yo, Zo) is an interior point of the domain D of f and that the 
three partial derivatives 


A = fixo. Уо» 20) В = (х. Yo. 20) С = Һ(хо. Yo. Zo) 
exist. Let E denote the error involved in the linear approximation 
iGo + Ax. уо + Ay, 20 EZ) f(xo. Vo. 20) + Ae + By + EC KE 


Then we say that f is differentiable at (xo, уо. zo) if there exist three functions є, €», 
and є; such that 


Е =e, Ах + e Ay + e М 
and as (Ax, Ay, Аг) — (0, 0, 0), 
€; — 0 €; — 0 and €3— 0 


If the domain D of f is open, we say that f is continuously differentiable if the 
partial derivatives fi, 5. and f; are defined and continuous on D. By arguments 
similar to those given above for functions of two variables, it can be shown that a 
continuously differentiable function of three variables is differentiable at each point 
of its domain and that a differentiable function of three variables is automatically 
continuous. Again, sums. products, differences. and quotients of continuously dif- 
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ferentiable functions of three variables are continuously differentiable. Any polyno- 
mial function in three variables is continuously differentiable, as is any rational 
function in three variables. 

If w = f(x, у, z), where f is differentiable at an interior point (х, v, 2) of its 
domain, we define the total differential dw, or df, at (x, у, z) by 


ðw ðw 
t= Ut- ce 


ду dz 
= fix, x, 2) dx + fox, v. 2) dy + бу ж) 45 


where dx, dy, and dz, the differentials of the independent variables, can be as- 
signed arbitrary values. The total differential dw provides an approximation to the 
change Aw in the dependent variable w caused by changing x, y, and z by small 
amounts dx, dy, and dz, respectively. 


EXAMPLE 6 If w = x^vz*, find the total differential dw. 
SOLUTION 
ow ðw ow 34 mes 
dw = —— dx + — dy + —— dz = 25у dx + Зуу dy + 4x? у2 ae 


дх ду oz 


EXAMPLE 7 Three resistors, x, y, and z ohms, are connected in paralfel to give a 
net resistance of w ohms, where 
Apa 
КУЧ WE aur yE 
Each resistor is rated at 300 ohms but is subject to 1 percent error. What is the 


approximate maximum possible error and the approximate maximum possible per- 
centage of error in the value of w? 


SOLUTION We have 


ду ðw 
Aw = dw = — i a rd dy + : z 
Ox oy E 


where dx, dy, and dz represent the errors in the values of the three resistors. Here 
|а. ldv|. and |dz| do not exceed 3 ohms (1 percent of 300 ohms). We have 


à д 
(УЕ Aer ус ауа) = чүш = (ду у ү АЕ) 
Ox ax 


ðw 
ÖN (Ey orar yz)? 
u PZ F хуг? + yee = xy?z bs xyz? Е, ME 
(xy + xz + ns (xy + xz + yz)? 
so that when Uoc 300, dw/dx = 5. Similar calculations yield ди/ду = $ 


and dw/dz = 4 when x = y = z = 300. Thus, 
dw = 1 dx +4 dy + à dz 


|dw| å |их + dy + dz| = а (dx] + |dy| + ldz) 


w|, and | cannot exceed 3, it follows that 


| + fdv| + la| 34343279 


Since |dx]. 
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Hence, 
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\dw| = 509) = 1 ohm 


The approximate maximum possible error is | ohm. Since w = 100 ohms when 
x =y=2= 300 ohms, the approximate maximum possible percent error is 
15 X 100 percent — 1 percent. 


Problem Set 14.4 


{Jin Problems | to 6, use the linear-approximation procedure to esti- 
mate f(vo + Ax, yo + Ду) for each function f and the indicated val- 
ues Of xo, уо. Ах, and Ау. In each case, check the accuracy of your 
result by using a calculator. 


1 fa,y= х? = 5x7 + бху; Xo=1, Yo= —2. Ax = 0.07, 
Ay = 0.02 

2 te, MSS a = 2, Haw A= woe 
Ay = —0.01 

3fx.vy)-xlDnv-ylnx; w=], youl, Axv=0.01, 
Ay = 0.02 

4 f(x, y) = x Vx — y; xo = б, yo = 2, Ax = 0.25, Ау = 0.25 

5 fix, y) =y tan! xy; ху = 2, vo — 3, Ах = — 15, Ау = — 10 


6 f(x, y) = e? sin (x + у); 
Ay — 0.01 


Mee, р — Xe HUS. 


In Problems 7 to 12, decide whether each function is differentiable 
at the indicated point. Give a reason for your answer. 


7 f(x, y) = хе © at (x, y) 8 fix, у) = ку at (0, D 


Зуу 
9 oe) = — 9 
Sx, v) nos at (1, 2) 


10 f(x, у) = ES 
1 if еїйегх=0огу=0 


if x = О and y 0 
at (0. 0) 


Df, Y) — 


cose +Y а{(1, 1) 
sr 


A р as Bevel ert (1, 1.1) 
In Problems 13 to 30, find each total differential. 


13 df if f(x, y) = 5x° + 4cy — 2° 
14 ds if z= Vx? y 

15 dw if w = e? 

16 dw if w= y In (2 + x) 


17 dz if z = x sin y? + y sin x? 
18 dz if z = In (3x — 4у? + 5) 
19 dw if w = tan ! (2y — 33) 
20 df if f(u, v) = cos Е сщ 
NC EWS 
2l cal ili =e => 
22 dw if = tan! > 
х 
PV 

23 dT if T= "x R is constant 

penes a can MM. 
24 df if flu. v) = sin! — 

Y 
25 df if f(x, у, 2) = xy? — 22x? + Bor 
26 dw if w = x sin yz + y cos xz 
27 dw if = хе? + уе 
28 dw if w = In (252 + ay + 422) 
29 dw if w = e* In yz + e? In xz 
30 dw if w = (хут) e? 
[c] In Problems 31 to 40, use total differentials to make each required 

approximation. 
31 The power P consumed in an electric resistor is given by P — 


33 


E?/R watts, where E is the electromotive force in volts and R is 
the resistance in ohms. If, at a given moment, E = 100 volts and 
К = 5 ohms, approximately how will the power change if E is 
decreased by 2 volts and R is decreased by 0.3 ohm? 


Find the approximate area of a right triangle if the length of the 
long leg is 14.9 centimeters and the length of the hypotenuse is 
17.1 centimeters. 


The length / and the period T of a simple pendulum are con- 
nected by the equation T — 2m VI/g. M Lis calculated for T = 1 
second and g — 32 feet per second squared, approximate the 
error in / if T is really 1.02 seconds and g is really 32.01 feet per 
second squared. Also find the approximate percentage error. 
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The altitude and diameter of a right circular cylinder are 10 and 6 
centimeters, respectively. f a measurement of the diameter pro- 
duces a figure 4 percent too large, approximately what percent 
error in the measurement of the altitude will counteract the re- 
sulting error in the computed volume? 


The dimensions of a rectangular box are 5, 6, and 8 inches. If 
each dimension is increased by 0.01 inch, sis is the approxi- 
mate resulting change in the volume? 


The acceleration of gravity as determined by an Atwood ma- 
chine is given by the formula g = 825/17. Suppose that the true 
values of s and t are s = 48 centimeters and г = 2 seconds. Ap- 
proximate the maximum possible error in the calculation of g if 
the measurements of s and t are subject to no more than | percent 
error. 


Two electric resistors гу and гә are connected in parallel, so that 
the net resistance R satisfies the equation 1/R = (1/r,) + (1/75). 
Suppose that г; = 30 ohms and r> = 50 ohms originally, but 
that гу increases by 0.03 ohm while ra decreases by 0.05 ohm. 
Approximate the resulting change in К. 


A toy manufacturer, which makes two kinds of toys, produces 
x thousand toys of the first kind and y thousand toys of the 
second kind. They sell for 80 — 2x and 60 — 2y dollars per toy, 
respectively. The total sales revenuc, in thousands of dollars, is 
given by the function f(x, v) = 80x — 2x? + 60у — 257. Both 
toys are currently selling for $20 per toy. Approximate the 
change in sales revenue in dollars if the price of the first kind of 
toy is increased by $0.50 and the price of the second Kind of toy 
is increased by $0.70. 


Suppose that the concentration C of a drug in the blood- 
stream after injection into a vein is given by C(t, d) = 
[1 + (7 + q^) 7]^!, where t is the elapsed time in minutes 
since the injection and d is the distance in centimeters from the 
point of injection. If ¢ increases from 3 to 3.01 minutes and d 
increases from 4 to 4.1 centimeters, find the approximate change 
in C. 


Suppose that œ is a function of two variables, that (0, 0) is an 
interior point of the domain of ф, and that 


“ху Т am оч ay p. 


Define 
[Ах] V(x)? + (Ay)? 
є 24 Ax Ах + [Ay] @(Ax, Ay) if Ax #0 
9 if Ax =0 
and 
АҢ VS TAS, a 
= pM О кү f Ay x 
є = 4 Ау |Ax| + |Ау| (Ax, Ay) if Ay #0 
if Ay =0 


4 


— 


43 


Prove: 


(а) V(Ax) + (Av) ф( Ax, Ay) = є Ax + €; Ay for all points 
(Ax, Ау) in the domain of ф. 


(b) €, = 0 and 


DE 


lim lim 
(år, åy) — (0,0) 03x33) —(00,0) 


Suppose that (xo, yo) is an interior point of the domain of f and 
there are constants A and В such that 


хо + Ax, yo + Ay) = f(xo. yo) + A Ax + B Ay 
with an error 
E = f(xo + Nx, yg + Ay) — f(xo. yo) — A Ax — ВИЗУ 


that satisfies the conditions in Definition 1. Prove that A = 
fio, Yo). В = fo(xo. vo), and f is differentiable at (xo, vo). 


Let (xo, yo) be an interior point of the domain of f, and suppose 
that there exist constants A and В and a function ф of two vari- 
ables such that 


ШЕ? sb Ax, Yo ar Ay) 
= f(xo. Yo) + A Ax + B Ay + V(Ax) + (Ау) ф (Ax, Ay) 


e whenever (xo + Ax, yo + Ay) is in the domain of f. If 


Ф(Ах, Ay) = 0, use the results of Problems 40 and 
(Ax, Ma 0) 


4] to prove that f is differentiable at (xo, vo). 


Let f be defined by 

шл. Sco) GO 
Ass еа 

0 if (x, у) = (0. 0) 


(a) Find fi(x, v) and р(х, v) for (x. y) # (0, 0). 


(b) Find /(0, 0) and f,(0, 0) by direct calculation using the 
definitions of fj and fo. 


(c) Show that f is continuously differentiable. 
(d) Explain why f is differentiable at (0, 0). 


Define є; and e» by 
Ax [Ay] а 
2E Il F iai if (Ax, Ay) # (0, 0) 
0 if (Ax, Ay) = (0, 0) 
and 
|Ax| Ay : 
— А amc e a Ax, A б z 
ees A 
0 if (Ax, Ay) = (0, 0) 


€; = 0. 


(a) Prove that €, = 0 and 


lim lim 
(Ax, Av)}—-(0,0) (Ax. Av)—(0.0) 
(b) Prove that |Àx Ay] = ej Ax + e; Ay. 
(c) Use parts (a) and (b) to prove that the function f(x, у) = || 
is differentiable at (0, 0). 
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45 Prove that f(x, v) = Vx“ + у“ is not differentiable at (0. 0). Prove that both of the partial derivatives f,(0, 0) and f;(0, 0) 
#6 Let exist but that f is not differentiable at (0, 0). [Hint: Show that f 
is not continuous at (0, 0), and use Theorem 1.] 
ышы if (x, у) Æ (0, 0) 47 Suppose that (xo, yo) is an interior point of the domain of f. Prove 
Wü ect як" ; that f is differentiable at (xo, уо) if and only if there exists а 
0 if (x, у) = (0, 0) function @ satisfying the conditions of Problem 42. 


14.5 The Chain Rules 


In Section 14.3 we gave a version of the chain rule for partial derivatives which was 
an immediate extension of the chain rule for functions of a single variable. In this 
section we discuss some additional versions of the chain rule for partial derivatives 
that are not just restatements of the old chain rule. 

The simplest such chain rule is suggested by the notation for total differentials 
introduced in Section 14.4. Indeed, suppose that z is a function of the two variables 
x and y, say z = f(x, y), while x and v, in turn, are functions of another variable г, 
so that x = g(t) and y = h(t). Then z becomes a function of the single variable г; that 
is, z = f(g(1). A(t)). Since 


Oz д: 


Ge d 


we might expect that 


This version of the chain rule is, in fact, correct, provided that f. g, and л are 
differentiable functions. Indeed, let At denote a small change in /; and let Ax, Ay, 
and Az be the resulting changes in the variables x, y, and z, respectively. Since f 
is differentiable, we have 

дт OZ 


Az = — Av — Ay + є Ax + ex Av 
ox oy Í 


where e, Ax + e» Ay is the error involved in the linear approximation 


E Oz 
В Ау а А 
ox oy 
and 


Є] 


lim = lim 
(Ar,Ayv)—(0,0) (Ax, Ay) (0,0) 


Dividing by At, we have 


сил т eae 
At ox At ду At 
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Taking the limit on both sides as Аг — 0, and noting that Ax — О and Ay — 0, so 
that e; — 0 and €; — 0 as At — 0, we obtain 
dz дс dx dz dy dx dy dz dx д: dy 
— = — — + — — + (0)— + OH = — — + — — 
dt ax dt ду dt dt dt ox dt ду dt 
as claimed. | 

More formally, we have the following theorem. 


THEOREM 1 First Chain Rule 


Let f be a function of two variables, and let g and л be functions of a single 
variable. Assume that (xo, vo) is an interior point of the domain of f and that f 
is differentiable at (xo. уо). Suppose that xo = g(fo), that ур = Alto), and that both 
g and л аге differentiable at ty. Define the function F(t) = f(g(£), A(f)). Then F is 
differentiable at to, and 


Е) = fito. уо) (19) + (хо. Yoh (9) 


EEXAMPLE I If z 2 Vx? + y?, x = 2r + 1, and у = £P, use the first chain rule to 
find а/а. 


SOLUTION igi ote 3r _ e um cy F z (3г?) 
B] dt x dt дуй Vx? + у? Мх? + у? 
yt ЛП er ПАЗ) ,_ ЗЕ 


Vesey Vos + ма + 4+1 


EXAMPLE 2 If F(r) = f(g(t), h(t), where f(x, у) = е“, g(t) = cos t, and h(t) = 
sin t, find F'(r). 
SOLUTION By Theorem 1, 
Еа) = f(g), ADE EO) + Реб). AAA) 
Here, fi(x, y) = ye”, f(x, y) = xe", g'(t) = —sin t, and h’(t) = cos t. Therefore, 


F'(t) = sin t e£95' ^ (—sin f) + cos t е7 "i" (cos t) 


COS гып = cos 2t ge tsini 


Ш 


(cos? t — sin? Ne 


EXAMPLE 3 The resistance А in ohms of a circuit is given by А = E/F, where / 
is the current in amperes and £ is the electromotive force in volts. At a certain 
instant when Е = 120 volts and / = 15 amperes, E is increasing at a rate of тр volt 
per second and / is decreasing at the rate of э ampere per second. Find the instanta- 
neous rate of change of R. 


SOLUTION Denoting time in seconds by the variable г, we have 
dR — OR dE Y OR а! 
dt дЕ а al dt 


by the first chain rule. Here, 


OR E і OR ES =Ё 
SS S |= | ce and —— = — = 
дЕ дЕ \1 
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Therefore, — = — — – — 
dt 1 dt IE ae 


When E = 120, / = 15, dE/dt = 15, and dl/dt = — 3s, we have 


PEDE LL NO ue 
dt 15 10 225 20 ШЕ; ohm per secon E 


The first chain rule (Theorem 1) extends in an obvious way to functions of more 
than two variables. In fact, if w is a function of л variables x1, xo, . . . , x, and each 
of these x variables is, in turn, a function of a single variable г, then 


dw ди dx n ðw dx; ow dx, 
dt Ox, dt Ox» dt ox, dt 
provided that the function giving w in terms of xy, xo, . . . , x, is differentiable and 
that the derivatives 
dx, dx dx, 
ааа 
exist. 
s 
EXAMPLE 4 Letw = In ——, x = e', y = sec t, and z = cot f. Use the first chain 


rule to find dw/dr. 


SOLUTION Неге, w = 2 Inx + 21ny — 3 In z — In 4, so that 


who. LU e. 2 2 ðw _ S _ =3 
ox o gw ду y sec 7 E ғ cot t 
Therefore, 


dw — dw dx H ðw dy ðw dz 


dt ox dt ду dt z dt 


2 2 = 
=—e'+ sec t tant + —— (—csc?^ )=2+2tanr+3secrcsct B 
e! sec t cot t 


Now consider the case in which a dependent variable z is a function of the two 
variables x and y, say 
2 = 080) 
while x and y, in turn, are functions of the two variables и and v, so that 
x = g(u, v) y = A(u, v) 
Then z becomes a function of и and v, namely 
z = /(&(и, v). hlu, vy) 


Suppose that we temporarily hold the variable v constant and ask for the (partial) 
derivative of z with respect to к. Using Theorem 1, we get 


oz ду 


Ox ди ду ди 
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THEOREM 2 


provided that f is differentiable and that the partial derivatives дх/ди and ду/ди 
exist. Similarly, if fis differentiable and the partial derivatives dx/dv and ду/ду both 
exist, then 


The following theorem expresses the preceding facts more precisely by using sub- 
script notation for partial derivatives. 


Second Chain Rule 


Let f. g, and Л be functions of two variables; let (xo, yo) be an interior point of the 
domain of f; and suppose that f is differentiable at (xo, Yo). Let xo = g(t, vo); let 
Vo = Ако. vo); and suppose that the partial derivatives gilio, vo). gallto, Vo). 
убо. vo). and Ао(цо, vo) exist. Define the function F by 


Fiu, v) = figit, v), Au, v) 


Then F has partial derivatives Ано. vo) and Fa(up. уо). and 


Fy (to. Vo) = fixo. Yo) gi (ly. Yo) + (хо. Voy (ty, vo) 


Falto. Yo) = filo, Yo)ga(tto. Vo) + (хо. хо) (но. vo) 


If (ио, v9) is an interior point of the domains of both g and h, and if both g and 
h are differentiable at (ио, vo), then it can be shown that the function F of Theorem 2 
is differentiable at (ко, vo). 


In Examples 5 aud 6, use the second chain ride. 


EXAMPLE § Given that z = x? — у?, х = и cos v, and y = v sin n, find dz/du 
and óz/óv. 
SOLUTION 
Oz oz х Ox : 
—— = 32у — = =2¥ —— = cos Y —=-nsinv 
Ox dy ди ду 
ду ду. 
—— = y cos и —— = sinu 
ди ду 


Applying the second chain rule, we obtain 


Oz z дү dz ду 
о ооо а = обе 2o 
ди дх ди ду ди à 


= 2(u cos v) cos v — 2(v sin u)v cos u 


= 2u cos? v — v? sin 2и 
Е oz ox dz ду ; | 
x uc як Т A їп ү рүү 
ду ду ду ду ду 
= 2(u cos v)(—u sin v) — 2(v sin u) sin u 


Qo es 
= —W sin 2v — 2v sin“ u 
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EXAMPLE 6 Let f be differentiable at (3, 1) and suppose that f,(3, 1) = 2 and 
fa. 1) = —5. If V = f(2x + 3y, ех), find 9V/àx and дУ/ду when x = 0 and у= 1. 


SOLUTION Let s = 2x + 3y and г = e, so that V = f(s, t) and 
óV ðs | OV ðt oV p ду 


av 
= = (22) e g 
Ox OS дх a ox 95 дї 


= 2fi(s, D) + е, t) 


When x = 0 and y = 1, we have s = 3, у = 1, and 


ду 

— = 2/(3, 1) + 403, 1) 

Ox 

= (22) se (SS) = =I 
Similarly, 

WV Nos дуй a М ар 
с=т= Od Mu UM т 
dn" as ay "orae д> P LIO 


Thus, when x = 0 and y = 1, we have у = 3, t — 1, and 


ду 
се =з Шу) = (Ош 6 


ду 
The second chain rule admits a natural extension to functions of more than two 
variables. In fact, if w is a differentiable function of m variables уру, . . . . ys. 
and if each of these variables, in turn, is a function of n variables xy, x5, . . . , Xp, 
then 


ow ðw дүү 


Ox; дуу OX; 


holds for each j=1, 2, ... . m, provided that the partial derivatives 
dyy/óxj, дуо/дху...., ду„/дху exist. The equations above can be written more 
compactly as 


For example, if w = f(x, у, 2), x = 8G, t, u), y = h(s, t. и), and z = p(s, t. u), and 
if f is differentiable, then 


ow ox ðw ov ðw oz 

= Om NEN m 
д5 у ðs 

Woke dw ду dw oz 

— + — —— — — 


ðt dy ðt dz ðt 


ðw Ox ðw ду ðw oz 


ди ду ди Oz ди 


provided that all the partial derivatives of x. у. and z with respect to 5, t, and м exist. 
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EXAMPLE 7. Let w = xy? + yz? + 202, x = г cos Ө sin & y = r sin Ө sin ф, and 
z=rcos ф. Find dw/ér, àw/00. and dw/dd. 


SOLUTION Using the chain rule, we have 


ew Ow Ax ðw ду n ow dz 


or ox or dy or ӧс дг 
= (y? + 252) cos Ө sin ф + (2xy + 2°) sin Ө sin ф + (2yz + x?) cos Фф 
ow ew Ox dw ду ðw oz 
E darc A 
90 ox 90 ду o0 dz 00 
= (у? + 2vz)(—r sin 0 sin ф) + (25у + 2207 cos 0 sin ф) + (2у2 + х2)(0) 
= —(v? + 2xz)r sin 0 sin ф + (25у + 22) cos Ө sin ф 


dw, dw ox ðw ду ow oz 
дф ox дф ду дф dz дф 
= (у? + 2xz)r cos Ө cos ф + (2ху + 27) sin Ө cos ф + (2yz + х^)(—г sin Ф) 


EXAMPLE 8 Suppose that f is a differentiable function at (0, 0, 0) and that 
f1(0. 0, 0) = 3, 500. 0, 0) = 7, and /%(0, 0, 0) = —2. If the function g is defined by 
the equation g(x, у) = Дх” — у”, 4x — Чу. 5x — 5). find g,(1. 1) апа gs(l, 1). 


SOLUTION Let w= x? — y', v— 40 — бу, and w — 5x — 5, and put £= 
Ди. v. w). Then z = f(x? — у”, 4x — 4y. 5х — 5) = g(x. у). so 


az д: ди д: ду д: dw 
Be a j т 
OX ди OX ду OX dw ӘХ 
= filu, v, wY2x) + falu, v, wy4) + flu, v. w)(5) 
When x = 1 and y = 1. we have u = 0, v = 0, w = 0. and 
gi(1. 1) = 2f,(0. 0, 0) + 4f(0, 0, 0) + 5/40. 0. 0) 
= 2(3) + 4(7) + 5(—2) = 24 
Likewise, 
д: д: ди oz ду dz ðw 
2M EIE ше antes rA er 
dy ди ду ду ду ew dy 
= fila. v, w)(—2y) + (и, v, w)(( —4) + flu, v, w)(0) 
= —2vfi(u. v, м) — Afo(u, v, w) 


— 24100. 0. 0) — 4f,(0. 0, 0) = —2(3) — 4(7) = —34 


and so g»(l, 1) 


Implicit Differentiation 
The procedure of implicit differentiation, originally discussed in Section 2.8, can be 
formulated with more precision and generalized by using partial derivatives. 

For instance, given an equation involving the variables x and y, we can transpose 
all terms to the left of the equality sign. so that the equation takes the form 


fix, y) = 0 
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where f is a function of two variables. This equation is said to define y implicitly as 
a function g of x if 


fix. 800) = 0 


holds for all values of x in the domain of g. Assuming that both f and g are differen- 
tiable, then by Theorem 1 we can differentiate both sides of the equation 
F(x, g(x)) = 0 with respect to x and obtain 


dx р d 
fils. 800) + f(x. 9(x))—e(x) = 0 
dx dx 
or 
dy 
AG, y) + fox, pes = 0 
ах 


where у = g(x). If р(х, y) = 0, we can solve the last equation for dy/dx and thus 
obtain 


dy fis») 


dv — fix,» 


EXAMPLE 9 Suppose that y is a function of x given implicitly by the equation 
х?у? + Злу? + 5х? = 2y + 7. Find the value of dy/dx when x = 1 and y = 1. 


SOLUTION By transposing all terms to the left, we put the equation in the form 
f(x, y) = 0, where f(x, y) = x?y? + 3x5? + 5x* — 2y — 7. Here, 


Лб. y) = 3y? + Зу? + 208 and р(х, у) = 2x7y + бху -2 


Hence, 
dy БЕС Јао ы С 
ах Р(х, y) 2x4y + бху — 2 
Therefore, when x = 1 and y = 1, 
ay Seo ES 
dx зар (бу 0 B 


More generally, given an equation of the form 
Oe) a 


involving three variables, it may be possible to solve for one of the variables, Say y, 
in terms of the other two variables x and z. If this solution has the form 


eS С 
then 
Дх, gx. 2), 2) = 0 


holds for all points (x, z) in the domain of the function g. Again, we say that the 
equation f(x, y, z) = 0 defines у implicitly as a function g of x and z. Assuming that 
the functions f and g are differentiable, we can take the partial derivatives with 
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respect to x and also with respect to z on both sides of the equation f(x, y, 2) = 0 to 


obtain 
| OX ду А E 
Tix. xe 2) — t EOS + (у sess tO 
Ox Ox ox 
and 
3 OX . oy z 
ДҮ. э в) ctp Е) 700) 
dz dz az 


Since x and z are independent variables, we have dz/dv = 0. dx/dz = 0, dx/dx = 1, 
and dz/dz = 1. Therefore. we can rewrite the equations above as 


: ду А ду 
ha. э, E) —— = fno) апа Qe у, у) == 
aX OF 


Hence, if f(x, v. 2) #0, we can solve for óv/óx and dy/dz to obtain 


EXAMPLE 10 Suppose that у is a function of x and z given implicitly by the 
equation 7x^v — dye? + x?yz? — z — 14 = 0. Find ду/ах and ðy/ðz when x = 1, 
gres Wb cual Sem 2. 

SOLUTION The equation has the form f(x. y, z) = 0, where 


fo y. 2) = 75у = Ахуг® yi = 2 — 114 


Here 
fix. y. 2) = 218v — dye? + 282" 
а= cess dE ane 
fax 2) = —12хуг* + 2e — 1 
Thus, 
y А Ау =] wee 
дх Ja 7х? — Axe) 3a? 
and 
wf —]2xyz? + 2v?z — 1 
dz f Tx? — Hae? + Axe 
Putting x = 1. 2 = 0, and y = 2, we obtain 
ду 42 D = 
"Ыш Еа чм чс 
дх 7) дг 7 7 


The considerations above can be generalized in an obvious way to equations 
involving more than three variables (Problem 44). They can even be extended to 
simultaneous systems of such equations (Problem 56). 
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Problem Set 14.5 


In Problems 1 to 16, use the first chain rule to find each derivative. 


10 


11 


12 


13 


14 


15 


16 


dz н 
EX where z = x?y? — 3xy + y), x = 2t, and y = бг” 
dw m 8 
d where w = e*?, x = sin /, and у = cos t 
dw А 5 2 
ms where w = u sin v + cos (u — у), u = x^, and v = х" 
X 
dw > 5 г 
de" where w = V u^ = v^, u = sin 0, and v = cos 0 
dz 3 2 1 = 
ОТ? where z = 3u^ + v^, u = te’, and v = te 
dw =f 
Ee where w = 3x? — y, x = 567°, and у = sje? 
5 
dw — 
qm where w — In (xy), x — r*, and у= Мг + 2 
5 
dz u/v А + 
um where z = е”, u = Vx, and у= (х + 3) 
X 
dw xy 
——, where w = In ‚х= 7t, y = sec t, and z = cot t 
dt Sz 
dw А 3 
E where w = x^y'z*, x = cos t, y = sin t, andz =e! 
dH 2 2 p u =u 
p where Н = x^y + xz“ — yz“ + xyz, x = e", y — e “, and 
н 
т = cosh м 
dz ум uw X 
POM where z = ue"" + ve", и = cos t, v = sinh t, and w = 
e 
Е). where F is defined by F(t) = f(g(t), h(0), 


f(x, y) = sin (x + у) + sin (x — y), g(t) = 3t, and A(t) = p 


G'(t), where G) = gCf(D, h()). glu, v) = In (и + v) 
fit) = е“, and h(t) 2 e ” 


F'(r, where Fu) = fle), ACD), fii, v) = diel — eT), 
g(t) = sinh z, and A(t) = t 


F'(t), where F(t) = flet), AC), p(t), f(x. y. 2) = (ап (xyz), 
gt) = C, hi) = P, and p(y) = г 


In Problems 17 to 30, use the second chain rule to find each partial 
derivative. 


д2 : 
m where z = 3x? — 4y?, y = cos u + sin v, and 
y 


18 


19 


20 


24 


25 


M) —— 


29 


3M 


32 


ðw ow А 
— and —, where w = 4x? + 5ху — 2y°, x = 3r + 5s, and 
or ðs 
2 
у; ж. MEUS 
д2 д: 
== gup| ==. wins 2= 4.3 – Sw. х= и созу, and 
ди ду 
y-vsinu 
дм ow Б 
— and ——, where w = н? — uv 512, и = x cos 2y, and 


ox ду 
у = x sin 2y 


ðw ow 
— and —, where = ln (u? +v’). „= x? y), and 
ox ду 


" 
y = 2x^ + 3xy 


Е дг 7 2 
-— and —, where z = е, s = ху”, and t = Sx + 2y? 
Ox oy 
ди ot 3 =; 
— and ed where u = cosh (3x + 7y), х= ге ^, and 
or Os 
Y= re” 
Fy(r, s) and (ғ, 5), where F(r, s) = f(g(r. s), hir, s)), 


f(x, y) = tan ! (y/x), g(r, s) = 2r + s, and h(r. 5) = ps 
Еү(и, v) and F(u, v), where F(u, v) = f(g(u, v), Ми, v), 
f(x. y) = е, giu, v) = uv, and hlu, v) = uv? 


ди ow 


and ——, where w = бҳуг2, x=rs, у= 2г+5, and 
r os 
2 = 372 -s 
ðw ow , — 
== апа == where у чю 5 vec az. x — cos vay — 
ди ду 


u sin v, and z = uv 


Fy(r, 5), and F(r, s), where F(r, 5) = (б. s), g(r, $), hir, s)). 
q(x, y. z) = xy? + yz", flr, s) = г cosh s, g(r, s) = r sinh s, and 
hir, s) = re 


2 


ow ow ow 3 2 
= рын re 


"EE andi 
др 20 
p sin ф cos 0, у = p sin ф sin Ө, and z = p cos ф 


where x= 


ow ow Ux 
an . where w = | e dt, x = rs*, and y = гіз 
or д5 А ; 
Given a differentiable function f of three variables such that 


ЛО, 0, 0)=4, 50, 0, 0) = 3, and 50. 0. 0) = 5, let 
g(r, s) 2 fir — s, r? 1, 3s — 3). Find 2101. 1) and go(1, 1). 


Let g and A be differentiable functions of two variables, 
and define f(r, s) = [gtr, 5)|^9. Assume that g(I, 2) = 2, 
ЩІ. 2) = —2, gi(1, 2) = — I, 2(1, 2) = 3, А (1. 2) = 5, and 
hy(1, 2) = 0. Find (a) f(1, 2), (b) fil, 2). and (c) /(1, 2). 
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In Problems 33 to 36, assume that y is given implicitly as a differen- 
tiable function g of x by the given equation f(x, y) = 0. 
dy fix. у) 
(a) Use the result — = — — —— 
dx fx. у) 
(b) Find the slope of the tangent line to the graph of y = g(x) at the 
given point (x, у). 


dy 
to find —. 
o fin T 


33 бх? — 12y + 4 2 = 0); (1, 1) 


35 sin (x — y) + cos (x + y) = 0; (7/4, 77/4) 


36 tan’! (у/х) + 3e^ ^?" — 3 = 1/4; (1, 1) 


In Problems 37 and 38, assume that v is given implicitly as a differ- 
entiable function of the remaining variables in each equation. Find 
the valuc of the indicated partial derivatives when the variables have 
the values given. 


» 4 ANZ 3 m А ду 
AW) Wigs — Sie ap — s 108 па o and — when x = 1, 
ў Ox дг 


2= -1, andy =2. 


. Sin (y X cos (x + v ду Jv 
LONE mU , A. and when 
E we — 3 дх д? ow 
T T А d Ж 
х=—,‚,у=—,‚є=], and = =2 
4 y a m 


39 if f is a differentiable function of two variables and w = 
flay — x, x — ay), where a is a constant, prove that 


40 If f is a differentiable function of two variables and if a and b are 
constants, show that w = f(x + az, y + bz) provides a solution 
of the partial differential equation 


41 Let w — f(x. y), where f is a differentiable function. If 
x = r cos Ө and v = r sin Ө, show that 


cAi ey (27) 1 (ав 

рабах d = fe |28 + —|— 

OX ! ду дг r^ \ 60 

42 Let z= f(u, v), where f is a differentiable function. If 


u-—xcost— у їп г and v = x sint + y cost, where / is a 
constant, show that 


ыш це) 


43 Let w = tf(r? — 1°), where f is a differentiable function. Show 
that 


44 Suppose that f is a differentiable function of n variables and 
that it is possible to solve f(xi, x2, ....: Ху ss з» Ж) = 
0 for the kth variable x, as а differentiable function 
of the remaining variables. Prove that 


OX, Jairo cmo: 
Ox, Аб, Жэ, с 5 


holds for 1 ES iz n, i x k, iffy, х, ... 


45 Let f be a differentiable function of three variables, and let 
w= f(x у, у = 2,2 x). Show that w satisfies the partial dif- 
ferential equation 


ow ow ow 
— +— 
Ox ду дт 


= 0 


46 Let w= g(r, 0), where g is a differentiable function. If 
r= Vx? + у? and 0 = tan! (y/x), show that 


Ow _ x ow y ew 

ox Vx* + у? or x+y à0 
and 

ðw ў ðw x ðw 


= —— 4 ——— 
ду WE SP Re ЖЛ х2 + у? 00 


[147 The height of a right circular cylinder is increasing at the rate of 
2 centimeters per minute, and the radius is decreasing at the rate 
of 0.5 centimeter per minute. Is the volume increasing or de- 
creasing at the instant the height is 10 centimeters and the radius 
is 6 centimeters? 


[]]48 The volume V of a right circular cone is given by У = 
(ar?/3)V з” — r^, where r is the radius of the base and s is the 
slant height. At a certain instant when r = 4 and s = 10 centi- 
meters, r is decreasing at the rate of 2 centimeters per minute 
and s is increasing at the rate of 3 centimeters per minute. Find 
the rate of change of V at this instant. 


49 Atacertain instant, the legs of a right triangle have lengths 2 and 
4 feet, and they are increasing at the rates of 1 foot per minute 
and 2 feet per minute, respectively. (a) How fast is the area of 
the triangle changing? (b) How fast is the perimeter of the tri- 
angle changing? 


50 A motorcyclist starts at point A and travels toward point B at 25 
miles per hour on a straight-line trail AB which is 56 miles long. 
At the same time, a second motorcyclist leaves B in a direction 
which makes an angle of 60° with AB and travels at 30 miles per 
hour. How fast is the straight-line distance between the two rid- 
ers changing at the end of | hour? 


51 Suppose the temperature Т at the point (x, у, 2) is given by 
T(x, y, 2) = x? + Злу + Зу? + 3:2 


A point P moves so that its coordinates at time / are x = M + 2, 
у = 5 — 2, and z = 3 — 41. What is the rate of change of tem- 
perature at the point Р when 7 = 2? 


(52 


(953 


[154 
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The surface of a mountainous landscape over the xy plane is 
Шла Г z=cosx+siny + 2 

A person is walking on this surface so that at time г the person's 
x and v coordinates are x = 31 + (7/3) and у = 4t + (7/3). At 
the instant / = 0, is the person's altitude increasing or decreas- 
ing? 


The equation of a perfect gas is PV = kT, where T is the temper- 
ature, P is the pressure, V is the volume, and k is a constant. 
(The temperature is given in degrees Kelvin, the abbreviation of 
which is K.) At a certain instant, a sample of gas is under a 
pressure of 2 X 10? newtons per square meter, its volume is 
5 x 10 cubic meter, and its temperature is 300 К. If the pres- 
sure is increasing at the rate of 1.5 x 10* newtons per square 
meter per minute and the volume is decreasing at the rate of 
7.5 x 107“ cubic meter per minute, find the rate at which the 
temperature 1s changing. 


The magnitude F of the force of gravity exerted on a rocket by 
the earth is given by pa GmM 


5 
г? 


where G is the universal gravitational constant, » is the mass of 
the rocket, M (constant) is the mass of the earth, and r is the 
distance from the center of the earth to the rocket. When the 
rocket is 6500 kilometers from the center of the earth, its mass is 
3700 kilograms, it is rising at the rate of 100 kilometers per 
second, and it is using fnel at the rate of 45 kilograms per sec- 
ond. How fast is the force F decreasing? 


55 
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Suppose that 
F(x, y) = g(x, yi + AG, y)j 


where x = G(t) and y = H(t). Show that 


de dv Ж dy 
dt ox dt ду dt 
where 
oF др дһ ФЕ og ah 
—— Eu c == апа = tt —— 
Ox ox Ox ду ду ду 
Suppose that f and g are differentiable functions of three vari- 


ables and that the simultaneous equations 
Us p а) 0 
g(x, у, 2) = 0 


can be solved for x and y in terms of z. Assuming that x and y 
are differentiable functions of z and that the determinant 


fi f 
81 82 
is not zero, show that 
fh f Л | 
ах _ 8: og "wm. £3 
2 Јл ip dz ji de 
§1 82 51 82 


Figure 1 


14.6 


Directional Derivatives, Gradients, Normal 


Lines, and Tangent Planes 


In this section we study the directional derivative and the closely related idea of the 


y gradient of a scalar field. The section also includes a discussion of the normal line 


and the tangent plane to a surface in space. 


Directional Derivatives and Gradients 


Consider a scalar field in the xy plane described by a differentiable function f of two 
variables. Thus, if z = f(x, y), then z is the value of the scalar field at the point 
P — (x, y). Let L denote a line in the xy plane. As P moves along L, z may change, 
and it makes sense to ask for the rate of change dz/ds of z with respect to distance s 
measured along L (Figure 1). 
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Figure 2 
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Р= (х.к) 


In order to find dz/ds. we introduce a unit vector и = 
ai + bj parallel to £ and in the direction of motion of P along 
L (Figure 2). If P = (x. у) is s units from a fixed point Ро = 
(хо. Yo) on L, then PoP = su; that is. 

(x — хо) + (у — yojj = asi + bsj 


Equating components, we have x — xy = as and y — yo = bs; 


w UA ait bj that ts, x = хо + as and у = vo + bs. Therefore, 
dx dy 
— = а апа SS =) 
| ds ds 
x 
and it follows from the chain rule that 
dz ОЕ ах dz dy дс д2 
za ЖЫШТ, Ж woe 
ds ods ду ds дх ду 


The derivative dz/ds, which is the rate of change of the scalar field z with respect 
to distance measured in the direction of the unit vector u, is called the directional 
derivative of z (or the directional derivative of the function f) in the direction of 
и and is written as Daz (or as Daf). Thus, we have 


or Dy, fix, у) = fix. via + fox, v)b 


where 

u — ai + bj 
In particular, if n is the unit vector that makes the angle Ө with the positive x axis, 
then u = (cos 8)i + (sin @)j and 


dz 


I 
Daz = ES cos 0 + sin 0 ог Ох. y) = fi(x. y) cos 0 + faix. v) sin 0 


ex ду 


In this case we say that Daz is the directional derivative of z (or f) in the direc- 
tion 8. 


EXAMPLE 1 Find the directional derivative of z = 3x?y — у? at the point (—2, 1) 
in the direction 7/4. 


SOLUTION A unit vector и in the direction 7/4 is given by 


-( s real ne V2 m з 
п = еъ) т ler 5 і 5 j 
Hence 
of T EN ы ya T у 
Dic i | COS tn су —— = (бү) + (Sis am 
x: 4 ду 4 8 2 
Substituting x = —2 and у = 1 in this equation, we obtain 
va v2 E 
кшк (SO Es SN 
Dye cU dej tO) м2 
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The vector i makes the angle Ө = О with the positive x axis; hence, 


oz daz ОЕ 
De —— ean) em eil) = = 
дх ду Ox 


Similarly, the vector j makes the angle 0 = 7/2; hence, 


Therefore, the directional derivatives of z in the directions of the positive x and у 
axes are just the partial derivatives of z with respect to x aud y, respectively. 
The directional derivative D,z can be expressed as a dot product 
дт д: дЕ oz 


Dice e ——qp4p—— eq —— АВ 0) 
Ox ду дх ду 


Te EG 
(ai + bi) ( Iur i) 
Ox / 


I 
= 
. 
ыйыы: 
N 
- 
+ 
Q 
tà 
Е 
хамай 


The vector (дт/дх)ї + (dz/dy)j whose scalar components are the partial derivatives 
of z with respect to x and y is called the gradient of the scalar field z (or of the 
function f) and is written as Vz (or as Vf). The symbol V, an inverted Greek delta, 
is called **del," or ‘‘nabla.”’ Thus, we have 


Vf(x, y) = fil, ni + AO, YJ 


Dy fix, y) = u* Vf, у) 


In words, the directional derivative of a scalar field in a given direction is the dot 
product of a unit vector in this direction and the gradient of the scalar field. 


EXAMPLE 2) If f(x, y) = 4x? + xy + 9y?, find (a) Vf(1, 2) and (b) D,f(1, 2), 
where и is a unit vector in the direction of the vector v = 4i — 3j. 


SOLUTION We obtain u by normalizing v; thus, 


у 4i - 3j di 4 2 
Eu ER a == = == —— 
ARANE V25 5 SH 


(a) Here, (х, у) = 8x + y and f(x. v) = x + 18у, so that 
УЙ Эй C1 29655 fol, 2)y 5001137] 


203 
(b) Ю„/(1,2) = и-%/(1,2) = (= i- ii) - (10i + 37) 


876 


Figure 3 
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(хе, Yo) 


[c 


V fixo, то) 


EXAMPLE 3 A temperature field in the xy plane is given by 


E аш; у. 
Em me 
20 25 


where z is the temperature in degrees Fahrenheit at the point (x, у) and distances are 
measured in miles. How rapidly is the temperature changing in degrees Fahrenheit 
per mile as we move upward to the right through the point (60, 75) along a line L 
that is parallel to the vector u = (cos 30°)i + (sin 30°)j? 


SOLUTION Here u = (cos 30°)i + (sin 30°)j = (V3/2)i + 1j, and 


дс az к WE ol /óe Wf p 
AH TENTER 
бет 1 20/420; | 25/425 )i 


Putting x = 60 and y = 75, we have 


Therefore, the rate of change of z as we move through the point (60, 75) in the 

direction of u is given by 

3 к 6 ee 15V3 + 12 
э 


Duz = Vz* u = — 
l0 2 25 100 


= 0.38 °F/mi 


Note that if we fix a point (xo. vo) in the xy plane, then the 
directional derivative 


D, f(xo, yo) = u- Vf(xo. уо) 


depends only on our choice of the unit vector u, since the 
gradient vector Vf(xo. yo) is fixed. If a denotes the angle 
between u and Vf(xo, vo) (Figure 3), then by the definition of 
the dot product, 

x 


u * Vf(xo, yo) = [ul |Vf(xo. yo) 


cos a 


Since |u| = 1. it follows that 


Dy f(Xo. Yo) = |Vflxo. yo)| cos а 


As we vary the angle a in the last formula, we obtain the value of the directional 
derivative in various directions at the point (xo, vo). Taking а = 7/2, we have 
cos а = 0, so that Dy f(xo, уо) = 0. Therefore: 


1 The directional derivative is zero when it is taken in a direction perpen- 
dicular to the gradient. 


Since cos а assumes its maximum value, namely |, when a = 0, we also obtain the 
following: 


2 The directional derivative assumes its maximum value when it is taken in 


the direction of the gradient, and this maximum value is |Vf(xo, уо). 
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In other words: 


The gradient of a scalar field, evaluated at a point P. is a vector that points in the 
direction in which the scalar field increases most rapidly, and the length of the 
gradient vector is numerically equal to the instantaneous rate of increase of the 
field per unit distance in this direction as we move through the point P. 


For instance, if you are at a given point in a temperature field and wish to ‘warm 
up" most rapidly, then you should move in the direction of the gradient vector at 
this point. On the other hand, if you move perpendicular to the gradient, the instan- 
taneous rate of change of temperature is zero, and you find yourself moving in the 
direction of the isotherm through the given point. Moving in the direction opposite 
to the gradient (that is, in the direction of the negative of the gradient). you **cool 
off” most rapidly. 


EXAMPLE 4 Find (a) the maximum value of the directional derivative and (b) a 
unit vector u in the direction for which this maximum is attained for f(x. y) — 
2x?y + хех at the point (1, 0). 


SOLUTION Here, 
Vf(x. y) = fix. у)ї + Лб, yj = (Aw + еуі + (2x? + 2xye")j 
so that ҮКІ, 0) =i+ 2j 
Therefore: 
(a) The maximum directional derivative at (1. 0) is 
|01,0] = i+ 2) = Е 2 = VS 
(b) The maximum directional derivative at (1, 0) is attained in the direction of 
Vf(1, 0) =i + 2j. A unit vector u in the same direction is 
08 0) 122] 
Ж 0] М5. 


EXAMPLE 5 The temperature T in degrees Celsius at the point (x, v) оп a heated 
metal plate is given by 


300 


le SS 
x+y? +3 


where x and y are measured in centimeters. 
(a) In what direction should one move from the point (—4, 3) in order that Т 
increase most rapidly? 


(b) How rapidly does T increase as one moves through the point (—4, 3) in the 
direction found in part (a)? 


SOLUTION 
cil. GH a —600x f —600r . 
(а) VT- — i£ р i+ SS I 
ox dy (OS se NE SP SUE (Ger spt SP BF 
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Hence, when x = — 4 and y = 3, we have 
_ 2400. 1800 : 
VT = 7783 0b — 784 J 
эй, 2400 |> 1800 2 _ 3000 _ 375 
and [VT| = V C783.) (77783 Y = вч = 798 


Therefore. in order to maximize D,T at (—4, 3). we choose и to be a unit 
vector in the direction of VT; that is, we take 
VT door ж a 

i SSS SS SQ] SS 
Du pe St 


(b) As we move through the point (—4, 3) in the direction of u, the instantane- 
ous rate of change of T with respect to distance is given by 


375 
DT = |VT\| = сексин 3.83 degrees Celsius per centimeter 


Normal Vectors to Level Curves in the Plane 


Figure 4 Consider a scalar field in the plane given by z = f(x, y), where f is a differentiable 
function. Recall from Section 14.1 that a curve in the plane along which z has a 
constant value, say &, has the equation 


y 


normal 


vector fix. у) = К 


and is called a level curve of the field (Figure 4). Assume that the level curve 
f(x. y) = k has a unit tangent vector 


where s is arc length measured along the curve. Differentiating both sides of the 
equation f(x, y) = k with respect to s by using the chain rule, we obtain 


dx dy 
fix. v) m Ж (ту) E 0 


that is, 
(Vf):T=0 


Therefore: 


The gradient vector at a point P in a scalar field is normal to the level curve of 


the field that passes through P. 


Here, of course, we are assuming that there is a smooth level curve through P. 

Since Vf(xo, уо) = fio. Yoi + (хо. Yo)j is normal to the tangent line to the 
level curve of the scalar field 2 = f(x, y) at the point (xo. yo). it follows that an 
equation of the tangent line is 


AiG. уо) — xo) + (хо. YoY — Yo) = O 


EXAMPLE 6 Find a normal vector and an equation of the tangent line to the curve 
2x? — 4xy? + у? = 1 at the point (2, 1). 
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SOLUTION The curve can be regarded as the level curve f(x, y) = 1 of the scalar 
field 2 = f(x, y), where f(x, y) = 2x? — Axy? + y^. Here 


Лбх. y) = 4x — 4y? Р(х, y) = —-12xy? + 5y* 
and the gradient of f at (2, 1) is given by 
VfQ. 1) = fiQ, Di + A(2, Dj = di — 19j 


Thus, 4i — 19j is normal to the curve at (2, 1). Also. an equation of the tangent line 
to the curve at (2, 1) is 


AG = 2) 190(у = 1) =0 or 4х — 19у + 11 = 0 


Directional Derivative and Gradient in Space 


Figure 5 Just as a function of two variables can be regarded as specifying a scalar field in the 
plane, a function f of three variables can be thought of as describing a scalar field in 
xyz space; that is, we can think of f as assigning a scalar w, given by 


i= ES $y =) 


to each point (x, y. z) in its domain (Figure 5). Examples are temperature fields. 
pressure fields, density fields, electric potential fields, and so forth. 

All the ideas and techniques introduced above for scalar fields in the xy plane 
extend naturally to scalar fields in хуг space. For example, if w = f(x, у, 2), where f 
is a differentiable function, we define the gradient of w (or of f) by 


Witte т) = OEC zs ж. єй M (s жк 


If u is a unit vector in хус space, it is easy to show (Problem 64) that the rate of 
change of the scalar field w with respect to distance measured in the direction of u 
is given by the directional derivative 


Daw =u’ Vw Dy fx, x. z) = u* Vf(x, v, 2) 


EXAMPLE 7 If f(x. v, z) = 3x? + 8y? — 5z?, find the directional derivative of f at 
(1, —1, 2) in the direction of the vector v = 2i — 6j + ЗК. 


SOLUTION Here, v is not a unit vector; however, a unit vector in the direction of 
v is given by u = v/|v| = 21 — $j + 3k. We have 


Vf. y, z) = fiG y, i+ HG, y, 2)) + Al, Hk 
= xi + 16у] — 10zk 
so that 
Vfl, —1, 2) = 6(Di + 16(—1)j – 10(2)k = 6i — 16j — 20k 
and 


Daf, —1, 2) = ue Vf, —1, 2) = 206) — $(—-16) + #(—20) = 38 
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С EXAMPLE 8. The eleetric potential V in volts at the point P = (x, у, 2) in xyz 
space is given by V = 100(? + y? + 27)” 172, where x, у, and = are measured in 
centimeters. How rapidly is the potential V changing at the instant when we move 
through the point Po = (2, 1, —2) in the direction of the point P, = (4, 3, 0)? 


SOLUTION The rate of change of V, in volts per centimeter, is given by D,V, 


evaluated at Ро = (2, 1, —2) in the direction of the unit vector 


PoP, UE 
и == исе i k) 
[PoP || M3 


Here, 
ду ER za Du — ЖУГУ) д + > eu —3/2 
ОО ala Bi eee: — = ТООСУ es) ^ 
Ох ду i 
JV > ? {> 
and T = —100дх? + у? + 22)732 
Hence. 
oV . óV n ду B $3 S as : 
VUES ae emer s SIM b= se = ar) we у) se с 
ду ду дс 
Putting x = 2, у = 1, and z = —2. we find that the gradient at Py = (2, |, —2) is 


VV = — 47 (21+ j - 2k) 


Hence, the directional derivative at Po in the direction of u is 


БЫУ = под = E ze буы | = 2k) 
У NC fie 
—100 —100 . 
= De (Zr T 2) Ev = —2.]4 volts per centimeter 


Just as for scalar fields in the xv plane. the gradient of a scalar field in xyz space 
points in the direction for which the directional derivative attains its maximum, and 
its leugth is numerically equal to this maximum directional derivative (Problem 66). 


EXAMPLE 9 Let f(x, v, 2) = xy + xz + ve + дуг. Find (a) the maximum value of 
the directional derivative of f at (8, — 1, 4) and (b) a unit vector in the direction in 
which this maximum directional derivative is attained. 
SOLUTION Here, 
ОАЕ ИС abil Fafa (a ТУТ ЈАТ k 
(Е уе) ОЗЕ ҮЕ) ЕЕ (Ge ae WP ae ARAS 
(a) The maximum value of the directional derivative at (8. —1, 4) is 


IV 8. —1. D| = |-i + 4j — k| = VC- D? +447 + (71? = V/1938 


(b) The required vector, a unit vector in the direction of Vf(8. — 1. 4), is given 
by 

VAR —1.4)  —i+Hj-k 

IVf(8, —1, 4) 1938 
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Normal Lines and Tangent Planes 


Let f be a differentiable function of three variables. If k is a constant belonging to 
the range of f, then the graph in xyz space of the equation 


f(x, у. 2) = К 


is called a level surface for f [or for the scalar field w = f(x, у, z) determined by f]. 

Earlier in this section we showed that, in the xy plane, the gradient vector at a 
point P in a scalar field is normal to the level curve of the field at P. This idea can 
be extended to level surfaces in xyz space as follows: Let (xo. Yo. zo) be a point on 
the surface f(x, у, 2) = К, and assume that Vf(xo, yo, zo) ~ 0. Then the line contain- 
ing the point (xo. Yo. zo) and parallel to the gradient vector Vf(xo, yo. zo) is called 
the normal line to the surface at (хо, уо, га) (Figure 6). The plane containing the 
point (хо. yo. zo) and perpendicular to this normal line is called the tangent plane to 
the surface at (xo. уо. zo) (Figure 7). Because 


Ухо, Yo. Zo) = fi(Xo. Yo. zoJi  f2(xo. Yo. zo)] + (хо. Yo. zo)k 


it follows that scalar Cartesian equations of the normal line and the tangent plane 
are: 


Figure 6 Figure 7 


2 


normal line 


Vfixo ‚Уо, Zo ) 


Now, let C bea curve lying on the surface f(x. у. z) = k, so that the coordinates x. 
y. and z of any point P = (x. у, z) on C satisfy the equation 


Ах. у, 2) = К 


Using the chain гше, we differentiate both sides of the last equation with respect to 
arc length s measured along the curve C to obtain 


HUC Miis alae 
ox ds ду ds dz ds 
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that is, Vf* T = 0, where 


It follows that the unit tangent vector T to a curve C on the surface f(x, v, z) = kis 
perpendicular to the gradient vector Vf (Figure 8). 


Figure 8 3 


normal line 


Therefore: 


The tangent plane to the surface f(x. v. 2) = k at a point P contains the tangent 


vectors at Р to all (smooth) curves on the surface that pass through Р. 


In Examples 10 to 12, find equations of (a) the tangent plane and (b) the normal line 
to the given surface at the indicated point. 


EXAMPLE 10 The sphere x? + y? + z* = 14 at the point (—1. 3. 2) 


SOLUTtON Here we put f(x, v, z) = x? + y? + z?, so that the equation of the 
sphere is f(x, v, z) — 14. We have 

Aix, у, 2) = x fx. у, z) = 2y and HG, у, 2) me 
Hence, 
fC, 3, =] =з сга = 6 and — f,(—1. 3. г 6 


(a) An equation of the tangent plane at (—1, 3, 2) is 
fiC- Lg 3s Aa + D + fl—1. 3. 290 З Б M SN 
that is, 
— Alis se 1) с 3 spes ne 0) or —2x + бу + dz = 28 
(b) Equations of the normal line at (—1. 3, 2) are 

де |) y= 3 Е 

ЛС 1. 3,2) А-1. 3. 2) 

that is, 


Bad Wd stew foe wie aS 
Е ата. er ud EDI eq 
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EXAMPLE 11 The graph of = g(x, y) at the point (хо, yo. (xo. yo)). where g is 
a differentiable function of two variables 


SOLUTION Here we put f(x, y. 2) = g(x. y) — z, so that the graph of z = g(x, у) 
is the level surface f(x, y, z) = 0 of f. We have 


д д 
(ху аже == Um sees s es — Cas) = гү) 
Ox 


Ox 
La», j= Sessa > vemm orm 
s(x, у, z) = — [e(x, y) = 2] = — р(х, y) = g(x, y 
20, Y o - Du 82 y 
and 
д д 
f(x, y. 2)= E [ae sr a) = E T 
Therefore, 
filo. yo» (Xo. Yo)) = gio, yo) 
(хо. Yo. (Xo. Yo)) = 82(%o. Yo) 
and 


zu 


хо. Yo. (Xo. yo) 


(a) An equation of the tangent plane at (Xo, уо, g(%o. Yo)) is 
81050, Yo) — xo) + g2(xo. YoY — yo) + (—1)[2 — (o. yo)] = 0 


or 


z = р(хо, Yo)  gi(Xo. Уо) — xo) + 820, yoYX (y — yo) 


(b) Equations of the normal line at (xo, yo. g(xo. yo)) are 


X — Xo ic M 


g1Xo. Yo) gx(Xo. Yo) 


EXAMPLE 12 The graph of g(x, у) = 3x'y — 7x?y — x? + y +1 at the point 
(20) 


SOLUTION We use the results in Example 11. Here we have 
Biles = 12x3y—21x2y-— 2x and g(x, y) = 3x4 — 7х? +1 
Hence, g,(1, 2) = —20 and go(1, 2) = -3 
(a) An equation of the tangent plane is 
Ze A D eus ЭЙ = Шула ы О у = 
= б = Aloe lp Ay = 2 
or z = 20 — 20x — Зу 


(b) Equations of the normal line are 


x= |l Vie © СОТ?) Хх ye 2 aar @ 
EU M шше чы се 


ado КООП?) E —20 = =] 
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Problem Set 14.6 


In Problems 1 to 22, find (a) the gradient Vf of each scalar field, 
(b) the value of Vf at the given point, and (c) the directional deriv- 
ative D, f at the given point in the indicated direction. 


1 ftx. х) = длу“, (хо. Yo) = (2. —1) in the direction 0 = 7/3 
2 Дх, у) = у? In x. (хе, Yo) = (1. 4) in the direction 0 = т/4 
3 f(x, у) = хе“ + ve^. Qu. Yo) = (0, 0) in the direction 0 = 27/3 


4 fix, у) = y tan à, (хо, Yo) = (7/4. —3) in the direction 8 = 
m/2. 


5 f(x, y) =x In v. Go, Yo) = (5, 1) in the direction 0 = —т/6 


6 f(x. y) = (1 + xv”, (хо. vo) = (1, 3) in the direction 6 = 
— 7/4 

= ^ н am А 

7 f(x. у) = 7х7 — Зу + 4, (хо, Yo) = (1. 1) in the direction of 
и = (V3/2)i + 1j 

8 f(x, у) = ху, (хо, Yo) = (2, —1) in the direction of u = 
(V2/2)1 + (72/2) j 


yaa I (хо, уо) = (1, 2) їп the direction of 
u = ži - (V3/2)j 


10 f(x, у) = е, (хо. vo) = (1, I) in the direction of u 


(V2/2)1 — (W2/2)j 


11 fix, y) = ду + 2ху?, (хо. Yo) = (72. 1) in the direction of 
u = (V3/2ji — zj 


_ 


П н 39) ec (х2 + уг) !, (хо, Yo) = (2. 3) in the direction of u 
Tai + 13] 

43) f(x, у) = tan ! Q0. Go. Yo) = (1, —2) in the direction of 
у= di — 3j 

14 f(x, y) = In V x^ + y^. (xo. vo) = (5, —12) in the direction of 
ys- 5i 1221) 

15 fix. у) = y In (x/y), Go. yo) = (2. 1) in the direction from (2, 1) 
(Об?) 

16 f(x, у) = е * cos 4х, (xg. уо) = (0, 0) in the direction from 
(0, 0) to (—3, 4) 

ИУ м у 2) = ср + зу (iy. YO. Za) = (1, — 1, Dimthe direc- 
tion of u = Ji — $j + įk 

US fits, te B= Ln (x? + у? + 27), (Xo, Yo. Zo) = (1. 1. 1). in the 
direction of u = — $i + 4j + ЗК 

19 fa, Уу, z= Aqu. (Xo. No. Zo) = alis 0, 
у= 2) -—j + 2k 


1) in the direction of 


20 f(x, y, z) =z tan”! (у/х). (Xo. Yo. Zo) = (1, 1, 3) in the direction 
of v=itj-k 

2] Кх, N z)-z-e'sin У, (до, No. ay) = (In 3, 3/2, — 3) in the 
direction of u — 21 ae žj + SK 


4 


1 1 7 3 Р 
22 f(x, У.) = спс Мп 3r 25. (Xo. Yo. 20) = 


(7/3, 0, 1) in (һе direction of the unit vector 


и = (cos 27/3) + (cos 7/4)] + (cos z/3)k 


In Problems 23 to 30, find (a) the maximum value of the directional 
derivative and (b) a unit vector u in the direction of the maximum 
directional derivative for each function at the indicated point. 

23 fix, y) = x? — 7xy + 4y? at (1, — 1) 

24 р(х, y) = (v + y = 2)? + (3x - y - 6? at (1, 1) 


29 


25. A(x, y) = х2 — x? — sin y at (1, 7/2) 

26 F(x, y) = e 5* sin Sy at (0, 7/20) 

© fk Woe eren al 018 205053] 

28 A(x, y, z) = (x + y t (y + 2)? + (х + z) at (2, —1, 2) 
29 g(x, у, 2) = е“ cos (уг) at (1, 0, л) 


= eat Ola 
Корго А чк 


30 fix. у, z 1.3 
А СЕЕ 


— 


31 Find a unit vector u that is perpendicular to the level curve of 
f(x. y) = 3x7y = 2x? at the point (—2, 3). 


32 Find a unit vector u that is perpendicular to the level surface of 
fix, у z) = 2x? + y? а= onal the pointy (221 


In Problems 33 and 34, find the direction at the point P in which 
each function increases most rapidly. 


33 2 =x + ww, Р =(—2, 1) 


34 W = Зху? + 3yz? + 32x?, P = (1, 1, —2) 


35 The temperature 7 at the point (x, у) of a heated circular metal 
plate with center at the origin is given by 


400 


SS 
244° + qe 


where T is measured in degrees Celsius and x and y are measured 
in centimeters. (a) In what direction should one move through 
the point (1, 1) in order that 7 increase most rapidly? (b) How 
rapidly does 7 increase as one moves through the point (1, 1) in 
the direction found in part (a)? 


0136 Marine biologists have determined that a shark detecting the 
presence of blood will respond by moving continually in the 
direction in which the concentration of blood increases most 
rapidly. Suppose that the concentration C of blood (in parts per 
million of water) is given by 


ie 2 s 
Cx, y E e 177 24710 


where x and y are horizontal coordinates measured in meters 
from the blood source. In what direction will the shark move 
through the point (3, 1)? Find a unit vector in that direction. 


37 


38 
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Let f be a differentiable function of two variables such that 
f,\(-1, 2) = 2 and f(-1. 2) = —3. Find the directional deriva- 
tive D,f(—1. 2) if u = (V2/2)i – (V2/2)j. 


Suppose that f is a differentiable function of two variables and 
Df, 4) = —4 if u = 15i — 15) and D,f(3. 4) =5 if v= 
151 + тз]. Find (a) fi. 4) and (b) AG, 4). 


39^Suppose that the temperature Т (measured in degrees Celsius) at 


(140 


a point (x, у. 2) in space is given by 
T(x, y, z) = 100 — x? — у? — 22? 


where x, y, and z are measured in centimeters. (a) Find the rate 
of change of Т at the point P = (2, 1, 1) in the direction of the 
vector u = їі + 5] — Sk. (b) In what direction should one 
move from the point P in order to cool off most rapidly? (c) 
What is the maximum rate of change of T at P? 


Suppose that the electric potential V (in volts) at a point (x. y. 2) 
in space is given by 
(= RERUMS 

V(x,*2)-—]ln Уу Буе" 
(a) Find the rate of change of V at the point Р = (2, — 1, 2) in the 
direction from P toward (0, 0, 0). (b) In what direction is the rate 
of change of V at P a maximum? (c) What is the maximum rate 
of change of V at P? 


In Problems 41 to 62, find equations of (a) the tangent plane and 
(b) the normal line to each surface at the point indicated. 


ic 2y? + 327 = 6 at (1, 1, 1) 


42 


x? — 2y? + 27 = 11 at (2, 1, 3) 


A3) xyz = 6 at (1, 2, 3) 


44 


8x — y? = (аг (2, 4, 7) 


45}? + y? = 6xy + z = 0 at (2, 2, 8) 


46 
47 
48 
49 
50 
51 
52 


sin xz = e7 at (1, 0. 7/2) 

2x? — 39? — z =O at (2, 1, 5) 

x? — 3y? — 4:2 = 2 at (3, 1, 1) 

se + 2y* — 527 = 4 at (1, 2, 1) 

Vy + Vy — z — 0 at (4, 9, 5) 

cos (xy) + sin (yz) = O at (1, 7/6, —2) 
In xy + sin yz = 2 at (e. 1, 7/2) 

Мх + Му + М? = баг (9, 4, 1) 
tan! (y/x) — In xyz = 7/4 at (1, 1, 1) 
seda at (2. 1. 4) 

z= Scy — SN et (Ulo SN, 89) 

z= V9 = х2 -y a (-1. 2. 2) 


z = x sin (7/2) at (0, 0, 0) 59 z=x* at (1. 1. 1) 


66 


67 


68 
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z = In cos Ух” + y? at (0. 0, 0) 
еіп марра — le 0) 


z=xe "at(l, 0, 1) 


Assuming that f and g are differentiable functions of three vari- 
ables and that a and b are constants. show that V(af + bg) = 
a Vf * b Vg. 


Assuming that f is a differentiable function of three variables, 
prove that the rate of change of the scalar field w — f(x, y. z) 
with respect to distance measured in the direction of the unit 
vector u is given by u* Vf. 


Suppose that fis a differentiable function of a single variable and 
that г = Nx? + у? + т”. Verify the formula 


Cu cJ EE 
Vf(r) =f'(r) per es 


Prove that the gradient of a scalar field in xyz space points in the 
direction for which the directional derivative attains its maxi- 
mum and that its length is numerically equal to this maximum 
directional derivative. 


Assume that f is a function of two variables which is differenti- 
able at (xo. yo). Give a geometric interpretation of the differen- 
tial df in terms of dx. dy, and the tangent plane to the graph of 
f at (хо. Yo. f(xo. Yo))- 


Suppose that a point P is moving along a smooth curve C in a 
scalar field w. Assuming that the function that gives the scalar 
field w is differentiable, that T is the unit tangent vector to C, 
and that P is moving with the speed ds/dr, prove that the instan- 
taneous rate of change of w with respect to time as measured at 
the point P is given by 


In Problems 69 to 72, use the result of Problem 68. 


69 


70 


The temperature 7 at any point (x, y) of a rectangular plate lying 
in the xy plane is Т = x sin 2y. The point P = (x, у) is moving 
clockwise around a circle of radius 1 unit with center at the 
origin at a constant speed of 2 units of arc length per second. 
How fast is the temperature at the point P changing at the instant 
when (x, y) = G. W3/2)? 


Suppose that the surface 


~ $280 

represents an uneven terrain and that a group of tourists is con- 
gregated at the origin. Here, x, у, and т are measured in miles. A 
Moslem tourist sets out for Mecca, going directly east along the 
positive direction of the x axis. If he travels at a constant speed 
of 3 miles per hour, how steep is his climb, in feet per minute. at 
the end of І hour? 
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71 The pressure P, in newtons per square meter, of a certain gas at 

the point (x. у. z) in space is given by P = 100007 +7 +2), 
where x. у, and т are measured in centimeters. A variable point 
Q = (x. v, z) is moving along a certain curve C in space. At the 
instant when Q = (1. —2, 1), its speed is given by ds/dt = 50 
centimeters per second. [f the unit tangent vector T to C at 
(1, —2, 1) iS given by 

2 ' 
T= (cos ET F (cos A + (cos E 

find the instantaneous time rate of change of pressure at Q just as 
О passes through (1, —2, 1). 


72 The electric potential V in volts at the point (x. у, т) in space 
caused by placing a charge д at the origin is given by V = д/г, 
where r = Vx^ + y^ + 27, (Assume that distances are meas- 
ured in centimeters.) Let C be a curve in space having a unit 
tangent vector T at the point P. If P moves along C in the direc- 
tion of T at a constant speed of v centimeters per second, write 
an expression for thc instantaneous time rate of change of elec- 
tric potential at P. 


73 Suppose that two surfaces in xyz space, say f(x. y, 2) = kı and 
g(x, y, 2) = kz, intersect in a smooth curve C (Figure 9). As- 
suming that f and g are differentiable and that (xo. vo. 20) is a 
point on C, show that the vector 


Vf(xo, уо. zo) X Vg(Xo. Yo. 20) 


is tangent to the curve C at the point (xo, уо. zo). 


Figure 9 


FBS, oc sen 


In Problems 74 to 77, use the result of Problem 73 to find a tangent 
vector at the given point to the curve C in which the two surfaces 
intersect. 


74 x2 =y? = 22 + 12 = 0 and 3x? +y? +2 =4 at (1, 2, —3) 


) 
76 x? + (у2/4) — (22/9) = 1 and x? + y? + 2? = 14 at (—1, 2, 3) 


е 


78 xi + 2x + 4: = 5 and 4ху + 3y + 62 = 56 at (2, 5, 


77 x? — 2xz + yz = | and 3xy + 2уг = —6 at (1, —2, 0) 


78 Let f(x, y) = ху2/(х2 + y^) for (x, у) 5 (0, 0) and f(0. 0) = 0. 
Show that D, f(0, 0) exists for all unit vectors u, but that fis not 
continuous at (0, 0). 


14.7 


Higher-Order Partial Derivatives 


In studying functions of a single variable, we found it useful to consider not only the 
first derivative but also higher-order derivatives. Similarly, in studying functions of 
several variables, it is useful to consider higher-order partial derivatives. 

Thus, consider a function f of two variables having partial derivatives fj and б, so 


that 


Vic у) SAG.) 


j д 
=-——/х,у) and р у) 9 GL у) = —— fG у) 
Ox dy 


The functions f, and f» are functions of two variables, and they may themselves have 
partial derivatives. For instance, if f(x, y) = Зх2у + 6xy?, then 


fix. yx) 


fha. у) 


ð 2.76 3 3 wi 
= fix. у) = E (Эх5у буу“) “буу O 
дх 


д Р 
ш 99) = dy (3x2y? + бху?) = 9х?у? + 12ху 
| у 
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Therefore, 
д ә [д А A s 
Silks | | = Goer + GSH бу: 
Ox ox | Ox 
э! ) [|с ] OG 3 + 6у2) = 18ху2 + 12 
ji 3) e -—— [|<=— у. = — (бху y^) = 18у? 2y 
3, 16 ay Lam MP a ow y o y 
д ð ð a3 3 
— fox, у) = № у)| = — (Oxy? + 12xy) = 18xy? + 12у 
Ox ду дх 


э |= э [х 


2 fo. y) ES | 2 iy? 12) = 18у + 12 
— ite у = ЖО, 39) | 2ху) = l8x^y + 12x 
гаа ду і as 3 2 А 

The four partial derivatives of partial derivatives found above are called the 
second-order partial derivatives of the original function f. Naturally, we can 
denote the partial derivatives of the function f, with respect to the first and second 
variables as (f1) and (f1)», respectively. However, for simplicity, we omit the 
parentheses and write these second-order partial derivatives as fi, and fiz, respec- 
tively. Likewise, we write f, and f,, rather than (f,), and (f.),. respectively. For 


instance, 
E EN ( E 
fiz Hiss ду ds 
9 (Of д 
The symbolism — d is also abbreviated 
dy \ox ду Ox 
d?y 


is used as an abbreviation for the ordinary second derivative. Similarly, we 
bn y y 


5 


much in the same way that 


a 


д (of 
write — for the second-order partial derivative — = and so forth. In sum- 
Ox” ox ‹дх 


mary, the four second-order partial derivatives of f can be written as follows: 


In the subscript notation, fj = fa indicates an initial partial differentiation with 
respect to the first variable x followed by a partial differentiation with respect to the 
second variable y. However, the symbolism 


Of à Е 
ox ду дх “ду 


indicates an initial partial differentiation with respect to у followed by а partial 
differentiation with respect to x. In the subscript notation, the order of the subscripts 
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{rom /eft to right shows the order of partial differentiation, while in the notation 
of 
ax ду 
we must read the "denominator" from right to left. 
EXAMPLE т Jf f(x. y) = 7x? — 13у + 182, find i. f.i Jio oL ER 


SOLUTION Here, 


m Я 
Дх, у) = EC (7х2 — 13xy + 18у?) = 14x — 13y 
AY 


д si 
— (7x — 13ху + 18у?) = —13x + 36y 


oy 


AQ, y) 
A д д 
Непсе, м of = — (4x — 13у) = 14 
дх дх 
f д a. 
йде УЙ S Se UG t| Пе = y= als 
ду ду 
д д 
fax, х) — [fs(, у)] = — (— 13x + 36у) = —13 
ox Ox 
д \ д 
foals, у) = — |/5(х, у)] = — (—13х + 36у) = 36 
ду ду 
d ff Of у ү 


EXAMPLE 2 1f f(x. у) = 2e™ cos v, find —, —, =, : 5 
j OX” ду о дуду ANON 


and 


Of 
BN 
SOLUTION Here, 
of - 
ri = — (2e* cos y) = 4e™ cos у 
ox д 
д 5 А 
2 = — (22> cosy) = ees siny 
ду ду 
у AF д ч Я 
Непсе, aq a deus eec (Ge COS ы) = se ES SY 
х" Ox \ dx Ox 
à? ? qw J 4 "EE 
f = — (=) = = (Ae^ cos y) = —4e^ sin y 
dy AX ду \ Ox dy 
i 9 { of ЖГ 
a = —— (= = — (—2e* sin y) = —4e?* sin y 
OX ду ox \ dy! OX li 
д”, ) (d E E 
f -— i = == (S2e- sing) = 225 cos 
ду" ду \ dy! oy 


EXAMPLE 3 Letn, т, and А be constants, and suppose that f(x, y) = Ах"у”. Find 
d Заа af anf 

: 6 TS 5 ‚а 4 
ax ay” ax?” dy dx” 8x ay ay? 
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SOLUTION Here, 


д д 
К Cp (Кх”у'") = knr" by and os (кту) = kay! 
9х Ox j ду 
a д [д à М 
Hence, f = — (2) = — (Knx"-!y") = knin — x 2" 
x OX * AX! Ох 
pe à (d д 
f E. ES = — (пх у") = kame" by"! 
ду OX COX oy 
a? д д 
= f === RN = — (бту) = рх" d 
Ox ду dx ‘д ox К 
9° а (д д 
/ = == = = — (kmx"y"~!) = kmon — 1)х”у" 
= ду ду / ду 
The second-order partial derivatives 
o 9 
апа = 
ду дх Ox ду 


are called the mixed second-order partial derivatives of f. In all three examples 
above, notice that the mixed partial derivatives are the same. By Example 3, the 
mixed partial derivatives of any term in a polynomial function of two variables are 
the same; hence, 


holds for any polynomial function f of two variables. As a matter of fact. the two 
mixed partial derivatives are equal for a wide class of functions.* 


THEOREM 1 Equality of Mixed Second-Order Partial Derivatives 


Let f be a function of two variables, and suppose that U is an open set of points 
contained in the domain of f. Then if both of the mixed partial derivatives f,» and 


fay exist and are continuous on U, it follows that fis(x. у) = foit. y) for all points 
(vcnit. 


The proof of this theorem. which depends on the mean-value theorem for func- 
tions of one variable. is usually presented in advanced calculus courses and is not 
given here. 

The notation used for partial derivatives of order higher than 2 is almost self- 
explanatory. Thus, 


E 2 (27 z 
ax ду” ду? 

a sends ( af 
ду? Ox oy? ду? ax ду? 


) ==, 


) = f2122 = fenem 


*In Problem 54 we give an example of a function for which the mixed partial derivatives are 
not equal. 
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and so forth. Theorem 1 on the equality of mixed partial derivatives extends to such 
higher-order cases. For instance, 


ag L. 


af СА 
M =. „Ж = 


ax ду? дудхду дү? Óx 


holds оп a set such as U in the theorem, provided that all three mixed partial 
derivatives exist and are continuous on U. In summary: 


The order in which successive partial derivatives are taken when you form 


higher-order partial derivatives is irrelevant, provided that all the partial deriva- 
tives in question exist and are continuous. 


ENAMPLE 4 Let f(x. y) = e? + sin (x + у). Find 
(a) dius (b) TS (c) Troc 
SOLUTION 


(a) f(x. y) = уе“ + cos (x + y), and 


д 3 А 
foals у) = Pa [ye +.cos (x + W= сет — sin Wy +) 
X 
so that 


д [ “7. xv B ( )] 
с [же — Singer РҮ 
dw ^ Ё 


Руб Y) 


Ш 


2уе + xy e — cos (x + y) 
(b) f(x, y) = xe? + cos (x + у), and 


д z | 
а INS E [хе^ + cos (x + y)] = x?e" — sin (x + у) 


so that 


д 2 y . 
rx [ке o ep (GF se SII 
Ox 


Fis AG >, y) 


= ЖҮЗ” + yx?e? — cos (x + y) 
(с) ster fees, sores Me ue xyle — cos (x + y), we have 
д " Drs 
ficum ie ЮЕ + otav cens (c [Щ 
= 2yle" + yle + хуле + sin (x + y) 
= Зу2е^ E xy et + sin (x + у) 
so that 
9 Bebo C 
ете = БЫ Bren чүйлү (acto) 


= Зее rae p arte + cos ОЕ) 


= dye + xyte™ + cos (x + у) 
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Naturally, the concept of higher-order partial derivatives extends immediately to 
functions of more than two variables. For instance. if w = fxev є). then 


CMT TM 
Ox ду dz dx Lay \ 02 тух > fazi 

vate а.и 
Ox 0? ду ах Laz? \ oy yn = fassi 


and so forth. Furthermore, the conditions for the equality of mixed partial deriva- 
tives remain effective. 


EXAMPLE 5 Let w = x*y?z + sin xy. Verify by direct calculation that 


Pw Е Pw 
ox ду дс dE дү Ox 
ow ae rw E 
SOLUTION Неге, = eds and = =з 
Оз ду дг 
Fw 5 
so that — — —— = 8х?у, On the other hand, 
Ox ду dz 
ow a Fw à 7 
~ = Ak ye Бау cos уу and See XP as ay = Xy sin Xy 
Ox dy Ox 
Pw 
so that = = 8x^y. Therefore, 
= ду Ox 
P» rw 
Ox ду дт dz ду Ox 


Higher-order partial derivatives are usually calculated by successive differentia- 
tion, as in the last example. At each stage of such a calculation. the standard 
differentiation rules, including the chain rules, are effective. The use of the chain 
rules in this connection is illustrated by the following example. 


EXAMPLE 6 Let w = и?у?, where и = x? + Зу” and v = 2x? — у?. Find 
rw 
дх ду 


SOLUTION By the chain rule, 


ow ðw ди dw ду E - А a. 
Pm o 5—-———uP (00 + (Зибиа ОЛО 6u^v^)y 


ду ди ду ду ду 


Therefore, 
P» д A E 
= [оик Ен т r= [1 (с } 
Bre ду үз [( )b = Zr 3t П ) 3 
(ou. „ду ou, ду \ 
= [Bes у? + Зиу2 =) — 6(2u и у? + 22у © 
- ox Ox ox ox / T 


[12(2xi3 + 12uv?x) — 6(Auxv? + Sur vx) |v 


2407 + Suv? — 2i? v)xy 
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um  ————_. .—-_— 


Problem Set 14.7 


d Р y УЛ 
In Problems ] to 18, (a) find al . (b) find : f ‚ (с) find — f а 
х ду" ду OX 
Tf rf Tf 
(d) find x J , and (e) verify that J = ro 
Ox ду ду Ox ax ду 
1 fix. y) = 6x? + 7ду + 5y* 
а CREE WE WE 
? = y 
3 fix, у) © х cos у— у” 4 fix, у) = tan! — 
E 
2 23/2 dtu 
S fü. 0) = ep 6 fix, y) = 2 
mer 
: y x 
7 f(x, у) = e 8 f(x. y) = In 3 
9 fix. y) = y cos x — xe? 10 f(x, y= e 7 
1] f(x, v) = sin (x + 2y) 12 fi, y) = ех – 2,3 
13 f(x. y) = 5x cosh 2y 
13 fix, у) = In sin Vx^ + у? 
15 fix, y) = 3e V 16 f(x. у) = In Vx? + у? 


17 f(x, y) = e"? siny 18 f(x, v) = sin? xy 


In Problems 19 to 26, find each partial derivative. 


19 f(x, y, z) = xy?z + 3e; (а) (дер), т E) 
20. g(X. y, г) = cos (xyz?y (а) р(х. уз 2). (b) gc, у, г) 
21 h(x. y. 2) = xe” + ze + cx PRED) reris Wer). Боз QUY. =) 
22 а о “вш e: 
(a) fiis, —1, 7/4), (b) 523101. —1, 7/4) 
ОЗ Дома) еа 1.02703) 8 (b ЖЕ. 22) 
24 fir, s, t) = In (5r + 8s — 612); (a) fair. з. D, (b) Bitr, s, 0) 


25 h ) = sin x? 2; (a) zh (b) an 
а ——. — == 
À E OX ду dz OX ду dz 
oy o 
26 f(x. y, г) = y In (x — csc z), (4 . (b 
feo DE зуе Оу дЕ 2) Ox дг 


27 Mw = (Ax? + By’, where A and B are constants, verify that 
du a ГЫТ 
Ox" ду — oy o? 
by direct calculation. 


Py ow 
28 If w = In (x — у) + tan (x + у), Show that s = : А 
ГА ү- 


In Problems 29 to 32, show that each function f satisfies Laplace's 
partial differential equation in nvo dimensions, namely, 


у ur 


ES + aT sd 0 
axe ду” 


29 f(x, y) = e` sin y + e* sin x 
30 f(x, y) = e^ (cos? y — sin? y) 


31 f(x, y) = In (x? + y?) 


32 f(x. y) = tan! га 
x 


In Problems 33 and 34, show that each function f satisfies Laplace’s 
partial differential equation in three dimensions, namely, 
Gf EPI Е 


ТЕЛЕ аы, 
ox? ду? oz 


33 Дх, у, 2) = 3x7 — 2y? + Say + 8xz — r° 
34 fix, v. 2) = (х2 + у? тиу!” 
35 Let f(x, у) = cos (x + у) + cos (x — у). Show that falx. y) = 
foe Do: 
36 Let f(x, у) = sin (x — y) + In (x + у). Show that ftx, у) = 
fox. у). 
37 Show that w = e^" cos x satisfies the partial differential 
equation 
aw a aw 
ду? дҳ? 


2 = 4y 

38 Assuming that the functions f and g are twice differentiable, 
show that, if w = f(x + у) + g(x — y), then 

rw i aw 
ax? ду? 

39 Ifw = Ax? + Вху + Су? + Dx + Ey + Е, determine ће condi- 
tions on ће constants А, В, С. D, Е, and F so that w satisfies 
Laplace’s partial differential equation in two dimensions, 
namely 


ow ow 
TE + E 
Ox” ov 


=0 


40 A function f of two variables is said to be homogeneous of 
degree n if fix. ty) = "f(x. y) holds for all values of x, y. and г. 
(a) Give an example of a function that is homogeneous of degree 
t. (b) Give an example of a function that is homogeneous of 
degree 2, (c) Suppose that f is differentiable and that it is homo- 
geneous of degree n. Prove that xfi(x, у) + vov. у) = afi, у). 


41 Let w = f(u, v), where u = x + y + zand v = 2x + у — z. As- 
suming the existence and continuity of the required partial deriv- 
^w aw ^w 


atives of f, find a formula for — Pd —. 
Ox” ду” д 


42 If f is a twice-differentiable function and c is a constant, show 


А ; 3 1 
that w = f(x — ct) is a solution of the wave equation, m = 
т 


2 Ow 
Ge = . Also, show that w = f(x + сг) is a solution of this 
AC 
equation. 
43 Show that w = (a cos cx + b sin exe Fr, where a, b. c. andk 
А ðw aw 
are constants, is a solution of the heat equation TU Ik i : 
дї дх- 
44 Suppose that w = f(x, y, z) and let x = p sin œ cos Ө, v = 
psin ф sin Ө. and 2 = рсоѕ ф. Thus. if (р. 6. Фф) = 


(4, 7/3, 7/6). then (x, у, z) = (1. V3, 2V3). Suppose that f 
has continuous partial derivatives and that 


ell, ЗМЗ з 

SES V3, 2МЗ) = 4 

КОШ озун 
(ПУЗ 28 
FO, VS. 29/88 
fll. МЗ. 2V3) = -1 


f. МЗ, 2V3) = 2 
fol, V3, 2V3) = -1 
fell, V3, 2V3) = - V3 


Find 


ow Жош. 
(а) ae at (4. = =) (b) 


45 If w = f(x, y). x = r cos Ө, and y = r sin Ө, show that 


aw T v rw 1 ow 1 ðw 
3 


к = == + = 
ó д г r Ө rør 


46 If z — f(x, v), x = g(t), and у = h(r), show that 


dz @ = ae az dx dy 922 (ау\ү? 
т |e =? = == sf = 
а О ax ду dt dt ду \ dt 
dz dx az dy 
ae — уа ET es 
Өх аг ду а 


47 If z = f(x, у), x = e cos Ө, and y = е” sin 0. show that 


d^ 922 Le ( aw >) 
SS SS = eee 4k = 
à дү ә2 ag 


48 If = flu, v), и = g(x, у), and v = A(x, y), show that 


Pw 8w ү ди \* ow Fw \ ди ду 
CENE C ууру cc d + ) een fore 
ox ди дх ди ди ду/ Ox Ox 


ду 
e aw du aw v 


Y ( ду | 
F Pe ай М" 3 3 
ду” \ ax ди Ax" ду ox” 


SECTION 14.7 HIGHER-ORDER PARTIAL DERIVATIVES 893 


49 Let w = f(u), where u = g(x, y). Assuming that the required 
derivatives exist and are continuous, express 
aw ^w 


ae p 


in terms of f’, f". and partial derivatives of g. 


50 If w = f(u, v). и = g(x, у), and v = h(x, у), show that 


rw aw ди ди 


ди Ou ду ow du av 


ду ox Ж du dx ду ду ди дх ду ди ду ду Ox 
Pw ду ду ðw ðu 
E n 


ду” Әх ду ди ду ðX 


"d 
on 


dy дх 


ðw 
+ of 
ðv 


51 Let w = f(r), where r = Vx? + у”. Show that 


rw ow dw 1 dw 
- + 


дь а 
ox ду dr- r dr 


52 Suppose that f(x, у) = 0 defines y implicitly as a function of f. 
Assuming the existence and continuity of the required deriva- 
tives and that of/dy # 0, show that 


oF ( Ly у е, (2) 


dy à! Sv) “өх ду xe д? 


53 |f u and v are functions of x and у, and if и and v satisfy the 
Cauchy-Riemann equations, namely, 


ди ду ди ду 
eee | AN хш ой 
Ox oy ду дх 
show that 
ru ru ay ov 
x P а 0) and m mee 
Ox” ду” Ox” ду” 


Assume the existence and continuity of the required partial de- 


Tivatives. 
54 Let 
re i) if (x. у) = (0, 0) 
0 if (x, y) = (0, 0) 


(a) Compute /\(0, y) and f(x, 0) by direct use of the definition of 
partial derivatives. (b) Show that /fji;(0.»)— —1 апа 
Р(х, 0) = 1. (c) Show that fi2(0, 0) # 100, 0). (d) Some hy- 
pothesis of Theorem 1 must be violated here because of part (c). 
What is it? 


55 If w= etter tant and aj + а +- аг 1, show 
that 


o ow ow 
=> Ts + ata SE = 
хт OS (he 
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14.8 


DEFINITION t 


Extrema for Functions of 
More Than One Variable 


In Chapter 3 we saw that the derivative is an indispensable tool for solving problems 
involving extrema of functions of single variables. In this section we study the 
problem of finding maximum and minimum values of functions of more than one 
variable, and we see that partial derivatives are especially useful in this connection. 

The basic concepts, such as relative extrema, absolute extrema, critical points, 
and so forth for functions of several variables are the natural analogs of the corre- 
sponding concepts for functions of one variable. For simplicity, we formulate these 
concepts for functions of two variables; it should be obvious how they can be 
extended to functions of more than two variables. 


Relative Extrema 


(i) A function f of two variables has a relative maximum value f(a, b) at 
the point (a, b) if there is a circular disk with positive radius and with center 
at (a, b) such that if (x. v) is a point in this disk, then (x, у) is in the domain 
of f and f(x, v) = fla, b). 


(ii) Similarly, a function f of two variables has a relative minimum value 


fla, b) at the point (a, Б) if there is a circular disk with positive radius and 
with center at (a, b) such that if (x, v) is a point in this disk, then (x, у) is 
in the domain of f and f(x, у) = f(a, b). 

(iii) A relative maximum or minimum value of a function is called a rela- 
tive extreme value, or a relative extremum, of the function. 


Figure 1 


x (a4 B b4) 


Consider, for instance, the surface in Figure l as the graph of a function f of two 
variables. The point P at the apex of the ‘‘hill’* represents a relative maximum of f, 
since f(a,, bı)—the height of P above the xy plane—is larger than all nearby values 
of f(x, y). Similarly, the point Q at the bottom of the "hollow" corresponds to a 
relative minimum, f(as, b3). 

The point S in the ‘‘pass”’ is neither a relative maximum nor a relative minimum; 
indeed, we increase our height above the xy plane as we move from S up the hill 


Figure 2 


relalive maximum 
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toward P, whereas we decrease our height above the xy plane as we move from 5 
down toward the point R on the "rim" of the surface. Incidentally, R does пог 
represent a relative extremum of f because there is no circular disk with positive 
radius and with center at (a4, b4) that is contained in the domain D of f. Notice that, 
by definition, a relative extremum of a function f can occur only at an interior point 
of the domain D of f— never at a boundary point of D. 

Sometimes it is possible to locate the relative extrema of a function f of more than 
one variable by algebraic considerations or by sketching the graph of f. This is 
illustrated by the following example. 


EXAMPLE 1 If f(x, y) = I — x? — y?, find all relative extrema of f. 


SOLUTION Неге, f(x, y) = 1 — (x? + у”) and x? + y? = 0, so that f(x, у) = 1 
for all values of x and y. Since /(0, 0) = 1, f attains a relative maximum value of 1 
at (0. 0). The graph of f. a paraboloid of revolution about the z axis, clearly shows 
that f has no other relative extrema (Figure 2). 


Figure 3 


Suppose that f is a function of two variables which has a relative maximum 
c = fla, b) at the point (a, b) (Figure 3). Let C be the cross section cut from the 
graph of f by the plane y = b, and notice that the curve C attains a relative maximum 
at the point (a, b). Therefore, if C is a smooth curve, it must have a horizontal 
tangent line at (a, b, c), by Theorem | on page 112. Since the slope of the tangent 
line to C at (a, b. c) is given by the partial derivative fi(a, b), then fila. b) = 0. 

By cutting the surface in Figure 3 with the plane x — a and reasoning similarly, 
we can also conclude that if f(a, b) exists, then f(a, b) = 0. Likewise, if f has a 
relative minimum at (a, b) and if fi(a, b) and f(a, b) exist, then fi(a, b) = О and 
f(a, b) = 0. Thus, we have the following theorem. 


Necessary Condition for Relative Extrema 


Let (a, b) be an interior point of the domain of a function f. and suppose that the 
two partial derivatives fila, b) and fəla. b) exist. Then if f has a relative 
extremum at (a, b), it is necessary that both fila, b) = О and fia, b) = 0. 
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DEEINtITON 2 


THEOREM 2 


Note that the condition fita. b) = fata, b) = О in Theorem 1 can also be ex- 
pressed as Vf(a, b) = 0, since Vf(a, b) = fila, b) + f(a, bj. Therefore, at a point 
where a function attains a relative extremum, its gradient must either fail to exist or 
be the zero vector. Thus, we make the following definition. 


Critical Point 


Let Бе a function of two variables. A point (a. b) in the domain of f such that 
either Хуба. b) fails to exist or Хуа, b) = 0. is called a critical point of f. А 


споса point of f which is in the interior of the domain of f is called an interior 
critical point of the domain of f. 


Now, Theorem 1 can be restated thus: /f a function f has a relative extremum at 
a point (a, b), then (a, b) must be an interior critical point of the domain of f. 

Therefore. to locate all the relative extrema of f, begin by finding all the interior 
critical points of its domain. Some of these critical points may correspond to relative 
extrema; however, some may occur at ''saddle points,” that is. critical points where 
the function has neither a relative maximum nor a relative minimum. The point S on 
the surface in Figure 1 corresponds to a saddle point: thus. the interior critical point 
(а>, bə) in Figure 1 would not give a relative extremum for the function. (Notice that 
the graph of the function has the shape of a saddle near the point 5 in Figure 1.) 

In order to sort out the interior critical points of a function and determine which 
correspond to relative maxima, relative minima, or saddle points, the following 
theorem (whose proof is best left to a course in advanced calculus) may be helpful. 


Second-Derivative Test 


Let (a. b) be an interior point of the domain of a function f. and suppose that the 
first and second partial derivatives of f exist and are continuous on some circular 
disk with (a. b) as its center and contained in the domain of f. Assume that (а, Б) 
15 a critical point of f. so that fita. b) = fata, b) = 0. Let 

fila. b) fiata, b) . à 3 
i ON = fita, b) fata. b) — Lfista. Б) 

fita, by fata, PY 7 kis 

If à > 0 and уба. b) < 0, then f has a relative maximum at (a, b). 


It А > О and fita. b) > 0, then f has a relative minimum at (a, 5). 


it A < 0. then f has a saddle point at (a. b). 


ГА = 0. then the test is inconclusive, and other methods must be used. 


In Examples 2 to 4, find all the interior critical points of the domain of the given 
function, and then apply the second-derivative test to decide (if possible) at which of 
these points relative maxima, relative minima, or saddle points occur. 


LNAMPLE 2. f(x. у) = x? + у> = 2х + 4y + 2 


ЯГА = fila, b)fs3ta. b) — Lfis(a. Ь)|? > 0, then fita, b)f»3ta, b) must be positive, so that 
fila, b) and ра. b) have the same algebraic sign. Therefore, in parts (i) and (1) of Theo- 
rem 2, we can replace (а, b) by fota, b). 
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SOLUTION Here. 
(nes) See Jax. у) = 2y + 4 
fu. 372 fol. y) —fuQ. 9-0 р(х. yy =2 


To find all critical points, we must solve the simultaneous equations 


(iin 3 es 0 | Г —2=0 
that is, 
HE ON =O 2y+4=0 
In this case, the only solution is x = 1, y = —2: hence. (1, —2) is the only critical 


point of f. Calculating the quantity A of Theorem 2 at the critical point (1, —2), we 
obtain 


2 0 
0 2 


О = 2 ы. =2) 
Jet se =) jolla 2) 


Also. fi(1, —2) = 2 > 0. Therefore, by Theorem 2, f has a relative minimum at 
(52): [| 


=4-0=4>0 


EXAMPLE 3 f(x, y) = 12xy — 4x?y — 3x? 

SOLUTION Here, 
SiGe, y) —I2y — 8xv — 332 = (12 — 8x — 3y)y 
fex. y) = 12x — 4x? — бху = (12 — 4х — бу)х 
йы у= = 
Victus = Т У) Е 12:998 = Gy 

апа fax, у) = — 6x 


To find all critical points (х, y), we must find all solutions of the simultaneous 
equations 


x — 8х — 3y)y = 0 
(12 — 4x — бу)х = 0 


Obviously, x = 0, y = 0 gives a solution, so that (0. 0) is a critical point. If x # 0 
and y = 0, the equations become 


{ 0=0 
Je ey = 0 


so that x = 3. y = 0 gives a solution, and (3, 0) is a critical point. If x = 0 and 
у #0, the equations become 
| 12 — 3y 2 0 
0-20 
giving the critical point (0, 4). Finally, if x = 0 and v # 0, the simultaneous equa- 
tions become 
ie athe == Shy — (0) 
12 — 4x – бу =0 


Solving the latter equations as usual (say, by elimination of variables), we obtain 
х= 1, у= 3; hence, (1. 3) is also a critical point. 
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The critical points of f are therefore (0, 0), (3, 0), (0, 4), and (1, EL Evaluating 
the quantity at each of these critical points, we have: 


1 AUTO, 0) A= 1.00.7070 070 40.900] Спаи 
2 At (3, 0), A = fu, 0) (3. 0) — 1703, QF = 0 – (712) = —144. 
3 At (0, 4), А = f0, H220, 4) = [fi20. 4)? =0 ~ (12) = —144. 
ЧА (1. 8), A= Л, 3501, 3 – (fll, P = 64 — (-4)? = 48. 
Since A < O at the first three critical points (0, 0), (3, 0), and (0, 4), these are saddle 
points. At (1, Я), we have A > О and / (1, 4) ES I 32 < 0; hence, the function has 
a relative maximum at (1, 4). a 
EXAMPLE 4 f(x, y) =a? + у 
SOLUTION Неге, 
fix. y) = Ae fox. y) = 4y? 
Лаб X) = йз” бышуу = One 206 0 = INN 
The only solution of the simultaneous equations 
a =0 
4° = 0 
is x = 0, y = 0; hence, (0, 0) is the only critical point of f. Thus, 
A = fi(0, 0)f22(0, 0) — [fi2(0. 0)? = 0 


and therefore the second-derivative test is inconclusive at (0, 0). However, since 
f(0. 0) = 0 and since f(x, y) = x* + y* > 0 when (x, у) # (0, 0), it is clear on 
purely algebraic grounds that f attains a relative minimum at (0, 0) and that it has no 
relative maximum. п 


Absolute Extrema 


In contrast to the notion of a relative extremum given in Definition 1, we now 
introduce the idea of an absolute extremum. 


DEFINITION 3 Absolute Extrema 


A function f of two variables has an absolute maximum value f(a, 5) at the point 
(a, b) of its domain D if f(x. у) = fla, b) holds lor every point (x, v) in D. 


Similarly, f has an absolute minimum value f(c, d) at the point (c. d) of its 
domain D if f(x, y) = f(c, d) holds for every point (x, v) in D. An absolute 
maximum or minimum value of f is called an absolute extremum of f. 


In Figure 2, the function f(x, y) = 1 — x? — у? actually attains not only a relative 
maximum but also an absolute maximum at (0, 0). However, in Figure 1, the point 
P does not represent an absolute maximum, since the surface climbs even higher 
than P as we move to the right of the saddle point S. 

It is intuitively clear that a continuous and bounded surface must have a highest 
point and a lowest point (provided that the rim of the surface is considered part of. 
the surface). For instance, the point А on the surface in Figure 1 appears to be a 
lowest point, while a highest point would be found somewhere along the upper edge 
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of the hollow surrounding the point Q. The following theorem confirms our intui- 
tion about these matters; however, its proof is best left to courses in advanced 
calculus or analysis. 


Existence of Absolute Extrema 


Let f be a continuous function of two variables whose domain D not only is 


bounded but also contains all its own boundary points.* Then f attains an abso- 
lute maximum value and an absolute minimum value. 


Note that an absolute extremum which occurs at an interior point of the domain D 
of a function f is automatically a relative extremum of f. (Why?) Consequently, an 
absolute extremum of f which is not a relative extremum must occur at a boundary 
point of D (that is, at a point of D which is not an interior point). Hence, in order to 
locate the absolute extrema of f, you must first find all the relative extrema and then 
compare the largest and the smallest of these with the values of f around the bound- 
ary of D. The technique is quite similar to that used in Chapter 3 to find absolute 
extrema of functions of one variable and is illustrated by the following example. 


(JEXAMPLE 5 A circular metal plate of radius І meter is placed with its center at the 
origin in the xy plane and heated so that its temperature at the point (x, y) is given by 
T = 64(3х? — 2xy + Зу? + 2y + 5) degrees Celsius, where x and y are measured in 
meters. Find the highest and the lowest temperatures on the plate. 


SOLUTION Since 


oT or 
—— = 64(6x — 2y) and es (ult ses a 
дх ду 


the critical points inside the circular disk are found by solving the simultaneous 
equations 
| 64(6x — 2y) = 0 
64(—2x + бу + 2) = 0 
The only solution, x = — $, y = — $, gives exactly one internal critical point on the 
plate, namely (— i — 3). For the second-derivative test at (— i, = 3), we need the 
quantities 


2 2 2 


T 
E (64)(6) roy Ж, (64(—2) апа poe (64)(6) 
Thus, at the critical point, 
EI ( PT 
ox? ду? ax ду 


A= 


is = (384)(384) — (— 128)? = 131,072 > 0 


and д?Т/дх? = 384 > 0; hence, there is a relative minimum temperature of 
64[3(— 8? — 2(— 8)(— 8) + 30-8 + 2(— 8 + 5] = 296°C 


at the point (— i, = 3). 


*That is, the domain D is a closed and bounded sel. 


900 


CHAPTER 14 PARTIAL DIFFERENTIATION 


Now, we must examine the value of Т on the boundary x? + у? = 1 of the cir- 
cular plate. If we put 
Sos l) 
^ = sin 0 
then as 0 varies from О to 27, the point (x, у) traverses the boundary of the plate. 
The temperature at the point corresponding to @ is given by 
T = 64(3 cos? 0 — 2 cos Ө sin 0 + 3 sin? 0 + 2 sin 0 + 5) 
= 64(3 — 2 cos 0 sin 0 + 2 sin 0 + 5) 
= 64(8 — 2 cos 0 sin 0 + 2 sin 0) 
= |28(4 — cos 0 sin 0 + sin 0) 


Thus, on the boundary of the plate, 


dT > ES 5 
10. = 128(51п- 0 — cos“ 0 + cos 0) = 128(1 — 2 cos“ Ө + cos 0) 
The critical values of @ on the boundary are the solutions of 
1—2cos? 0 + cos 0 = 0 ог 2 cos? 0 – cos 9-1 = 0 
that is, (2 cos 0 + 1)(соѕ 0 — 1) = 0 
Thus, cos @ = — i or cos Ө = 1, so the critical values of Ө are 
2T Ат 
(e == === 0=0 
3 3 


When 0 = 27/3, we have 


{ 7 p = 
T = 128(4 — cos E de = = 3X16 + 3V3) ~ 678.28°С 


When 6 = 47/3, then 


Am Aa . 47 E 
T = 12814 — OS а oe sin =) = Зб) 3558038 


When 0 = 0, we have 
T = 128(4 — cos 0 sin О + sin 0) = 512°C 


On the boundary of the plate, the maximum temperature is therefore 
32(16 + 3V/3) = 678.28 degrees Celsius and the minimum temperature is 
32(16 — 3V3) = 345.72 degrees Celsius. The relative minimum of 296 degrees 
Celsius on the interior of the plate is smaller then the minimum on the boundary; 
hence, it is the absolute minimum temperature on the plate. Therefore, the absolute 
minimum temperature on the plate is 296 degrees Celsius, and the absolute maxi- 
mum temperature on the plate is 32(16 + 3V3) = 678.28 degrees Celsius. 


In applied problems, it is usually the absolute extrema that are desired, and a 
rigorous treatment ordinarily requires an exhaustive analysis, as illustrated in the 
last example. However, in many cases, people rely on their physical or geometric 
intuition and carry out an informal analysis involving only an examination of inte- 
rior critical points. Such an informal procedure is illustrated in the following 
example. 
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EXAMPLE 6 А long piece of tin 12 inches wide is to be made into a trough by 
bending up strips of equal width along the edges so that the strips make equal angles 
with the horizontal. How wide should these strips be, and what angle should they 
make with the horizontal so that the trough has a maximum carrying capacity? 


Figure 4 


x cos @ 
E 


SOLUTION Figure 4 shows a cross section of the trough. Here x denotes the 
width of the strips, and Ө denotes their angle with the horizontal. We must maximize 
the area z of the cross section. Since the triangles ABF and ECD each have areas of 
i cos 0)(x sin Ө) square inches and the rectangle BCEF has an area of 
x sin 0(12 — 2x) square inches, it follows that 


z = x? cos 0 sin Ө + x sin Ө (1122 = A square inches 
д2 . 
Here, p = gm 0 bd wos. @ = al) ce Д 
x 


- 
2 


—~ = x[xQ cos? 6 — 2 cos 0 — 1) + 12 cos 6] 
20 


Hence, critical points will correspond to solutions of the simultaneous equations 
| х(2 cos 0— 4)+ 12=0 
x(2 cos? 08 2 cos 0 — 1) + 12 cos 0 = 0 

Solving the first equation for cos 0, we obtain 

6 

a 


cos 6= 2 — 


Substituting this value of cos Ө into the second equation, we have 


2d. 39 12 72 
x} 2(4 - — + Nee A е ог 3x-12=0 


2 
x 65 x 


4i 
Hence, x = 4 and cos 0 = 2 — $ = 1. The critical point, hence (we assume) the 


desired solution, is therefore given by 


x = 4 inches and 0 = 60° 


The solution x = 4 inches and 0 = 60° in the last example seems so reasonable on 
geometric grounds that we have not even invoked the second-derivative test for a 
relative maximum. (We invite you to do so.) Of course, if great importance were 
somehow associated with this problem—for instance, if we were going into the 
trough business—we not only would test for a relative maximum, but also we 
would go on to check that our solution represents the absolute maximum. 

The facts concerning maxima and minima for functions of three or more variables 
are analogous to the facts set forth above for functions of two variables, except that 
the second-derivative test becomes more complicated as the number of independent 
variables increases. Again, these matters are best left to advanced calculus. 
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The Method of Least Squares 


In the experimental sciences it is often necessary to determine the extent to which 
two quantities x and y are correlated. This is done by collecting data in the form of 
paired measurements, or observations, of values of x and y. If n such measurements 
are made and the corresponding points 


(Xi, wis (Xo, yo). (X3, y3). rot og (Lis 355) 


are plotted on an xy coordinate system, then the resulting graph is called a scatter- 
gram (Figure 5). A perfect linear correlation between x and y is indicated when 
all points in the scattergram fall on a line. Even if no such perfect correlation exists, 
it is possible to draw a line y = mx + b that *'best fits" the scattergram in a suitable 
sense. 

The usual criterion for determining how well the line y = mx + b fits the scatter- 
gram is based on the sequence 


1800 1825 [Eos a a о s Ie 


of vertically measured distances, or deviations, between the points in the scatter- 
gram and the line y = тх + b. The ith deviation is given by 


Е; = lv, E (Лх ШЕ b)| - lv; — Hits — b| 


fori 1,2,3,...,n(Figure 5). The method of least squares uses the sum of 
the squares of these deviations 


fim, b) = Ej + ES + ЕЗ t i + Е2 


as a measure of how well the line y = mx + b fits the scattergram.* The line that 


Figure 5 y 


3 3) (ху, mx, + b) 


v2mxtb 


(28 tenet 


(x5, Y3) 


x 
О 


best fits, that is, the line y = mx + b for which fUn, b) is a minimum, is called the 
regression line for the scattergram. Finding the regression line for a scattergram is 
one of the practical applications of the methods introduced in this section. The 
technique and the results are outlined in Problems 33 to 38. 


*The reasons for this are discussed in textbooks on statistics. 
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Problem Set 14.8 


In Problems 1 to 18, find all critical points of each function, and 
then test each critical point to see whether it corresponds to a relative 
maximum, a relative minimum, or a saddle point. 


LG, WS ae алау = Ie 
2 f(x, y) = x7 + 4ху — y! — 8x by 


3 


3f. у) = (= у + 1р 4 g(x,y) = х? — Зху + y 


5 f(x. y) = x? + у? + [2/(ху)] 6 f(x, у) 2 x sin v 
7 з Их у Виною) ae ee c 
9 f(x, y) = xt + у? + 4x + 4y 10 fa, y) 2x? t à y 
11 FG. y) = iy + 3x t y 

12 G(x. y) = sin x + sin y + cos (x + у) 

ИЗМ (т уух ку =з 

DOE лу? ду зу) 

15 F(x, y) 2 x? + y! + (3x + 4у — 26 

16 f(x, у, 2) = e yn 

17 fi. y) = + Y 32x 4v 52 


18 f(x, y, 2) = xy + xz 


In Problems 19 to 22, find the absolute maximum and the absolute 
minimum of each function (if they exist). 


19 f(x, y) = МІ -x — v fore + y? «1 


20 f(x, y) = 3x? + 2w + Ay? + 2x — 3y 1 for Ox < 1 and 
(Qmm i 


21 Дх, у) = ху + 12x + y) — (x - yy for OFx=12 and 
0=у= 12 


22 f(x, у) = 5x — 2y + 7 for (x, y) on or inside the ellipse 


an ee, Т 2а. 

у =4sin 0 

23 A rectangular box is to have a volume of 20 cubic meters. The 
material used for the sides costs 1 dollar per square meter, the 
material used for the bottom costs 2 dollars per square meter. 
and the material used for the top costs 3 dollars per square meter. 
What are the dimensions of the cheapest box? 


24 A manufacturer produces two grades of alloy in quantities of x 
and v tons. If the total cost of prodnction is expressed by the 
function C(x, у) = x? + 100x + x? — xy and the total revenue is 
given by the function R(x, y) = 100x — x? + 2000y + xy, find 
the production level that maximizes the profit. 


25 The cost of paying for the inspection of an assembly-line 
operation depends on the number of inspections x and y at 


30 


3 


t 
tw 


33 


each of two sites according to the following function: 
Cu, y) =x t + axy — 20у 657 + 1500. How many im 
spections should be made at each site in order to minimize the 
cost? 


One end of a house is to consist of solar panels in the shape of a 
rectangle surmounted by an isosceles triangle and is to have a 
perimeter p feet, where p is a given constant. lf the house is to be 
constructed so as to collect a maximum amount of solar energy. 
show that the slope of the roof must be V3/3. 


The temperature 7 in degrees Celsius at each point in the region 
x? + у? ] is given by T = 16x? + 24x + 4057. Find the tem- 
peratures at the hottest and coldest points in the region. 


Suppose that the function f is continuous and that its domain D is 
bounded and contains all its own boundary points. Suppose also 
that f never takes on any negative values and that f(x. v) = 0 
whenever (x, у) is on the boundary of D. If f has exactly one 
critical point in the interior of D, show that it takes on its abso- 
lute maximum at this point. 


Find three nonnegative numbers x, v, and z such that 
х + у + т = 2001 and xyz is as large as possible. Show care- 
fully that your answer actually represents an absolute maximum. 


The electric potential V at each point (x, y) in the region 
0=x<=1and0=y <1 is given by V = 48xy — 322? — 24v. 
Find the maximum and minimum potential in this region. 


Explain why an absolute extremum that occurs at an interior 
point of the domain D of a function f must be a relative 
extremum of f. 


A certain state plans to supplement its revenue by selling weekly 
lottery tickets. Opinion polls show that a potential 1 million 
tickets will be purchased per week at $1 per ticket, but that 
130,000 fewer tickets will be purchased per week for every 
$0.25 increase in the price per ticket. Fixed costs such as print- 
ing and distributing tickets, paying salaries of lottery officials, 
and advertising are expected to run $140,000 per week. Regard- 
less of the price per ticket, it is estimated that each additional 
dollar (over the basic allotment provided for in fixed costs) spent 
in advertising per week will result in the sale of one additional 
ticket per week. The state, by law, must return one-third of its 
weekly revenue from ticket sales as prizes to the purchasers. 
How much should the state charge for a lottery ticket in order to 
maximize its profits, and what maximum weekly profit from the 
lottery can it expect? 
Consider a scattergram with the points (xj, vi). (xo. Ууз), (xa, ya). 
а, (х Уп) (Figure 5). If E; = |y, — mx, — b| for i = 1, 2, 3, 
. , ^, show that 
д 
дт 


(а) gre = mx; — Бх) 


о, 
(b) ZI = —2(%— та, - b) 
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34 In Problem 33, let fm, b) = AN E?. Assuming that f has a 37 Using the results of either Problem 35 or 36, find an equation 
relative minimum at (m, b), show that y = mx + b of the regression line for the scattergram consisling 
п п п п п ol the points (1. 1), (2. 3), (3, 2), and (4, 3). Sketch a graph 
(a) » xy, = т Б xi tb > Xj (b) p у= т > x, + nb showing the seatlergram and the regression linc. 
1= 1 =l т= | т=1 12 1 
Equations (a) and (b) аге called the normal equations tor íc]38 The following table shows the cumulative grade point average 
н АПА Ё. (GPA) for eight randomly selected graduates of a school of busi- 
= hess management and their corresponding salaries in thousands 
35 If we abbreviate Уу7- by X, show that the solution of the nor- of dollars during their first year of employment after graduation. 
mal equations in Problem 34 is 
Уху, = (1/n (xy) Уу; = mXx, GPA I2 23 27 3.0 3.0 3:40 ESSE 


ОЛЕ Sa? — (1/n)(2x)7 


36 In Problem 35, let = (Xx)/n. and let y = (Xyj)/n. Show that 


X — XXy; - 3) 


(a) m — = 
(x, = xy 


(b) Б= — 


(b b=¥ — тх 


n 


With x as the GPA and y as the annual salary, plot a scattergram 
for these data, and find the regression line.Use the regression line 
to estimate the value of y when x — 2.0. 


14.9 


Lagrange Multipliers 


In Section 14.8 we presented a routine for locating the extrema of functions of more 
than one variable. In this section we study the method of Lagrange multipliers for 
solving extremum problems that involve constraints. 

A typical constrained extremum problem requires us to find the extrema of a 
function f of several variables when these variables are not independent, but satisfy 
one or more given conditions called constraints. The constraints are ordinarily 
specified by equations, called constraint equations, involving the variables in 
question. For instance, consider the following example. 


EXAMPLE t Maximize the value of the function f given by 
IQ, y. т) = хуп 

subject to the constraint 

g(x, у, 2) = 42 
where g is the function defined by g(x, y, 2) =x + у + 2. 
SOLUTION Here the constraint equation g(x, y, z) = 42, orx + y + z = 42, can 
be solved for z in terms of x and y to obtain 

p= a) SiS 
Therefore, the quantity to be maximized becomes 

fO xe) = fy, 42) — Xx — yy = (42 = x — 5) 
If we let F be the function of x and y defined by 
F(x, y) = ху(42 – x — y) 


then our problem is simply to maximize F(x, y), and we proceed as in Section 14.8. 
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Thus, 
OF 
eS Ses DELE (42 — 2x — y) 
Ox 
OF 
and Se SG = =) saa = ED = 2y) 


so that the critical points of F are given by the solutions of the simultaneous equa- 
tions 


Br —2xy—y)-0 
S161) ey 10) 
Solving these equations. we obtain the critical points (0, 0), (0, 42), (42, 0), and 


(14. 14). The second-derivative test shows a relative maximum only at (14, 14). 
Actually, x = 14, y = 14 gives an absolute maximum value of 


F(14, 14) = (141442 — 14 — 14) = 14? 


The technique used to solve the constrained extremum problems above can be 
generalized as follows: Suppose that we require the extrema of 


ТО Уу. К) 
subject to the constraint 
at, у.) =k 


where д is a constant and the functions f and g are differentiable. Assume that the 
constraint equation g(x, v, 2) = k can be solved for, say, z as a function of x and y. 
so that 


® em dio. 39) where g(x, y. A(x, у)) =k 
The quantity f(x, y, z) whose extrema аге sought can now be written as 
JG, y, Е) = f(x, у, h(x, y) 
If we define the function F of two variables by 
ОЕА) 


then our problem is to find the extrema of F, and we proceed as follows. 
Assuming that the function / has partial derivatives, we can apply the chain rule 
to the equation F(x. у) = f(x, у, A(x, »)) to obtain 


жа | df dy у Op df ә 
Ox дх OX dy Ox 92 дх Ox 92 дх 

) : / д} 
Ги ст кы ми кыт 


апа == == 
ду дхду дуду б ду ду ө: ду 


of Of oh = 
ox д2 Ox 
of f дА 
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Differentiating both sides of the equation g(x, у, A(x, y)) = & with respect to x and 
with respect to v using the chain rule, we obtain a second pair of simultaneous 
equations: 


= ag % _ 4 жу & dh 


Ox OX ду дх Ок hs or Ax Oz OX 


dg d ag dy де ob ig де д 
а аА вд дһ о 


дх ду ду ду dz ду ду oz ду 
Therefore the desired critical points of F are to be found among the solutions of the 
four simultaneous equations: 
of Е of ðh 
Ox öz Ox 
д of oh 


ду dz ду 


og jg ol 
& | д Oh _ 
Ox ОЕ Ox 


os де ah 


Č 


ду dz ду 


Now, assume that dg/dz # 0, and define A to be the ratio 


SEL 
д0/д= 
(A is the Greek letter lambda"). Solving the third equation in the last set for dh/ax, 
we obtain аһ ag/ax 
Ox dg/ oz 
Hence, substituting this value of dh/dx into the first of the simultaneous equations, 
Вот | of/ à 
Si Se aa. or SS А = = 
Ox az dg/ oz dg/ dz 
j 
on +A Si eu 
Ox дх 


Likewise, solving the fourth equation in the set above for ðh/ðy and substituting 
into the second equation in the set, we obtain 


J 
А 
dy ду 


From these calculations, we conclude that the critical points of Е are among the 
solutions of the simultaneous equations 


д д 
CAT GE, 
Ox Ox 
af д 
LERE 
ду ду 
7 до 
айыб ыр] 


THEOREM t 


INDICATION OF 
THE PROOF 


SECTION 14.9 LAGRANGE MULTIPLIERS 907 


(The third equation comes directly from the definition of À.) Notice that these three 
simultaneous equations can be written as the single vector equation 


The argument above shows that at a point where f(x, у. z) attains a relative 
extremum, subject to the constraint g(x, у. z) = k, the gradient of f must be parallel 
to the gradient of g. A geometric interpretation of this condition is discussed in 
Problem 19. 


We can now formulate the main theorem of this section. 


Lagrange Method of Multipliers 


Assume that the functions f and g are defined and have continuous partial deriva- 
tives on the subset D of xyz space, where D consists entirely of interior points. 
Suppose that at each point (х. v. z) in D at least one of the three partial derivatives 
ЗС. v. 2). gov. v. 2), and өз(х. у, т) is different from zero. Then the points 
(x. v. Z) in D at which f attains relative extrema subject to the constraint 


ayy, 5) = А 


where А is a constant. can be found as follows: 
Form the function и defined by 


UES ea, #, Ж) + Are (iue de є 


for (x. y. z) in D, where A (which is called the Lagrange multiplier) represents a 
constant yet to be determined. Then solve the simultaneous equations 


for x. y. z. and A. Several solutions may be obtained, but the desired points 
(x. Y, 2), where f attains its extrema subject to the constraint. are among these 
solutions. 


A rigorous proof requires techniques beyond the scope of this book; 
however, we give an indication of why the theorem is true. If Hx у eu 
f(x. у. 2) + Ag(x, у, 2), then 


Vu = Vf t AVg 
Hence. the simultaneous equations du/dx = 0. óu/óy = 0, and ðu/ðz = 0 are 
equivalent to Vu = 0, that is, to 
Vf= -AVg 
However, the last equation means that Vf is parallel to Vg, a condition that we 


previously found must hold at a point (x, y, z) where f(x. у, 2) attains a relative 
extremum subject to the constraint g(x, у. 2) = k. 
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In Examples 2 to 4, use the Lagrange method of multipliers to work the given 
constrained extremum problem. 


EXAMPLE 2 Find the extrema of the function f given by f(x, y. z) = x? + y? + 22 
subject to the constraint x? + 2y* — 22 = 1. 


SOLUTION We let g be the function defined by g(x, y, z) = x? + 2y? — 22 and 
form the quantity 


н = /(х, у, Sar AGS, у, 2) 
that is, и = х? + у? + 22 + A(x? + 2y? — 22) 


as in Theorem 1. Here, 


ди 
— = 2x + 2Ax = 2(1 + AX 
Өх 
оох, 
EE iN у= 9 ; 
d. à j y 
ou 

and = = 2z — 2Az = 2(1 — Ax 


After dividing by 2, we can write the simultaneous equations du/dx = 0, 
ди/ду = 0, and ди/дт = 0 as (1 + А)х = 0, (1 + 2A)y = 0, and (1 — А): = 0. 
Appending the equation of censtraint, we have 


(1 + A)x = 0 
(1 + 2A)y = 0 
(0] = Ve =O 
х? + 2у2 = 227 =] 
Notice that x = y = z = O is not a solution of these simultaneous equations; hence, 
at least one of x, y, or z must be nonzero, and it follows that 1 + A = 0, or else 
1 + 2A = 0, or else 1 — A = 0; that is, A = —1, or else A = — 1, or else A = IL. 
For A = — 1, the equations become 
0-20 
-y= 
22 20 


so that y = 0, z = 0, and x? = 1. Thus, when A = —1, we obtain the solutions 
(1, 0, 0) and (—1, 0, 0). 
Similarly, when A = — 5, we get x = 0, z = 0, and 2y? = 1; that is, we obtain 


the solutions (0, V2/2, 0) and (0, — V/2/2, 0). Finally, when A = 1, we get x = 0, 
y = 0, and —z? = 1. Since there are no real numbers z for which —z? = 1, there аге 
no solutions corresponding to A = 1. Thus, the critical points are (+1, 0, 0) and 
(0, +V/2/2, 0). At (+1, 0, 0), we have 


Хез. 0, 0) = (+1) + 07+ 02 = 1 
and at (0, +V2/2, 0). we have 
КО. €V2/2.0 = 07 + («Vaf + 0? = 5 


Figure 1 
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Since we have given no second-derivative test for constrained extrema problems, 
we must use algebraic or geometric means to decide whether the critical points 
obtained above correspond to relative maxima, relative minima, or saddle points. 

Actually, x? + 2y? — z? = 1 is an equation of a hyperboloid of one sheet (Fig- 
ure 1), and f(x. y, z) =x? + y? + z? gives the square of the distance from the 
origin to the point (x, y, z). Hence, it is geometrically evident that (0, +V2/2, 0) 
are points where f(x, y, 2) takes on its absolute minimum value, namely 


fO, +V2/2, 0) = 2. Evidently, f has no absolute maximum, and (+1, 0, 0) are 


saddle points. 


EXAMPLE 3 Find the dimensions of the rectangular box of largest volume which 
can be inscribed in the ellipsoid (х2/9) + (32/4) + z? = 1, assuming that the edges 
of the box are parallel to the coordinate axes. 


SOLUTION Let (x, y, z) be the corner of the box in the first octant, so that the 
dimensions of the box are 2x, 2y, and 2z and its volume is given by 


У = (2x)(2y)(2z) = 8xyz 


Thus, we must maximize V subject to the constraint 


We form the quantity 


noting that 


2Ах 
=— = ун 
дх i 9 
ди 2Ày 
— = kz = 
ду 4 
ди 
— = 8xy + 2Az 


Setting these partial derivatives equal to zero and appending the equation of con- 


straint, we have 3 
бут + 9 Ax = 0 


2 
8х2 + — Ay =0 
4 


8xy + 2Az = 0 
т. иа ш! 
© 4 


Multiplying the first three equations by x/2, y/2, and z/2, respectively, we have 


G 


X 
4xyz + A = 0 
x 9 


y? 
Axyz + А— = 0 
СЕ 5 


4xyz + А? = 0 
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Adding these three equations and using the fact that (x?/9) + (37/4) + z? = 1, we 
obtain 


l2xvz + A = 0 
that is. A = —12xvz 


Substituting this value of A into the first three of the original simultaneous equations 
and simplifying yields 


y2(3 = x?) = 0 
xz(4 — Зу?) = (0) 
a(l — 32?) = 0 


For a maximum volume, it is clear that х, у, and z must be positive; hence, we can 
cancel the factors yz, xz, and xy from the equations above to obtain 


3-320  4-39à-20 and 1-32=0 
Therefore, 
r= y3 y= 2 and z= a 
à V3 wa 


EXAMPLE 4 Find all critical points of the function f given by f(x, у) = 
CODI UU NR ü 2 
Зх” — 2xy + 5y? subject to the constraint that x? + 2y? = 6. 


SOLUTION Here, f is a function of only two variables, but the method is still the 
same (Problem 18). We form the quantity 


u = Зх? — 2xy + Sy? + A(x? + 2y7) 


ó 
so that o = бх — 2y + 2Ax = 2[(3 + AX — y] 
X 
ди 
апа = = Pr Oy + 4y = 2x X05 EET2/A) Y] 


Thus, the desired critical points are found by solving the simultaneous equations 
(3+А)х-у=0 
—х + (5 + 2А)у = 0 
ik? cag yd 


Multiplying the second equation by 3 + A and adding it to the first, we cancel the 
x term and obtain 


(24? + JIA + 14)у = 0 


Similarly. multiplying the first equation by 5 + 2A and adding it to the second, we 
cancel the v term and obtain 


QA? + ПА + 14i = 0 


Since the equation of constraint, x? + 2v? = 6, must hold, we cannot have both x 
and y equal to zero; therefore, the coefficient (2A? + 11A + 14) in the last two 
equations must vanish, and we have 


2A + ПА + 14 = 0 that is (2A + 7)(A + 2220 


It follows that 


Putting A 
(iar ke F 


Substituting y 


When x = 2, у 


$ in 
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з 


A=- or A=-2 


the first of the original simultaneous equations, 


0, we find that 


—x/2 into the constraint equation х? + 2y" 


x?4 — 
= 


7 
А=—-— 
2 


when 


6, we obtain 


" 
=6 


so x= +2 


—2/0) es е — 2. у= (2) = 1 


Similarly, putting A = —2 in the equation (3 + AX — y = 0, we find that 
yx when A=-2 
Substituting y = x into the constraint equation x? + 23? = 6, we obtain 
xà Кр ЛОН Ишле? 


When x = V2. y = У; when x = — V2, y 
cal points are (2, — 1). (—2, 1), (V2 


= —V2. Therefore, the desired criti- 


/ У) "andi (— NV OEN 


The method of Lagrange multipliers is effective when there is more than one 
constraint; however, more than one multiplier must then be used. Although we give 
an indication of this technique in Problem 20, the details are best left to an advanced 


course. 


Problem Set 14.9 


In Problems 1 to 9, use the Lagrange multiplier method to find all 
critical points of each function f subject to the indicated constraint. 


1 f(x, y) =x? — y! — y with the constraint x? + у” = 1 
2 f(x. y) = 3x? + 2V2 xy + Ay? with the constraint x? + у? = 


3 f(x, y) = x? + y? with the constraint 5х2 + бху + 52 = 8 


4 f(x, y) = x^ + y? with the constraint 2x? + у? = ] 
5 f(x, y) =x + y with the constraint 2x7 + y? = 1 
6 f(x. y. z) = х2 + y? + 2 with the constraint 
С 
ee zl 
4 9 
7 f(x. y. z) = xyz with the constraint 
жо mm 
E EE a 
12 3 
8 f(x, y, 2) =x? + y? + 2 with the constraint x + 3y — 22 = 4 
9 fix, y, т) = 3x? + 2у2 + 42? with the following constraint: 


ox tay- 6E ="—5 


10 


11 


12 


14 


Use the Lagrange multiplier method to find a point on the plane 
3x — 4y + z = 2 which is closest to the origin. 


The cost of audit for tax purposes of a certain organization de- 
pends on the number of audits x and y at each of two headquar- 
ters according to the formula C(x, y) = 2x? + xv + y? + 100. 
How many audits should be made at each of the headquarters in 
order to minimize cost if the total number of audits must be 16? 


A sheet-metal container is to be made of a right circular cylinder 
with equal right circular conical caps on the ends. Show that for 
a fixed volume, the total surface area is the smallest when the 
length of the cylinder is the same as the altitude of each cone and 
the diameter of the cylinder is V5 times its length. 


The Postal Service specifies that the sum of the length and the 
perimeter of a cross section of a rectangular box accepted for 
parcel post must not exceed 100 inches. What are the dimen- 
sions of such a box that enable you to send the most by parcel 


post? 
A manufacturer wants to make a rectangular box to hold a fixed 


volume V cubic units of a product. The material used for the 
sides costs a dollars per square unit. the material used for the 
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un 


l6 


17 


18 


19 


bottom costs 5 dollars per square unit, and the material used for 
the top costs c dollars per square unit. What are the dimensions 
of the cheapest box? 


The base of a rectangular box, open at the top. costs half as 
much per square foot as the sides. Find the dimensions of the 
box of largest volume that can be made for a fixed cost if the 
height of the box is to be 2 feet. 


Show that the extreme values of Lx? + 2Mxy  Ny^, subject to 
the constraint Ex? + 2Fxy + Су? = 1, where L, M, N, E, F, 
and С are constants and EG = F? > 0, are the two roots of the 
quadratic equation 


(EG — F7)? — (LG — 2MF + NE)t + (LN - М?) = 0 


Suppose that we wish to find the critical values of the function f 
of two variables subject to the constraint g(x, у) = К. Assuming 
that f and g have continuous partial derivatives, that 2»(x, y) # 
0, and that the equation g(x, y) = К can be solved for y in terms 
of x, show that Vf and Vg are parallel at a critical point. 


Using the result of Problem 17 as a guide, give a careful state- 
ment of a "Lagrange method of multipliers theorem" for func- 
tions of two variables. 


In Figure 2, assume that the curve g(x, y) = А lies in a scalar 
field given by w = f(x, у). At the point (a, b) on the curve, the 
normal vector is Vela, b). Suppose that Vf(a, b) is not parallel to 
Vg(a, b). In what direction should one move through (a, b) 


along the curve in order to (a) increase the value of w and 
(b) decrease the value of w? Thus explain geometrically why at 
an extremum of f subject to the constraint g(x, v) = k, Vf must 
be parallel to Vg. 


Figure 2 


20 Suppose that we wish to find extrema of f(x, у, z) subject to two 
constraints, namely g(x, у, z) = k and G(x, y, z) = К. Show that 
at such an extremum, there must exist two constants A and и (the 
Lagrange multipliers!) such that 


WhtA Vet н VG = 0 


Assume that f and g have continuous partial derivatives and that 
the two simultaneous constraint equations can be solved for two 
of the variables x, y, and z in terms of the third. 


Review Problem Set, Chapter 14 


In Problems 1 to 4, find the domain of each function, sketch the 
domain, and identify the interior points of the domain. 


1 f(x, y) = Véa—- 22 - y 


2 g(x, y) = In @? + y? — 4) 
xy xt 

3 X, y= ees 

aN) 109 Sy; 

Um aa 

АЛ А) лл шу. O 

fix, у) 3y 
5 Let f he a function of four variables defined by f(x, y, 2, w) = 


Зхуги?, Find 
(Oy KA, — 115-9. il) (5) JMS, Ba Hy A 
(ера Р. с, di) (d) the domain of f 


In Problems 6 to 8, evaluate the limit, if it exists. 


2 2 


ы 


: 6xy 
lim ae ae 
(xy)—(0.0) ] + x^ у“ 


9) 


mi =F 
ayo x? + у? 


(1 +y? sinx 
8 mo SS 
(3,3) (0,0) X 
In Problems 9 and 10, show that each function is discontinuous at 
the point (0, 0). 
X 


; for x vy 
Qe Y) es» 
0 forx=y 
_ [In (x? + у?) for (x. у) # (0, 0) 
iui d ds | for (x. y) = (0, 0) 


In Problems 11 to 24, find the first partial derivatives of each func- 
tion. 


Шу = 12 gi, у) = P/O = А) 

ЕС нА и 14 f(x, у) = ху — sin (ху?) 
Y 2 

15 g(x, y) = In (* — v) 16 h(x, у) = | е^, 


E 


17 р(х, у) = In (x + VU + a 


18 f(x, y) = sin! VI = x^y? 


19 g(x, y) =e" tan (x + y) 


20 f(r, Ө, z) = zr sin Ө 


21 


po 


g(x, у, 2) = х* + у? + 25 = 13х2у2г? 


x y 2 
h(x, y, 2) = tan (E prion E) 
y u 


23 f(x, y, z) = z coth (xy) 


24 


25 


26 


27 


28 


29 
30 


31 


32 


133 


34 


135 


36 


g(x, y, 2) = (In у) + cos 2 
enn ðw ди 
е = = == Show that = + ЕЕ w. 
e+e ex dy 
If w = x?y + y?z + хт”, show that 
w | Ow w à 
— ар 09р ЕУ ale 
ex oy дг 3 


д». де. aw 
[зї w = cos Gx юл та) and A= —i + —j + ө 
Ox oy д2 


Show that А is perpendicular to В = 10i + j — 6k. 


Find (2xi + yj + 2zk) * Vfif f(x, у, z) = x sin “ш y! tan —. 
3 у? 


Let f(x, y, z) = (ап y'e!*, Verify that (x^i + 3yj)- Vf = 0. 


At the point (2, V5, 4) on the sphere x? + y? + 2? = 25, a tan- 
gent line is drawn parallel to the xz plane. Find the angle be- 
tween this tangent line and the xy plane. 


Find the equation of (a) the normal line and (b) the tangent plane 
to the surface xyz = 8 at the point (2, 2, 2). 


Two sides and the included angle of a triangle are given by x, у, 
and 6, respectively. Find the rate of change of its area with 
respect to each of these quantities when the other two are held 
constant. 


Let f(x, y) = x^y. (a) Find df. (b) Use the result of part (a) to find 
an approximation for (5.04)?(2.98). (c) Use a calculator to check 
the accuracy of the approximation. 


Find the linear approximation for the function f defined by 
any = Д 
Ts aE 


near the point (xo. yo) = (5. 4). 


A solid metal cylinder with radius 4.02 and height 8.03 centime- 
ters is cut down to a cylinder of radius 4 and height 8 centime- 
ters. Approximately how much metal is removed? 


A fence 4 feet high runs parallel to the wall of a building and 
3 feet from it. A person standing at a window in the building 
looks directly over the fence at a point P on the ground. The 
person’s eyes are 8 feet above the ground. If the fence were 
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3 inches higher and 4 inches farther from the building, approxi- 
mately how much farther would the new point P be (a) from the 
building and (b) from the person's eyes? 


37 If r2 М2 +у +22 and В = хі + yj + 2k, show that 
(a) R* Vr =r and (b) R- V0?) = 2/7. 

38 Suppose that y = г sin Ө. If erroneous values are used for ғ and 
0, explain why the approximate error in the resulting value of y 
should not exceed |r cos 0| |АӨ| + |sin 8| [Ar], where A@ and Ar 
are the errors in @ and r, respectively, provided that the errors 
are small. 


39 Compute dp if p = e? sin (0 — ф), 0-0, ф = 7/2, dð = 
0.2, and db = —0.2. 


In Problems 40 to 46, use the chain rule to find the indicated deriva- 
tive(s). 
40 и = 23 + 5ху – уў, х=? +5, у= — 52; ди'/дг and dw/ds 


41 w —2x' — 3x6? + уй, х= Зи + v, у= и — 2v; ди/ди and 
ðw/ðv 

42 f(u. v) 2 cos (и +v), g(x, y) = x? y. DS 
F(x, у) = f(g(x, y). AG, y) F1 and F> 


У 
43 и = Í e dt, x 22r s, y =r — 3s; ów[ór and dw/ds 


44 u = f(x у, x + у); ди/дх and ди/ду 


45 flu, v) = cos uv, g(x) = Vx, hx) = Vx, FOO) = f(gG), ha): 
F' 


46 и = їап! ну, и = e, у = DE dw/dx 


47 Let f be the function defined by f(x, y) = e “, and let g and л 
be functions such that g(3) = 5, g'(3) = —2, A(3) = 4, and 
h'(3) = 7. If K(t) = f(e), h(0), find K'(3). 


48 If f is a differentiable function and 


ПЕНЕН 


iy oo 


find the total differential dw. 


49 Suppose that w = f(x. y), x = rcos 0, and y= r sin 0. If 
АО, 1) = 2 and 500. 1) = —3, find 
=) 


ow = ( E 
(a) T when (r, 0) = |l, 2 

ow T 
(b) Zu when (r, 0) — (1, z) 


50 If f is a differentiable function of two variables such that 
fl, )=1, fi. D =a, and fo, 1)=b, and if g(x) = 
f(x, fx, fx, 30)), find (a) g(1) and (b) g’(1). 


51 If f is the function defined by f(x, y) = x sin у, find (a) fi(y, x) 
and (b) f(y, x). 
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щл 
to 


If w = 4x3 + 3x7y = Згу?, find the directional derivative of w in 
the direction of the vector 


at the point (1, —1, 3). 


л 
tat 


(a) Find the directional derivative of w = x^y at the point (I, —3) 
in the direction of u = [cos (57/6)]i + [sin (57/6)]j. (b) What 
is the maximum value of the directional derivative of w = x^v at 
(1, —3), and in what direction is it attained? 


54 Find the angle @ such that the directional derivative of w = 
х? + iy at the point (1, 2) is a maximum in the direction Ө, and 
find this maximum value. 


55 Find dy/dx if y sin x — x cos y = 0. 


56 If f 15 a differentiable function and f(x. у) = 0, find the value 
of dy/dx when x =3 and у= —7 if fB, —7) = 2 and 
hB, —7) = 5. 


57 Sand is being poured оп a conical pile at the rate of 4 cubic feet 
per minute. At a given instant, the pile is 6 feet in diameter and 
5 feet high. At what rate is the height increasing at this instant if 
the diameter is increasing at the rate of 2 inches per minute? 


58 A piece of copper in the form of a rectangular parallelepiped has 
edges of lengths 2, 4, and 8 centimeters. Because of heating, the 
edges are increasing at 0.001 centimeter per minute. At what 
rate is the volume changing? 


In Problems 59 to 62, find the equation of the tangent plane and the 
normal line to each surface at the point indicated. 
59 2+ y! + x? = 3хуг = 8; (3, 3, 2) 
=. У. (15, 22, 25) 
61 2° + 3xz — 2у = 0; (1, 7, 2) 


62 Sx? + 4у? + 222 = 17; (-1, 1, 2) 


63 Let w =e, x = s! + 2st, and у = 2st + 12. Find 


д? k д? 4 
м (b) W 


(a) 
as? àt 


2 


64 Let w = flu, v), u = g(x, y) and v = h(x, у). Assume that f. g, 
and h have continuous second partial derivatives and that the 


a du ду ди ду 
conditions —— = — and —— = — — hold. Show that 
ox ду ду Ox 
aw Фу 


+ Se a(S) «(y Za) 
д2 ду? ax \ ax дг aè) 


In Problems 65 to 68, find the relative maxima and minima for each 
function. 


блу) = xv(3 — x — w) 
68 Fix, y) = 3x? + 2y? + 3xy — 66x — 58у + 1600 


In Problems 69 to 71, use the method of Lagrange multipliers to find 
the critical points of each function subject to the indicated con- 
straint. In each ease, determine whether the critical point corre- 
sponds to a relative (or absolute) maximum or minimum or whether 
it is a saddle point. 


69 fix, у) = x? + y? with the constraint x + y — 1 20 


70 fix, v, г) 2a? + у? +2 with the following constraint: 
ax + by +ez+d=0 


71 f(x, у) =x + y with the constraint x? + у? = 1 


72 A rectangular sheet-metal tank is open at the top and is filled 
with 9 cubic meters of liquid. Find the dimensions of the tank so 
that the metal surface in contact with the liquid is minimal. 


73 Show that a rectangular box (with top) made out of 5 square 
units of material has maximum volume when it is a cube. 


74 There will be N lottery tickets sold at a price of p dollars per 
ücket provided that A dollars is spent for publicity. Every 
x-dollar increase in the price per ticket will result in Bx fewer 
tickets being sold. Apart from publicity costs, a fixed overhead 
of K dollars is required to operate the lottery. Total prize money 
distributed to winners of the lottery will be 1004 percent of the 
revenue from ticket sales. It is estimated that each additional 
dollar spent for publicity will result in C additional tickets being 
sold, regardless of the price per ticket. Find (a) the price per 
ticket and (b) the expenditure for publicity that will maximize 
the profit from the lottery. Also find (c) the number of tickets 
sold when the maximum profit is realized and (d) the maximum 
profit. (Your answers will be in terms of the constants p, A, B, 
K, k, and C.) 


[©] 75 A manufacturer produces razors and razor blades at a cost of 


$0.60 per razor and $0.30 per dozen for the blades. If she 
charges x cents per razor and y cents per dozen for the blades, 
she will sell 6 х 10%/(х2у) razors and 48 х 10//(xy?) dozen 
blades per day. What should she charge for razors and for blades 
so as to maximize her profit? 


(€! In Problems 76 to 80, find the regression line for each set of points. 


76 (1, 6), (3, 0), (6, 10) 
7h (OS S (5 o EXC, TO) 
Vice Hone 239 (53. SN), (бе 2) 


ШИ D CTD 


80 (1, 38), (2, 40), (3, 39), (5, 45) 
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MULTIPLE INTEGRATION AND 
VECTOR CALCULUS 


In Chapter 5 we introduced and studied the definite (Riemann) integral for a func- 
tion of a single variable. In this chapter we extend the notion of a definite integral to 
functions of two or more variables in a natural and useful way to obtain multiple 
integrals. We find that most of the multiple integrals encountered in elementary 
applications to geometry and the physical sciences can be evaluated in terms of 
iterated integrals—that is, repeated definite integrals—in the Cartesian, polar, cy- 
lindrical, or spherical coordinate system. The chapter also includes line integrals, 
surface integrals, Green’s theorem, Stokes’ theorem, and the divergence theorem of 
Gauss. 


Iterated Integrals 


In Section 14.3 we calculated partial derivatives of functions of several variables by 
regarding all but one of the independent variables as being constant and differentiat- 
ing with respect to the remaining variable. Likewise, it is possible to take an indefi- 
nite integral of such a function with respect to one of its variables, while temporar- 
ily regarding the remaining variables as being held constant. For instance, holding y 
constant, we have 


3 
? x 
ES ghe = y fe ae = = +С 
and holding x constant, we have 
у? 
i dy = x? [» dy — a +K 


Notice how the variable of integration is clearly indicated by the differential dx or dy 
under the integral sign. 

In the calculation of f x?y? dx, we temporarily held y constant; however, for 
different fixed values of y we could use different values of the constant of integra- 
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tion C. The possible dependence of C on y can be indicated by writing C( y) rather 
than С; that is, we can regard the “‘constant’’ of integration as a function of y and 
write 


did 
a xy 
[ey dx = 5 + C) 


Similarly, when integrating with respect to y, we should write 


NE 
2 Xy 
[ey dy = = + K(x) 


The indefinite integrals above are just the analogs for antidifferentiation of partial 
derivatives for differentiation, and they could be called *'partial antiderivatives.”’ 


Thus, the equation 
Sie} 


[ey dx = 5 = AOI 


means that 


and the equation 


means that 


EXAMPLE 1 If f(x, у) = x cos y, find ILS y) dx and [л у) dy. 


t 


SOLUTION [л у) ах = IE cos y dx = cos y IE dx — mu) + Cy 


IS у) dy = IE cos y dy =x j cos y dy = x sin y + K(x) 


Now suppose that f is a function of two variables such that for each fixed value of 
y, f(x, y) is an integrable function of x. Then, for each fixed value of y, we can form 
the definite integral 


x=b 
| f(x, у) dx 
И n 
Furthermore, for different fixed values of y, we can use different limits of integra- 
tion a and b; that is, a and b can depend on y. Such dependence can be indicated by 
the usual function notation, and the integral becomes 


v=b(y) 
| FQ, y) dx 


х= ay) 


Raye 
EXAMPLE 2 Evaluate | ye? dx for y > 0. 


x=lIny 
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SOLUTION Holding y temporarily constant and integrating with respect to x, we 
obtain 


| уе*У de = у | е“ dx = J) де (Cl) e (9 sr (00) 


Therefore. 
emm а= 
| уе“ dx = [e + C(y)] 


x=Iny 


x=In y 
le? di Co) = [etn SY ч. CCy)] 


D “ру Iny 4 С(у) 25. С(у) = gi Е y" 


In the preceding example, notice that the constant of integration, С (у). cancels 
out as usual during the definite integration. Therefore, when dealing with definite 
integrals, there is no necessity to write the constant of integration at all. Also 
observe that the integration takes place with respect to x; hence, the limits of inte- 
gration must be substituted for x after the indefinite integration is performed. Thus, 
there is no necessity for writing the limits of integration in the form 


2 


x=y 
| үе egit 


and the abbreviated form 


is quite acceptable. Similar remarks apply to integration with respect to y. 


EXAMPLE 3 Evaluate | соз ху dy. 

X 
SOLUTION The differential dy indicates that the integration is to be performed 
with respect to y while holding x constant and that the limits of integration are to be 
substituted for y. Thus, for x # 0, 


s парат sin sins 
cos xy dy = == 
E ie R xX E: 
For x = 0, we have 
тл о 
| cos xy dy — | 14у=0 
pe 0 


Notice that the quantity 


hix) 


у=й(х) 
а= | fix. y) dy 


gix) у=р(х) 


depends only on x. Similarly, the quantity 


biy) x-—b(y) 
| f(x. y) dx = | HOS, v) Ge 
at y) х=а(у) 
depends опу on у. Consequently, we can define functions F апа С of the single 
variables x and y, respectively, by 


х=Ыу) 


у=) 
F(x) = f fx, у) dy and G(y) = | fx. у) dx 


у= #(х) х=а(у) 
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In many cases, the functions / and С are themselves integrable, and we can write 


ved х=а у= т) 
| F(x) dx | [| Дх, у) "I dx 


X—c х=й ¥= ely) 
and 
y-d yed х= у) 
| ^o Gy diy = | fl Six, y) as| dy 
Ve ш=е X-—at v) 


These are called iterated (or repeated) integrals and are customarily written with- 
out the brackets and with the abbreviated notation for the limits of integration: 


d гт (x d vA) 
| | fla, у) dy dx = | | | f(x,y) dy dx 


ë e =e v= gx) 


d hiy) у= х= Ку) 
| | HC) a Gh | | fay) ax dy 


€. “ny wwe х=а(у) 


In order to evaluate an iterated integral, you must first perform an ‘‘inside inte- 
gration’ and then an *‘outside integration” as indicated by the following diagrams: 


d fhv d (bi) 
| | fix, у) dy ах | f(x. у) dx dy 


€ EO с aiy} 


The following examples illustrate the technique. 


In Examples 4 to 6, evaluate the iterated integrals. 


2 z 
EXAMPLE 4 | | x?y? dy dx 


petu 


SOLUTION 


-1 “у= = у=0 
“mou lone 8], 32 j í 
= -0]a ==> V| =—-|-—)=12 
x-«-1* 4 3 = д 3 
4 [34/2 
EXAMPLE 5 | | V16 — x? dy dx 
(p cin) 
4 r3x/2 x-4 у=3х/2 
SOLUTION | | V16 — х? dy dx = | (| V16 = x* dy) dx 
0 =й 4-0 y-0 


х=+ у=3Зх/2 
= | (v 16 — х? | dy) dx 
= y-0 


х=4 у= 4/2 
= | V16 = x? (^ ) dx 


PS) 


ll 
b |i 
— 
D 
l 
pa 
[S 
TRES 
t2 | m 
E 7 
A 
- 
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so that 
Since и = 16 when x = 0 


The last integral can be evaluated by using the substitution u = 16 — x7, 
du = —2x dx. x dx = —% du, and (3x/2) dx = —3 du. 
and u = 0 when x = 4, we have 


f vie= (42) ae= | vs (-2 


0 


п fy Y 
EXAMPLE 6 | | Gin — dy dy 


о 70 б 


SOLUTION 


|| sin — de dy = TP noc || ET 
0 0 RE: 0 № 


у? 0 a 
= is (-y COSE ў =) dy = Í (y — y cos у) dy 
о d a o 


T т y? T т 
= | way = | ¥ COS # йу = == сос ү) 
0 0 2 15 0 
2 2 
T а j "T 
= — (т sin 7 + cos л) + (0 sin 0 + cos 0) = ar 2 


(The integral ffy cos у dy was evaluated by using integration by parts.) 


Problem Set 15.1 


In Problems 1 to 6, evaluate each integral. 1 


dy 
5 —— n na 
| х? + y? ш 


4 [мг а 19 


y-Inx 
6 | ye? dy 
у=2 


"л 
! E 
w 
co 
— 
18 to 
ә 


i qe 
16 | | ue’ dv du 
ол 


1 x* 
I i sin (xy) dx 18 | | sin (зх?) dy dx 
о Jo 


20 [ И (y = x)* dx dy 


|1 
- 2 
2 ус 
х=т/2 


x (ps (1 + 2xy) dx dy 
ау 


5 5 x/27 x 
In Problems 7 to 42, evaluate each iterated integral. 23 | one 24 i | { 3 dy dx 
IESU 1 7x3 y 
12 2S omg 7/3 fsinx dy d 4 ft 
7 | | x^y? dy dx 8 | | y? dy dx DS Í | -— = 26 | Í 5? In t* ds dt 
о “0 ` 0 0 Me 1 7o 
ter п/2 fsin8 
of [ (х + Зу?) dx dy 27 | | Wil = ale) dr 28 | | r0 dr dé 
о 20 0 0 


D | ES + 2x| de dy 29 


11 I [Г хе“ dy dx 
о 50 


m/2 
13 | | xy cos (ху?) dy dx 14 
о 5% 


4 [1 
12 | уе“ dx dy 
о ^0 


0 


7/2 
| sin x cos y dx dy 
0 


7/2 f2cos 8 
| { ф cos 0 do dé 
0 0 


a/6 fsecytany 
| i x? cos* y dx dy 
0 0 


Vin2 [y 15 
30 | | xye™ dx dy 
0 0 


еу dy dx 


2 f3 
of 
к 
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п/4 fana 
3M | | 4e ' cos x dy dx 
LU 0 


тё? f4*3cost 
35 | | s ds dt 
0 4 


Ут fr 
37 | | r sin 0 40 dr 


LU 0 


Пе; 
39 | | ye* ау dx 
o ^o 


e 1/у 
41 | | €? dx dy 
NEU 


43 Let a, b, c, and d be constants, and let f, F, and ф be functions 
of two variables such that oF (x, у)/дх = f(x, y) and 
дф(х. у)/ду = F(x, у). Show that 


T fics ф 
36 | | 0 sin ф d0 аф 
0 0 


b fd 
| i fix, y) dx dy = Фа, b) — Фа, a) — hic, b) + (c, a) 
1 Ny a © 
38 i | (u? + у?) du dv 
Q v 


44 With the notation of Problem 43 and by making the necessary 


LEE assumptions about the existence and continuity of the required 
40 | | y dy dx partial derivatives, show that 

J 0 

In(r/2) pe" b га d fb 
42 | | cos e” dr dé | | f(x, у) dx dy = | | f(x, у) dy dx 

\п{т/6) 0 аас c “a 


Figure 1 


Figure 2 


15.2 The Double Integral 


In Section 5.2 we defined the definite (Riemann) integral of a function f over a 

closed interval [a. b} as a limit of Riemann sums. This definition was suggested by 

the problem of calculating the area under the graph of f between x = a and x = Ё. 

Now, if f is a function of two variables and R is a plane region contained in the 

domain of f, we can formulate an analogous problem in three-dimensional space by 

asking for the volume V shown in Figure 1. Thus. if f(x, y) = 0 for (x, y) in R, we 

are asking for the volume of the solid that is bounded above by the graph of f, below 

by the region А, and laterally by the cylinder over the boundary of A whose genera- 

. tors are parallel to the z axis. We speak of this solid as ‘‘the solid below the graph of 
У f and above (ће region R.” 

In this section we attack the problem of finding the volume V in the same way that 

we attacked the analogous two-dimensional problem in Chapter 5, namely, by set- 

ting up better and better approximations to V (called Riemann sims) and obtaining V 

as a limit of such approximations. This limit is called the double integral of f over 


the region R and is written as 
{| Six, у) dA 


R 


The problem of defining the double integral in all generality is best left to more 
advanced courses. For our purposes we assume that А is an admissible two-dimen- 
sional region (Section 5.6), that R contains all its own boundary points, and that f 
is a continuous function on R. We partition R into small rectangles in much the same 
way that we partitioned the interval of integration into small subintervals in Chap- 
ter 5; however, we consider only *'regular"' partitions in which all the small rectan- 
gles are congruent. 

Since R is an admissible region, it is bounded and can therefore be enclosed in a 
rectangle a € x € b, c y € d in the xy plane (Figure 2). Given a positive integer 
n, we partition this rectangle into п> congruent subrectangles as follows: 


1 Divide the interval [a, b] into л subintervals of equal length Ax = (b = a)/n 


by means of the points x) =a, x; = хо + tx, X3 — Xi + AX,..., Х„ = 
iy Shas 0 


Figure 3 


Figure 5 z 


(Ху Су лу) 
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2 Divide the interval |c. d] into п subintervals of equal length Av = (d — c)/n 


by means of the points yo = c, үу = vo + Ay, y2 = у + Ay,..., у, = 
mcer d 

3 Within the rectangle a = x = b, c € y = d, form a grid consisting of verti- 
cal line segments x = xg, x = xi, x —35,.... x =x, and horizontal line 
segments y= yg. V= ур, =o, >.>, Y = v, (Figure 3). This опа divides 


the rectangle into n^ congruent subrectangles, each of which has area AA = 
Ax Ay. One of these subrectangles is shown shaded in Figure 3. 


We call this decomposition of the rectangle a = x = b, c € y = d into п? con- 
gruent subrectangles a regular partition, and we refer to each of the л” subrect- 
angles as a cell of the partition. Some of these cells may be contained in the region 
R, others may lie outside, and still others may extend across part of the boundary 
of R. We now discard all cells that do not touch the region R and number the remain- 
ing cells (that do touch R) in some convenient manner, calling them (say) AR, 
Ans AVES goo s AR,,. Of course, each of these cells has an area AA = 
Ax Ay, and when taken together. they contain the region R and approximate its 
shape and its area (Figure 4). As increases, the grid becomes finer and the approx- 
imation improves. 

By analogy with the notion of an augmented partition considered in Chapter 5, 


we now choose a point inside each of the cells АА. АК, ..., AR,,, making 
certain that each chosen point belongs to the region R. For definiteness, denote the 
point chosen from the Ath cell AR, by (xf, vi) fork = 1, 2,.... m. 


Now, consider the solid below the graph of f and above the cell AR; (Figure 5), 
noting that this solid is approximately a rectangular parallelepiped with base AR, of 
area AA and with height f(xZ. уў). Its volume is approximately 


ХХ, уЁ) AA 


Adding the approximate volumes corresponding to each cell АА. АА, ..., 
AR,,, we obtain the approximation 
Ve E fat, yt) ЛА 


k-I 
for the total volume below the graph of f and above the region R. 


By analogy with the terminology introduced in Chapter 5, 
the sum 


n 


> fat, ye) АА 
k=] 


is called a Riemann sum corresponding to the given regular 
augmented partition. The limit of such Riemann sums, as the 
partition becomes finer and finer (in the present case, as 
n— +2), is called the double integral of f over R and is 


written as m f(x. y) dA. Thus, by definition. 
R 


V= Í Í fix, у) dA = lim > fat. Уф) AA ] 
R k=1 | 
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provided that the limit exists. If we write 
dA — dx dy 


as suggested by the fact that AA — Ax Ay, then we can write the double integral of 
f over R in the alternative form: 


Iii Гох. у) dA || TAC Ў) “Хау 
R R 


However, we usually prefer to avoid this notation since it is so easily confused with 
the notation for iterated integrals introduced in Section 15.1. 


EXAMPLE 1 Approximate the double integral [| х2у? dA, where R is the region 
R 


inside the circle х? + y? = 1. Use the regular partition of the rectangle 
—1=x= 1, —] = y=] into four congruent cells, and use the midpoints of the 
cells to augment the partition (Figure 6). 


SOLUTION Each of the four cells has dimensions Ах = 1 and Ay = 1. Here, 
fx, у) = xy', AA = Ax Ay = 1, 


(хӯ, ут) = (=й ә) (xt. у) = GD 
(хў, уж) = (=, aF уў) = (8, – 3) 
and the Riemann sum 
4 4 
Y fit. уй) AA = >, rora) 
k-1 k=l 


is given by 


(= 28)" + dy + c brc 9 + GY(- 2) = Fe 


4 
Therefore’ | | xly! dA = У) xt Ot) = ds 
R k=1 


Now consider a region R in the xy plane, and let fbe the constant function defined 
by f(x, y) = 1 for all values of x and y. The graph of fis the horizontal plane z = 1. 
In this case, the double integral 


f] ia = ff as || dA 


R R 
represents the volume of the cylinder of height л = 1 with 
base R (Figure 7). If A is the area of the region R, then the 
cylinder has volume ЛА = 1* A = А, so 


a= |] dA 


Thus, | | dA is numerically equal to the area of the 
R 


region R. 


Figure 8 


Figure 9 


(x, 2,4 —x) 


cross section 
of solid 
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EXAMPLE 2 Let К be the interior of the triangle BCD in the plane, where В = 
(0, 0), C = (4, 0), and D = (4, 15). Interpret the double integral [| dA geometri- 


cally and thus evaluate the integral. 


SOLUTION Тһе double integral jl dA represents the area of the triangle BCD. 


R 
Because BCD is a right triangle with base 4 units and height 15 units, its area is 


given by 
1 


(4)(15) = 30 square units 


Therefore, (| dA = 30. 
R 


If a function f has only nonnegative values over the region R, then the double 


integral 
LS. 
R 


can be interpreted as the volume V of the solid below the graph of f and above the 
region К. Often V can be found by the methods presented in Chapter 6 (slicing, 
cireular disks, cylindrical shells, and so forth), and thus the double integral can be 
evaluated. 


In Examples 3 and 4, interpret the double integral | | f(x. у) dA geometrically and 
thus evaluate the integral. 


EXAMPLE 3 Let К be the region inside the circle x? + y? = 4, and let f(x, y) = 
g E E 


V4 — x7 — у?. 


SOLUTION The graph of fis a hemisphere of radius r = 2 units, and the region R 
forms the base of this hemisphere. The solid above А and below the graph of f is 


a hemispherical solid of radius r — 2 units (Figure 8), and {| f(x, у) dA is the 


R 
volume of this solid. Because the volume V of the hemisphere is given by 


Lis Ж 167 er 
V= —(= Tr | = cubic units 
2) 3 


we have 


EXAMPLE 4 Let R be the rectangular region consisting of all points (х, y) such 
that 0 =x = 1 and 0 x y = 2, and let f(x, y) 2 2 + y — x. 


SOLUTION The graph of fis the plane z = 2 + y — x and Ill f(x, y) dA is the 


volume of the solid below this plane and above the rectangle R (Figure 9). We 
determine this volume by the method of slicing, using the x axis as our reference 
axis and taking cross sections perpendicular to the reference axis as in Figure 9. The 
cross section x units from the origin is a trapezoid with vertices (x, 0, 0), (x, 2, 0), 
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(x, 2. 4 — x), and (x, 0, 2 — x). The two parallel bases of this trapezoid have lengths 
2 — x and 4 — x units, and the distance between these bases is 2 units; hence, the 
area of the trapezoid is 
(2 = ae йү 
A(x) = 2 up. iar 6 — 2x square units 


75 


The volume V of the solid is given by 


1 1 
V= | A(x) dx = | (б = 2x) ax 
0 0 


— 5 cubic units 
0 


= (6x — x?) 


Consequently, 


|| (2+ у= х) аА = 5 
К 


Basic Properties of the Double Integral 


In the discussion above, we considered only double integrals [| f(x, y) dA for 


which f(x, y) = О holds for all points (x, у) in R. If this condition dogs not hold, we 
can still form Riemann sums corresponding to regular augmented partitions, and we 
can still ask for the limit of such Riemann sums as the partitions become finer and 
finer. Thus, we define the double integral, 


m 


| | Дх, у) АА = lim У, Дхў, yf) AA 
| „= 


just as before, for апу continuous function f defined over an admissible region К, 
provided that the limit exists. 

If the condition f(x, у) = 0 fails to hold for some points (x, у) in the region А, 
then part of the graph of f falls below the xy plane. In this case, the region А can be 
decomposed into two subregions A, and К» so that f(x, y) = 0 for (x, y) in R, and 
f(x, у) = 0 for (x, y) in R2. The double integral 


Ii f(x. y) dA 


R 
can then be interpreted as the difference V; — V5 between the volume Vj of the solid 
below the graph of f and above А, and the volume V; of the solid above the graph of 
f and below А. (This is perfectly analogous to the interpretation of a definite 
integral as a difference of two areas.) 

In advanced calculus, a general definition is given of a double integral, similar to 
our definition above, but allowing partitions in which the cells are not all congruent 
(that is, nonregular partitions). Although the region R is usually required to have a 
**reasonably nice” shape (for instance, to be admissible in our sense), the function f 
is not required to be continuous. The question of whether the Riemann sums have a 
limit as the partitions become finer and finer has to be handled with considerable 
finesse. If such a limit exists, then one says that f is a (Riemann) integrable function 
of two variables over the region R. The following basic properties of the double 
integral are established in advanced calculus. 


SECTION 15.2 THE DOUBLE INTEGRAL 925 


Basic Properties of the Double Integral 


I Existence If f is continuous on the admissible region R, then f is integrable 
over R; that is. 


|| fix. у) ЧА exists 
5 


2 Interpretation as an Area 1 К is an admissible region of area A, then 


3 Homogeneous Property lf f is an integrable function on the admissible re- 
gion R and K is a constant, then Kf is also integrable on R and 


[| БОСО) А | | fx. Y) dA 


R R 


4 Additive Property If f and g are integrable functions on the admissible re- 
gion R, then f + g is also integrable on R and 


|| [ДА v) + g(x. 33] dA = 


| | Fas ЧАШ: | g(x. у) dA 
R г E 


“R R 


5 Linear Property ЇЇ f and g are integrable functions on the admissible region 
R and if A and B are constants, then Af + Bg is also integrable on R and 


| [А/(х. у) + Bg(x. у) dA =A || fix. у) 4А + B || g(x, v) dA 
R Ё R 


R 


6 Positivity If fis integrable on the admissible region А and if f(x. y) = 0 for 
all points (x, y) in R, then 


{| fix. у) dA = 0 


R 


7 Comparison If f and g are integrable functions on the admissible region К, 
and if f(x, y) = g(x, y) holds for all points (x, y) іп №. then 


IW f(x. у) 4А = J] g(x. v) dA 
R 


R 


8 Additivity with Respect to the Region of Integration Let R be an admissible 
region, and suppose that R can be decomposed into two nonoverlapping admis- 
sible regions А; and R5. (Note: The regions can share common boundary 
points.) If f is integrable on both R, and R>, then f is integrable on А and 


Ii f(x, у) dA = [| Hoo ДА + | lace у) dA 


R R Ry 
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EXAMPLE 5 Let R be the rectangle 0 = x = 1,0 = y = 1; let R, be the portion of 
К above or on the diagonal y = x; and let А be the portion of К below ог on the 
diagonal y = x. Suppose that f and g are functions such that 


[| f(x. y) dA = 3 [| g(x, y) dA = -2 
Ry 

{| fx, у) dA = 5 || g(x, у) dA 
R; к; 


| 
| 
ә 


Ш 
= 


Find 


(a) | | f(x, у) 4А (b) | | g(x, у) А (c) | | [4f(x, y) = 38x, y)] dA 
К R R 


SOLUTION 


(a) By Property 8, 


IES y) dA = [| SQ, у) dA + || fx, y) dA =3+5=8 
R R; 


R, 


(b) By Property 8, 


[| scx, у) da = || go » da + [| g(x, y) dA =-2+1=—-1 
R R, Ry 


(c) Using parts (a) and (b) and Property 5, we have 


{| [4f(x, y) — 3g(x, y) dA = 4 {J f(x, у) dA – 3 fI g(x, y) dA 
R R R 
= (4)(8) — (3)(—1) = 35 


Problem Set 15.2 


In Problems 1 to 4, approximate the given double integral over the К 7 А 
indicated rectangular region R. Use the regular partition of R into n? 5 Approximate the double integral 4xy dA, where 
cells for the given value of n, and use the midpoints of the cells to 


4t - R А 
Pa region inside the circle x? + y? = 1. Use the regular partition of 
augment the partition. 


the rectangle —1 sxs 1, —1=y=1 into four congruent 
cells, and use the midpoints of the cells to augment the partition. 
I [| эудлк:0<х=2а0=у=&п=2 g 

R 6 Approximate the double integral | 5x^y dA, where R is the 


2 {I (|x| + |У) dA; R: -6 = x = 0 and -1 =у=2; п= 3 region in the first quadrant inside the circle x? + y? = 1. Use the 
A regular partition of the rectangle 0 = x = 1,0 = y = I into nine 
congruent cells, and use the point in each cell that is nearest to 

3 {| (3x + 7y) dA; R:0=x=3 and2=y=5;n=3 the origin to augment the partition. 


R 


CS . 5.2 : 
4 || бу=у% mises = eS Таш ср olt 7 Approximate the double integral {| X^y^ dA, where А is the 
R 


tegion0=x=3,0=y=9- x?" Use the regular partition of 


the rectangle 0 = x = 3, 0 = у= 9 into nine congruent cells. 
Augment the partition by choosing for each cell not discarded 
the lower left corner. 


8 Approximate the double integral hi (3x? — 2y) dA, where R is 


the region C1 E x € 1,0 yx 1 — x?. Use the regular parti- 
tion of the rectangle —1 = x = 1,0 = y = ] into nine congruent 
cells. Augment the partition by choosing for each cell not dis- 
carded the point nearest the origin. 


In Problems 9 to 20, interpret each double integral as a volume or as 
an area. Evaluate this volume or area, and thus the integral, by 
whatever method seems appropriate. 


мз с=з 2 dA; К: л? + y? x 25 
10 ff V9 – х2 – у? dA: К: х +y =9, х2 0, у> 0 
R 
11 || (A OE ES ОГАЕ Е: 
R 
12 Ј) Gema cP П) GAS RS 0) с ea) ess у= | 
3i (Gi sk е С) А КОО = = Oss v 
14 [| (Uh за уе 1S es 50е Д е) 
R 
15 I BARS sr 
R 
i6 [| aio si-x m0 
R 


17 1] dA; R: the interior of the triangle with vertices (xj. у), 


(X2. уз), (Хз. Уз) 


18 | d = х2 = у?) dA; Rix? + у? < | 
R 

19 || (1 — Vx? + у?) дА; В; х2 + у? < | 
R 


20 {| (5 — Vx? + у?) 4А, Е; х2 + у= | 
R 


4 


In Problems 21 to 28, let R be the circular disk x^ + y? = 1, let А, 
be the upper half of R, and let R5 be the lower half of R. Assume that 


jl f(x. у) dA =7, [| f(x. у) dA = —5, [| a(x, y) dA = —2, 
R, R, R, 
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and [| g(x, y) dA = 4. Evaluate the given double integral using 


Ry, 
Properties ] to 8. 


21 | 1 fix, у) dA 


22 П Lex. у) — f(x, y)] dA 


23 [| a(x, у) dA 


24 [| ШОКА 
25 [| [4g(x, у) — 6f(x, y)] dA 


26 [| [3f(x, у) = 5g(x. y) + 9] dA 
R 


27 {| 8 dA 
R 

28 {J Lf, ») = V1 — x! – y*] dA 
R 


29 Give a geometric explanation of Property 6. 
30 Prove Property 7 by using Properties 5 and 6. 


31 Give a geometric explanation of Property 8, assuming that the 
integrand is nonnegative. 


32 Suppose that M is the maximum value of the continuous function 
f and that m is the minimum value of f on the admissible region 
R. Using the properties of double integrals, prove 


(a) | | | Дх. у) dA E | | |А. y)| dA 
R R 
[| f(x. у) dA 


(б) т ca _ _ __ 
а 
R 


33 Suppose that fis a continuous function on the admissible region 
R and that (a, b) is a point in R. Let R, be an admissible sub- 
region of А such that the point (a, b) belongs to the interior of 
R,. Denote by A, the area of R,, and denote by 6, the diameter 
of R, (that is, the maximum distance between any two points in 
К). Make informal arguments to show that 


ZM it ff azo 
R 


(a) [| f(x. у) dA = fla, b)A, if дү is small 
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Figure 2 


15.3 


х= (y) 


Evaluation of Double Integrals by Iteration 


In Section 15.1 we considered the iterated integral 


b [h(y) 
| | f(x, у) dx dy 


а *giy) 


of a function f of two variables; in Section 15.2 we introduced the double integral 


{| f(x. у) dA 
R 


of f over a region R in the xy plane. These two kinds of integrals are defined in 
completely different ways. and it is important not to confuse them. However, as we 
see in this section, it is sometimes possible to convert a double integral to an 
equivalent iterated integral, and vice versa. 

Consider, for instance, the double integral 


[| Дх, у) dA 
R 


where R is the specially shaped region shown in Figure 1. fis continuous on R, and 
f(x, y) = 0 for (x, y) in R. Notice that R is bounded below by the line y = a, above 
by the line y = b, on the left by the graph of x = g( y). and on the right by the graph 
of x = h(y). Thus К is described by the inequalities 


Roa == b о(у) seas hy) 


Figure 1 


We assume that g and A are continuous functions defined on [a, 5] and that 
e(y) = h(y fora у= b. 
Since f(x, y) = 0 for (x. y) in К, the double integral 


[| f(x, y) dA 


R 
can be interpreted as the volume V of the solid under the graph of f and above the 
region R (Figure 2). We propose to find the volume V by the method of slicing. 
using the y axis as our reference axis. Figure 2 shows the cross section ABCD cut 
from the solid by the plane perpendicular to the y axis and y units from the origin. If 
we denote the area of ABCD by F(y), then by the method of slicing, 


b 
[| fax. у) аА = У = | F(y) dy 


R a 
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Figure 3 We now find a formula for the cross-sectional area F(y). Thus, we temporarily 
а fix a value of y between а and b and set up parallel copies of the x and z axes in the 
copy of ) рр р 
z axis same plane as the cross section ABCD (Figure 3). The equation of the curve DC is 


z = f(x, y). In Figure 2. the points A and B lie on the curves x = g(y) and x = Л(у), 
respectively; hence, in Figure 3. the points A and В have x coordinates g( y) and 
h( y), respectively. Figure 4 is obtained from Figure 3 by rotating the xz plane about 
the 7 axis so that the x axis extends to our right as usual. From Figure 4, it is now 
clear that the desired area F( y) is just the area under the curve z — f(x, y) between 
X = g(y) and x = Л(у) (у being held fixed). Hence, 


area = FQ) 
(v held fixed) 


hiy) 
F(y) - | fx. у) dx 


go) 


It follows that 


b 
DUM | | fix. 9) dA = | F(y) ах 
R a 
b F hy) 
= | | f(x. у) dx| dy 
a gt) 
that is, 
z 7 f(x, у) 
C (b (hi) 
| | f(x. у) dA = | i F(x, у) dx dy 
R a gv) 
area = F(y) The following example illustrates the use of the last equation for evaluating double 
G held fixed) : 
integrals. 
B " EXAMPLE t Let R be the region inside the trapezoid whose vertices are (2. 2). 


(4. 2). (5, 4). and (1, 4) (Figure 5). Evaluate | 8ху dA by converting it to an 
R 
iterated integral. 


SOLUTION Тһе equation of the line through the points (2, 2) and (1, 4) is 
у= 6— 2х, or x = (6 — y)/2. Similarly, the equation of the line through the 
points (4, 2) and (5. 4) is y = 2x — 6, or x = (6 + y)/2. Using the result obtained 
above, we have 


4 г‹б+у)/2 
| | 8xy dA | | 8ху ах dy 


(6—3)/2 


à 4 2 (642 
[es 
M МОЕ ууз 
^ ОХ mero \ү 
= jet" [a е 
га җүз |3 
= i 24y? dy = — = 448 


In our derivation of the equation for converting a double integral to an iterated 
integral, we used the method of slicing and took cross sections perpendicular to the 
y axis. We can also use the method of slicing with cross sections perpendicular to 
the x axis, provided that the region R has the following shape: R is bounded on the 


930 


Figure 6 


Y 


Figure 7 
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y=h(x) 


type Í region 
а<х <Б 
giv) < у € Ах) 


left by the vertical line x = a. on the right by the vertical line x = Б, above by the 
graph of an equation y = A(x), and below by the graph of an equation y = g(x), 
where g and л are continuous on [a, b} and g(x) = Alx) for a = x = b (Figure 6). 
Such a region, which is described by the inequalities 

Кой == р р(х) S y s hix) 
is said to be of гуре 1. On the other hand, a region described by the inequalities 


Ка ba) = Sey) 


as in Figure 1, is said to be of гуре If. 

As is indicated by the discussion above, a double integral of a continuous func- 
tion f over a region К of type I or of type П can be converted to an iterated integral. 
In more advanced courses, this is proved rigorously, even for the case in which the 
function f takes on negative values. Thus, we have the following method, called the 
method of iteration, for evaluating double integrals over special regions. 


The Method of Iteration 

Suppose that А is either a type I or a type ll region in the plane and that the function f 
is continuous on R. In order to evaluate the double integral [| f(x, у) dA by the 
method of iteration, proceed as follows: j 


Case 1 If the region А is of type I, find the equations of the continuous curves 
у = g(x) and у = h(x) bounding R below and above, respectively. Also, find 
the constants а and b for which the vertical lines x = a and x = b bound К on 
the left and on the right, respectively (Figure 7). Then 


f хе у= hi b 
| | f(x. у) dA = | | JG. v) 1 dy = | 
R hi 


a ЧАЙ] а 


щл) 
| fa. у) dy dx 


M 


Case 2 If the region R is of type IL, find the equations of the continuous curves 
x = g(y) and x = f(y) bounding А on the left and on the right, respectively. 
Also, find the constants a and b for which the horizontal lines v = a and y = b 
bound R below and above, respectively (Figure 8). Then 


vb pash b hiy) 
| | fix у) dA = | | | JUDI as| dy = | i fix. у) dx dy 


R у=а үшү) gy) 


Figure 8 » 


type I] region 
а<у<Ь 
ву) «х Sho 


x 


SECTION 15.3 EVALUATION OF DOUBLE INTEGRALS BY ITERATION 931 


In Examples 2 and 3, evaluate the given double integral by the method of iteration. 


EXAMPLE 2 {I x cos xy dA; К: 1 Sx =2 and 7/2 € y = 2a /x 
R 
Figure 9 SOLUTION Тһе region is evidently of type I (Figure 9): 
hence, 
x-2 y=2a/x 
| | X cos xy dA = | ( 1 х COS Xy dy) dx 
R x=] y=a/2 Н 
х=2 у=2 п/х 
= | (sin XY ) dx 
х=} у=т /2 
el Jm 
= i (sin 2T — sin aa dx 
: a 
: 2 
2 . TX 
=| (sin =) gh: == (ug = 
1 2 т 2 iy 
2 2 T 2 
S a иту сез = 
т T 2 т 
EXAMPLE э |] {x + у) dA, where R is the region in the 
first quadrant dbove the curve y = x? and below the curve 
y= Vx 
SOLUTION In this case the region R is both of type I and 
Figure 10 D of type П (Figure 10). As a type Il region, R is bounded on 


the left by the curve x = у?, on the right by the curve x = 
Vy, below by the line y = 0, and above by the line y = I. 


Therefore, 
y=1 x=Vy 
[J e*»a- [f atala 
R у=0 х=у? 
p "es V [x V 
= == 45 yx) dy 
be 2 "E й 


Example 3 above illustrates two important facts about the method of iteration. 
First, the horizontal lines bounding a type II region below and above (and. likewise, 
the vertical lines bounding a type I region on the left and on the right) are permitted 
to touch the region R in single points, rather than along line segments. Second, 
there are regions that are both of type I and of type II. 

Since the region R in Figure 10 is of type I, we can also iterate the integral of 
Example 3 as follows: 


x=1 у=ух 3 
[J «+»аа= | || «+ ф]дх=-5- 
R yx? 


x=0 


932 MULTIPLE INTEGRATION AND VECTOR CALCULUS 


Figure 11 Additional examples of regions that are both of type І and of type ЇЇ appear in 
Y Figure H1. A double integral over any such region can be iterated in two different 
ways, resulting in two iterated integrals with opposite orders of integration, but with 
the same value. These two iterated integrals are said to be obtained from each other 
L^ by reversing the order of integration. A reversal of the order of integration often 
converts a complicated iterated integral to a simpler one. 


(a) 


In Examples 4 and 5, reverse the order of integration, and then evaluate the result- 
ing integral. 


1 I 
f EXAMPLE 4 | i x sin у? dy dx (Round off your answer to three decimal 
places.) i-o 


SOLUTION Тһе given iterated integral is equivalent to the double integral 


I x sin у? dA 
R 


over the type | region А determined by the inequalities О = х= 1 and x у= | 


sf (Figure 12). Since R is also of type И, we have from Figure 12, | 
1 1 
| | x sin y? dy dx = [| x sin y? dA 
0 x R 
YS y рр 
2 = \ (| x sin y? ax) dy 
v-0 x-0 


у= 1 L2 Ca 3 1 
: ксп у 1 й 

= | Ecos ) diy E у? sin Y? dy 
Е 2 и ee 


Figure 12 я (- cos y ) | 
ө 


= — &(0.5403 — 1) = 0.077 


х=у 


\=0 


= ——(cos | — cos 0 
| @\ ) 


3 r9 
EXAMPLE 5 | | ye * dx dy 
0 "y 


SOLUTION The given iterated integral is equivalent to the double integral 


27 
R 


over the type И region R determined by the inequalities 0 = y = 3 and ^ =x x 9 
(Figure 13). Since R is also of type 1, we have from Figure 13, 


3 r9 
Y =x? = to re 
гарин | I ye ~ ах dy Jl уе“ dA 
y 1-9 ys VA Я 
= | (| yo а) dx 


x-0 y-0 
-9 y .2,.-à? ум OM NS 
- EUREN A79 ( узета? yov itus 
= EM dx = 5 dx 
1-0 = у=0 0 2 
“у 9 -81 


Figure 14 


Figure 15 
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Although there are regions that are neither of type I nor of type П, it is usually 
possible to cut such a region into nonoverlapping subregions, each of which is of 
type I or of type П. The double integral of a function over the large region can then 
be evaluated by integrating the function over each subregion and adding the result- 
ing values. (See Problems 35 and 36.) 


Areas by Double Integration 


As we noticed in Section 15.2, the area A of a region R in the xy plane is given by 


А= || aa 


К 


Using the method of iteration, we can evaluate the double integral and thus deter- 
mine the area A. 


EXAMPLE 6 Find the area A of the region R bounded by the curves y = x? and 
y = xX. 
SOLUTION The region R (Figure 14) is of type I; hence, its area A is given by 


x=] va х=1 / |2 
a- [f а= | (| ay) х= | (> 
R x=0 2 =0 


x 1 
)e-| (x — x?) dx 
у=х? X x? О 


= xe | A . 
LA ae cr de — — square unit 
2 3/lg 6 


Volumes by Double Integration 


Using the double integral, we can express the volume V under the graph of a 
continuous nonnegative function f over a region R (as we did in Section 15.2) by 


v= | | f(x. у) dA 


R 
Using the method of iteration, we can evaluate the double integral and thus deter- 
mine the volume V. 


EXAMPLE 7 Let R be the region in the xy plane bounded above by the parabola 
y = 4 — x? and bounded below by the x axis (Figure 15). Find the volume V under 
the graph of f(x, y) = х + 2y + 3 and above the region К. 

SOLUTION Тһе region R is of type I, since it is bounded on the left by the 
vertical line x — —2, on the right by the vertical line x — 2, above by the parabola 
y = 4 — х2, and below by the line у = 0. Therefore, by the method of iteration 


2 а= 
У = {| (Gs ar 2 ap 3) GA = | [| (х 23) | ах 
z -2 --0 


4-х? м 2 
| dx = | [x(4 — x?) + (4 — x? + 3(4 — x?)] dx 
0 =? 


= | os dry 29) 


yl 


5 4 


( Es i [Vile 


= | (xt — x) — Vx? + 4x + 28)4х = + 2х2 + 28x] 


-2 


= — cubic units 
15 
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t 


Figure 16 EXAMPLE 8 Find the volume V of the solid in the first octant bounded laterally by 


the cylinder x? + y? = 9 and bounded above by the plane z = x + у. 


SOLUTION As shown in Figure 16, ght base of the solid is the is the type | region А in 
the ху plane bounded by x = 0, x = 3, y = 0, and у = V9 — x°. Therefore, the 
volume V is given by 


3 Moa? 
“| (x + y) dA = | [| (х + у) a] dx 
0 


Pe Jaf (avec. _ a 


0 0 
l NE? *; 
= [= с = вш а = 9 + 9 = 18 cubic units 
3 2 6 dlo 
Problem Set 15.3 
In Problems 1 to 22, (a) sketch the region К, (b) decide whether R 13 ji x dA; R: the region in the first quadrant bounded by 


is of type 1 or type II (or both), and (c) evaluate each double integral 


: ; : =y-2 y=? = 
by using the method of iteration. х= у 2,у= х7, andx=0 


14 Ili (бх + 5y) dA; R: the region between the curves у = 2Vx 


1 [| xsin (xy) dA; К: 0 =х = тп, О= ү = ү 
R and y = ue 
qm 
2 {| v аА; R:0Sx51,l5ys2 15 {| ху dA; К: the region bounded by y = x and y = 
M: 
3 Ii ysin у ФА; К: О= vx gs, Ox yzx 16 {I Зх dA; К: the region bounded by x = у? and x = y + 6 
R 
З ; -p z DRR à Э 3 А 
s Ш шагуы йы КОЕ еа м ш үе Уй 17 {J v? dA; К: the region bounded by y = x? and y = 2 — x 
5 [| Еа 18 {I (2 — x°) dA; R: the region bounded by y = 1 + x? and 
y= oe x? 
6 fj xe? dA; R: О=у<у?, О<=у=<| 
19 Ili (7ху = 2у”) dA; R: the region in the first quadrant bounded 
a y aem ПЕЕ (с у= 
7 [| у аА; ie Ol s seem у || a, 0s у = | by у= х, pews, eas 
R 
8 I А = inne [=у=с 20 [| VT + x7 dA; К: the inside of the triangle whose vertices 


R 
are (0, 0), (0, D), and (1, 1) 


9 I FJA R OS х= л 0 = y= sin 1 
k 21 Ii "nous dA; R: the region in the first quadrant bounded by 


y= x,y = 0, and x = 1 


wh 
| 
IA 
"= 
IA 


10 [| ysin" a dA; К: О= = 
22 i x dA; R: the smaller region cut from the disk x? + уг = 9 
a ff vac cere б 
by the line x + у = 3 


12 [| е dA; К: |x| + |у| x 1 In Problems 23 to 34, evaluate each iterated integral by reversing the 
R order of integration. In each case, sketch an appropriate region in 
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the xv plane over which the double integral corresponding to the 
given iterated integral is evaluated. 


il 1 e In a 
23 | | e dx dy 24 \ | y dy dx 
j 1 “0 
25 ji [е sin 
3y 
V y si x І il 
27 [ р 28 | | NIS dx dy 
y 0 v 
OEC NN Му 
29 | | eV dy dx 
3 
31 js = _y dx ау 49 
0 
4 qua d 
32 | | cos E +} т) dx dy 
б) “Ne 3 
1/2 f w/6 1-x 
33 | | esc? (cos x) dx dy 34 | p 


sn! y = 


У EYE Si a 
“ae dy 26 Í ЖООДО celis 
0 0 


ышы dx 
VES qn 


35 Evaluate Ii (1 — x + у) dx dv over the region R shown in Fig- 
ure 17 by dividing R into rectangles. 


Figure 17 у 


36 Suppose that А is the region bounded by the lines у = 1, 
y=x+6, and the parabola у = x? (Figure 18). Evaluate 


[| ху dA over the region А by (a) dividing R into type II 


RR. NAT > - 
regions and (b) dividing R into type | regions. 


Figure 18 y 


In Problems 37 to 50, use double integration to find the area of the 
region R in the xy plane bounded by the given curves. 


37'y =x” and y = 5x 
38 y =3 andx+y=4 


39 у= x and y = 3x — x? 


40 y = Vx, y = 0, and x = —8 
йй y= Vx, y=6-x, andy =0 
42 y? = —x and 3y —x = 4 

43 x= y and x = 32 — у? 

44 у? = 9 — х and y = 9(1 — x) 
45 x? = 16 — 2v and x = 4 — 2y 


46 у= хе“, у= х, апі х= 2 


47 y = cos x, y = 0, x = — 7/2, and x = п/2 
48 у= sin х. y = cos x, x = 0, and x = 7/4 
49 у= In |. y = 1, and y - O 

50 v = cosh x, y = sinh x, x = —], andx=1 


In Problems 51 to 56, use double integration to find the volume 
under the graph of each function f and above the indicated region R. 


51 Дх. у) = 12+ у+ х2; R 05х51 and? = у= Уух 
ONT y) = V9 – 15; R057 53 and OS x= V9- у? 
53 fa. у) = 1-5 А: 0 == 1 апіх yx 


54 f(x, y) = Ax + By + Ci В: а= xb апа 
Ах + Ву+ С> 0 оп К 


[pes = 


55 f(x, у) = ху; К: х + у =4, х2 0, уг 0 


56 f(x, v) = x? + 9i; R: the region inside the triangle whose 
vertices аге (0, 0, 0), (0, 1, 0). and (1, 1 


In Problems 57 to 66, use double integration to find the volume of 
each solid. 


57 The solid below the paraboloid z = 4 — x? — y^, above the 
plane z = 0, and bounded laterally by the planes x = 0, y = 0, 
х= 1, and y=1 


58 The solid in the first octant bounded by the paraboloid 
z = 3(х? + y), the plane x + у = 2, and the coordinate planes 


59 The solid in the first octant under the plane x + y + 2 = 6 and 
inside the parabolic cylinder y = 4 — x? 


60 The solid in the first octant bounded by the graphs of z = e'^? 
=Inx,x =2,y=0, ands = 0 
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61 The solid in the first octant bounded by the cylinder x? + z = 1, 
the plane x + у = 1, and the coordinate planes 


62 The solid in the first octant bounded by the cylinder x? + у? = 
and the planes z — у = 0, z = 0, and х = 0 


63 The solid in the first octant hounded above by the paraboloid 


64 The solid in the first octant common to the two cylinders 
2 2 2 5j 
x+y = | апдл^ + 27 =}! 


65 The solid bounded by the cylinder у? +2 = 9 and the planes 
x=y,2z=0, andx =0 


66 The solid bounded above by the plane z + y = 2, below by 


z=.17 +, below by the plane z = 
graphs y = x? and y = x 


O, and laterally by the 


the plane z = 0, and laterally by the right circular cylinder 
et+yad 


15.4 


Figure 1 


У 


dA =r dr d8 


THEOREM 1 


Double Integrals in Polar Coordinates 


Often the region R over which a double integral is to be evaluated is more easily 
described by polar coordinates than by Cartesian coordinates. For instance, the 
region А in Figure | is described in polar coordinates by the conditions ro S r= г 
and 6) = 6 = 6,; however, its description in Cartesian coordinates is considerably 
more complicated. In this section we set forth a method for converting a double 
integral in Cartesian coordinates to an equivalent iterated integral in polar coordi- 
nates. The technique is analogous to a change of variable for the ordinary definite 
integral. 

The clue to the appropriate method for changing from Cartesian to polar coordi- 
nates can be found in Figure 2, which shows an “‘infinitesimal’’ portion dA of the 
area of the region R in Figure ] corresponding to infinitesimal changes dr in r and 
40 in Ө. Evidently, dA is virtually the area of a rectangle of dimensions ғ d@ and dr, 


so that 
dA = (r d0) dr = r dr аб 


Thus, whereas in Cartesian coordinates the area of an infinitesimal rectangle of 
dimensions dx and dy is given by dA = dx dy, the analogous infinitesimal area in 
polar coordinates is given by dA = r dr d0. 

In view of the argument above, it seems plausible that the integral 


| | f(x. у) dA 


R 

can be converted to an iterated integral in polar coordinates by putting x = r cos Ө, 
у =r sin 0, and dA = г dr d0. The following theorem shows exactly how such а 
conversion to polar coordinates is accomplished. 


Change to Polar Coordinates in a Double Integral 


Suppose that the function f is continuous on the region А consisting of all points 
in the ху plane of the form (x. v) = (r cos 0, г sin 0), where 0 = ro = r = ri and 
05 € 0 € 0, with 0 < 0, — 0 = 23 (Figure 1). Then 


a r=r. 
| f(r cos 0, r sin Ө)г 1 40 


ө 
y r= л 
th 


[| fa, у) dA = | 
R A 


= | | fir соз 0, r sin Ө)к dr dé 


Oy rq 


Figure 3 


Figure 4 
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EXAMPLE 1 By changing to polar coordinates as in Theorem 1, evaluate 
[| ех + dA, where R is the region in the first quadrant inside the circle 


x? + у” = 4 and outside the circle x? + у? = 1 (Figure 3). 


SOLUTION The region R is described in polar coordinates by 1 =r = 2 and 
0 = 0 = 7/2; hence, by Theorem 1, 


(ae 6— 7/2 r=2 n Ө= 7/2 f ] 4 
| quU da = | (| Ep dr] dé = i = 
R 8—0 =) 4 2 = 


r 0—0 


ic NR 
= NE Ll) dé 
0 - - 
І Ш 7 
= (4-1) )- Ee - 1) 
2 2 0 4 


Sometimes it is useful to rewrite a given iterated integral as an equivalent double 
integral and then to evaluate the double integral by changing to polar coordinates. 
The following example illustrates the technique. 


B V9-x 
EXAMPLE 2 Evaluate the iterated integral | | (2x + у) dy dx by switch- 
-3 "0 


ing to polar coordinates. 
3 (мө 
SOLUTION The iterated integral | | (2x + у) dy dx is equivalent to the 
-3 -0 


double integral {| (2х + y) dA over the region R: —3 = x = 3,0 = y = V9 — x? 


R 
(Figure 4). This region can also be described in polar coordinates by 0 = r = 3 and 
0 = 6= т. Using Theorem 1. we have 


3 [N9-x? 
| j (CAS =F 58) dy ax = || (2x + y) dA 
-3 “0 R 


7 [3 
- i \ (2r cos 6+ r sin Ө)г dr а0 
о -0 


т 3 
| | (2 cos 6+ sin 0)r? a| dé 
о Lo 


3 
|. 
0 


T r? 
| E cos 0+ sin 0)— 
o 3 


=9 | (2 cos 6+ sin Ө) d0 
0 


= 18 
0 


= 9(2 sin 0 — cos 0) 


Theorem 1 can be generalized in a number of useful ways. For instance, consider 
the region R in the xy plane consisting of all points whose polar coordinates satisfy 
the conditions 


Oo = ¢@= 01 and g(0) =r= h(0) 


where 0 < 0, — o = 27 and g and A are continuous functions defined on the closed 
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Figure 5 interval [@, 61] such that 0 = 2(@) = A(0) holds for all values of 0 in [65, 61] 
Y (Figure 5). Then, if fis a continuous function of two variables defined on the region 
К, we have 


C Ө= 0 r* hin 
[| fax, у) dA = | || fir cos 0. r sin 0)г ar| 40 


R 07-0, г= (03 


| th 
9, 


In Examples 3 to 5, use the preceding formula. 


hun 
| f(r cos 0, r sin 0)г dr dé 


x0) 


EXAMPLE 3 Evaluate ip) X dA over the region R consisting of all points whose 


R 
polar coordinates satisfy the conditions 0 = 0 = 7/4 and 2 cos 0 = r = 2 (Fig- 


ure 6). 
Figure 6 SOLUTION 
Y 0—m/A4 r=? п/4 г? |? 
ПЕ | (| reo Or dr) do - | cos 6( — ) ao 
R 8-0 r—2cosB 0 i 2cos8 
Z PES 8 cost 6 
= = ces @ == SE 
o 3 3 


п/4 


ll 


w | ос „| ч | 


8 m/À 
cos 9 do - 5. | cos? 0 40 
3 4 


T/À 


] 
cos oda ~~ | (3 + 4 cos 20 + cos 40) d0 
0 


o— m 
E 


a/4 


ae 
= 
D 


п/4 1 1 
= (se E2 sin 2 Oe 510 зө) 
0 3 4 0 


Figure 7 EXAMPLE 4 Find the area enclosed by the y axis and the portion of the cardioid 
r = 2(1 + cos Ө) lying in the fourth and first quadrants (Figure 7). 


SOLUTION Те region А whose area is desired can be described in polar coordi- 
r= 2(1 + cos6) nales by the conditions — 7/2 = 0 = 7/2 and 0 =r = 2(1 + cos 0). Therefore, 
the area A of R is given by 


0— 7/2 r=2(1+cos 8) 7/2 г? 
R ө r=0 = 2 


2(1+cos D 
=—т/2 7/2 


d0 


о 


7/2 T/2 
-| 2(1 + cos o? qo - | 2(1 + 2 cos 0 + cos? 8) dé 
= п/2 = п/2 


п/2 


Ө sin 20 
= (0+2 sin o+ £4 2" ) 
2 4 


=л/? 


= 37 + 8 square units 


EXAMPLE 5 Find the volume of the solid in the first octant bounded by the cone 
z =r and the cylinder r = 4 sin Ө. 


SECTION 15.4 DOUBLE INTEGRALS IN POLAR COORDINATES 939 


Figure 8 SOLUTION The cone с = r has the Cartesian equation z = Vx? + y^; hence, if R 
it is the region consisting of all points whose polar coordinates satisfy 0 = 0 = 7/2 


and 0 <= r = 4 sin 0 (Figure 8), then the required volume V is given by 


7/2 f4sin ө т/2 r? 4sin Ө 
v-[] Vx? + y? a = | | rer drdo= | (— ) а 
R 0 0 D 


0 0 


r=4sin6 


T/2 Г : T/2 
- | $2 sin? 040 = 5 ] sin 001 — cos? Ө) dé 
0 0 
Thus, making the change of variable и = cos 0, we obtain 
0 1 
v=% | (1 — w)(-du) = % | (1 = i8) du 
1 


0 
LIS 


cubic units 


Change of Variables in a Double Integral 


The method used above for changing from Cartesian to polar coordinates is just a 
special case of a more general procedure for changing variables in a double integral. 
A rigorous treatment of this procedure may be found in Kreyszig, Advanced Engi- 
neering Mathematics, 5th ed., John Wiley & Sons, New York, page 416. A brief 
informal discussion is sufficient for our present purposes. 

Let f be a continuous function defined on an admissible region R in the xy plane, 
and suppose that we wish to evaluate the double integral of f over R. By introducing 
new variables, say, и and v, we may be able to simplify our problem. We begin by 
expressing x and y in terms of the new variables, so that 


x = g(u, v) and y = и, v) 


where g and Л are suitable functions. These equations may be thought of as describ- 
ing a mapping, or transformation, Т from a region R,,, in the uv plane onto the 
region R in the xy plane (Figure 9). Thus, each point (и, v) in R is mapped, or 
transformed, by 7 into a corresponding point (x, y) in R; in symbols, 


(u, v) = (х, y) = (elu, v), Д(и, v)) 


Figure 9 


y y 


We assume that R,» is an admissible region in the uv plane and that the transfor- 
mation T establishes a one-to-one correspondence between the points (и, v) in Ruy 
and the points (x, y) in К. Furthermore, we assume that the functions g and л are 
continuously differentiable. 
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Figure 10 


v 


и + Ди 


Figure 11 


y 


Consider a small rectangle of dimensions Au and Av (Figure 10) with vertices 
(и, v), Qc Au, у), (и + Au, v + Av), Qn v + Av) within the region Ra». The area 
AA, of this rectangle is given by 


AA,, = MOM 


Under the transformation 7, this rectangle is transformed into a subregion POVW 
of R, where 


P = (glu, v), Ми, v) 

Q = (о(н + Au, v), А(и + Au, v) 

V = (#(и + Av, v + Av), Au + Au, v + Av)) 
W = (g(u, v + Av), A(u, v + Av)) 


(Figure 11). Notice that the area АМА of the subregion PQVW is approximately the 
area of the parallelogram spanned by the vectors PQ and PW, so that 


AA = |PO x PW] 
By the definition of a partial derivative, 


glu + Au, v) — glu, v) 


= gilu, v) 
Au 
with better and better approximation as Au — 0; hence, 


gu + An, v) — glu, v) = gi(u, v) Ми 


Similarly, 
A(t + Аи, v) = Ala, v) = hiu, v) Au 


Therefore, 
РО =(|g(u + Mu, v) — giu. 1)]i + [Au + Ми, v) — Ade Y)]j 
Ox ` 
= gi, v) Au i + hilu, v) Ан] = Bud RYE Su Anuj 
ди ди 
Likewise, 
PW = [g(u, v + Av) — glu, vli + [hlu, v + Av) — Ade, v)]j 
ox ov 
= go(u, v) Avi + hau. v) Av j= 2 Ari t- Arj 
ду ду 


It follows that 


i j k 
ox 
дх ду 4 0 p А! Fi Au 
чл oa === i 
PQ x PW = | ди д d = 
x i 
ox ду ==, Сюд, 
SP дг (0) ду ду 
ду ду 
Непсе, 
Ox Oy дх ду 
aw "= ðu ди | ди ди 
РО x PW = | Ан Ark = AA, К 
к o 


Karl Gustav Jacob Jacobi 
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The determinant of partial derivatives that appears in the last equation is called 
the Jacobian of the transformation T in honor of the German mathematician Karl 
Gustav Jacob Jacobi (1804—1851). The special symbol d(x, у)/ (и, v) is used for the 
Jacobian, so that by definition 


|óx ду 
Ax, y) ди ди 
и, v) | ах ду | 
lv а | 


Using this notation, we can write the result of our previous calculation as 


Therefore, in Figure 11, we have 


eet, л чш Ax, у A(x, у 
AA = |PO x PW| = e y) AA,» |k] -| Cg) T" 
Фи, v) Hu, v) 
AA | Ax, y) 
so that = 
AA Ou, v) 


Presumably, the approximation derived above should become more and more 
accurate as AA,,. — 0, and in the limit we should have 

dA Ax, y) Ax, y) 

dA uv O(u, v) Au, v) 


uv 


or A= | 


In other words, the absolute value of the Jacobian may be interpreted as the ratio by 
which infinitesimal areas are transformed by 7. In particular, then, it seems reason- 
able to expect that 


7 X 
|| f(x. у) dA = {| Каби. v). hae, v) д ДА 


dlu, v) 


R Ry, 


Indeed, this is the correct formula for changing variables in a double integral. This 
formula is often written in the alternative form 


Ax, y) 
Ij fix, у) ах dy = [| fieu, у), hlu, v) | 


E k dlu, v) 


du dv 


EXAMPLE 6 Use the formula for changing variables in a double integral to con- 
firm the rule for changing a double integral to polar coordinates. 


SOLUTION Here the polar coordinates r and @ play the roles of the variables u 
and v. Because 


x=rcos0 and y=rsin 0 
we have 
Ox ў 
— = cos 0 —— = sin 0 
rF r 
дх ду 
== = =F S te) CY reos 
д0 90 
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and it follows that 
Ax, y) | cos 0 sin 0 | 2 "m 

[=e 25 р = со” Ө + sin 0) = r 
Ar. Ө) |-rsin0 rcos Ө | 


Therefore, assuming that r is nonnegative, we have 


\| f(x, y) dv dy = Iii f(r cos 0, r sin 0) r dr dO 


R К, 
іп conformity with our earlier results. 


Figure 12 EXAMPLE 7 Evaluate ji sin [(x + y)/2] cos [(x — y)/2] dA over the triangular 


R 
у region А shown in Figure 12 by using the change of variables и = (х + y)/2, 
v= (x — у)/2. 


SOLUTION We begin by solving for x and y in terms of the new variables и and 
v to obtain 


x=ut+v and ysu-v 
Thus, 
x | ax dy | 
AG ye queo] n Wo, 
Hu, v) óx ду | -Il Е 
ду ду 

Figure 13 Because v = (x — y)/2, the condition x — у = 0, which holds on the upper left 
5 side of the triangular region R, is equivalent to the condition v = 0. Likewise, since 


u = (x + y)/2, the condition x + y = 2, which holds on the upper right side of R, is 
equivalent to « = |. Finally, since y = и — v, the condition y = 0, which holds on 
the bottom side of R, is equivalent to v = u. Therefore, under the given change of 
variables, the triangular boundary of А in the xy plane corresponds to the right 
triangle with vertices (0, 0), (1, 0), and (1, 1) in the му plane (Figure 13). We leave 
it as an exercise for you to verify that the interior of R corresponds to the interior of 
the triangle R,,. in Figure 13. Notice that R,, is a type | region in the uv plane. 
Therefore, we have 


Nou ToN х 
nE ces оа dA = sin u cos v | — 2| dA, 
i 2 р 


ау 


u=1 / fveu 
= | (| 2 sin и cos v dv) du 
и=0 


v=0 
к=н 
) du 


u-1 у 
- | (2 sin « sin v 
и=0 


v=0 
1 
а. 24-2 
= | 2 sin u du 
0 
1 
= | (1 — cos 2u) du 
0 
' sin 2 


( sin 2u ) 
emu = 
= 


М = 


0 2 
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Problem Set 15.4 


In Problems 1 to 8, use polar coordinates to evaluate each double 
integral over the region indicated. 


1 | V4 = х2 – у аА: Rix? t+ys4.120,¥20 
R 
1 ? a 
D rey б КАЛД <= 0 
{зв 
R 
з | жу: ler +052, 05у5 V3x 
R 


dA б a 
вери 
C Д aede amer 


5 || (x — у) dA: : х + у <9,х>0,у=0 
R 


|] 2x dA; R: 0 =0= =/4, 0 =г= 2 sin Ө 
R 


7 | Зху dA: : 0 = 05 п/2. 0 =г= 2 
R 


In Problems 9 to 20, evaluate each iterated integral by switching to 
polar coordinates. 


3 ру NA 
9 | | еа аак 


—3 -N9—-x? 


2 34—12 
10 | i Мх? + у? dy dx 
о 70 


a Vae- 
1 | \ (х2 + у2)2/2 ах dy 
0 0 


о "o p NON 
3/2 СКЫ a/N 2 —x 
13 | i x dx dy 14 i y dy dx 
0 У 0 = ах 
о (yI т г 
15 x? dx dy 16 | | Мх? + y? dx dy 
=2 -\з-у? 0 у 


In Problems 21 to 28. find the area of each region R by setting up 
and evaluating a suitable double integral. 


30 


31 


38 


R:0z-0zm,0-r-«-l — cos 0) 
:0=0= 7/4, 0 = г= 3 cos 20 

:О=0= =, 1 =г= 1+ п 0 
:0=0= я, г=2 + соѕ 6 

: the region enclosed by the graph of r = 2 sin? (0/2) 


: the region enclosed by the lemniscate r^ = 2a” cos 20 


mos om з ox m 


: the region inside the circle r = 2V3 sin Ө and outside the 
circle r — 3 


К: the region inside the circle г = 1 and outside the cardioid 
r-]l-cos 6 


Find the volume of the solid in the first octant bounded by the 
paraboloid z — 1 — r? and the three coordinate planes. 


Find the volume of the solid bounded above and below by the 
sphere r^ + 22 = 4 and bounded laterally by the cylinder r = 1. 


Find the volume of the solid in the first octant bounded above by 
the plane z = ғ sin Ө and bounded laterally by the coordinate 
planes and by the cylinder г = 2 sin Ө. 


Find the volume of the solid in the first octant bounded by the 
paraboloid = = 172 and the planes г = 2 sec 0,6 = 0,8 = 7/4. 
and = = 0. 


Find the volume of the solid bounded above by the paraboloid 
z=x + у”, below by the xy plane, and inside the cylinder 
x!-y-—2y»-20. 

Find the volume of the solid bounded above by the ellipsoid 
x? + у? + 162° = 16, below by the xy plane, and laterally by the 
cylinder х2 + y? = 4. 


Find the volume of the solid common to the sphere 
x? + у? + 22 = 16 and the cylinder x^ + y? = 4. 


Find the volume of the solid bounded above by the cone 
z= Mac у", below by the xy plane, and laterally by the 
cylinder x? + у? = Ҷу. 


Let R be the region consisting of all points whose polar coordi- 
nates satisfy 05 = 0 = 6, and ro = г = г. Assume that F and С 
are continuous functions defined on the intervals [@. 91] and 
[ro. ri]. respectively. lf (x. y) is a point in А whose polar coordi- 
nates аге г and Ө, define f(x, у) = F(8)G(r). Prove that 


f G n 
[| f(x, у) dA = [| F(6) а} : [f Gir ar| 
R ө, ғо 


The improper integral | e * dx is important in the theory of 
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probability. Its exact value can be found by using polar coordi- 89 = ETT —v), = Hm +r) 40 x= uv, y= i-a? 
nates and a clever trick. Write А = | € " dx, so that 4t x 2 ve", y = ue" 
42 х= au + bv tc. у= Au + Bv + C 
( x \ x 
Ap (J BU «)-(] ae d 
Ps In Problems 43 and 44, evaluate the double integral by making the 
NS | А indicated change of variables. 
(a) Show that A? e CU 1! dx dy, where К is the entire xy 
plane. 


43 || еу sin (x — у) dA, where А is the triangular region with 
(b) Convert the (var double integral in part (a) to an 


Rie ; ү. = ТЫ 
equivalent integral in polar coordinates. vertices (0, — 7), (т. 0). (0, 7); x = 20и + у), y = (0 — v) 


(c) Conclude that | e dx = V. 44 Ё е7“ dA, where R is the region bounded by the curves 
=Vity v= V8 +379 =0, Gainer 
In Problems 39 to 42, find the Jacobian A(x, у)/д(и, v). x =u cosh v, y = u sinh v 


15.5 Applications of Double Integrals 


We have already seen applications of double integrals in connection with areas and 
volumes. Double integrals also find numerous applications in engineering and phys- 
ics in problems involving density, center of mass, centroids, and moments. Because 
many physical quantities can be approximated by Riemann sums, it is possible to 
define these quantities rigorously and to develop their mathematical theory on the 
basis of the definition of the double integral as a limit of such sums. However, 
practicing engineers and physicists usually deal with such quantities more infor- 
mally by using the physically appealing idea of infinitesimals. 


Density and Double Integrals 


ligure 1 Consider a quantity g distributed in a continuous but perhaps nonuniform manner 
y over a region R in the xy plane. For instance. q could be mass. electric charge. 

AA = area of AR energy, or even a measure of the probability of finding a particle in various sub- 

regions of А. Let (x. у) be a point in А. and consider a small subregion AR of А 

ES (ху) with (x. v) in AR. If Ag represents the amount of the quantity g contained in AR and 

c if AA is the area of AR, we define Ag/AA to be the average density of g over the 


region AR (Figure 1). Now imagine that XA "shrinks down toward the point (x, y)" 
so that АА — O0. The density of q at the point (x, у) is defined to be the limit (if it 
exists) of the average density Ag/AA as AA — 0. In what follows, we use the 
symbol o(x. у) to denote this density (o is the small Greek letter **sigma""). so that 


Using differential notation, we can write the last equation as a(x, v) = dq/dA, 


or as 
dq = a(x. v) dA 


Figure 2 


y 


Figure 3 


Figure 4 


Y 


w X. 
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We regard this formula as giving the infinitesimal amount dq of the quantity q 
contained in an infinitesimal region of area dA around the point (x. y). We also 
refer to dq as an element of the quantity д. By "summing.'' or, more accurately, 
integrating all these elements of q, we obtain the total amount of the quantity q 
contained in the region R: 


4 = | | ota, у) dA 
J 


EXAMPLE t An electric charge of q coulombs is distributed over the triangular 
region R of Figure 2 so that the charge density at any point (х. v) in R is given by 


a(x, у) = (x = х2)(у — y?) coulombs per square meter 
Find the total electric charge q on the region R. 


SOLUTION Тһе total charge on R is given by 


q= I a(x, y) dA 
R 


1 x 
| | @ x2 — v?) dae 
o 40 


| (х= x? m = =) | dx 


ll 
үл 
иы, 
о 

| 
un 
[o | 
b 

28 
„|5 
— 

a 

- 


zm AC mo : 1 
— + +) = — coulomb 
2/2] 


Moments and Center of Mass 


Suppose that a particle P of mass m is situated at the point (x, v) in the xy plane 
(Figure 3). Then the product rx, the mass m of the particle times its signed distance 
x from the y axis, is called the moment of P about the y axis. Similarly, the product 
my is called the moment of P about the x axis. 

Now, suppose that a total mass m is continuously distributed over an admissible 
plane region R, say in the form of a thin sheet of material. Such a thin sheet is called 
a lamina (Figure 4). Let ø be the density function for this mass distribution. 

If (х, y) is a point in R, consider an infinitesimal region of area dA containing 
(x. y). The element of mass contained in this infinitesimal region is given by 


dm = o(x, у) dA 


and the signed distance of dm from the x axis is v units; hence, the moment of this 
element of mass about the x axis is given by 


dM, = (dm)y = a(x, у)у dA 


А 


The total moment M, of the lamina about the x axis is obtained by "summing." or, 
more accurately, intregating all such infinitesimal moments, so that 


M, = | | ox. у}у dA 


dec 
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Figure 5 


MULTIPLE INTEGRATION AND VECTOR CALCULUS 


center of mass = balance point 


Similarly, the moment M, of the lamina about the y axis is given by 


M, = [| olx, х)х dA 
R 


Also, the total mass m of the lamina is given by 


m= i a(x. у) dA 
R 


By definition, the coordinates x and ¥ of the center of mass of the lamina are 


given by the equations 
| a(x, у)х dA 
M, 5 


| R "n 
j^ J | a(x, v) dA ш | | ox, x) dA 
R 


R 


Notice that 
mx = M, and my — M, 


In other words: 


If all the mass т of the lamina were concentrated in a particle P at the center of 


mass, then the moments of P about the x and v axes would be the same as the 
moments of the whole lamina about the x and у axes, respectively. 


In physics it is shown that a horizontal lamina balances perfectly on a sharp point 
placed at its center of mass (Figure 5). 


EXAMPLE 2 A lamina R ts bounded above by the graph of y = V/x, below by the 
х axis, and on the right by the vertical line x = 8. The mass density of the lamina at 
the point (x. y) is given by a(x, v) = Kx, where К is a positive constant. Find (a) the 
total mass m of the lamina, (b) the moments M, and M,. and (c) the center of mass 
(c 


SOLUTION The region R occupied by the lamina is of both type I and type II 
(Figure 6). We regard it as type II in iterating our double integrals. 


2 rs 3 rae T5 
(a) m= Jl a(x, у) dA = | [ Kx dx dy = | ( 5 ) dy 
у 0 = y 
JADp 384k 
=k 1i (32 = z5) ) ay = «(32у = zf = mass units 
2 14 7 
2 mpm e 
(b) M, = [f g(x, yy dA = | | kxy dx dy = К IG 


у y^ 
=k E - 5) йу = К 16x? ES = 48k 
16 


0 
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2 ma а TE 
and М, = [| a(x, у)х dA = | | kx? dx dy =k | e- ) dy 
j R о y 0 3 3 


у? 


35B 512 мо ү [2 1536k 
чү e Е I = 
0 E 3 3 30 0 5 
fy ites RUNE: оша 55 5 
c) y = — = go cms an n ae ka — 
е moo 5 тя 384k 8 


Hence, the center of mass is (X, y) = (Ë 5). 


Centroids 


A distribution of mass (or any other quantity) whose density function ø is constant 
on a region R is said to be uniform, or homogeneous, on R. If a quantity is 
distributed uniformly on А, then the amount of this quantity in any subregion К, of 
R is proportional to the area of R, (Problem 18). 

The centroid of a planar region R is defined to be the center of mass of a uniform 
mass distribution on R. If the density of such a uniform distribution is given by 
a(x, y) = k for all (x, у) in А, where k is a constant, then the coordinates (X, y) of 


the centroid of R are 
{| a(x, у)х dA К Ii х dA [| X dA 
R R R 


E = SO — 
Ii a(x, y) dA «ff dA || dA 
R R 


R 


[| a(x, у)у dA К {| у аА | у dA 
= R R R 


y = = = = 
Il a(x, y) dA k i dA Ii dA 
R R R 


Since A = {J dA is the area of the region R, we can also write 


Figure 7 y 


EXAMPLE 3 Find the centroid of the region R bounded by y = x + 2 and y = x?. 


SOLUTION The region R is of type I (Figure 7), and we have 
2 Ал D 
a=] | ay dx = | (x + 2 — x?) dx 
Si he =] 
2 з e 


X X 
( ape = E 
2 3 


= 3 square units 


= 
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Figure 8 


centroid = balance point 


Figure 9 y 


Therefore, 
1 9 2) х+2 
х = кла: x dy dx 
A R =? 
? 2 D 4 2 
= >l [xx + 2) - x4) dx = — [m +х?— 2) 
0) е GN 3 4/11 
Se EL 
"im PA? 
and 
|| ваа) ааа) о i 
ү = — Y dA ^ — dy dx = — = + 2)? – jh 
y nt. ‹ eae: y dy dx 9 Bo ) re || ake 
l zi) s 2 2 
= (заваа) ает 
9 E 9 15 15 5 


Consequently, the centroid of R is (X, y) = (5, $). 


The centroid of a plane region is a purely geometric notion and is independent of 
the physical concept of mass. Indeed, if (x, v) is the centroid of a region R, then x 
should be thought of as the “‘average’’ x coordinate of points іп R, and y should be 
regarded as the ‘‘average’’ y coordinate of points in R. However, as can be con- 
firmed by experiment, if a thin sheet of metal of uniform density is cut in the shape 
of R, it will balance perfectly on a sharp point placed at the centroid of R (Figure 8). 
Thus, if R has an axis of symmetry, then the centroid of R must lie on this axis. 
Also, the position of the centroid of a region is independent of the choice of the 
coordinate system; hence, in finding the centroid, the coordinate axes can be chosen 
for convenience of calculation. 


EXAMPLE 4 Find the centroid of the region R inside the circle г = 4 sin Ө and 
outside the circle r = 2 (Figure 9). 


SOLUTION Solving for the points of intersection of the circles, we obtain 
(2, 7/6) and (2, 57/6) (in polar coordinates). Thus, the region R can be described in 
polar coordinates by the conditions 7/6 = 0 = 57/6 and 2 =r = 4 sin Ө. By sym- 
metry, the centroid of R lies on the у axis; hence, x = 0 and it is only necessary to 
find y. The area A of R is given by 


53/6 f4sin Ө 
a=|{ а= | | ғ dr d6 
R /6 2 


T, 


] 51/6 
э 
pa T/6 


4 sin 6 5 п/б 
) 40 = | (8 sin? 0 — 2) 40 


2 T/6 
57/6 | = Coso 
= s( ——"——] - 2] ae 
п/б = d 
5T/6 
= (2 — 4 cos 20) dé 
7/6 
57/6 
1/6 


T 
= E + 2V3 square units 


THEOREM 1 


Figure 10 


ir 
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Therefore, 


2 

A R 

] 57/6 А r? 4sin 6 
а Ie “| К 
А т/б 34 2 

1 

А 


53/6 1 
| A (64 sinf 0 — 8 sin Ө) dé 


1/6 
32/6 — 4 cos 20 + cos 40 
z Ee les ЕЕЕ = Л аө 
ЗА 2.6 8 
8 57/6 
= — (3 — 4 cos 20 + cos 40 — sin 0) d0 
3A 7/6 
Sof н sin 40 те 
= 3 (36 — 2 sin 20 4 + cos 6 
3A 7/6 
3V3 3V3 1 | 
= и a - = = — (lór + 6V3) 
3A 3 8 2 8 3A 
_ 167+ 6У3  8m43V3 
Дл (ИЭ E 
Thus. the centroid of R is 
a.m (0, 52523) 
=? отп + 3V3 


The following theorem provides ап interesting connection between centroids and 
volumes of solids of revolution. 


Theorem of Pappus for Volumes of Solids of Revolution 


Let R be an admissible planar region lying in the same plane as a line L and 
entirely on one side of L. Let r be the distance from the centroid of R to the line 
L. and denote the area of R by A. Then, the volume V of the solid of revolution 
generated by revolving R about the line L is given by V = 2zrA. 


For an indication of a proof of Pappus' theorem. consider the case in which R is 
a type ] region in the first quadrant (Figure 10) and L is the y axis. Notice that r — x, 
so we must prove that V = 27xA. By definition of x, we have 


b (x) 
XA = ETE | K x dy dx 
R 


а "g(x) 


b 
| ку Ло у 


а 


Therefore, using the method of cylindrical shells (Section 6.2), we obtain 


b 
V= 2л | хД) — 60] dx = 27xA 


a 


as desired. 
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Figure 11 


i 
- T - 
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Figure 12 


Figure 13 


Figure 14 


mass nm 


EXAMPLE 5 A circular disk R of radius a units is revolved about an axis L which 
is in the same plane as R and r units from the center of R, r > a. Find the volume V 
of the doughnut-shaped solid (torus) thus generated (Figure 11). 


SOLUTION By symmetry, the centroid of R is its center. Since the area of R is 
given by A = ma’. Pappus’ theorem gives V = 2arA = 2х”га°*. 


Moment of Inertia 


Consider a force F acting at a point P in a rigid body, and let AB be an axis not 
passing through P. Let O be the point at the foot of a perpendicular dropped from P 
to AB (Figure 12). Denote the absolute value of the scalar component of F in the 
direction perpendicular to the plane containing AB and OP by Ẹ. If Ẹ = 0, then the 
force F tends to cause the body to turn about the axis AB; in fact, it produces a 
definite angular acceleration @ radians per second squared about this axis. The 
quantity L defined by — 
L = Е|ОР| 

is called the magnitude of the torque caused by the application of the force F. It is 
shown in elementary mechanics that L is proportional to the angular acceleration, 


L-liga 


where the constant of proportionality /43, which is called the moment of inertia 
of the body about the axis AB, depends only on the axis AB and the distribution 
of mass in the body. 

In Figure 13, a particle P of mass m is attached to the origin O by a rigid massless 
rod of length r — |OP| and made to move in a circle in the yz plane by a force F 
lying in the yz plane and perpendicular to OP. If 0 denotes the angle in radians 
between the y axis and OP, then, by definition, а = d?0/dr^ gives the angular 
acceleration of P about the x axis. Here it is easy to show that 


T0 
[F| = mr = 
dt^ 


(Problem 56); hence, multiplying by ғ and noting that L = EJOP| = |F|r and 
a = d?0/dt?, we obtain В 
L = тга 


Thus, the moment of inertia of a particle Р about an axis (in this case, the x axis) is 


given by 


where т is the mass of the particle and г is its distance from the axis. 

Using the result above, we can now tackle the problem of finding the moment of 
inertia of a lamina, occupying a region R in the plane, about an axis lying in this 
plane—say the x axis for definiteness. Suppose that the lamina has density a(x, у) 
at the point (x, v), and consider an infinitesimal region of area dA containing (x, v) 
(Figure 14). The element of mass contained in this infinitesimal region is given by 


dm = o(x, v) dA 
and the distance from dm to the x axis is |y| units; hence its moment of inertia about 


the x axis is 
Sd 
dl, = |у dm = a(x, yy? dA 
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The total moment of inertia I, of the lamina about the x axis is obtained by **sum- 
ming,’ or, more accurately, integrating all such infinitesimal quantities d/,, so that 


= | atx. y)y^ dA 


Reasoning in a similar way, we find that the moment of inertia I, of the lamina 
about the y axis is given by 


1, = | | atx, Xx? dA 


2 


R 


More generally. the moment of inertia J, about the line /: ax + by + c = 0 is given 
by 


" E э 
(ах + by + су 


dA 


"E | | o(x, у) = = 
oe as t pa 


(Problem 50). 

We can also ask for the moment of inertia of the lamina about an axis perpendicu- 
lar to the plane of the lamina. If this axis passes through the origin, the result. called 
the polar moment of inertia /„, is given by 


1, = | a(x, ух? + у”) dA = 1, +1, 
^ 


(Problem 57). 


EXAMPLE о Find the moments of inertia /,, /,, and Z, of a square lamina whose 
sides are 2 centimeters long and parallel to the x and y axes and whose center is at 
the origin. Assume that the lamina is homogeneous (that is, its mass is distributed 
uniformly) and that its total mass is 8 grams. 


SOLUTION The area of the lamina is 4 square centimeters. Since it is homogene- 
ous, its mass density is a constant, $ grams per square centimeter. Thus, o(x, у) = 2 
for all points (x, у) within the lamina. Here 


1 fi 
n= |] a(x, у)у? d «2 [| у? a-2| | y? dx dy 
r r ESSI 
1 ч б Ay3 ` 1 8 З 
=? 53 dy = ( 2 ) = —— рст 
= BFF 3 


ie 
I 
—, 
—, 
a 
т 
= 
«X 
[m] 
il 
кә 
Ss 
— 
m 
мы 
ll 
кә 
——, 
—, 
н 
t3 
m 
My 
©. 


R -1 7-1 
5 E P ә 1 8 
= — x dy=— | 2dy=— gcm? 
Se MI ас н ы с 
апа 
pom | a(x, W(x? + у?) dA = I, + Il, = — g- cm? 


© 
л 


tw 
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O= =a, O= 
atk, у) = 3° 


SOLUTION 


1, 


li 


Problem Set 15.5 


Electric charge 1s distributed over the region R bounded by the 
parabolas y? = x and x^ = y with a charge density c given by 
a(x, y) = x? + Ҷу? coulombs per square centimeter. Find the 
total electric charge on the region R. 


One coulomb of electric charge is distributed uniformly over the 
region R bounded by the parabola y = x^ and the straight line 
y =x + 2. Find the (constant) value of the charge density if 
distances are measured in centimeters. 


In Problems 3 to 17, assume that a lamina with mass density func- 
tion с occupies the region R in the xy plane. Find the total mass т 
and the coordinates (x, v) of the center of mass of the distribution. 
Assume that mass is measured in kilograms and the distance in 


meters. 

3 Е: О= х= 3,0 =у53 – 0; of y2x Ну? 

ЧЕ = x = By = Е 5з сіт у) = 

5 В: 0=у=4, yt- 27у == 2; ol. у) = б 

GERI Sy s 2) N/3 Sy =n уо у) о 

7 R02 y = 1, y =x = 1: off, у) = 3 + Sy 
8R:-3zxz3,.-3-yx VI- x; ot, у) = y 3 

9 R:the triangle with vertices (0. 0), (3. 0), and (3. 5); (х,у) = x 
10 А: the triangle with vertices (0, 0), (4, 0), and (4, 4); 

TY) = 5 

11 А: the region bounded by y? = x and y = x: a(x, у) = 2x + 1 


Find the moment of inertia /, of a lamina occupying the region R: 
jn 

es wx 

kilograms per square meter. 


if the mass density at the point (x. v) is given by 


|, ay, yy? dA 
R 


1 N ma | 1 

| | (Зу*)у” dy dx = | (+ 

=i a 
E (| — 8 dic s 


6 


Nee 
) dx 


v 


(1 = 3x? + 3x7 — x9) dx 


l ( cd: MENT! 
(тек + aa |. 
2 \ 5 7 
3s kg: m? 


12 


13 


14 


— 
л 


17 


18 


In Problems 19 to 32, 


у= aes Ie 


R: the region bounded by the curves y = x — 1 and y = | = x5; 


ОЗЕ х? + у? 


К: the region in the first quadrant bounded by the curves 


= y= 0, x = 0, and x= 2; о(х, у) И) 


R: the region in the first quadrant bounded by the curves y = e*, 
х= 0, y = 0, and x = 2; a(x, у) is proportional to the distance 
of the point (x. у) from the x axis and o(0, 1) = 1. 


Кух? +251. х2 0. ¥ 20; ols y) = Мх? t y^ 
К: the с. еш зе by the cardioid r= 1 + cos 6; 
CX WC 


К: the region enclosed by one leaf of the four-leaved rose 
r = sin 20; a(x, y) = Va? + у”. Use the leaf in the first quad- 


rant. 


Suppose that mass is distributed uniformly on a plane region R. 
Show that the mass on an admissible subregion R, of R is pro- 
portional to the area of А]. 


find the centroid (x, Y) of the region R 


bounded by the given curves. 


19 v=x. у= 0, and x = 1 
20 y = 6x — x7 andy 2 x 
21 у = 2y and y = х 

22 v 2 2N x and y = х2/4 


< 
11 


x? and у = 4х — х? 


y = V25 — x? and xy = 12 


E 
VS aoa 2 


4 д, i E 


озата 
у= 

у= sin x, y — x, and x = 7/2 

Inside the circle r = 4 cos Ө and outside the circle r = 2 


The first-quadrant region that lies inside the curve r = 2 sin 20 
and outside the circle r = V3 


Inside the cardioid r = 2(1 + cos 8) and outside the circle r = 2 


The leaf of r = 4 cos 26 that cuts the positive x axis 


In Problems 33 to 36, use the theorem of Pappus to find the volume 
of the solid generated by revolving the region bounded by the given 
curves about the indicated axis. 


33 
34 
35 
36 


у= х? and y = 2х + 3 about the x axis 
y — x, x + y = 2, and y = 0 about the line y = —2 
2x + y = 2, x = 0, and у = 0 about the y axis 


x= V4 — y, x = 0, and у = 0 about the line x = —2 


In Problems 37 to 48, find the moment of inertia /, and the moment 
of inertia /, about the x and y axes, respectively, of a homogeneous 
lamina of total mass 1 kilogram occupying each region R. Assume 
that all distances are measured in meters. 


SW) ipe esses ll. qvem pesa 

ai he Wes sess А nap jl ss у= ji 

39 6: 0=х=1, х SyS Ух 

о == зое 

41 R:0sxzl,x'zyzx 

42 К: the region bounded by у = x°/4 and у = |x| 
43 К: the region bounded by ху = 4 and 2x + у = 6 
44 К: the region bounded by y = е^, v = e, and x = 0 
45 К: 0=0= m, 0zrz1-—cos 8 

46 Е x =, 0 rs 2 cos 20 

47 к= 2000 sr 33 


49 


50 


un 
ә 


53 


54 


л 
"л 


56 


57 
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oe = 6 0 x r^ = 8 cos 20 
xg pc 2 


Find the moments of inertia /,, /,, and /, for a lamina occupying 
the region А: 0 x=2, 0 y 2 — x if the mass density 
function ø is given by a(x, y) = x + 2y grams per square centi- 
meter. 


A lamina occupies the admissible region R and has mass density 
function с. Show that the moment of inertia of the lamina about 
the line /: ax + by + с = 0 is given by 


(ax by + с}? 
= |] О(Х — = pomum dA 


A lamina occupies the region К: -—7/2-zx- 7/2, 
0 = у = соѕ х and has mass density function о given by 
o(x, у) = y grams per square centimeter. Find its moment of 
inertia /, about the x axis. 


Find the moment of inertia about the x axis, /,, about the у axis. 
I,, and about the origin, /,, of a homogeneous lamina in the 
shape of one leaf of the four-leaved rose r = a cos 26. Use the 
leaf that cuts the positive x axis, and assume that the total mass 
of the lamina is т grams. 


Find the moment of inertia about the у axis, /,, of a homogene- 
ous lamina of total mass т grams in the shape of a lemniscate 
г? = 2a? cos 20. Assume that distances are measured in centi- 
meters. 


A circular lamina of radius r, is centered at the origin. Its total 
mass is т grams, and its density at a point r units from the origin 
is proportional to r^, where п is a constant. Find its moment of 
inertia /, about the x axis. Assume that distances are measured in 
centimeters. 


Find the polar moment of inertia /, of a ring-shaped lamina 
occupying the region 1 = x^ + y? = 1 if the mass density func- 
tion c is given by o(x, у) = (x? + y)! grams per square 
centimeter. 


In Figure 13, let R be the variable position vector of P, so that 
К = (г cos 0)j + (г sin Ө)К. Here, s = r0. (a) Show that the 
tangential component vector of the acceleration is given by raT, 
where a = а?ө/а?. (b) Show that the normal component vector 
of the acceleration is given by —(d0/dt)’R. (c) Since Е is the 
tangential force acüng on P, use part (a) to obtain the result 
|F| = mra. (d) Calculate the normal force acting on P, and ex- 
plain what provides this force. 


Derive the formula for the moment of inertia of a lamina occu- 
pying an admissible region R in the xy plane about an axis per- 
pendicular to the plane of the lamina and passing through 
the point with xy coordinates (а, b). Assume that с is the 
mass density function for the lamina. In particular, show that 
Il, = He thee 
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Figure 1 


Figure 2 


15.6 


Triple Integrals 


Triple integrals over solids in xvz space are defined by an obvious analogy with the 
definition of double integrals over regions in the xy plane. The details of the defini- 
tion are best left to advanced calculus, so here we simply outline the main ideas. 
Given a solid region 5 in three-dimensional space, such as a rectangular box, a 
cube, a pyramid, a ball, an ellipsoid, and so forth, and given a function f of three 
variables defined at each point (x, у, 2) in 5, we define the triple integral 


I [СО лу) ау 
5 
(if it exists) as follows. 


First we enclose the solid S in a rectangular box B with edges parallel to the 
coordinate axes (Figure 1). The box B is now partitioned into a large number of 
smaller boxes by intersecting it with planes parallel to the coordinate planes (Fig- 
ure 2). These smaller boxes are called the cells of the partition. All cells of the 
partition that do not touch the solid region S are now discarded. The remain- 
ing cells, which, taken together. contain the solid 5 and 
roughly approximate its shape, are now numbered in some con- 
venient way and called, say, А5;, А$»,..., ASe П 
maximum diagonal measurement of all these cells is called 
the norm of the partition and denoted by ту (the Greek letter 


гау 
Points are now chosen, one from each cell AS;, 
A85... . , AS,,, in such a way that each chosen point 
belongs to S, and the point chosen from the Kth cell is de- 
y noted by (xi, yz, zz) fork = 1, 2, .. . , m. The partition, 
together with the chosen points, is called an augmented 
partition. 


Corresponding to each augmented partition we can form a 
Riemann sum 


"m 


У fit, ЎЎ. zEY AV, 
k=1 


where AV, is the volume of the Ath cell AS. We can now 
define the triple integral to be the limit (if it exists) of such 
Riemann sums as the number of cells becomes larger and 
larger in such a way that the norm 7 approaches zero; in 
symbols, 


m 


jp 2) «У = lim. P. fx. yë, cP АУ, 
3 mt ms 


If we write 


dV = dx dy dz 


Figure 3 


2= hix. v) 
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then we can write the triple integral of f over S in the alternative form: 


| [| RCE e 
$ 


If the limit of Riemann sums that defines the triple integral of the function jf 
exists, then f is said to be (Riemann) integrable on the solid 5. In advanced calculus, 
it is shown that if $ is an admissible three-dimensional region (Section 6.1) which 
contains all its own boundary, and if f is continuous on S, then f is integrable on 5. 
Thus, triple integrals satisfy the analog of Property 1 (the existence property) for 
double integrals set forth in Section 15.2. As a matter of fact, the obvious analogs of 
Properties 1 through 8 of double integrals given in Section 15.2 hold for triple 
integrals (Problem 38). For instance, the analog of Property 2 is the following: If S 
is an admissible three-dimensional region of volume V, then 


| | | Д\з. у, Е) dx dy de 


It сап be shown that a triple integral of a continuous function over an appropri- 
ately shaped solid can be reduced to an equivalent iterated integral—here, however, 
the iterated integral involves a double integral. In fact, we have the following. 


Procedure for Evaluation of Triple Integrals by Iteration 


Let R be an admissible region in the ху plane which contains all its own boundary, 
and suppose that g and й are continuous functions defined on R and satisfying 
gx, у) = h(x, y) for all points (x, y) in А. Let S be the solid consisting of all points 
(x, у, z) satisfying the conditions that (x, v) belongs to R and 


8(x, y) S z « h(x, y) 


(Figure 3). Then, if f is a continuous function defined оп $, 


hU) 
Jil ue gan {| [| f. v. 
5 R 


2=р(л.ү) 

In this iteration procedure, notice that the solid 5 is 
bounded above by the surface z = A(x, Y). below by the sur- 
face 2 = р(х, y), and laterally by the cylinder over the bound- 
ary of R with generators parallel to the z axis. The inside 
integral 


=) a-| dA 


z=hħhix.y) 
| JG y. 2) dz 
z—g(x.y) 
is, of course, calculated while x and y are temporarily held 
constant. After it is calculated, the outside double integral 
can be evaluated by using the methods given in Sections 
Т2 567 ала 5: 
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EXAMPLE 1 Evaluate If (x + y + 2) dV, where S is the solid bounded above 


E 
by the plane z = 2 — x — v, below by the plane z = 0, and laterally by the cylinder 
over the boundary of the triangular region R:0 € x = 1,0 = yx I — x (Figure 4). 


SOLUTION We use the iteration procedure with g(x, у) = 0, A(x, у) = 
2 — x — y, and К as described. Thus, 


IH Wty +e) dV = Jl lE Cerrada 
s =0 
Figure 4 z " [| [he +» + 2) 2 ‘| aa 
0 
Е аа 
= [| I — 
= 16-5 у= -) dA 


EXAMPLE 2 Find the volume V of the solid bounded by the parabolic cylinder 
y = x), the xy plane, and the plane y + z = 1. 


SOLUTION The volume V is given by 


ffo 


oe (0) SS = Жү (x, y) in R 


where S is the solid given by 


Figure 5 2 and R is the region in the xy plane given by 
R: -1=х=1 xyxyxl 


(Figure 5). Thus, 


V dz) dA = 


ll 
ELT 
= —— 


iH 
fe 

|= = 

= 

I 
| 

+ 

E 
= A 
i = 

| 

Le] 

с 

= 

O 

c 

5 

= 


15 


Figure 6 


Figure 7 


y = g(x, z) y (x, 2) 
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E EXAMPLE 3 Find the volume V of the solid S bounded by z + x? = 9, y + = 4, 


y = 0, and y = 4. (Round off your answer to two decimal places.) 


SOLUTION The surface z + x? = 9 is a parabolic cylinder, opening downward. 
with generators parallel to the y axis; hence, it must form the upper boundary 
surface of S. The surface y + z = 4 isa plane which cuts the plane z = 0 in the line 
y — 4 and forms the lower boundary surface of 5 (Figure 6a). The desired volume V 


is given by 
y- | | | 2m 
5 


To evaluate the triple integral by iteration, we must determine the region А ob- 
tained by projecting the solid 5 perpendicularly onto the xv plane. Obviously, the 
lines y = 0 and y = 4 provide two of the boundaries of R. In order to determine the 
remainder of the boundary of К, we notice that the upper and lower surfaces bound- 
ing the solid 5 meet in space in a curve consisting of all points (x, у, z) satisfying the 
simultaneous equations 

Б fo EO 
ytz=4 
The remaining boundary of R is obtained by projecting this curve perpendicularly 


on the xy plane, and this can be accomplished algebraically by eliminating the 
variable z from the two simultaneous equations. Thus. y + 9 — х2 =4 or 


у= 5.950 that x= Мур. 


The region R is evidently of type Il. and is described by 0 - y - 4 and 
= Wise S SSW RS (Figure 6b). Thus, 


v=|{fav- [| — 2 a:) а= |fo-e+na 
a f ^ боа as| dy 


о х= = М5 


[len 


5 2 
| hovers - Luise eversa 
0 


x=WVy+5 
| ES 


x=—Nyt+5 


4 


0 4 Е; 4 20 
= {|= ‚+ 5)3/2 — — (God See + — (++ Gy — Ter v: 
E (у ) 15 (у ) 5 (57 or 3), 3 aX) : 
4 


8 
sk. (243 — 25 V5) = 99.79 cubic units 
0 


8 
zm КЕ | 
|= (5:259) 


In the iteration procedure for triple integrals, we can change the roles of the 
variables x, y, and z. For instance. in Figure 7 we have a solid 5 bounded on the left 
and right by surfaces y = g(x, z) and у = h(x, z), respectively, and bounded later- 
ally by the cylinder over the boundary of the region R with generators parallel to the 


y axis. Here, the admissible region R is contained in the xz plane. and we have 


, Јл у. 2) dV = || b E d. 2) dy | aa 


¥=e(x,2) 
provided that fis a continuous function on 5. A similar result obtains if S is bounded 


behind by x = g(y, т), in front by x = А(у, с). and laterally by a cylinder with 
generators parallel to the x axis. 
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In summary, then, there are really three cases of the iteration theorem for triple 
integrals of continuous functions over solid regions, depending on the shape of the 
solid: 


Case 1 R is an admissible region in the xv planc, and the solid 5 consists of all 
points (x, у. z) such that (x, y) is in А and g(x, y) =z € A(x, y). Then 


Cir qe С zed a.v) 
11) Od V {| fl JU) "1 dA 
AS R E 


(А.У) 


Case 2 R is an admissible region in the xz plane, and the solid S consists of all 
points (x, у, 2) such that (x, z) is in А and g(x, с) = y = h(x, с). Then 


TTE у= А.с) 
ffl Дх. кг) а= [| ji Sra) «| dA 
$ R V g(x.z) 


Case 3 R is an admissible region in the yz plane, and the solid S consists of all 
points (x, у, z) such that (у, z) is in R and g(y, 2) = x S A(y, z). Then 


ni r n " rx (У.с) 
J [| fix, v. 2 dV = [| | | Oe SS) as| dA 
R "x — gl v.z) 


J 
S 


EXAMPLE 4 Evaluate nn 3z dV if S is the solid bounded by x = 0, v = 0, 
S 
z=1,2=0,andx+y+2=2. 


Figure 8 SOLUTION The surface x + y + z = 2 is a plane with x, y, and z intercepts all 
equal to 2, and it forms the front boundary surface of S. The remaining boundary 
surfaces are the coordinate planes and the plane z = 1 (Figure 8). We treat S as in 
case 3, with the region А in the yz plane described by 


R:0xzzxl (sse em 
and the solid S described by 


SEE 2 у= Е (у, 2inR 


|| а з: dr) da = || Be — 39 =) 
R 


x=0 
y 


Thus, 


[ff «a 


Il 
— u—3À {к= > 
D ч 
o Il 
а) 
a 
11 

о tl 
t3 
l 
n 

2 

ti 

PN 

t3 

| 

Е 

| 

ty 

— 

SR. 

< 
ЕЕЕ 

= 


The integral in the previous example can be written as 


xz2—y-z z=1 y-2—z x=2-—y-z 
[| (| 3g ах) dy dz = | ji (| Bz ax) | dz 
R x=0 = 


z=0 у=0 х=0 
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and, in this form, it is called a threefold iterated integral. Unless confusion threat- 
ens, the brackets and the detailed information about the limits of integration are 
usually omitted, and the threefold iterated integral is simply written as 


1 Oe Су 
| | | 3z dx dy dz 
о "0 0 


The order of integration is determined by the order of the differentials, reading from 
left to right, just as for the twice-iterated integrals considered in Section 15.1. 


z/2 fl fè 
EXAMPLE 5 Evaluate the threefold iterated integral | | | x cos y dz dx dy. 
0 OO 


SOLUTION 
z/2 fl fx 7/2 lp pe 
| | | х соз y dz dx dy = | | (| X COS y dz) 4| dy 
0 о а 0 0 “о А 
1 E 
i le cos Y)z | | ax} dy 
0 0 


| 
Ju 


y 


a/2 1 
( | x? cos y dx) dy 
| 


| 0 
a/2 ү x? 1) 
= = won| Jas 
$ “з o’ 
ЗЕ ый = ы 
= y= = — [| 
"HL Ре «ИИ 


The evaluation of a triple integral by iteration always leads to an iterated integral 


of the form 
w-ht(u.v) 
{J [f Jugis w) a| dA 
R 


w-—g(u.v) 


where н, v, and w represent the variables x. y. and z in some order and where А is 
an admissible region in the uv plane. If the plane region R is of type I or of type H, 
the last integral can be rewritten as a threefold iterated integral having either the 


form 
u-b v=H(u) w-h(u.v) 
| | | fiu, v, w) dw dv du 


u=a ъ= Си) w= e(u.v) 


v=b и=Н(у) w-h(u.v) 
| | | Ки, у, м) dw du dv 


v=a и=С(у) w-gi(u,v) 


or the form 


Problem Set 15.6 


In Problems 1 10 6, evaluate each threefold iterated integral. 


ISTE y, Го USED QN а-у Y жй no 
1 | | | y dz dy dx 2 | | Í 5x dx dz dy 4 Í | | xz dz dx dy S i | i z* sin y dz dy dx 
о % 0 оо 4 о -0 0 & 5. 
iere irs w/2 f2siny р2—(22/2) 
3 | | | (x + в) dy dz dx 6 i | | z dx dz dy 
ПИО 0 0 0 0 
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In Problems 7 to 10, (a) evaluate each threefold iterated integral; 


(b) rewrite the integral as an iterated integral of the form 
ил) 

|| | fiu, у, м) dw | dA, where и, у, and w аге the variables 
pi. v) 


x y, and z in some order; and (c) rewrite the integral as a triple 


integral. 
оона EAS Al Гу (Ysy 
7 | | i УЧ: ах dy 8 | | | z dz dx dv 
o J 0 о Jo + 
1 fNI1-2 (мт? 
9 | Í | хут dy dx dz 
0 0 0 


п y ету 
10 | | | sin (x + v) dx dz dy 
о 5% 4 


In Problems 11 to 20, sketch the solid S, and evaluate each triple 
integral. 
gj) Bx + 2y) dV, where S is the solid bounded above by the 


Pores т = 4, below by the plane z = 0, and laterally by the cyl- 
inder with generators parallel to the z axis over the boundary of 
the square region Kyl = v= I) == a= 3 


12 IJ 3ху dV, where S is the solid in the first octant bounded by 


E 


the coordinate planes and the plane x + y + z = 6 
\\ 


IE y dV, where S is the solid bounded by the cylinder x = y^ 


dd the planes x + z = I and z = 0 


14 Ji xy^z? dV, where S is the solid determined by the condi- 


ао Ее О= у=, and0 = 25 10у 


alt 2 dV, where 5 is the solid bounded by the cylinder 


= 9 — x? and the planes y + z = 9, y = 0, and z= 0 


16 m (ху + 2y) dV, where S 15 the solid bounded by the cylin- 


5 К 
der x? + y? = 4 and the planes x + z = 2, y = 0, and z= 


7 Ji) Vi" + у? dV. where S is the solid determined by the 


| aoa NER Y 


gonuitions х + у? = 1 аі 0 =2= Vx* + y 


18 I x^v? dV, where 5 is the solid bounded by the planes z = 0, 


5 
z-zl,xty-0,xtv-l,x-vy-0,andxc—y-1 


19 JJ va х dV, where $ is the solid bounded by the cylinder 


2 and the planes y = —1, y = 1, and z = 0 


20 Iff z sin (x + y) dV, where S is the solid bounded by the 
5 

planes z =x — узе + у, у 

answer to two decimal places.) 


= x, and x = ] (Round off your 


In Problems 21 to 28, use triple integration to find the volume of 
each solid S. 


21 S is the solid bounded above by z = y, below by z = 0, and 
laterally by the cylinder y = 1 — х2. 


22 S is the solid in the first octant bounded by the cylinder 
y 24 — x? and the planes z = x, y = 0, and z= 


23 S 15 the solid bounded by the planes x + z= 1, у = х, y = 0, 
and z = 0. 


24 S is the solid bounded by the cylinder z — 4 — y? and the planes 


x+2=9,x=0, andz=0. 


25 Sis the solid bounded by the parabolic cylinder z — у? = 0 and 
the planes z = y — x and x = 0. 


26 S is the solid bounded by the elliptic paraboloids z — 
18 — x? — y? and z = х? + 5y? (Figure 9). 


Figure 9 z 


27 S is the solid bounded by the parabolic cylinders z = 5 — x^ and 
z = 4x? and by the planes x + y = 1 and y = 0. 


28 S is the solid bounded by the paraboloid of revolution 
z =x? + у? and the plane z = 2 — x. 
In Problems 29 to 32, express the triple integral Ji Дх, у. =) dV 


as a threelold iterated integral in six different ways Шин is, with six 
different orders of integration) for the given solid. 


Е == OH S20 Sas 


308540 = = 


^ 
о 
iA 
iA 
ә 

| 
tad 
^ 
^ 
„з 


M $:0-x- 


A 
IA 
IA 


les xd mum | —s— yp 


In Problems 33 to 36, describe a solid 5 whose volume is given by 
the threefold iterated integral, and evaluate the integral to find this 


volume. 
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х= 1, -МІ = ху УІ д, as an equivalent threefold iterated integral in which the order of 


integration is dx dy dz. 


38 State the analogs for triple integrals of Properties 3 to 8 of dou- 
ble integrals given in Section 15.2. 


39 Express the threefold iterated integral 


3 [V9-2 fx 
1 lcm des 2 f4 f6 - ae 
33 | | | dx dy dz 34 | | | dz dy dx | | | as а 
о 0 0 ye #3 


0 
2 [v4—3 [4 1 si-x £6 as an equivalent threefold iterated integral in which the order of 
35 | | | dy dz dx 36 | [ | dy dz ах integration is dz dy dx. 
(yeu 0 ED 0 


37 Express the threefold iterated integral 


40 Suppose that f is a continuous function defined on all xyz space 


ПЕ Pe EE and that Iff f(x. у, т) dV = 0 for every solid S. Prove that f is 
| | | JA. CEGA ас 5 
0 0 0 


the constant zero function. 


15.7 


Figure 1 z 


Triple Integrals in Cylindrical and 
Spherical Coordinates 


In Section 15.4 we found that conversion to polar coordinates can render certain 
double integrals easier to evaluate. Similarly, as we show in this section, conversion 
to cylindrical or to spherical coordinates can be advantageous in evaluating triple 
integrals. 


Conversion to Cylindrical Coordinates 


A triple integral can be converted to a threefold iterated integral in cylindrical 
coordinates according to the following procedure. 


Procedure for Conversion of a Triple Integral to Cylindrical Coordinates 


Let 05 and Ө, be constants such that O < 0; — 69 = 27, and suppose that С and У 
are continuous functions such that 0 = G(0) = H(0) holds for all values of Ө in 
[05. 01]. Let g and л be continuous functions such that g(r, 0) = h(r, Ө) holds for all 
values of r and Ө with 6) = 0 = 0, and G(0) = r = H(0). Denote by S the solid 
consisting of all points whose cylindrical coordinates (r, Ө, z) satisfy the conditions 


б = 0 0, G(0) = г = H(0) gír. Ө) =2 = (г, 0) 


(Figure I). Then, if f is a continuous function defined for all points (x, у, z) in the 
solid 5, 


0i H0) 
ES DES) av = | | 
$ 8, G(0) 


To see why this procedure works, denote by А the region in the xy plane consist- 
ing of all points whose polar coordinates (r, Ө) satisfy 6) = 0 0, and 
С(0) =r x H(0). Also, let z = а(х, y) and z = b(x, у) be equations of the lower 


hir. Ө) 
| f(r cos Ө, г sin Ө, z)r dz dr dé 


gtr.8) 
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Figure 2 


Figure 3 
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and upper boundary surfaces of S, respectively, written in Cartesian rather than 
cylindrical coordinates. Then, by the iteration procedure of Section 15.6, 


ШЕ Us NS Jl | Or у. 2) de| дА 


2—a(G.y) 


Now, if the double integral over the region R in the last equation is converted to 
polar coordinates as in Section 15.4, the result is the formula shown in the proce- 
dure above (Problem 34). 
Vax? 6 

EXAMPLE 1 Express the integral [1 | | Vx ? dz dy dx as an equiv- 

0 0 
alent threefold iterated integral in cylindrical coordinates, and then evaluate the 
integral obtained. 


SOLUTION The given threefold iterated integral is equivalent to the triple inte- 
gral || Мх? + y? dV, where 
$ === 
О emm О= у= м4 = х? 0=:=6 
(Figure 2). The region 
Re Ol Seq ОЕ = 


is the portion of the circular disk x? + у? = 4 lying in the first quadrant; hence, its 
description in polar coordinates is 


3 


КОО = 32 


N 


Using the procedure for converting a triple integral to cylindrical coordinates, we 
have 


п/2 2 6 
WJ NS + у? dV = | | [ш Vir cos 0)? + (r sin 0)? ғ dz dr d0 
0 


т/2 £2 
i | | Vr? r dz dr dó = | | c 
0 0 
n/2 [2 Р п/2. 2 
= | j^ 6r- dr d0 = | (2r ) dé 
0 0 o 


0 
п/2 


= 87 


6 
) ar do 
0 


m/2 
- | 16 40 = 160 
0 


0 


EXAMPLE 2 Use cylindrical coordinates to find the volume of a right circular 
cone whose base radius is a units and whose altitude is A units (Figure 3). 


SOLUTION If we denote the solid cone by 5 and place its base R on the xy plane 
and its vertex on the т axis at the point (0, О, A), then its volume is given by 


ү 


The upper boundary surface of 5 is formed by revolving the line in the yz plane 
whose equation is (v/a) + (2/h) = 1 about the z axis; hence, the equation in Carte- 
sian coordinates of the upper boundary surface is 

AV MN 

E — = [ Or TILES 


a h 
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(Section 13.8). Since z = A holds for the portion of the surface that actually bounds 
S. we must use the minus sign in the above equation, so that 


[A 5 
z2h——Nx + у? 
а 
+ + . : . + ИЛЫ, ОЁ 
Converting the last equation to cylindrical coordinates. using r = Vx^ + у", we 
obtain 


for the equation of the upper boundary surface of S. 
Since the base А of the solid cone 5 can be described in polar coordinates by 
R:0z0z2m. О = r x a, it follows that 


27 ra rph—(h/aw 2T ра ү h \ 
v= fff avf | | rd: dr do = | | (a е) ar ao 
5 О о 70 0 0 a 


= fpe Bap Pus o Hue hn a : Р 
= = 40 = 2| ——- c emt cubic units 
0 2 3a FA d 3j 


Figure 4 : 


This reconfirms the familiar result that the volume of a cone is one-third its height 
times the area of its base. E 


Conversion to Spherical Coordinates 


A triple integral can be converted to spherical coordinates according to the follow- 
ing procedure. 


Procedure for Conversion of a Triple Integral to Spherical Coordinates 


Let бу. 0,. Фо. Фу. po. and p; be constants such that 0 < 6, — 6 = 27 and 
0 = po < pı. Suppose that the solid 5 consists of all points whose spherical co- 
ordinates (р, Ө, Ф) satisfy the conditions 


Po=p=Pi (ys: (e) S (n фе € ф = Ф| 


(Figure 4a). Then, if fis a continuous function defined for all points (x, y. z) in the 
solid S, 


[1] Госу. s) d¥ 
5 
ing 
= д 


7 To see why this procedure works, consider Figure 4b, which shows a portion AV 
of the volume V of the solid $ in Figure 4a corresponding to small changes in p. 0, 
and ф of amounts Ap, АӨ, and Ad, respectively. Thus, in spherical coordinates, 


Р = (p. Ө, à) К = (p. 0 + A0. ф + Ad) 
(5) О = (р. 0. Ф+Аф T=(p+ Ap, Ө. $) 


Ө fp 
| | fip sin Ф cos Ө, p sin Ф sin Ө, p cos ф) р? sin Ф dp d0 аф 


B, Po 
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Figure 5 
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Notice that AV is approximately the volume of a box with dimensions \PQ}, JOR], 
and |PT|. Clearly. 


IPT] = Ap 
Since P and О lie on a circle of radius |OP| = |OQ| = p. and since the arc PQ 
subtends the angle Аф, we have 


IPQ| = |РО| = p Ae 


In Figure 4b, we see that 
i T т 
$ + Ad + angle QOU = — so angle QOU = — — (ф + Ad) 
Thus, considering right triangle OUQ, we have 


[OU] = [00| cos E —(ф + so) = p sin (ф + Ad) = p sin ф 


g 


Notice that [QR| = [UW] and that U and W lie on a circle of radius |OU| = p sin ф. 
Thus, since the arc UW subtends the angle АӨ, we have 


|OR| = |UW| ~ [OU] A9 = p sin 6 АӨ 
Hence, 
AV = [PO] |QR| |PT| = (p Афур sin ф АӨ)(Ар) = p? sin ф Ap АӨ Аф 


As Ap, A0, and Аф become smaller and smaller, the approximation AV = 
p^ sin ф Ap АӨ Аф becomes more and more accurate, which suggests that the ele- 
ment of volume dV in spherical coordinates should be given by 


dV = p? sin ф dp d0 d 


These considerations should make the formula for converting a triple integral to 
spherical coordinates appear plausible. 


EXAMPLE 3 Express the threefold iterated integral 


з (VOTE рузу 
i | | (x? FEX FEY az de dx 
o 


0 0 


as an equivalent threefold iterated integral in spherical coordinates, and then evalu- 
ate the integral obtained. 


SOLUTION Тһе given threefold iterated integral is equivalent to the triple inte- 


gral 
{ff (x Бе ai 
5 


where 5 is bounded by the first octant portion of the sphere x^ + у? + 2? = 9 and 
the three coordinate planes (Figure 5). Switching to spherical coordinates, and 
noting that 5 is described by the conditions 
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we have I (x^ + y? + zy dv- 


3 
| p | (p^P p? sin ф dp 40 аф 
0 
п/2 f m/2 р? | З 
= [Г | (= sin ф | dé аф 


= 2187 | С (sin Фф 
0 ‘oO 


21877 
2 


| Е 
0 


218737 ( 1) 21877 
5 —cos ф 


2 


Figure 6 S| EXAMPLE 4 Find the volume V of the solid 5 in the first octant bounded by the 
sphere p = 4, the coordinate planes, the cone ф = 7/6. and the cone ó = 7/3 


(Figure 6). (Round off your answer to two decimal places.) 


т m/3 -/2 r4 
SOLUTION V= iW dV = | | f p^ sin ф dp d0 dó 
7/6 


mN 


7/3 r/2 3 1 T/3 Т 
E | I sin 6 d0 dd = Ih © бш o(=) d аф 
п/6 = 
= йш тз = =z, ( T mg 
= за ж Фф) E == wsz = a Ge 
16 


т i= z а 
= TU (V3 — 1) = 12.27 cubic units 


Change of Variables in a Triple Integral 


In Section 15.4, we introduced a general formula for changing variables in a double 
integral. The corresponding formula for changing variables in a rriple integral is as 
follows: To change from the variables x, у, and z to new variables и, v, and w, begin 
by expressing x, y. and z in terms of the new variables, so that 


x = g(u, v. м) y = (и, v, w) and т = (и, v, м) 
The corresponding Jacobian is defined by 
| ox 9 E 
| ди ди ди 
Oss em ы Ox ду 92 
Hu, v. м) | ду ду д | 
a бё бё] 
idw ðw aw | 
Let 5 be a solid in xyz space. and let Suw be the corresponding solid in www space. 
Then. if f is a continuous function on S, 


e 


TT 


S, 


| AG 38 5) | 
a. arise View, 
O(u. v. м) 


[fr у, w), Alu, у, w). Al. у, w)) 
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For instance, the change to cylindrical coordinates 


yields the Jacobian 


x=rcos 0 


11 
ti 


y=rsin@ and 


ty 


Ax, y, 2) КЕ 
Ar, Ө, z) 


(Problem 35), and the change to spherical coordinates 


x =p sin $ cos 0 


yields the Jacobian 


у = рїп ¢ sin 0 and z= p cos ф 


lc Sy ZB) 


ap. à. 0) Ф 0) =p sind 


(Problem 37), in conformity with the formulas given earlier in this section. 


Problem Set 15.7 


In Problems ! to 4, evaluate each threefold iterated integral. 
п f3cos08 f3 
1 Í | | r sin 0 dz dr d0 
0 0 0 
m/2 fsin8 fr^ 
2 | | r cos @ dz dr d0 
ü 


2m r4 
| р? sin ф dp d0 аф 


0 


[2n 
s 
а 
= 
a 
oo 


7/2 ф 2ese 8 
4 f Í | р? sin? 0 sin ф dp dé аф 
0 т, 0 


In Problems 5 to 8, (a) rewrite each threefold iterated integral in 
Cartesian coordinates as an equivalent triple integral over an appro- 
priate solid 5 and sketch the solid; (b) rewrite the triple integral 
obtained in (a) as an equivalent threefold iterated integral in cylin- 
drical coordinates in Problems 5 and 6 and in spherical coordinates 
in Problems 7 and 8; and (c) evaluate the integral obtained in 
part (b). 


E al з=? F dz dy dx 
DU, ea 


i у= ү +y)/2 „ dz dy dx 
6 IIT. 
0 Niet AE 


dz dy dx 
l| ae a Ru ae 


/9- x2 Vo- =y? 
N Ё | xz dz dy dx 


In Problems 9 to 12, convert to cylindrical coordinates, and evaluate 
the integral. 


en] Vit + y у? dV, where S is the solid in the first octant 
bounded by the coordinate planes, the plane z = 4, and the cyl- 
inder x? + уг = 25 

10 Iff (x? + y? qv, where 5 is the solid bounded above by the 
paraboloid of revolution z = 3(x? + у?), below by the xy plane, 
and laterally by the cylinder x? + у? = 4 

(0) E E where S is the solid bounded above by the 


planet z= Eu d d by the plane z , and laterally by the cyl- 


inder x? + y? = 16 


12 I dV, where 5 is the cylindrical shell of height Л > O with 


base on the xy plane between the cylinders x? + у? = a? and 
x? + у? = b?, where b a7 0 


In Problems 13 to 16, convert to spherical coordinates, and evaluate 
the integral. 


wy] М + у? + 2? dV, where S is the region bounded by the 


sphere of radius 3 with center at the origin 


14 I dV, where S is the spherical shell determined by the condi- 


ES f 
tion0 <a sx? +y +2 = Б 


B (x? + y? + z'Y? dV, where S is the solid in the first octant 


S 
bounded by the sphere a^ y?+27=25, the сопе 


= Nx^ + y^, and the cone z = 2 Vx" + у” 


T h ay 


A 
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16 Iff Зе СИИИ тә хш туйшп S is the solid inside the cone ф = 7/6 and between the spheres 
5 


= 2 and p = 4. 
орен x? + у? + 2° = 49 and below by the cone 29 S is the solid inside both the sphere x^ + y^ + 2? = 1 and the 
ми Ар МН cone z= Vx? + y. 
In Problems 17 to 24, use an appropriate integration in cylindrical 30 S is bounded laterally by the sphere x^ + y? + 22 = а? and lies 
coordinates to find the volume V of each solid S. between the lower and upper nappes of the right circular cone 


z2? = px? у”), where a and b are positive constants. 
5 is the solid bounded above by the paraboloid of revolution 


2= 1 — (х2 + у?) and below by the plane z = 0 (Figure 7). (£31 5 is bounded above by the sphere x^ + v^ + z^ = 9 and below 


by the cone z = 2Vx? + y^. (Round off your answer to two 
decimal places.) 


Figure 7 
32 5 15 the solid consisting of all points whose spherical coordinates 


satisfy 0 = 0 = 27, 0 ф = пт, and 0 S p = 2(1 — cos ф). 


33 Find the volume of each of the two parts into which a solid 
sphere of radius a > 0 is cut by a plane passing k units from its 
center, where 0< k <a. 


34 Complete the argument making the procedure for conversion of 
a triple integral to cylindrical coordinates plausible by actually 
iterating the double integral 


С z=b(x,y) 
[| [| (Хх, у, 2) «| dA 
R z—a(x.y) 


in polar coordinates as suggested in the text. What assumptions 
do you need to make? 


35 Let x = r cos 0, y = r sin Ө, and т = z. Show that 
18 S is the solid bounded above by the paraboloid of revolution _ 
z= 8 — (x° + y?) and below by the paraboloid of revolution See 
zx + у?. Ar, Ө. 2) 


19 S is the solid in the first octant bounded by the cylinder Then express ju flx, y. 2) dV in cylindrical coordinates 
s 


x? + y! = 9, the plane z = у, and the coordinate planes. 
20 Sis the solid bounded by the plane z — x and the paraboloid of 36 Suppose that S is a solid consisting of all points whose spherical 
revolution z = x^ + у”. coordinates satisfy the conditions 05 = 0 = 0, С(0) = ф = 


H(0), and g($, 0) = р = h(d, 0), where G, Н, g, and л are 
continuous functions. lf f is a continuous function defined on 5, 
find a threefold iterated integral in spherical coordinates equiva- 
22 S is the solid bounded above by the cone z? = x? + у”, below by If 
5 ae lent t pu А 
the plane z = 0, and laterally by ће cylinder x^ + y = 4x. К. й\нъ зы) айу 
$ 


21 Sis the solid in the first octant bounded by the coordinate planes 
and the surfaces x^ + у? = z and x? + y? = 2y. 


23 S is the solid bounded above by the sphere x? + y? + г? = 8 and 37 Let x 2 p sin $ cos 0, v = p sin ф sin 0, and 2 = p cos ф. 
below by the paraboloid x^ + у? = 22, Show that 

24 S is the solid bounded below by the cone z = Мх? + y^ and Ax. y, 2) "n 
above by the sphere х2 + y? + (z — 3)? = X. VORNE puso 


In Problems 25 to 32, use an appropriate integration in spherical 


ee ee 
coordinates to find the volume V of each solid S. к E Fk toca ш чияш Чыны 


25 S is a solid sphere of radius a. 38 The '"hypervolume"' of a ‘‘four-dimensional hypersphere" of 


26 S is the solid bounded above by the sphere p — 3 and below by radius a is given by 2 | | Í 
the cone ф = 77/3. 


а? — x? — у? — zi dV, where 5 is 


the ordinary solid sphere of radius a in xyz space. Evaluate this 
27 5:0= ф = п/4, пб = 0 q/3, 2 ps4 hypervolume. 
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15.8 


Applications of Triple Integrals 


In Section 15.5 we applied the double integral to the solution of problems involving 
density, moments, centers of mass, centroids, and moments of inertia. In this sec- 
tion we present similar applications of triple integrals. 


Density and Triple Integrals 


Consider a quantity, such as mass or electric charge. which is distributed in a 
continuous, but perhaps nonuniform, manner over a portion of three-dimensional 
xyz space. By analogy with the two-dimensional case considered in Section 15.5, a 
function с of three variables is called a density function for this three-dimensional 
distribution if, for every solid three-dimensional region S, the triple integral 


у= II ac y, Кау 
5 


exists and gives the amount q of the quantity contained in the region S. 

The value of the density o(a, b, c) of a three-dimensional distribution at the point 
(a, b, c) can be interpreted as the limiting value of the amount of the quantity per 
unit volume in a small three-dimensional region AS around the point (a, b, c) as AS 
*'shrinks to zero"' in the sense that the maximum distance between any two points in 
AS approaches zero (Problem 41). 1t follows that an element dq of the quantity q is 
given by 


Moments and Center of Mass 


Consider a continuous distribution of mass over a solid 5 with mass density function 
с. The total mass of 5 is given by 


By analogy with the definitions given for two-dimensional distributions in Section 
15.5, we define the moments of the distribution about the xy plane, the xz plane. 
and the yz plane by 
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respectively. Similarly, the point 


is called the center of mass of the distribution. 
EXAMPLE 1 Find the mass т and the center of mass (x, y, 2) of a solid 5 in the 
first octant bounded by the coordinate planes, the plane z — 2, and the cylinder 


x? y? = 9 if its density at a point P is proportional to the distance of P from the z 
axis. 


SOLUTION Тһе density at the point (x, y, z) is given by a(x, у, z) = Ах? + у?, 
where & is the constant of proportionality. We have 


m= fff a(x, у, z) dV = If kV x? + y? dV 
5 5 


Using cylindrical coordinates, we have 


ape) Шаг? m/2 £3 
m= [ | | (kr)r dz dr d0 = | | 2kr? dr 40 
0 о -0 0 о 


7/2 f Pkr? 
-Í (= 


My = [К zo(x, у. z) dV = fff zkN x? + y? dV 
5 5 


ЛЗ ates Y2 #2 ps 222 
-| | | (zkr)r dz dr аб | | ( 5 
0 о -0 0 0 
{ if 
0 0 


3) T/2 
) d@ = 18k | d@ = 9тК mass units 
0! 0 


Here. 


5 


) ar ao 


о 


m/ 


2kr? dr 40 = 97k 
just as above. Also, 
йй ы = Iff yo(x, y, z) dV — If yk Vx? + у? dV 
5 5 
ay 2 ade pu 
= | | | [ír sin Ө)Кг|г dz dr 40 = | | 2kr? sin 0 dr d6 
0 о -0 0 0 
7/2 kr isin ӨЗ Bp qmm 
- [BL d) = —— sin 0 d6 
2 2 № 


0 о 
81K аЗ р 
2 


(—cos 0) 


0 


Similarly, 


Mon = If xo(x, у. z) dV = {ff xk Vx? + y? dV 
© 5 


п/2 r3 Г? 81K 
= [(r cos @)kr]r dz dr dð = — 
0 o ~0 2 
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Therefore, 


т Oak la 
= Me с 21 9 
T m 9 2m 
and 
E Me тк _ 
^ m mk 


Hence, the center of mass of the distribution is 


(3,5. 3) = it x 1) 


DN 


Centroids 


The center of mass of a uniform distribution (that is, a distribution with constant 
mass density) over a solid S is called the centroid of S. 1f we denote the volume of 
S by V. then we have the following formulas for the centroid (x, у. Z) of S (Prob- 
lem 43): 


ZI 


As before, if S has an axis of symmetry, then its centroid must lie on this axis. 
Figure 1 EXAMPLE 2 Find the centroid of the solid rieh, circular cone bounded above by 
е = h and bounded below by z = (h/a) V. + у? 2 (Figure 1). 
SOLUTION Тһе volume V of the cone is Le by 


hc 
Үү = — та" 
3 


By symmetry, the centroid must lie on the z axis; hence, x = 0, у = 0, and it only 
remains to find z. Using cylindrical coordinates, we have 


:- JJ]: z dV = — 2200000 ae zr dz dr dO 


s 


li I 
E “Г [£- tu tec 
0 0 = 


Ie (59g @ at Ie qe Es 
= — — = =) CS = === i) 
2 a 


( - —) dr dé 


0 


2V Jy 4а° 2V 4 4 
2 21а? _ ?тіга? 
© 8V 80/3) ята? 
NE 
К" 


Therefore, the centroid of the cone is (x, у, 2) = (0, 0. 34/4). 


Figure 2 
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Moment of Inertia 


Again consider a continuous distribution of mass over a solid 5 with mass density 
function ø. Let A be a fixed line in space, and consider an element din of the mass т 
at the point (x. v. z) (Figure 2). Here, 


dm = a(x, y. z) dV 
and the moment of inertia d/4 of dm about the axis A is given by 
dl, = P dm = Potx, y, 2) dV 


where / is the distance from (x, v. z) to the line A. Integrating over the solid 5, we 


obtain the formula 
ln = id Pa(x. 9, E) dV 
5 


for the moment of inertia 5 about the axis A. 
In particular. the moments of inertia /,. /,, and /. of 5 about the x, y. and z axes 
are given by 


zi 


(кке c e 


EXAMPLE 3 Consider the spherical shell 5: 10 = Vx- + y^ + = = 11 with mass 


density at a point P inversely proportional to the square of the distance from P to 
the origin. Find its moment of inertia /.. 


SOLUTION Неге, a(x. у. z) = k/(x? + y? + 22), where К is the constant of pro- 


portionality; hence, 
k 
R= Ifl Ge at yy dv 
© duc оп ca 


Switching to spherical coordinates. we have 


тороту 
1. = | | | (o sin? ф 
0 0 10 
т (бат а 
[бее 
0 0 3 


k 
= Je sin Ф dp d0 dé 
p 


11 


331k (7 [27 
) ae ao = ŻE | | reris 
й 3 0 0 


10 
= 222228 | "ant bay е | “sin ди — cos? d) dê 
3 0 3 9 
3 3 3 ^ lo 
зыл 


9 
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Problem Set 15.8 


In Problems 1 to 8, find the mass т and the coordinates (x, y, Z) of 
the center of mass of the given solid S with the indicated mass 
density function c. 


1$ O0zxxl,x?xzyzx, x-ysSzzxty о(х, у, г) = 
SES 


255: 0Oxxxl,0zyxl-x0z:zm-y a(x, y, 2) = 
fear il 


AER Were, 0) 
Bh See Se 


" 
iA 


0szs|; o(xy.z)- 


4 5; a tetrahedron cut from the first octant by the plane 
х+у+т= TET о(х,у,2)=х 


5 S: x? + у* = 16, 0 < 2 = 10; о(х. у, 2) = Vx? + y?/40 


65: ty sa, (А/ауўх"+у =т=, h>O0, a0; 


D ә 
ои, Neg 2) тину r 


7 S: x? +y? 9,05259- 12 y? о(х, y 2) =2 
8 S: 42 + y? <=a,057:5h- (А/а)№ х + у?; л> 0, а> 0; 


a(x, y, 2) = Мау? 


9 Mass is distributed throughout the interior of a sphere of radius 
] meter in such a way that the density at a point P is inversely 
proportional to the distance of P from the center and at the sur- 
face of the sphere the density is 1 gram per cubic centimeter. 
Find the total mass in kilograms inside the sphere. 


10 One kilogram of mass is distributed throughout a spherical ball 
in such a way that the density at a point is proportional to the 
distance of the point from the surface of the sphere. If the sphere 
is 10 centimeters in diameter, find the density in grams per cubic 
centimeter at the center of the sphere. 


11 Mass is distributed throughout the interior of a right circular 
cylinder of radius 4 meters and height 6 meters in such a way 
that the density at a point P is proportional to the square of the 
distance from the axis of the cylinder, and at the surface of the 
cylinder the density is 1 kilogram per cubic meter. Find the total 
mass inside the cylinder. 


I2 One coulomb of electric charge is distributed throughout a solid 
right circular cone of height 10 centimeters and base diameter 
4 centimeters in such a way that the charge density is propor- 
tional to the square of the distance from the vertex of the cone. 
Find the charge density at the center of the base of the cone. 


In Problems 13 to 22, find the coordinates of the centroid of each 
solid S. 


П OSs e ess оиу = ees Sy (ess eem 


ә 


мз =: = у= (== — 5 

15 S:0<x<1,y?s:=1 

16 S: OS u= зо = у= о —ү- OS == ү 
< 


17 S: x? +y?=1, 120, y 20,0 


Юе тоер = 


20 S: x? + y? x a^, (h/a) Vx? + y? =: h, where h and a are 
positive constants 


21 S: A tetrahedron in the first octant bounded by the coordinate 
planes and the plane (x/a) + ( y/b) + (с/с) = 1, where a, b, and 
c are positive constants 


22 S: A solid bounded by the xv plane and the hemisphere z — 


In Problems 23 to 32, find the designated moment or moment of 
inertia for the given solid 5 with the indicated density function ø. 


23 MoS ОЕ = 0 = y= IE x ОПОСУ 


24 М S О=х=<1, 0=у=], 0 = z3: сЕ 
2(x + y) 


2з Оу 4, 0 == Y 0xzzVw8uo(x, v, 2) =2 


a 

"E 

26 М,.; S is the solid in the first octant bounded by x + z = 1, 
x=y,x=0, у =0, andz = 0; о(х, v. 2 = Sy 

27 (2 S30 = 1.0 = ys Е 02 = 5. осе 


28 i. S is the first octant solid bounded by x + z= 1, у +2 = 1, 
and the coordinate planes; a(x, у, 2) = z 


ЭТО = ЛО ИОС eS е Ss cpm be 
30 1, S is the first octant solid bounded by x^ + 2? = 1, у = x. 
y =0, z= 0; of, y. 2) = 22 


31 M: S is the solid bounded by the cylinder x? y? = 4 and the 
planes z = 0 and z = 3; о(х, у, 2) = 4z 


32 1; S is the solid bounded above by the paraboloid z = 
9 — x? — y? and below by the plane z = 0; o(x, у, 2) = 
3/(x? + y?) 


33 Find the moment of inertia with respect to the central axis of a 
homogeneous solid right circular cylinder 5 of radius a, height 
h, and total mass m. 


34 


37 


38 


39 


40 


The spherical shell $ in Example 3 has a total mass of 18 grams. 
Assuming that distances are measured in centimeters, find its 
moment of inertia /,. 


Find the moment of inertia about the central axis of a homogene- 
ous right circular cylindrical shell with inner radius a, outer ra- 
dius Б, and height A. 


Find the moment of inertia of a homogeneous solid right circular 
cylinder about an axis perpendicular to the central axis and pass- 
ing through the center of gravity of the solid cylinder. Assume 
that the height of the cylinder is A, that its radius is a, and that its 
mass is т. 


Find the moment of inertia of a homogeneous solid spherical ball 
of radius a about an axis through the center of the ball. Let m 
denote the mass of the ball. 


Find the moment of inertia of a homogeneous solid rectangular 
parallelepiped with sides a. b, and c about an axis passing 
through the center of gravity and parallel to the side of length c. 
Assume that the total mass is m. 


Find the moment of inertia of a homogeneous spherical shell of 
inner radius a and outer radius Б about an axis passing through 
its center. Assume that the total mass of the shell is ә. 


Let A be an axis passing throngh the center of gravity of a homo- 
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41 


43 
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geneous solid S of total mass m, and let B be an axis parallel to 
A. If denotes the distance between the axes A and B, prove that 


lg = 1, + mi? 
This result is known as the parallel-axis theorem. 


Give an informal argument to show that the density of a three- 
dimensional distribution at a point is the limit of the amount of 
the quantity per unit volume in a small region about the point as 
the region "'shrinks to zero.”” 


Combine the results of Problems 36 and 40 to determine the 
moment of inertia of a homogeneous solid right circular cylinder 
about an axis passing through the center of one of the bases and 
perpendicular to the central axis. 


Derive the formulas for the centroid of a solid S. 


The temperature of a hollow spherical shell with inner radius a 
and outer radius b is inversely proportional to the distance from 
the center and has the value То > 0 on the inner surface. The 
quantity of heat required to raise any portion of the shell from 
one uniform temperature to another is proportional jointly to the 
volume of this portion and to the rise in temperature. Assume 
that C units of heat are required to raise the temperature of 
1 cubic unit of the shell by 1°. How much heat will the shell give 
out if it is cooled to a uniform temperature of 0°? 


15.9 


Line Integrals and Green's Theorem 


In Section 15.2 we introduced double integrals over two-dimensional regions R, 
while in Section 15.6 we introduced triple integrals over three-dimensional solids 5. 
In this section we round out the picture by considering integrals over one-dimen- 
sional curves. It is customary to refer to a curve over which an integral is to be taken 
as a path, or line (not necessarily a straight line!), and to call an integral over such a 
curve a line integral. Later in this section we present an important theorem, called 
Green's theorem, which relates line integrals in the plane and double integrals. 


Line Integrals 


In more advanced courses, line integrals are defined formally in terms of limits of 
Riemann sums in a manner similar to the definition of the definite integral. For our 
purposes, it is simpler to adopt the following definition, which is equivalent to the 
formal one for the kinds of curves and functions that we consider. 
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DEFUNUTION 1 Line Integral in the Plane 


Let C be a curve in the xv plane with the parametric equations 


C: ч = f(t) 


а=т= р 
eee 


where f and g have continuous first derivatives. Suppose that P and Q are contin- 
uous functions of two variables whose domains contain the curve C. Then the 


line integral | Р(х, y) dx + Q(x, y) dy is defined by 
A 


b 
| Р(х. y) dy + Qix. у) ау = | Р( AD. gf dt + QD., gg (t) dt 


€ a 


Thus. to evaluate the line integral 
| Р(х, у) dx + Q(x, у) dy 
C 


you simply make the substitutions x = До), dx = f'(t) dt, y = g(t), and dy = 
£'(t) dt, and then integrate from t = a to t = b. 


EXAMPLE 1 Evaluate the line integral | (х2 + 3y) dx + (y? + 2x) dy if 
@ 


xl 
i ы 0zrxl 
у= + |] 


SOLUTION Making the substitutions x = t, dx = dt. у = t? + 1, and dy = 2t dt, 
we have 


1 
| (x? + 3y) dx + (y? + 2х) dy = | [12+ 3G? + DJ аг + [t + 1)? + 242га; 
E 0 
1 
= | [(4 + 3) + (%+ 202 + 2 + 1)20] dt 
0 


| 1 
Figure 1 - | (2 + AP + 812 + 214 3) di 
0 
ig 8 
- (Lene Soa x) 
3 3 


1 
= 
0 


terminal point 


‹ 
ау point 


(a) 


Although Definition 1 makes it appear as if the line integral aepends on the 
5 choice of the parameter г, it can be shown that: 


The value of the line integral is unaffected by the choice of parameter as long as 


the direction along the geometric curve C corresponding to inereasing values of 
the parameter is kept the same. 


starting point 
Thus, line integrals are actually taken over directed, or oriented, curves; that is, 
(eat Sen over curves for which one of the two endpoints is understood to be the starting, or 
initial, point, while the other endpoint is the ending, or terminal, point. In dealing 
with line integrals, the curve obtained from a given curve C by reversing its direc- 

(b) tion is usually denoted by —C (Figure 1). 


О 
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In Examples 2 and 3, evaluate the given line integral. 


EXAMPLE 2 Í (x + у) dx + (y — x) dy if C is the line segment from (1, 1) to 
(4, 2) г 


SOLUTION Using the methods of Section 12.3, we obtain the scalar parametric 


equations 
x=1+ 3t 
(Cs 0 gsm || 
gc B 


for the line segment from (1, 1) to (4, 2). Notice that (x, v) = (1. 1) when t = 0, and 
(x, y) = (4, 2) when t = 1, so that (1, 1) is the initial point and (4, 2) is the termi- 
nal point of C. Making the substitutions x = ] + 3r, dx = 3 dt. y=1+4, and 
dy = dt, we have 


1 
| (x y) dx + (у= x) 4 - | 1 + 30 (1 - 0)3 dt + [(1 9 0 — (1 +30] dt 
C 0 
1 


= 11 E 
0 


1 
-Í (10r + 6) dt = (5r? + 61) 
0 


EXAMPLE 3 | (x + 2y) dy if C is the arc of the parabola x = y? from (1, —1) to 
ао _ 


SOLUTION Here the line integral has the form i P(x, y) dx + Q(x, y) dy with 
C 

P(x, y) = 0 and Q(x, y) = x + 2y. The arc of the parabola is described parametri- 

cally by 


pg 
с. | || =; х= 
Ics 


in such a way that as t goes from 1 to 3, (x, y) goes from (1, — 1) to (9, —3). Making 
the substitutions x = 1°, y = —t, and dy = —dt, we have 


3 3 p 
| (x + 2y) dy = | (12 = 2г(—ш) = | (22 = 1?) dt = G — = 
G 1 ] 3 


Definition 1 extends in an obvious way to line integrals over curves in three- 
dimensional space. Indeed, suppose that C is such a curve, say with scalar paramet- 
ric equations 


x = f(r) 
C: 4у = g(t) astixb 
z= h(t) 


where f, g, and ^ have continuous first derivatives. Suppose also that Р, Q, and T 
are continuous functions of three variables whose domains contain the curve C. 
Then the line integral 


| P(x, y, z) dx + Q(x, y, z) dy + T(x, y. z) dz 
(© 


is evaluated by making the substitutions x = К). dx=f'() dt, y = g(t), 
dy = g'(t) dt, 2 = h(t), and dz = h'(r) dt and then by integrating from a to b. 
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EXAMPLE 4 Evaluate | yz dx + xz dy + xy dz if 
t 


к= { 
Су = 0 === 1 
г= р 
SOLUTION Making the substitutions x = t, dx = dt, y = £^, dy = 2t dt, z = б, 
and dz = 36^ dt, we have 


1 
Í yz dx + xz dy + xy dz = | PP dt + m dt) + и? (а? di) | 
C -—-—] 
1 


1 1 
= | (sane ana | 6 dt = 1* 
1 


Vector Notation and Work 


Consider the line integral | P(x, y) dx + Q(x, y) dy, where the curve C is given 


С 
by the parametric equations 
x = ftn 
C | fi a=t=b 
y = git) 


If we let the vector 
К = хі + yj = f(ni + v(dj a=t=b 


denote the variable position vector of a point (x, y) on C, then 


or in differential form, 
dR = dxi+dyj 
Now, putting 


Е = P(x, у)ї + Q(x, y)j 
we have 


F*dR = Р(х, y) dx + Ola, y) dy 


so that 


Similarly, if C is a curve in three-dimensional space swept out by a variable position 
vector R, then 


| Р(х, у, г) dx + Qix, у, 2) dy + Т(х, y, z) dz = | Ж АЧ 
С С 


where 


Е = P(x, y. z)i + Q(x, у, 2j + T(x, y, z)k and dR = dxi+ dyj+dzk 


Figure 3 


GCF Ge, uC, tc 


Piecewise smooth curves used in sculpture 
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The vector notation for the line integral not only has the advantage of brevity but 
also suggests an important physical interpretation. Suppose that F represents a vari- 
able force acting on a particle P which is moving along the curve C. If R is the 
variable position vector of P, then we can regard dR as representing an infinitesimal 
displacement of the particle, so that Е * dR represents the element of work done on 
the particle by the force F during this displacement (Figure 2). Summing up—that 


is, integrating—all these elements of work, we obtain | F*dR. Therefore: 
i 


The line integral | Е · dR represents the net work done by the force Е in moving 
G 
a particle along the curve C from its initial point to its terminal point. 


EXAMPLE 5 The variable force F = (3x — 4y)i + (4x + 2y)j moves a particle 
along the curve 2 
[ =4t+1 


a 3 


: 0ztz2 


from (1, 0) to (9, I2). Find the work done if distances are measured in meters and 
force is measured in newtons. 


SOLUTION Тһе work is given by the line integral | F-dR, where R = xi + yj, 
so that dR = dx i + dy j. Thus, Ç 


| F-dR= i (3x — 4v) dx + (Ax + 2y) dy 
fe 
Making the substitutions x = 4t + 1, dx = 4 dt, y = 307, and dy = 6t dt, we have 


| F:dR = li [3(4 + 1) = 4(30))(4 dt) + [4(4t + 1) + 20312) |067 dr) 
& 0 


h a e 


(3665 + 487 + 72t + 12) dt = (9t* + 1665 + 36t? + 120) 
о 


0 
= 440 joules 


Suppose that Ci, C2, . . . , С, are curves such that the terminal point of each 
curve (except for C,) is the initial point of the next curve. Figure 3 illustrates the 
case n = 5. If C is the curve formed by joining the successive curves Сү, C5, . . .. 
C,. then we write 


(C e (Cy чк Ce че о oer (б. 


A curve that can be described parametrically by functions with continuous first 
derivatives is said to be smooth, and a curve that is obtained by joining successive 
smooth curves is said to be piecewise smooth. 

If C=C, +С; + + С, where Cj, С, ... , C, are piecewise smooth 
curves, then C is piecewise smooth. Furthermore, if the variable vector F is contin- 
uous on each of the curves Cj. С, ....,C,, then it can be shown that 


| rm = | Fear + | FR e | F*dR 
E G G 


C, 
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EXAMPLE 6 Let A = (1, 0) and B = (1, 1). Calculate 


| (x? — y) dx + (x + y?) dy 
P 


if C = ОА + AB + BO; that 15, С 15 the perimeter of the triangle ОАВ taken in а 
counterclockwise direction (Figure 4). 


SOLUTION The line segments OA, AB, and BO are given parametrically by 
— (х= — (х= 1 — [х= 1-1 
ОА: | АВ: { BO: { 
y=0 y=t Y= liz! 
where 0 = ¢ = | in each case. Thus, 


1 
I (х2 - 1) hs a> (Ge dr y?) dy — | (t? — 0) dt + (t + 0)(0) dt 


OA 0 
1 3 
t 
| г dt = — 
0 3 


1 
(x? — y) dx + (x Ну?) dy = | (1 — 0(0) dt + (1 + (0) dt 
0 


jl ER 
-| {К ке (o C) 
0 3 


1 


ó 38 


So 


&| 


‘4 


o > 


and 


js (x? — y) dx + (x + y?) dy 


B 


1 
- | [d — 0* — = + (0 — = 2%» 
0 


1 


0 


| г 5) 
= = СТЕ а= (-2£ + 22-21) == 
ee ome eae 3 
Therefore, 


| -patatas 
C 


A change in the direction (orientation) of the curve over which a line integral is 
taken results in a change in the algebraic sign of the integral; that is, 


(For an indication of the proof, see Problem 34.) For instance, in the preceding 
example, we found that 


| (2 — у) dv + (x + y*) dy =4 
OA 


and since — (OA) = AO, it follows that 


| (x? — у) dx + (x + y) dy = - 3 
AO 


THEOREM 1 
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Of course, line integrals, like ordinary integrals, are additive and homogeneous 
with respect to the integrand, so that 


(F + G)-dR = | КШК | G-dR 
- je Is 


| (Е — GdR = | 
dc С 


Еак — | G-dR 
Jc 


and я 
| F:-dR 


C 


| (aF)-dR=a 
c 


for any two continuous vector functions F and G and any constant scalar a. In 
particular, if M, N. and P are continuous functions of x, y, and z, then 


= E 5 


| M dx +N dy + P dz: = | M dx + | № ау + 


"E € UC 


A remarkable theorem connecting a line integral around a closed curve in the plane 
with a double integral over the region enclosed by this curve is traditionally associ- 
ated with the English mathematician George Green (1793-1841), although the re- 
sult was actually obtained earlier by the German mathematician Karl Friedrich 
Gauss (1777—1855). Here we give a somewhat informal statement of the theorem. 
Later in this section we give an argument to make the result plausible. 

By a closed curve, we mean a curve whose initial point is the same as its terminal 
point. A simple closed curve is one that does not intersect itself, except at its 
common initial and terminal point. 


| P de 
С 


Green’s Theorem 


Let C be a piecewise smooth, simple. closed curve in the xy plane, and suppose 
that C forms the boundary of a two-dimensional region R. Assume that C is 
directed so that it turns counterclockwise around R (Figure 5). Suppose that P 
and Q are continuous functions of two variables having continuous partial deriva- 


tives dO/dx and dP/dy on R and its boundary C. Then 


Figure 5 y 


C = boundary of R 
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Figure 6 
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In Examples 7 to 10, use Green's theorem to evaluate the given line integral around 

the indicated simple closed curve C. 

EXAMPLE 7 | (x? — y) dx + (x + у?) dy, where С is the perimeter of the tri- 
G 


angle OAB taken in a counterclockwise sense, with A = (1, 0) and B = (1, 1) 
(Figure 4). 


SOLUTION Here P(x, y) = х? — y, Q(x, y) =x + у?, and R is the triangular 
region enclosed by OAB. Thus, 


oQ _ д 5 oP Gs 
cem (har gw) = || and г = (п л I 
ox ðX ду ду 


Hence, by Green’s theorem, 


Jvc панањ фе [US SS ) aa = [J n- cna 
а 


since the area A of the triangular region R is 5 square unit. (This result is consistent 
with our previous solution of Example 6.) 


EXAMPLE 8 | (у + 3x) dx + (2y — x) dy, where С is the circle x? + y? = 9 
С 
with the counterclockwise orientation 


SOLUTION Неге the region А enclosed by C is a circular disk of radius 3 and 
area A = 73? = 9л square units. Thus, 


j 
| (y + Зх) dx + (2y – х) dy = [| Е (би = о = aa + з] dA 
G pa La ду 


[| K- D= 1] dr dy m |) dA 


= —2(97) = —187 


EXAMPLE 9 Let R be the region bounded by the three curves whose polar equa- 


tions are Ө = 7/4, г = 2, and 0 = 37/4 (Figure 6), and let C be the boundary of А 


taken in a counterclockwise sense. Evaluate i xy dx + x? dy. 
е 


SOLUTION Using Green’s theorem and then using polar coordinates to evaluate 
the resulting double integral, we have 


[vache dy = |) ЕЕЕ [| (2x — x) dA 
3/4 
і | (г cos 0)r dr d0 
K 0 


3m/A p 2 3/4 8 
=| HE ) do - Í pid 
л/+ 0 m/4 
а Г ЗИ = 
= — sin 0 = S — = su —J = 0 
3 3 4 4 
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EXAMPLE 10 С Е: dR, where F = (2xy — x?^ji + (x + y?)j and С is the bound- 
(C 


ary. taken counterclockwise, of the region R bounded by the parabola у = х? and 
the line y — 


SOLUTION 


f F-dR= i [s em т [J а-а 


ib | (Cl — 235) ene а= | la T2 av 
0 2 0 x? 
1 
(1 — 29x — х2) dx 
a 
1 
(2x3 — 3x? + x) dx 
a 
x ewm 
шу 
2 2100 
Figure 7 By considering a particular line integral and evaluating it by Green’s theorem, we 


can obtain an interesting formula for the area A of the region R enclosed by a 
piecewise smooth, simple, closed curve C (Figure 7). Indeed, we have 


| -y dst sas - || тее йе dA =2A 
c A Ox oy re F 


Hence. 


y 


EXAMPLE 11 Use the formula above to find the area A of the region R enclosed by 
the ellipse (x?/a?) + (y?/b?) = 1, where a and b are positive constants.* 


SOLUTION Parametric equations of the ellipse are 


X= а cost 
(б 0О<=<;<=2т 


y=bDsint 
Thus, 
1 
A=] —уах+хау 
2% 
1 2т 
= у [^5 sin t(—a sin г) dt + а cos t (b cos t) dt] 
2-0 
1 2a 
xm ab(sin? t + cos? t) dt = 217 dt = тар 
2-0 


*See Problem 55 on page 563 for an alternative derivation of the formula for the area 
enclosed by an ellipse. 
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We now give an informal proof of Green's theorem for the special case in which 
the region А enclosed by the simple closed curve С is both of type | and of type П. 
The result for more general regions that can be decomposed into nonoverlapping 
subregions of both types then follows from this special case. 
Figure 8 In Figure 8, the simple closed curve C bounds the region R and is directed in the 
counterclockwise sense. Here, C is the sum of the directed arcs ATB and BSA, and it 
is also the sum of the directed arcs SAT and TBS; that is, 


C = ATB + BSA and C = SAT + TBS 


Suppose that the directed ares ATB, —(BSA), —(SAT), and TBS are described as 
follows: 


У 


АТВ: y = g(x) (QS se [p 
(ВА): y = h(x) а == 
—(SAT): x = G(y) C= es 

TBS: x= H(y) р 


Now, assume that P and О are continuous functions and that 20/0х and дР/ду 
are defined and continuous on the region R and on its boundary curve C. We have 


A 5 Hy) д 5 Hy) 
{| о аА = ] (| Q ax) dy = i [ у) | dy 
R OX С y) Ox 1 Gi y) 


t 


-| [QUHCY), у) = О(С(у). y)] dy 

- | О(Н(у). у) dy 3 Q(G( y). у) dy 

= | Q(x, y) dy — | Q(x, у) dy 
TBS —(SAT) 

= | Q(x, y) dy + | Os Day = | Q(x, у) dy 
TBS SAT TBS+SAT 

= | Q(x, y) dy 
C 


Similarly, 


oP b ури op b 
“ear | Tero 


a RO) 


A(x) Б 
| ах 


gix) 


b 
-Í [Р(х А(х)) = Р(х, g(x))] dx 


a 


b b 
= | Р(х, (ау а= | P(x, h(x)) dx 


a a 


= | POS ула = | Р (алу) aXe 


АГВ —(BSA) 


= | (AGE, S9) @Д se | Р(х, y) dx = | Р(х, у) dx 
АТВ BSA АТВ +ВЅА 


-Í P(x, y) dx 
fe 
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Combining the two results. we obtain 


| Р(х, у) dx + Q(x, v) dy 
E 


| JAG. SO abe 35 | Q(x, у) dy 


a Е 
2-2) 


dA 


| 


and our argument is complete. 


Problem Set 15.9 


In Problems | to 10, evaluate each line integral by using Defini- 
tion 1. 


1 | BX — бу) dx + (3х + 2y) dy, where 
c 


x=! 
gil э 
а 


2 | у? dx + x? dy, where C: |, 0z:ixl 
Gu Ё у= +] 


O=7=1 


r= 2+ cos 
а A 0О<гг<2т 


3 [ хаа хах, where С: | 
y=sint 


4 | 2xy? dx + 3x°y? dy, where С is the portion of the parabola 
c 


у= x? from (0, 0) to (1, 1) 


5 | F-dR, where F = (x? + у2)і + 2xyj and С is the portion of 
С 
the parabola у = x? from (0, 0) to (1, 1) 

6 | F-dR, where Е = (cos y)i + (sin x)j and C is the triangle 
© 
with vertices (1, 0), (1, 1), and (0, 0) taken in the counterclock- 
wise sense 


7 | F-dR, where F = xyi + x^j and C is the circle of radius 2 
С 


with center at the origin taken in the counterclockwise sense 


8 | (Vf * dR, where f(x, у) = x? — 2xy and С is the path from 
С 
(0. 0) to (2, 1), then from (2, 1) to (2. 3), then from (2, 3) to 
(Ula) 


9 | (y + 2) dx + (2xz) dy + (x + z) dz. where 


С 


se = pe || 
С:җу= 3% — 1 Osr=2 
i ee 


ds *dR, where Е is given by Е = 2zyi + х2) + (x + yk, 
E 


OA + AB + BO, A = (1, 2. 3), and B = (2, 0, —1) 


In Problems 11 to 24, use Green’s theorem to evaluate each line 
integral. In each case, assume that the closed curve C is taken in the 
counterclockwise sense. 


BON b 2 " - 
11 | (х2 — xy?) dx + (у? — 2xy) dy, where C is the square with 
le 


vertices (0, 0), (3, 0), (3, 3), and (0, 3) 


12 | (x? + 3y?) dx, where C is the square with vertices (—2. —2), 
c 


(2,2) PED and ee) 


13 [| —x7y dx + xy? dv, where C is the circle x? + y^ = 1 

м [secas dy, where C is the circle x? + y? = 4 

15 J QC + y?) dx — 2xy dy, where C is the circle x? + y? = 25 

16 [ (ху? + sin x) dx + (х2у2 + 3x) dy, where C is the circle 
< +з = 16 


17 | (x? + у) dx + (x — y?) dy, where С encloses the region R 
fe 


bounded by y = x?, y = 0, and x = 1 


18 | x cos у dx — у sin x dy, where С is the square with vertices 


(0, 0). (1, 0), (1, 1), and (0, 1) 


19 | F:dR, where Е = (х2 + у2)і + 3xy?j and С is the circle 
(a 


х + у? = 9 
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0 | F:dR. where Е = (3х2 — 8y°)i + (4y — бху)] and С en- 
| 


closes the region R: х>=0,у>0,х+у<2 

1 f (sin x? + у?у dx + [In (2? + 5) — x?] dv, where C encloses 
h 
the region R bounded by y = 2x? and y = 4x 

2 Í (х5 — xy) dx + xy? dy, where C encloses the region R 
In 
bounded by y = x? and x = у? 


3 | (ех + у?) dx + (е? + x?) dy, where C encloses the region R 
А 


bounded by у = х? and y = x + 12 


24 | е“ dx + хе dy, where C encloses the region R: 0 x = 1, 
fe 


7 


sin х= у= 7/2 


5 Find the work done in moving a particle under the action of a 
force Е = 3x7}  (2xy — y?)j newtons along the line segment 
from (0, 0) to (2. 5). Assume that distances are measured in 
meters. 


6 Find the work done in moving a particle under the action of a 
force Е = xvi + [(х?/2) + xy]j newtons along the upper half of 
the circle x? + у? = 16. Start at the point (4, 0), and return to 
the starting point along the x axis. Measure the distance in met- 
ers. 


7 Find the work done in moving a particle under the action of a 
force Е = (2x + 3y)i + xyj newtons from (0, 0) to (1, 1) 
(a) along the line segment from (0. 0) to (1, 1), (b) along 
the parabola y = x", and (c) along the arc of the circle 
x? (y — 1)? = 1 from (0, 0) to (1, 1). Assume that distances 
are measured in meters. 


8 Find the work done in moving a particle under the action of a 
force F = yi — xj newtons around the cardioid г = 2(1 + cos 8) 
in a counterclockwise direction, where the distance is measured 
in meters. 


In Problems 29 to 32, use the formula on page 981 to find the area of 
the enclosed region. 


29 х'+у?=а? 

30 у= х2, у=х+ 2 

E. 3 Sedi 

3l x-2cos t, y = sir, 0 t£ 7/2 


2p 


Мх, у= 0, х= 


33 Criticize the following argument: Let P(x, у) = —v/G? + y?) 


and let Otx, у) = x/(x? + y?). Then (0Q/2x) — (дР/ду) = 0, so 
that 


35 


36 


where C is the circle 


X — cost 
с | 


й Os:1s27 
y=sint 


and R is the disk bounded by C. (Note: Something must be 
wrong, because direct calculation of the line integral gives 27, 
not 0.) 


Let C be a curve with the parametric equations 


(CS n E 


5150 
y Ex) 


where f and g have continuous first derivatives. Suppose that P 
and Q are continuous functions of two variables whose domains 
contain the curve C. Define functions F and С on [a, Б] by 
F(t) = fla + b — t) and G(r) = gla + b — t). 


(a) Show that 


aoe n 


y = Gt) 


are parametric equations for —C. 


(b) Use the result of part (a) to prove that 


| 


Р(х. y) dx + Qi, у) dv = =| P(x, у) dx + Q(x, у) dv 
(^ С 


The line integral fc F*dR is sometimes written as 
fc (Е+ T) ds. where T denotes the unit tangent vector to C and s 
is the arc length measured along C. Explain why this notation is 
reasonable. 


Let T denote the unit tangent vector to the oriented curve C and 
let N, denote the normal vector to C obtained by rotating T to the 
right through 90° (Section 12.6). If V = f(x. у)і + g(x, y)j. then 
the flux of V across C in the direction of N, is defined 10 be 
fc (V * N,) ds. The scalar field (óf/óx) + (ðg/ðy) is called the 
divergence of V. Prove the following theorem, called the di- 
vergence theorem (in two dimensions): The outward flux of V. 
across a simple closed curve C is the double integral of the 
divergence of V over the region R enclosed by C. (State care- 
fully whatever assumptions about continuity and so forth that 
you need.) 


In our derivation of the formula A = тар for the area of an 
ellipse (Example 11), exactly where did we use the hypothesis 
that a and 5 are positive? (Note that the given parametric equa- 
tions describe an ellipse even if a or b or both are negative.) 


Suppose that a fluid is flowing in a thin sheet over the xy plane 
and that the velocity of a particle of this fluid at the point (x, v) is 
given by V = f(x. у)і + g(x, у)ј. Assume that the density of the 
fluid at the point (x, v) is given by a(x, v) mass units per unit of 
area. Show that the flux of a(x, y)V across a curve С in the 
direction of the normal N, (Problem 36) gives the mass of fluid, 
per unit time, flowing across C in the direction of N,. 
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Figure 1 


Figure 2 / 


DEFINITION 1 


Figure 3 


Conservative Vector Fields 


In this section we introduce the idea of a vector field, and we use line integrals to 

study the important concept of a conservative field. The section includes a discus- 

sion of line integrals that are independent of the path and the idea of a potential. 
A continuous mapping or function 


А —— Е 


that assigns a vector Е to each point А in a region R is called a vector field оп R. 
We usually picture A as the tail end (initial point) of the vector F (Figure 1). Vectors 
attached to different points in R may have different lengths and directions. A vector 
field that represents the velocity at each point of a flowing fluid is called a velocity 
field, and a vector field that represents the force that would act on a test particle 
placed at each point is called a force field. Figure 2 shows some of the vectors in 
a velocity field for the flow of water from a tributary into a river, and Figure 3 
shows some of the vectors in a force field for a positive electric charge placed at a 
central point. 

As we saw in Section 15.9, if F is a force field on the region R and if C is a 
curve contained in R, then "m. | Hn 

Е 


gives the work W done by the field in carrying a test particle from the initial point А 
to the terminal point B of the curve C. If A = B, so that C is a closed curve, then W 
is called the circulation of the vector field F around the curve C. 

Ordinarily, the work W done by the field F in carrying a test particle from the 
initial point A to the terminal point B will depend on the choice of the curve, or path, 
C connecting A and B. However, for certain special vector fields, W depends only 
on A and B and not on the choice of the path C. 


Conservative Field 2 


А vector field Е on a region R is said to be conservative* if for any two points А 
and B in R and any two piecewise smooth curves C, and С» contained in R with A 
as initial point and B as terminal point, 


| F-4R = | F:dR 
e (2. 


If Е is a conservative vector field on the region R and if A and B аге two points in 
R, we define 


where C is any piecewise smooth curve in A with A as initial point and B as terminal 
point. Here we say that the integral on the right is independent of the path C from 
A to B. 


*The word *'conservative'" comes from mechanics, where it is shown that for motion under 
the influence of a conservative force field, a law of conservation of energy prevails. (See 
Problem 32.) 
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DEFINITION 2 


THEOREM t 


PROOF 


Figure 4 shows two piecewise smooth curves C, and С> from A to В as in 
Definition 1. If we let 


(Cy = (Cy сс» 


then Со is a closed curve with A as its common initial and terminal point, and we 
have 


| Fear = | ran - | F-dR 
Со € €; 


From this observation, it follows that the vector field F on the region R is conserva- 
tive if and only if the circulation of F is zero around every closed curve Co in R. 

Suppose that the region К is open and that f is a continuous function defined on К. 
As we mentioned in Section 14.1, f can be regarded as a scalar field on К. If f is 
continuously differentiable on R, then the gradient 


F=Vf 


is defined at each point A in R. In other words, the gradient of a (continuously 
differentiable) scalar field is a vector field. If F = Vf, we call fa potential function 
for the vector field Е. The term *'potential" was introduced in a memoir on electric- 
ity and magnetism written by George Green in 1828. (Green's theorem was an- 
nounced in the same memoir.) 


Fields Derivable from a Potential 


If F is a vector field on an open region R, we say that F is derivable from a 
potential if there exists a continuously differentiable function f on R such that 


BENI 


An open region Ж is said to be connected if for each pair of points A and B in 
R, there exists a piecewise smooth curve C contained in R with A as its initial point 
and B as its terminal point. 


Conservative Fields and Potentials 


Let F be a vector field on an open connected region R. Then F is conservative if 


and only if it is derivable from a potential. 


We give the proof for the case in which R is a region in the xv plane; the proof for 
the case in which К is a three-dimensional region is similar. Denote by P(x, у) and 
Q(x, y) the scalar components of F at the point A = (x, у), so that 


Е = P(x, у)і + Q(x. y)j 


Since F is a continuous vector-valued function of x and y, it follows that P and Q 
are continuous functions of two variables on the region R. 

Suppose first that F is conservative. Choose and fix a point (a, b) in R, and define 
the function f on R by 


МЕ) 
Дх, у) = | F-dR 


(a.b) 


Recall that the integral in this equation is the line integral of F + dR along any path in 
R from (a, b) to (x, v). 


Figure 5 


(х0. Уо) 


(x, vg) 
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Now, let (x, vo) be a point in А. and choose a point (хо. yo) in R and sufficiently 
close to (x. уо) so that the line segment C, from (xo. vo) to (x, vo) is contained in R 
(Figure 5). Denoting by Со any curve in А from (a, b) to (xo. vo). we have 


fo. зө) = | Fear = | F-dR + | F-dR 
k te 


СУС, 2. 
(хо.Уо) (х.уо) 
= | F:dR + F:dR 
(a,b) (xo. Yo) 
(x. vy) 
= хо, хо) + P dx + Q dy 
(Xo. Y9) 


Because dy = 0 on the horizontal line segment C, from (xo. vo) to (x. yo). we have 


x. yy) x 


Pdx*Qdy- | ра. vo) dt 
(xo. v9) Хо 


Therefore, from the preceding equations. 


x 


Дх. уо) = f(Xo. Yo) + | P(t, Yo) dt 


Xo 


Now, by the fundamental theorem of calculus (in the form of Theorem 1 on page 
334), 


д д d Jp 
= IG NOT op tol кы | R 30) ап OPO, o) — ROX Fo) 
ox Ox Qu 
Because the last result holds for all points (x. уо) in R. we have 
@ А : 
= 65, 5) = etae. xy (x, y) in R 
Ox 
By an analogous argument (Problem 26), we can show that 
д | j : 
UU = OK (ку) іп К 


Since P and Q are continuous on R, it follows that fis continuously differentiable on 
R. Furthermore, 


F=Pi+ 0) Tie Tgog 
x y 


Thus, if F is conservative, it is derivable from a potential. 
Conversely, suppose that F is derivable from a potential. so that 


F=Pi ој у= 21 jfi 


where f is a continuously differentiable function on R. Let С be any piecewise 
smooth curve in R from the initial point A = (xj, vi) to the terminal point B = 
(x2. уэ). Let C be described by the parametric equations 


x = g(t) у = h(t) a=t=b 
Then 
b 


| F-dR = | AEO, AE OD + fale, AORO) di 
(бы 
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By the first chain rule for functions of two variables, the integrand on the right is 
df(g(), Аа), so that 


| F-dR 
ү 


b d 
i |“ pein, по | dt 
dt 


a 


b 


Ке), AW) 


Дф), АЭ) — figla), hia) 
Jen, DD = fina Si) 


This shows that the line integral depends only on the coordinates of A and B and is 
independent of the path C; hence, F is a conservative vector field. ш 


The last result obtained in the proof of Theorem 1 is of importance in its own 
right. It can be stated in words as follows: 


If a vector field on an open connected region is the gradient of a potential, then 


the line integral of the field along any path from point A to point В in the region is 
the difference in the value of the potential at B and the potential at A. 


The difference in the value of the potential referred to in the statement above is 
usually called the potential difference between the two points. In particular, we 
may conclude that a conservative force field is derivable from a potential and that 
the work done by such a field in moving a test particle along a path is the potential 
difference between the terminal and initial points of the path. 

Suppose that the vector field 


F = Pi + Qj 


is derivable from a potential on an open region R, so that 
ee: AU жу of of 

F = Pi + Qj = Vf = — і + — Р == =—— 

gj f Ox oy І Ox 9 dy 


for some continuously differentiable function f on R. If the component functions P 
and Q of F are continuously differentiable, we say that the vector field F is con- 
tinuously differentiable. In this case, f has continuous second partial derivatives, 
and it follows that 


We E E Ei = 3 20, 
ду ду < Ox ду OX ax dy axa Ox 


Thus: 


If a continuously differentiable vector field 
F = Pi + Qj 


is derivable from a potential on an open region R, then 


ФР 90 


ду ox 


holds at every point (x, v) in R. 
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A similar result can be obtained for a vector field on a three-dimensional region R 
(Problem 33): 


If a continuously differentiable vector field 


F = Pi+ Qj + Tk 


is derivable from a potential on an open region R, then 


dQ oT oT oP 
"atoms те в 
oz ду Ох ez 


hold at every point (x. у, z) in R. 


Figure 6 
RES It can be shown that the converses of the statements given above are also true 
cuni. T provided that the region А has certain properties. A two-dimensional region R is 
said to be simply connected if it is connected and has the property that every simple 
closed curve in R forms the boundary of a region contained in R. Loosely speaking, 
this means that there аге no "holes" in А. For instance, the region in Figure 6 is 
simply connected, but the region in Figure 7 is not. The formal definition of a 
Figure 7 simply connected three-dimensional region is too technical to be stated here. /nfor- 
MOTO mally, a three-dimensional region R is said to be simply connected if it is connected 
simply ў and every simple closed curve іп R forms the boundary of a piecewise smooth 
connecte 


surface contained in R. Roughly speaking. this means that although there may be 
“hollows” inside of R, there are no “‘tunnels” running all the way through R. 


THEOREM 2 Condition for Derivability from a Potential 


Suppose that F = Pi + Qj is a continuously differentiable vector field on an 
open, simply connected region R. Then F is derivable from a potential on R if 
and only it 


holds at every point (x, v) in R. 


A formal proof of Theorem 2 is too technical to be given here, but we can give 
the following informal proof. We have already shown that if F is derivable from a 
potential, then dP/dy = дО/дх holds at every point (х. y) іп R. Conversely. suppose 
that dP/dy = dQ/dx holds at every point (x, у) in А. To show that F is derivable 
from a potential, it is sufficient to show that F is conservative (Theorem 1). As we 
mentioned earlier, F will be conservative if and only if the circulation of F is zero 
around every closed curve C in R. Here we verify this for every simple closed curve 
C in R. (The extension to closed curves that are not simple is the technical part of 
the formal proof.) Thus, suppose that C is a simple closed curve in R enclosing, say, 
the subregion Rc of R. Then by Green's theorem (Theorem 1 in Section 15.9) 


[ r- ак = [Ра+ов- cs - =) as o 


since àP/óy = дО/дх holds at every point (i y) in Re. 
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EXAMPLE 1 Determine whether i ех sin y dx + е" cos y dy is independent of 
the path C. e 


SOLUTION Let P=e*siny and О = е^ cosy. The given line integral 
| Р dx + О dy will be independent of the path if and only if the vector field 
C = 


F = Pi + Qj is conservative, that is, tf and only if F is derivable from a potential. 
Here, 


oP dQ 


— Zé GES у and =e* cosy 


Ox 3 


Hence, ӘР/ду = 0Q/óx, so Е is derivable from a potential by Theorem 2. There- 
fore, the line integral is independent of the path. " 


EXAMPLE 2 Let F = (х? + 5ху2)і + (5х2у + 2у3)ј 
(a) Show that F is a conservative vector field. 
(b) Find a potential function f for F. 
(2,4) 
(c) Evaluate | F*dR. 
(0.2) 
SOLUTION 
(a) Let P = x? + 5xy? and О = 5x?y + 2y). Then 


oP д 2 
E = JOxy and ES = І0ху 


Hence, F is derivable from a potential, and therefore it is conservative. 


(b) If f is a potential function for F, then 


of of 

— = р m and —— = Doc Y 

acd o ду Q(x, у) 
Antidifferentiating both sides of the first equation with respect to x, we find 


that 
Stet 


f= | ге. y) dx = I OE a smod d 


where K(y) must still be determined. Differentiation of both sides of the last 
equation with respect to y gives us 


é 4 5 DN 
Lo [ys к Ky] = sey + xo) 
oy oy 


4 2 
Now, using the fact that of/ày = О, we find that 


5х?у + К'(у) = a = 0 = 5х?у + 2y 
and it follows that 
K'(y) = 2у? 


Therefore, 
4 


Koy = [ase | 0 +e 
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x? Sx2y2 "ENT 
and so get =, пит + б 


The presence of the constant C indicates that the potential f is not unique. 
(c) Because F is the gradient of the potential f, it follows that 


(2.4) 
| F*dR = f(2, 4) — f(0, 2) = 292 — 8 = 284 
0,2) 


Theorem 2 has the following extension to vector fields in three-dimensional 
space. 


THEOREM 3 Condition for Derivability from a Potential* 


Suppose that F = Pi + Qj + Tk is а conunuously differentiable vector treld or 


an open. simply connected region R Then F is derivable from a potential on К 
if and only ii 


hold at every point 


EXAMPLE 3 Let Р = 22 —y, О = 2у — x, and Т = 2xz. Determine whether 
fc P dx + О dy + T dz is independent of the path. If it is, find a potential f for the 
vector field F = Pi + Qj + Tk. 


SOLUTION We have 


oP dQ dQ oT oT oP 
— = —] = — — = () = — and == = 22> = 
dy ox д: ду дх 0s 


Hence, the vector field F is derivable from a potential by Theorem 3. Therefore, by 
Theorem 1, 


[ racc ode ra - | F-dR 
C E€ 


is independent of the path. To find the potential f, we require that 


Se 2 с бие, апа Ei 
p" з ov 92 


= Т = 24: 


From the first of these three equations, we have 
f= [е — y) dx = xz? — xy + Ky, z 


[Note that our **constant’’ of integration K(y, z) could depend on both y and z.] 
Differentiating both sides of the last equation with respect to v and setting the result 
equal to Q, we find that 

of д 


д 
m = xy + K(y, z)) = posl 2) = 2у — х 


д 
from which it follows that SUE grec 


*See Problem 24 in Problem Set 15.12. 
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Antidifferentiating the last equation with respect to y, we obtain 


Therefore, 


K(x, 2) = | 2y dy. = y^ + ke) 


fax — ду + y? + ke) 


Now we differentiate with respect to z and set the result equal to 7 to obtain 


д 
ile =e) л zy = 02 


Oz 


from which it follows that 


k’(z) = 0 and so к) = С 


where С is а constant. Therefore 


is a potential function for F. 


Problem Set 15.10 


In Problems ] to 10, determine whether each line integral is inde- 
pendent of the path. 


1 | (7х2 + 4у) dx + (4x — 7) dy 
c 
2 | (cos x sin x — ҳу?) dy  v(1 — x°) dy 
c 
3 | РОС) иу = Шуа 
C 
4 | (Ge ar iby — 39) dh ae Nog) AS 
G 
5 | (1 + Inx + у/х) dx — (1 — In x) dy on the region R: x > 0 
le 


6 | (1 + In x + In y) dx + (sin x — x/y) dy on the region R: 
С 


x20,y20 


7 i (1 + 20321) dx + (Gy: — 2) dy + (3 + tz’) dz 
Йй 

8 | ysinz dx + x sin z dy + x sin y dz 
C 

9 | (x — 2у?) dx + (Sy + x?) dy + х dz 
ls 


10 | е* dx + tan y dy + In z dz 
s 


In Problems 1] to 24, (a) show thal Е is a conservative vector field. 
(b) find a potential function f for F, and (c) evaluate the given line 
integral. 


[352] 


ALLE = 2wi + &* - Dj: | F*dR 


(0.1) 


(3,2) 
12 Е = (2x — 5y)i + (—5x + Зу?)}; | F-dR 


а. 


r(3,4) 
13 БЕ | F-dR 


(Pei W 1D 


(1,7/2) 
14 F = 2ху(ып х?у)# + (1 + x? sin vv)j: | F-dR 
(0,0) 


(4.0) 
15 Е = (e — y cos xy)i + (2xe? — x cos ху + 25); | F-dR 
(-1,0) 
(2 т, 7/2) 
16 Е = (x — sin x sin у)і + (cos x cos у)); | F-dR 
(0.0) 


(0.5) 
17 FH(e + pit O i+ sey | F*dR 
(0,1) 


18 Е = (y? cos x = Зх2у — 230i + (2y sin x — х? + In yj 
Ое) 
| F-dR 
Um /2.1) 
(2,4,6) 


19)Е = м + yj- x: | F-dR 


1,2,3) 


(1,2,4) 
20 B= ° тос — Di + 2xyj + (x^ + zk: | Е.К 
ОБ) 
i. (6,0,2) 
21 Е = (cos vi + ej + 27k; | F-dR 
r ‹_1.2,4) 
@,—2,3) 
22 F= (y + zi + (х  2yz5j  Gy^Z + Dek: | F-dR 


{0,0.0) 


(2.3.4) 
23 Е = yzi + xaj + хуЁК; | F-dR 


-LD 


(2.1.3) 
24 Е = yri + 2xyz)j + 3ху?К; | o 
(— 1.4.1) 


e 


25 |f P and Q are continuous functions of two variables defined on 


E 


an open region R in the xy plane, the expression P dx + О dy is 
said to be an exact differential if there exists a continuously 
differentiable function f on R such that df= P dx + Q dy. 
(a) Show that P dx + Q dy is an exact differential if and only if 
the vector field Е = Pi + Qj is conservative. (b) lf P dx + О dv 
is an exact differential and Е = Pi + Qj, show that f is a poten- 
tial for F if and only if df = P dx + Q dy. 


26 Complete the proof of Theorem І by showing that if the vector 


field F = Pi + Qj is conservative on an open connected region 


х,у) 
R in the plane and f(x, у) = | Е.4В. then óf/óy = О. 
(a.b) 


7 A differential equation of the form P(x, y) dx + Q(x, y) dy = 0 


is said to be exact if P dx + Q dy is an exact differential (see 
Problem 25). If P dx + Q dy = 0 is an exact differential equa- 
tion, so that P dx + Q dy = df for some continuously differen- 
tiable function f, show that for any constant C. f — C is a solu- 
tion of the differential equation. 


28 Consider the vector field r = xi + yj. and let r be the scalar field 


defined by г = |r|. (a) Show that for any constant real number n, 
Vr" = nr" r. (b) If R is the region in the xy plane consisting of 
all points other than the origin, c is a constant, and F = cr"r. for 
what values of л (if any) is Е derivable from a potential on К? 


29 (a) Show that (3х2у — x) dx + (х? + y) dy = 0 is an exact dif- 
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ferential equation. (See Problem 25.) (b) Solve the differential 
equation in part (a). (See Problem 27.) 


Let F be a vector field defined everywhere except possibly at the 
origin O. Let u be the vector field defined everywhere except at 
the origin by the condition that |u| = 1 and и always points di- 
rectly away from the origin. The vector field F is called an 
inverse-square field if at each point A + О, Е is parallel to u 
and |F| is proportional to |OA| 7. Prove that an inverse square 
field F is derivable from a potential, and find such a potential f. 


Let Е=Рі + Ој. where P=-—v/(x7+y*) and Q= 
x/(x? + y?). (a) Show that ӘР/ду = óQ/óx. (b) Show that F is 
not conservative by calculating fc F* dR, where С is the circle 
x! + у? = | and the integral is taken around the circle in the 
counterclockwise sense. (c) Explain why the results of parts (a) 
and (b) do not contradict Theorems | and 2. (d) Show that if F 
is restricted to the half plane R: x > 0. then it is derivable from a 
potential f: find such a potential. 


Let F be a force field defined on an open connected region R, 
and suppose that F is derivable from a potential f, so that F — Vf 
on К. Assume that a particle of mass m moves from the point A 
in К to the point B in R under the influence of the force Е and 
traces out a path C from A to B in R. Let R denote the position 
vector of the particle at time г, and assume that R = OA when 

= a and R = OB when t = b. The potential energy p(t) of ihe 
particle at time t is defined to be the negative of the value of the 
potential function f at the point where the particle is located at 
time г. If V = dR/dt is the velocity vector of the particle at time 
t, then the kinetic energy К(ї) of the particle at time t is defined 
by Кп) = 3mV - V. The total energy E(1) of the particle at time 
t is defined to be the sum of the potential and kinetic energies: 
E(t) = p(t) + K(t). Assuming Newton's (second) law of motion, 
Е = m(dV/dt), prove that dE(1)/dt = 0 for a = t = b; that is, 
the total energy of the particle is a constant as it moves along its 
path. This is the law of conservation of energy for a conserva- 
tive force field. 


Prove that if a continuously differentiable vector field F = 
Pi + Qj + Tk is derivable from a potential on an open region R. 
then àP/óy = 0Q/0x. 0/0: = дТ/ду. and dT/dx = aP/óz. 


15.11 


Surface Area and Surface Integrals 


In Section 15.9 we considered line integrals. that is, integrals over curves. In this 
section, we study the analogous* notion of surface integrals, that is, integrals over 
surfaces. A special case of the surface integral provides a technique for finding the 
area of a surface. The section also includes a discussion of the flux of a vector field 


through a surface. 


*To obtain a strict analogy, we would have to define surface integrals over oriented surfaces; 
however, we do not consider the question of surface orientation in this section. 
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Figure 1 


Figure 2 


Figure 3 


Figure 4 


MULTIPLE INTEGRATION AND VECTOR CALCULUS 


Area of a Surface Described by Vector Parametric Equations 


Since we used the letter 5 to denote solids in Section 15.6, we use the Greek letter È 
to denote surfaces in this section. A surface Y іп xyz space can be described by a 
variable position vector R whose endpoint P traces out the surface (Figure 1). If we 
wish to express R parametrically, it is necessary to use two independent parameters, 
since X is **two-dimensional."' Thus, if the two parameters are denoted by u and v, 
the vector parametric equation of € can be expressed as 


R = flu, i+ gta, v)j + hiu, vk 


Неге we assume that the functions f, g, and h are continuously differentiable and 
defined on an admissible region D in the uv plane (Figure 2). As the point (и, v) 
moves through the region D, the position vector R traces out the surface X. 

It is not necessary to denote the surface parameters by u and v; they could just as 
easily be denoted by 0 and œ, or by x and у. or by s and г, and so forth. For instance, 
a vector parametric equation of a sphere of radius a can be written in terms of the 
longitude 0 and colatitude @ as 


К = (a sin ф cos @)i + (a sin @ sin 0)j + (a cos d)k 
where (Ө, ф) ranges over the rectangular region 
р: 0=0= 27 О = ф= т 


in the өф plane. 
Now, let X be a surface described vector parametrically by 


R = Ки, wi + glu, v)j + Alu, v)k 


where (и, v) ranges over the region D in the uv plane. Consider a small rectangle of 
dimensions Au and Av with vertices (и, v), (и + An, v), (и + Au, v + Ay), 
(н, v + Av) within the region D (Figure 3). The area AA, of this rectangle is 
given by 

АА. = Au Av 


Let the four vertices of the rectangle, in the order given above, correspond to the 
four points P, Q, V, and W, respectively. on the surface X (Figure 4), so that 


Р = (и, v), g(t, у), h(u, v) 
О = (flu + Au, у). gu + Ди. v), Аи + Au, v) 
V = (flu + Au, v + Av), ge + Au, у + Ду), Ми + An, v + Av)) 


and 
W = (Ки. v + Av), g(u, v + Av), AQ, v + Mv) 


Notice that the area Ax of the region POVW on the surface X is approximately the 
area of the parallelogram spanned by the vectors PQ and PW, so that 


AAy = [PQ x PW| 
By the definition of the partial derivatives fj. g1. and hy. 
Ди + Au, v) — flu, v) = fi, v) Au 
gíu + Nu, v) — gu, v) = ори, v) Au 
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and 
hu + Nu. v) — hlu, v) = hilu, v) Au 


with better and better approximations as An — 0. Therefore, 
PO = [Ки + Au, v) — flu. vli + [gu + Ан, у) — glu. v)lj 
+ [Alu + Au, v) — hlu. v)]k 
= [fi(u, v) Auli  [gyGr, v) Ан + [Gr v) Aujk 
| д ; oh í 7 dh 
= (2- м) + (ŻE an)i + (= au) = сот Ан 
и и 


ди ди ди 


| 
> 


where we have used the obvious symbolism óR/óðu for the vector obtained by 
partially differentiating R, component by component, with respect to u. Similarly, 
we have 


PW = [f(u, v + Ду) — flu, v)li + [g(t. v + Av) — gin, v)lj 
+ [h(u, у + Ау) — Щи, v)]k 
= [fs(u. v) Ау]  [go(u, v) Av]j + [Лә(и, v) Av]k 
7 oh | OR 
= ES av)i + n у) E or ar)k = д, 
ду ov \ ду ov 
lt follows that 
OR oR 
a ди ду 


oR OR 
= |—— Ж — 


ди ду 


oR oR 
ӘЙ а — 0 —— 
ди ду 


Ау 


КА 


with better and better approximation as (Av, Av) — (0, 0). 
From the result above. we may conclude that the element dAy of surface area is 
given by 


where dA,, is the element of area in the wv plane. Using the identity |A х В| = 
МАВ” — (A+B)? (page 777), we can rewrite the formula for dAs as 


Б 


ФК || 96 {> dR ae и, 
E Н алах 


assy 


x z п E 
ди ду ou ev 


Thus, the total area Ax of the surface X can be obtained by integration: 


rf OR OR} 
dAs = 1] 1А. 
дн ev 
D D 


д ду ПОПИО 


| oR E дЕ = | oR dR b 7 j 
= zr Ta s tay 
"D ET M 


where in the last double integral we have written the element of area dA, in the 
alternative form du dv. 
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EXAMPLE 1 Use the formula above to find the area of a sphere of radius a. 
SOLUTION The sphere is represented by the vector parametric equation 
К = (a sin ф cos 0)і + (a sin Фф sin 6)j + (a cos d)k 
where (0, ф) ranges over the rectangular region 
IDE SS SS Dar О<ф=х 


in the @@ plane. Here, 


JR 
P = (—a sin ф sin Ө) + (a sin ф cos 6)j + Ok 
aR | ^ С a А 
E = (a cos ф cos 0)i + (a cos ф sin 8)j — (a sin ф)К 
Hence, 
OR em 5 v AO F 2 JEN Sel 2 
EDT = q^ sin” ф sin* Ө + a^ sin^ œ cos” 0 = a^ sin^ olsin“ 0 + соз“ 0) 
=a Sur ae 
JR 2 2 2 2 2 D. gy EN ы 
ES =a’ cos“ ф cos” 0 + a^ cos? ф sin’ 6+ a^ sin“ ф 
= а> cos? dcos? 0 + sin? 0) + a? sin? ф = а? cos? ф + a? sin? ф 
= а (cos? ф + sin? ф) = а? 
and 
oR ‚ К | 
—— = —a’ sin $ cos ф sin 0 cos 0 + a sin œ cos œ sin 0 cos 0+0=0 
E Ет 
Therefore, 


oR 


R E mu R 
E 


| = V(a^ sin? ф)а? — 0 = a? sin ф 
and it follows that for the sphere of radius а with longitude and colatitude as param- 


eters, 
| dAy = а? sin ф d0 аф 


Consequently, the surface area of the sphere is given by 


[| dAy = | a? sin $ dé аф = а JÍ sin Ф 40 dd 


al ЫРДАШЫ е а) аф 


0 ü 


Ay 


d )| d$ = a | 23 sin $ аф 
0 0 


2za^(—cos d) 


= —2ga'(-1- 1) = 4ra? 


0 
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Figure 5 EXAMPLE 2 Use the integral for surface area to rederive the formula for the area 
of a surface of revolution originally derived in Section 6.4. 


SOLUTION Let the surface X be generated by revolving the graph of y = f(x), 
a =x € b. about the x axis, where f has a continuous first derivative and f(x) = 0 
fora = x = b (Figure 5). A point P on the surface X can be located by specifying its 
x coordinate and the angle о through which P has turned from its original position О 
on the curve y — f(x). Thus, we take x and a as our parameters. In Figure 5, notice 
that 


[CP] = [co] = feo 


Consideration of the right triangle CBP shows that the y and z coordinates of P are 
given by 


y= СР cos а = f(x) cos а and з= |СР| sin a = f(x) sin a 
Therefore. the position vector R of P is given by 
R = xi + yj + ck = xi + f(x) (cos a)j + f(x) (sin o)k 
and as (x, a) ranges over the rectangular region 
D:a=x=b OS gy = 2p 


in the xa plane, the vector R traces out the surface X. Here, 


OR 
p = į + f'(x) (cos a)j + f'(x) (sin a)k 
x 


OR : E. 
—— = (i — f(x) (sin a)j + f(x) (cos a)k 


да 
Therefore. 
JR ч 2 2 2 2 ау 2 
| = J + [Li tiene cese æ + [LP CIE sin" æ = 1 + TU GUI 
x 
OR = 2 , D! D 2 2 3 
ES = 0* + [fœ] sin” æ + [fG)]^ соѕ- а = [fx 
and 
dR oR 
—°— = 0 — f'(x)f(x) cos a sin a + f"(x) f(x) cos а sin a = 0 
дх da 
Hence, 
Пәк P] OR |> (dR oR 
e Sale ui dia JE. m ЧҮ Or T 
dAy V alos ( E. 5) dx da = М + ОРН — 0 dx da 


= fe) V 1 + [F O] dx da 


It follows that 


лх = [I dAs = || novi ror dx da = h [Cov For da dx 


b 
= ЭМ Il 9E Gol а 
| |^ ы Л? 


27 b == 
| ах = т] ЖКӘМ1 + [f' OP dx 2 
0 a 
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Figure 6 Area of the Graph of a Function of Two Variables 


Let f be a continuously differentiable function of two variables defined over an 
admissible region D in the xy plane, and denote the graph of f by X (Figure 6). 
Using x and y as parameters, we find that the vector parametric equation of X is 


R = xi + yj + f(x, vk 


where (x, y) ranges over the region D. Here, 


ok быу . Dre ae 
= = jar Oy) ar flrs LE and — = i j t f(x, у)К 
ox ду 
OR 2 2 2 E 
Hence, == = SPO GS SNP 
Ox 
AR |? " ^ 2 
——| =0 +12 [Gs у) 
ду 
JR OR а 
апа gcc (0L ap op fits SP Rs 39) 
OX ду 


E 


dA S 


It follows that 
AR 2 к ( К OAR 


oR 2 
JE RF aay 
Ox ду ~ 


G ОУ 
ы 7 УКТ Ы E TE E ded 
VI (AG. у]? + 156, УР dx dy 


Therefore, the area Ay of the portion of the graph of z = f(x, y) lying above the 
region D in the xy plane is given by 


Aw = | | VI (fi. у] + 150. y) dx dy 


D 
de "S 
- |) vi + (=) (Sara 
| 5 Ox ду 


(EXAMPLE 3 Find the area of the portion of the surface z = x? + у? that lies over 
the region D: x? + y? = 1. (Round off your answer to two decimal places.) 


SOLUTION 


> 
м 
l 
==) 
cu 
+ 


D 


[| МІ + (2x)? + (2yY dx dy 
D 


[| V Ax? + 4у? + 1 dx dy 
D 
Converting the last double integral to polar coordinates, we obtain 


2e ri 27 [1 
Ау = | | V/4r? cos? 0 + 4r? sin? Ө + 1 r dr dü = | | V4r + 1 г ағ dé 
o d о 0 


) 
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Making the change of variable и = 4r? + 1 in the inside integral, we have 


2m ffs — — du ` Qa 3/2 |5, эт V125 = 
a=| (| Vi) ao = | = | )ae- | ——————— ін 
0 1 5 0 12 t 0 12 


SV5—-1 . | 
= EE == 5.33 square units 


EXAMPLE 4 Find the area of the portion of the plane 2x + 3y + z = 6 that is cut 
off by the three coordinate planes. 


SOLUTION The equation of the plane can be written as = = 6 — 2x — 3y. 
so that E 
oz oz 
-= 2 and E De 
Ox ду 
Figure 7 The plane z = 6 — 2x — Зу intersects the plane с = 0 in the line 2х + 3y = 6; 


hence, the portion of the plane cut off by the three coordinate planes lies above the 
triangular region D in the xy plane bounded by the x axis, the y axis, and the line 
2х + Зу = 6 (Figure 7). The area of D is given by 


Ji dx dy — i) (3) = 3 square units 


Thus, the area As of the portion of the plane z — 6 — 2x — 3x lying above D is 
given by 


5 


а= Ji vir (2) +(2) dx dy = Jl VI + (72 + (3) dx dv 


=V14 || dx dy = V14(3) = 3V/14 square units 
D 


The Surface Integral 
Suppose that X is a surface described vector parametrically by 
X: R = f(u, v + glu, v)j + hlu, Wk 


for (u, v) іп an admissible region D in the ну plane. We assume that the scalar 

component functions f. g. and h are continuously differentiable, so that the differen- 

tial dAy of surface area is given by 

oR OR 
x 

ди ду 


ОВ OR 
E 25, du dy 
= ду 


dAs = ч! 


VI Z= 


If F is a function of three variables, defined and continuous on a subset of xyz space 
that contains the surface X, then the surface integral of F over X, denoted symboli- 


cally by [| F адз. is defined by 


[fra 


A Fi flu, v). g(u. v), hiu, NE 


2 T du dv 


z E3 = aR V 
\ж ду 


ди 
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EXAMPLE 5 Let X denote the surface of a sphere of radius a in xyz space with 
center at the origin. Evaluate the surface integral 


[| (x? + 2) dAy 


SOLUTION Using longitude Ө and colatitude ф as parameters, we can write the 
vector parametric equation of the sphere as 


К = (a sin ф cos 0)i + (a sin Фф sin Ө)] + (a cos d)k 
where (0, ф) ranges over the rectangular region 
IDE 10) Ss egy 0<ф<т 
in the Өф plane. In Example 1 we found that 
аА = a? sin $ d0 аф 


Therefore, 


[| (x? + 2) 4Ах = [| [(а sin ф cos 0 + (a cos d)]a? sin ф d0 аф 
x D 


= [| (at sin? ф cos? 0 + а? sin $ cos ф) d0 аф 


D 


mp pam 1 + cos 20 
= | | | (a! SE en cine " do| йд 
0 


0 2 


= | le sin? nes + SUM посо ой | do 
б) 2 + 0 


| latm sin? ф + 2a*z sin $ cos ф) d 
0 


Il 
2 
E 


К | sin? $ d$ + 2а?т | sin $ cos ф аф 


0 0 
sin? ф 
2 


) 


0 


a'a | (1 — cos? ф) sin $ d$ + 2a°n 


0 


ат | sin $ d$ + ata i cos? d(—sin ф) db + 0 
o 0 | 


т 


Ш 
a 
p 
ES 
Pm 
| 
€ 
о 
n 
©- 


ll 
һә 
S 

p 
3 

| 
wits 
& 


The Flux of a Vector Field Through a Surface 


Figure 8 N Suppose that X is a surface in xyz space and that N denotes a unit normal vector to 
У at the point (x, у, 2) (Figure 8). We assume that as the point (x, у, 2) moves around 
on the surface X, the unit normal vector N varies in a continuous manner. Suppose 
that € is contained in the three-dimensional region S on which the vector field 


t4 


К= Pose тї Oe ELO SER 


is defined. For definiteness, we visualize F as the velocity field of a flowing fluid. 


Figure 9 
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Consider an infinitesimal region of area dAy at a point on the surface X, and let N 
be the unit normal to the surface at this point (Figure 9). 1f we let 1 unit of time go 
by, then the fluid flowing through dAs will fill an infinitesimal solid cylinder of 
height # = F*N and with volume 


dV = h dAy = F* N dAy 


The infinitesimal volume dV of fluid flowing through the infinitesimal region dAy 
in unit time is called the flux through dA. Integrating dV over the whole surface Y, 
we obtain the total volume of fluid flowing through X in unit time; hence, we define 
the flux of the vector field F through the surface X in the direction of the unit 
normal vector N to be the surface integral 


EXAMPLE 6 Let X denote the portion of the plane z = x + 2y + 1 that lies above 
the negen D:0 =x = 1,0 = y = 2 in the xy plane. Find the flux of the vector field 
Е = xĉi + ху] + zk through the surface X in the direction of the normal N that 
makes an acute angle with the z axis. 
SOLUTION Writing the equation of the plane in the form 

Se ap PY 2 || = (0) 


we find that the vector N, = i + 2j — k is normal to the plane, as is the vector 
№ = —N, = —ї— 2j + k. Since № has a positive К component, it follows that N> 
makes an acute angle with the positive т axis. (Why?) Normalizing №, we obtain 
the desired unit normal vector 


NM -i-2jt+k  -i-2j*k 
ПОИ ЕЕ V6 


Therefore, F * N = (х? — 2xy + z)/ V6; hence the flux through X is given by 
=” = UNT 
Mh ae = (| ate 7А 
|| - У V6 : 


Е = (E) ав 


=x? — My + х + 2у + ] 
= |] So VIF + Qy dx dy 
[] V6 ) j 


2 үй 
| (~x? — 2xy + x + 2у + 1) dx dy 
0 


1 
| 
о 


d 5 х2 
= чес] 2x ү 


I 


Ш 
i E — 
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Problem Set 15.11 
In Problems 1 to 10, find the area Ay of each surface X. 


1 XN is the portion of the plane x + v +z = 5 that lies above the 
ci 


ircular region D: x? + y? = 9, 


2 X is the portion of the cylinder y? + z? = 16 that lies above the 
triangular region D: OS x 2,0 y x2 = x. 


3 X is the portion of the plane 3x + 2y + z = 7 that is cut off by 
the three coordinate planes. 


4 X is the portion of the parabolic сушр = &x that lies above 


the region D: OS x x 1,05 y dx". 


5 X is the portion of the cylinder x^ + z? = 9 that lies above the 
rectangular region D with vertices (0, 0), (1, 0), (1, 2), and 
(ШЭ, 


6 X is the portion of the а a + oy? + 22 = 36 that lies above 


the circular region D: х? ED. 

7 X is the portion of the cylinder y^ + z? = 4 inside the cylinder 
x? = 2y + 4 and above the plane z = 0. 

8 X is the portion of the cone z = Мх? + y? inside the cylinder 


2 


xX = бу. 


9 Xis generated by revolving the arc of y? = Ах from (0, 0) to 
(3,2V 3) about the x axis. 


10 X is generated by revolving the arc of x = е? from (1, 0) to (е. 1) 
about the у axis. 


11 Let D be an admissible region of area A in the xy plane, and let 
У be the portion of the plane ax + by + cz + d = 0 consisting 
of all points (x, y, 2) on the plane for which (x, у) is in the region 
D. Assuming that c 0, show that the area Ax of X is given by 


A ae 
dk к= == WP чы db шыр 
E 


12 Let a and b be positive constants with a > b, and suppose that 
the surface X is described vector parametrically by 


К = (a + b sin (cos v)i + (a + b sin u)(sin v)j + (b cos wk 


for (и, v) in the rectangular region D: 0 =u = 27, 0 v E 27 
in the 4v plane. Find the area Ax of the surface X. 


13 "ln Problem 11, show that A = Ax cos a, where « is the angle 
5 


between the plane containing D and the plane containing È. 

14 Let w be a fixed vector of unit length in xyz space such that 
wek 4 0. and let C he a curve with total arc length £L in the ; hu 
plane having the scalar parametric equations , 


c 0zscL 


nog) 


503 F- i xyj + 


where the parameter s is arc length. Let X be the surface de- 


scribed by the vector parametric equation 
R = f(s)i + g(s)j + tw 


where the parameters s апа z satisfy 0 = s = L and a = t b. 
Show that the area of X is given by As = L(b — a). 


15 If c is a constant, what is the value of the surface integral 


{| c dAs? 


А 


16 Let X be the portion of the right circular cylinder x^ + y^ = 1 
lying between the plane z = 0 and the plane z = 1. Evaluate the 


surface integral (x + y + 2) dAy. (Hint: Use cylindrical 


coordinates.) У 


17 Evaluate iI (у + 22) dAy, where У is the sphere of radius 1 
x 
with center at the origin. 


18 Let X be the right circular cone (with open base) whose vertex is 
at the origin and whose base is a circle of radius b which is 
parallel to the xy plane and л units above it. Evaluate 


| | xyz 4Ах. 


x 


19 Let X be the portion of the plane z = x + 4v + 5 that lies above 


the region D: 0 x x 1, 0 ys 1 in the ху plane. Evaluate 


Ill (2xy — Е) dAs. 


20 Suppose that the surface X is an admissible region in the xy plane 
and that F is a function of three variables, defined and continu- 
ous on a subset of xvz space that contains X. Show that in this 


case the surface integral Ili F dAy is the same as the double 
X 
integral lj F(x. y, О) dA. 


In Problems 21 to 25, find the flux of each vector field F through 
the indicated surface È in the direction of the given unit normal 
vector N. 


21 F= усі + xzj + хук: E is the portion of the plane z= 
x + у + f that lies above the region 2:0 = х= 1,0 = у= іп 
the xy plane; N is the unit normal to X that makes an acute 
angle with the positive z axis. 


22 F = xi + yj + zk; X is the sphere of radius 1 with center at the 
origin; N is the unit normal to X that points away from the 


center. * 


zk; X is the triangle with vertices (We (0), 10). 
* (0, 2, 0), and (0, 0, 3); N is the unit normal to X that makes an 
acute angle with the positive x axis. 
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24 F = хі + у] + 22; X is the entire surface of the tetrahedron 


with vertices (1, 0, 0). (0, 1. 0), (0, 0, 1), and (0, 0, 0); № is the 
unit normal that points away from the interior of the tetrahedron. 
(Hint: Integrate over each of the four triangular faces and add the 


the plane z — 2: N is the unit normal to X that points away from 
the z axis. 

If R is a variable position vector sweeping out a surface X and if 
и and v аге the parameters, show that (дК/ди) х (26/9) is 


resulting numbers.) = 
= normal to X. and show that the flux of a vector field Е through X 


in the direction of this normal is given by 


ә 
„л 


= (1/х)і + Q/5j Р (1/z)k; X is the portion of the right cir- [| m Es * oR 


a cylinder x? + y? = 3 that lies between the plane z = 1 and \ ди ду ) к! 


D 


[БЕЛ The Divergence Theorem and Stokes’ Theorem 


The divergence theorem and Stokes’ theorem are generalizations to three-dimen- 
sional space of Green’s theorem in the plane (Section 15.9). Before we present 


these theorems, we introduce the ideas of the divergence and the cur/ of a vector 
field. 


Divergence and Curl 


In dealing with scalar and vector fields it is useful to introduce the ‘‘symbolic 
vector," or operator, V defined by 
д д 


СР" 
YASS i == tjk 
Ox dy oz 


Of course, V is not really a vector at all; however, in a formal sense, it can be 
**multiplied" by a scalar field or a vector field. For instance, if w = f(x, y, z) is a 
scalar field, then 
ow ow ðw дт. ow 
Т hE Е +k: = it je 29 k= the gradient of w 
OX ду oz OX ду Oz 
which explains why the notation Vw is used for the gradient of w. 
If F = Р(х, y. 2i + Q(x, y. 2j + T(x, у. z)k is a vector field, then we can form 
either the "'dot product”? 
V.F 
or the “‘cross product” 
VxF 
of the symbolic vector V with F. The dot; un roduct V + F is called the divergence of 


F. abbreviated , while the cross pro uct V X F is called the curl of F, abbre- 
viated curl F. Thus, we have 
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and 


curl F 


If the vector field Е is thought of as the velocity field of a flowing fluid, then V * F 
and V X F have interesting physical interpretations. The scalar V * F is a measure of 
the tendency of the velocity vectors to ‘‘diverge” from one another. For instance, if 
the fluid is flowing with a constant velocity (Figure 1а), then the velocity vectors 
are parallel to one another, and the divergence is zero; however, near a *'source'' of 
fluid (Figure 1b) the divergence would be rather large. On the other hand, if the tail 
end of the vector V X F were equipped with small vanes (Figure 2), then the 
flowing fluid would cause the vanes to rotate with an angular speed proportional to 


|У x Е. 
Figure 1 | Figure 2 VxF 
Hi -F=0 Bw ү >0 
A, HONS ==. РЕ 
ко 
„4“ ~~ T e 

ра, ДУ 
( бзш у 
a (b) ~r 


EXAMPLE І Let F = 2xyi + 4yzj — xzk. Find 
(a) V-F (b V X F 


SOLUTION 


QV MOM ee iy ee ee 
a ә Б (206 == E mm SA dE X 
Ox 2 oy | oz ^ d ‘ 


а jek 
д j Э 
() Vx F=|— — Ee 


pe ор ew - 4 cwi 
ду N x 4 m с: Fix 


+ [Æ ar - 3 ow |k 
b. es 


= (-4yji + [-(72)]j + (-20k = —4yi + zj — 2xk L| 


Karl Friedrich Gauss 


THEOREM 1 


Figure 3 =z 
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EXAMPLE 2 If A is a constant vector and r = xi + yj + ck, find 
(a) divr (b) curl (A X r) 
SOLUTION 
д д д 
(а уг х == у te = ЕОС 3 
Ox ду oz 


(b) Let A = ai + bj + ck. Then 


і j К 
А хг= |а b c| = (bz – су + (cx — az)j + (ay — bx)k 
X y = 
Hence, 
| o j k 
| д д à | А . 
cuni (AN ES ym || = == — | =2ai + 2bj + 2ck = 2A 

| ax ду Oz 


lbz — (CP Ci as ay — HAS 


The divergence theorem, also called Gauss's theorem in honor of the renowned 
German mathematician Karl Friedrich Gauss (1777—1855), effects a profound con- 
nection between the divergence and the flux of a vector field and represents a 
generalization to three-dimensional space of Green’s theorem in the plane (see 
Problem 36 in Problem Set 15.9). The following is a somewhat informal statement 
of the theorem. 


The Divergence Theorem of Gauss 


Let 5 be a closed and bounded region in xyz space whose boundary is a piecewise 
smooth surface X. Suppose that F is a vector field defined on an open set U 
containing S, and assume that the scalar component functions of Е are continu- 
ously differentiable on U. Let N denote the outward-pointing unit normal vector 


to the surface X. Then 
(Шо 
5 У 


In words, the integral over a solid S of the divergence of a vector field is the flux 
of the field through the boundary of the solid. 1n particular, if the integrand of a 
triple integral can be expressed as the divergence of a vector field, then the value of 
the integral depends only on the vectors on the surface that encloses the volume! 
The proof of the divergence theorem is beyond the scope of this book. 


EXAMPLE 3 Let F = (2x — z)i + х?у] + xz^k, and suppose that 5 is the solid 
cube bounded by the planes x 20, х= 1, y 0, у= 1, 2= 0, and г = 1 
(Figure 3). 1f X denotes the surface of S, use the divergence theorem to evaluate 


{| F*N dAs, where N is the outward-pointing unit normal vector to X. 
m 
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Archimedes 


Figure 4 


SOLUTION Ву the divergence theorem, 


{I Е.М dAy = fff т-ка 
= 5 
ПРЕ И 
j zs (Cage) ду (ху) x (x25) 
rll pil 

[f e ana | | | (2 + x? + 2хг) dx dy dz 
š о "o "o 
Mi Í Е. | 1 2 

2x + — ca а= | | Zya) ay de 
o ^o 3 / dol ^ о Јо 53 Í 
1 (7) ` 1 WAG 
| [Gr | = | үз. 
0 3 0 A s 


ыл $m 


li 


li 
тте 
ES 
ta 
28 
ty 
n 
UM 


EXAMPLE 4 Use the divergence theorem to prove Archimedes’ principle: The 
buoyant force on a solid S immersed in a fluid of constant density is equal to the 
weight of the displaced fluid. 


SOLUTION Let the xyz coordinate system be placed so that the solid 5 lies below 
the xy plane and the z axis points straight upward as usual (Figure 4). Since the 
pressure P of the fluid varies linearly with the depth, the pressure at the point 
(x, y, z) on the surface X of S is given by 


Р = а – 6z 


where а is a constant апа 6 is the weight of a unit volume of the fluid. The force dF 
caused by this pressure оп an infinitesimal area dAs has magnitude 


|dF| = pressure times area = (a — бс) dAy 


and is directed inward along the normal to the surface. Thus, if N is the outward- 
pointing unit normal to X, then 


dF = \dF\(—N) = —(a — 8z)N dAs = (б: — a)N dAs 


The vertical component of dF represents the magnitude of the buoyant force dF, 
acting on dAy; hence, 


dF), = ke dF = k+[(6z — a)N dAs] = (82 — а)К. М dAs 
The magnitude of the net buoyant force on the entire surface X is obtained by 


summing—that is, integrating —dF; over X; hence, 


Fas || (д: — a)k* N dAy 


S 


д 
Неге we have Ү (= — ak = Es (6: — a) = ё 


Therefore, by the divergence theorem, 


{J (д: — a)k* № dAs = If vos - ak av = [ff 0 dV 
5 5 


N 


ПЕЕ 


F; 
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where V is the volume of S. Since 6 is the weight of a unit volume of the fluid, it 
follows that 6V is the weight of the displaced fluid. 


EXAMPLE 5 Let D be a closed admissible region in the xy plane, and suppose that 
g and л are continuous functions defined on D and satisfying g(x, y) = A(x, y) for all 
points (x, y) in D. Let S be the solid consisting of all points (x. v. z) satisfying the 
conditions that (x, у) belongs to D and g(x, у) = z = A(x, y) (Figure 5). Suppose 
that f is a function of three variables that is continuously differentiable on some 
open set U containing S, and let Е be the vector field defined by Е = f(x. v. z)k. 
Verify the divergence theorem for the vector field F and the solid S. 


SOLUTION The surface X of S consists of the three parts 
У 1: the graph of z = g(x, у) for (х, y) in D 
22: the graph of z = A(x, y) for (x, y) in D 
Уз: the portion of the cylinder over the boundary of 
D, with vertical generators, cut off by X, and X; 


a я Let № denote the outward-pointing unit normal vector to the surface X. The vector 
igure 2 


gis шр. 99) — K 


is normal to X; (Section 14.6. page 883) and points outward 
from the solid S, since its k component is negative; hence, on 
|, we have 

gix, У)# + 82x, y)j — К 


Vigi. D] + [ex y] + 1 


Also, on X,, the differential of surface area is given by 


dAs = Vigi, D] + ie, X) + E dx dy 


Therefore, on X,, 


NdAs = [gilx, y)i + дох, yj — k] dx dy 


and 


PON 4Ах = fix, y, ZksDg wi + g(x, yj — k] dx dy 
= —Д(х, y, z) dx dy = — f(x. у, р(х, у)) дА 


where dA is the element of area in the domain D. Hence, 


A 
{J Е.М dAy = — {J f(x, y, g(x, y) dA 
B D 


Reasoning in a similar way, but noting that the k component of N on X» is positive. 
we find that 


[| F-NdAs = [| FQ, y. h(x, y)) dA 
X; D 


Since N is parallel to the xy plane on the cylinder X5, it follows that 


F*N = f(x. v. K-N = f(x, y, 2(0) = 0 on X4 


Hence, Iii Е.М dAs = 0 
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Therefore, 


|| Е.М 4Ах 


|| F-N dAy + || о М dAy + di F. N dAy 


BI у, g(x, у) dA + TES y, h(x, y) dA + 0 


{| Lf x, ity, Y) — fos, y. есе, 30] dA 
› 


[ек] 


ROLY) 


hix) of 7 
|| |. = a) dA 
д: 


ZOU) 


[jj 4 в E jl V-F dV 


in conformity with the divergence theorem. 


We now turn to another generalization of Green's theorem, which is attributed to the 
Irish mathematical physicist Sir George С. Stokes (1819-1903). Roughly speaking, 
Stokes’ theorem says that the flux of the curl of a vector field Е through a surface X 
is equal to the line integral of the tangential component of F around the boundary 

oe: 
Figure 6 N To be more precise, suppose that È is a smooth surface and that N denotes a unit 
normal vector to У which varies continuously as we move around on the surface 
(Figure 6). Furthermore, we assume that the boundary of X consists of a single 
closed curve C in xyz space. Imagine standing on the boundary curve C with your 
head pointing in the direction of the normal vector N and with the surface X on your 
left. Now, if you walk forward along C, you will, by definition. move in the 
positive direction around the boundary. If we wish to describe С, or a part of С, 
т. Tet parametrically, we always choose the parameter г so that when / increases, we move 
around Ihe boundary along C in the positive direction. With this understanding, we can now give an 

informal statement of Stokes' theorem. 


li 


THEOREM 2 Stokes’ Theorem 


Let F be a vector field whose component functions are continuously differenti- 
able on an open set U containing the surface X and its boundary curve C. Then 


Recall that the line integral fe F * СК around a closed curve C is called the circula- 
tion of the vector field F around C. In particular. if F represents a force field, then 
the circulation of F around C is the total work done by the force F in carrying a 
particle once around the closed curve C. Thus, Stokes’ theorem says that the circu- 
lation of a vector field around the boundary of a surface in xyz space is equal to the 
flux of the curl of the field through the surface. The proof of Stokes’ theorem ts 
beyond the scope of this book. 


Figure 7 
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EXAMPLE 6 Let X be the portion of the paraboloid of revolution z = 5(х? + у?) 


cut off by the plane z = 2 and lying below this plane (Figure 7), and let N be the unit 
normal vector to X that makes an acute angle with the positive z axis. If C is the 
boundary curve of X and Е is the vector field Е = Зуі — хс}  yz^k. verify Stokes’ 
theorem for F and X. 


SOLUTION Proceeding as in Example 5, we find that 


| dz дс 
N day = -[ i+ рк) dedy (5ш yp + Ko dA 


ax 
Here, 
i j k 
ð д д | 5 Я А 
Tsk = |88 xi^ 62 t5 t0 rci 3k 
| ax dy а | 
[Зу —az у”! 
Непсе, 


(ХЕ) Мал: = [2 + x)(—x) + 0(у) + (o£ — 3)(1)] dA 
= (-2*x-x7-—2-3)dA 
Notice that the surface X lies over the circular region 


D: x? у” <4 


I (—z?x — x? — z — 3) dA 


D 


{J (= d(x? + ух = х2 = ig? se у?) = 5 


D 


in the xy plane. Therefore. 


I (V x Б). № dAs 


Switching to polar coordinates, we find that the flux through X of the curl of Е is 
given by 


PX fe 
[| (V x PN das = | i (—4r*r cos Ө — r? cos? Ө — br? — 3)r dr d0 
- o "o 
2 3 


FL. rê А 4 r 
(~~ cos = ii cos? Ø — 7 — 3r) dr ao 
4 2 


| 

2r Г г? rt А га 3r2 
= (ceo сө = 

^ \ 

| 


e 


| do 
28 4 8 эЛ 


(— 22 cos 8 — 4 cos? 0 — 8) dé 
27 

-Í [— cos 0 — 2(1 + cos 20) — 8] dé 
0 


27 
-| (— 22 cos 0 — 2 cos 20 — 10) 40 
0 


=(- 32 Бйр ЫЫ) 
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Now we calculate 


parametrically by 


R 
so that 
and F-dR 
Therefore, 
| F:dR = 
[c 


= | (10 — 2 cos 21) dt = — (10; — sin 21) 
0 


the circulation fc F*4R. Notice that C is described vector 


(2 cos t)i + (2 sin 1)j + 2k О=г= 2т 
dR = {(—2 sin t)i + (2 cos r)j] dt 


[(3y)( —2 sin 1) + (—xz)(2 cos n] dt 


= [3(2 sin /)(—2 sin 1) + (—2 cos 1)(2)(2 cos r)] dt 


= (—12 sim t — 8 cos? 1) dt 


27 
| (—12 sin? t — 8 cos? t) dt 
0 


2a 
= | (4 sin? 1 + 8 sin? ¢ + 8 cos? г) dt 


0 


-| (4 sin? + 8) a= |. [201 — cos 2t) + 8] dr 
0 


0 
= —207 


0 


in conformity with Stokes’ theorem. 


Problem Set 15.12 


In Problems | to 4, find (a) V +F and (b) V X Е. 


QF = gi- х?) + (х + у)К 
2 Е = (22 ~ xi — ду} + 32k 
3 Е = Злу + (5х2у + 2)j + 2y?z^k 


4 Е = x(cos у)і + 3x7(sin »j + ark 


In Problems 5 to 8, use the divergence theorem to evaluate the flux 


|| F * N dAs through the boundary X of the indicated solid 5 of the 
Уу 


given vector ficld F. Here, N denotes the outward-pointing unit 
normal vector to X. 
^ 
SF = (2y + 2)i + у^] — (x + 3y)k; 5 is the solid bounded by the 
planes 2x + 2y + 2 = 6, x = 0, vy = 0, and z= 


6 F = x^i + yj + 27k; S is the solid cube bounded by the planes 
х= 0, х= 1, у= 0, у= 1, : = 0, andz=1. 
£ > 2 
+7 Е = yzi + xzj + хук: S is the solid sphere x? + y? + z? < 1. 


8 F = (2? — xi — хуј + 3zk; S is the solid bounded above by the 
parabolic cylinder z = 9 — y?, in back by the plane x = 0. in 
front by the plane x = 4, and below by the xy plane. 


In Problems 9 to 12, use Stokes’ theorem to evaluate the flux 


| (V X Е). № dAs of the curl of each vector field Е through the 


^d 
indicated surface X in the direction of the given unit normal vector 


| N. 


А 
e = yi + xyj + xzk; X is the hemisphere x? + 3? + z? = 9, 
z = 0; N has a nonnegative k component. 


10 F = yi + zj + xk; X is the portion of the paraboloid of revolu- 
tion z = 1 — x? — у? for which z = 0; N has a nonnegative К 
component. 


AE F = (z + y + (т + х)] + (х + yk: X is the triangle with ver- 
tices (1, О. 0), (0, 1, 0), and (0, 0, 1); № is the unit normal vector 
whose components are all positive. 


12 F = г/г, r = xi + yj + zk, = |r|; X is the portion of the ellip- 
soid (x7/4) + (v?/4) + (22/9) = 1 for which z = 0; № is the unit 
normal vector whose k component is nonnegative. 


In Problems 13 and 14, verify the divergence theorem by direct 
calculation for the given vector field Е and the indicated solid 5. 


13 F = xi + yj + ck: S is the solid cube bounded by the planes 
x-20,x-71.v20.»-1.z-20,andz- 


14 Е = g(x, у, z)j. where g is a continuously differentiable func- 
tion defined on an open set U containing the solid sphere 
S: x? + y? +:2 =]. 


In Problems 15 and 16, verify Stokes’ theorem for the given vector 

field Е, the indicated surface Y, and the given unit normal vector N 

to X. 

15 Е = (2y + zi + (x — z)j + (y — x) k; X is the triangle cut from 
the plane x + у + z = 1 by the coordinate planes; М is the unit 
normal vector whose components are all positive. 


I6 Е = 2уі —xj + ck; X is the hemisphere x? + y? + z? = 4, 
z = 0; N is the unit normal vector whose К component is non- 
negative. 


17 Prove the divergence theorem for the special case in which S is 
the solid cube bounded by the planes x = 0, x = 1, y = 0, 
y= 1, 2—0) andiz— 


18 Let F = f(x, у, Di + g(x, y. 2] + A(x, y, z)k. Explain why the 


surface integral 


x 


{| f(x, у, 2) dy dz + g(x, у, z) dz dx + h(x, у, z) dx dy 


F -N dAs is sometimes written as 
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19 Assuming the existence and continuity of the required partial 
derivatives, prove that (a) the curl of the gradient of a scalar 
field is zero and (b) the divergence of the curl of a vector field is 
zero. 


20 Show that the flux of the curl of a vector field through the sur- 
face X. of a solid S is zero. State carefully what assumptions you 
need to make. 


21 Suppose that X is an admissible region in the xy plane whose 
boundary C forms a piecewise smooth, simple closed curve. 
Show that Stokes' theorem for X is essentially just Green's theo- 
rem in the plane. 


22 Show that a solid $ immersed in a fluid of constant density 
experiences no net horizontal force because of the fluid pressure. 


23 Show that the condition given in Theorem 3 on page 991— that 
the vector field F be derivable from a potential on an open, 
simply connected region R—is equivalent to the statement that 
VxF-00nR. 


24 Give an informal proof of Theorem 3 on page 991 patterned after 
the informal argument given for Theorem 2 on page 989, but 
using Stokes’ theorem rather than Green's theorem. 


Review Problem Set, Chapter 15 


In Problems 1 to 8, evaluate each iterated integral. 


1 fy 
1 | | ху? dx dy 
о -0 
DES 
3 | | (x + 2y) dx dy 
1 зу 
2 qu z 
5 Í | хђуеУ dy dx 
1 л 


5 ra/3 
7 | | r? sin 0 d0 dr 
3 "п/б 


4 (Vx 
| | y Vx + y? dy dx 
о 0 


2 [Vac 
4 | i (x + y) dy dx 
о -0 


5 fy y 
of | dx dy 
ТУ 


т (2cos 80 
8 | | r sin 0 dr d0 
0 0 


In Problems 9 to 12, replace each iterated integral by an equivalent 
integral with the order of integration reversed, and then evaluate the 
integral obtained. Sketch the appropriate region. 


4 (V4-x 3 får? 
9 | | y dy dx 10 l Í dy dx 
0 “(4—-x)/2 О x 
6 fü/9)36-5 n 6 [2y 
1 | \ yx dx dy 12 | ху? dx dy 
О “(2/3)(6—-y) 0 “y3/18 


In Problems 13 to 16, evaluate each double integral over the region 
indicated. 


13 ji (Му + х – 3ху2) dA; R: 0 =х 51, 1 =у=3 
R 


14 [| sin (x + у) dA; R:0=x=7/2,0<y= m/2 
R 


15 | e dA; R:0Sx<2,05y<x 
R 


16 [| C NOE OE S 
А aly 


In Problems 17 to 20, use double integration to find the area of the 
region R bounded by the given pair of curves. 


17 у= 4х – x andy =x 18 y? = 4х and 2х — y 2 4 
19 45? = х? and x = y 


20 y? = 4x and x = 12 + 2у – y? 
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In Problems 21 to 26, express each iterated integral as an equivalent 
iterated integral in polar coordinates, and then evaluate the integral. 


( 10 100-4 

21 | | ух! + у? 
0 0 
[2 гуз-у? 

23 | | (1 — x? — y?y dx dy 


ety v^ dx dy 


É Wier 
к j ху dy dx 


4 \ 
dy ах 22 | | (x? + у^)? dy dy 
0 


0 


In Problems 27 to 30, find the volume V of the solid under the graph 
of the given function f and above the indicated region R in the xy 
plane. 


У sc R (ves y= 2, 7/201 = 2 
28 f(x, y) = 2 – х; К: х + у? =4 
29 f(x. у) 2 8— x у; К: the triangular region bounded by 


х+у= 8,0 + 2у = 8, and x = 0 


30 f(x, v) = x? + y7; R: the region bounded by the cardioid whose 
polar equation is г = I — sin 0 


31 The volume V under the hyperbolic paraboloid z = xy and above 
a region R in the xy plane is given by 


1 ГУ DM EN 
= i Í xy dx dy + Í i xy dx dy 
о Jo т c 


Sketch the region К in the xv plane, express V as an iterated 
integral in which the order of integration is reversed, and eval- 
uate V. 


32 If b > a 0, show that 
x aa bx 
Баана b 
i кашы ане dx = In — 
0 ‹ 


by using the fact that 


forming a suitable iterated integral, and reversing the order of 


integration. 


In Problems 33 to 36, use double integration to find the centroid of 


the region К. 
33 R: 0 Sx < 7/4, OS y S sec x 
34R:0-svzlnn4,e-xz4 


35 R:0- 0S m/3, 0 г sin 20 


36 R: the triangular region with vertices (0, 0), (b, 0), and (c, Л), 
where b, c, and Л are positive constants 


37 Find the moments of inertia /,, I, and 1, of a homogeneous 


lamina of mass m occupying the triangular region R of Prob- 
lem 36. 


38 A lamina has the shape of a circular disk x? + y? = a?, and its 
density at the point (x, v) is given by a(x, y) = ka? + y2y 7, 
Here, a and К are positive constants. Find /,. 7,, and 4;. 


In Problems 39 to 43, evaluate each threefold iterated integral. 


[ГГ 
1 fa Abc 
40 i | 1 erty? dy dz dx 
G 2 
ETE 
41 T | [К dz dy dx 
0 3x2+y 


1 МЗ: у CESSE 
42 | | | WNA Бу ar RE GRE GS а 
0 0 0 


a f7/2 facos 
43 | | | р? sin ф dp аф 40 
0 0 0 


xy?z? dz dv dx 


| f2Nd-z [vil-z 
44 Rewrite i | | f(x. у, 2) dy dx dz as an equivalent 
о "0 0 


triple integral over a solid S, and sketch S. Then rewrite the 
integral as an equivalent threefold iterated integral with as many 
different orders of integration as possible. 


In Problems 45 and 46, sketch the solid S, and evaluate the triple 
integral by iteration. 


45 JIE y dV, where S is the solid bounded above by the plane 


© ar aay = 6, below by the plane z = 0, and laterally by the 
cylinder with generators parallel to the z axis over the boundary 
of the region R: es cess joi emo ES — 2y 


46 IH xz dV, where S is the solid bounded by the planes x = 0, 


s 
y=0,2=1,x=2 – 22, andy = 3 – 3z 


In Problems 47 and 48. use triple integration to find the volume of 
each solid S. 


47 S is the solid bounded above by the parabolic cylinder 
x^ + т = 4, below by the plane x + z = 2, on the left by the 
plane y — 0, and on the right by the plane v — 3. 


48 S is the solid in the first octant bounded by the circular cylinder 
x? + z? = 9 and the planes y = 2x, y = 0, and z 


In Problems 49 and 50, express each threefold iterated integral as an 
equivalent threefold iterated integral in cylindrical coordinates, and 
then evaluate it. 


4 


e 
oo 
oo 
е 
| 
i^ 
о 
е 
1 
| 
i 
1 
ti 
t 
м. 
э 
a 
2 
R- 


In Problems 51 and 52, express each threefold iterated integral as an 
equivalent threefold iterated integral in spherical coordinates, and 
then evaluate it. 


1 [VIR губа: уі 
ы | | NC T y^ + 2° dz dx dy 
0 


0 v 3(52+ y7) 
V2/2 (Na4-3 гух: 
- э ^ 
52 | | | f'a + y? + 227] de dx dy 
0 У —N 802+у2) 


53 Use cylindrical coordinates to evaluate | | | EN coche dV, 


where S is the half of the solid right circular cone with vertex at 
(0, 0, Л) and base x? + y? = a? lying to the right of the plane 
= 0. 


54 Use cylindrical coordinates to find the volume of the solid 
bounded above by the plane т = ax + by + c, below by the xy 
plane, and laterally by the cylinder r = k cos 8. [Assume that 
k > O and that ax + by + с = 0 for (x. y) inside the circle whose 
polar equation is г = К cos Ө.] 


In Problems 55 to 58. find the coordinates (x, y. 2) of the centroid of 
each solid S. 


55 S is bounded above by the plane z = 4 and below by the parabo- 
loid of revolution 3z = r?. 


56 S is bounded above by the sphere x7 + y? + z? = a?, below by 
the xy plane, and laterally by the cylinder [x — (4/2) + y? = 
(a/2y.. 


57$ 0=у=1, 0б<х<\/1—у7, 


58 5 is bounded above by the paraboloid of revolution x = 
5 — у? — z?, below by the xy plane. behind by the yz plane. on 
the left by the xz plane. and on the right by the plane у = 1. 


In Problems 59 to 62, find the moment of inertia /. about the z axis 
of a homogeneous solid S of total mass m as described. 


59 S is a solid right circular cone of height л with vertex at the 
origin. central axis along the positive z axis, and base radius a. 
60 S is bounded by the coordinate planes, the planes x — 3 and 


5 


2 = l, and the paraboloid у = 10 — х? — z?. 
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(il Se te =e Ee 


62 $;rzx2cos0,0- 0 5 


x 
IA 
IA 
Le 
È 
| 
Л 


In Problems 63 to 66, evaluate the line integral directly. 


5 tae 
63 Олы А Kos i О=г=] 
у= 2 
= 
рй: 6 Sie 1 
fe ye Je 


== 


65 х= 1 
65 | x " 
€ p= 


66 | (ax + by) dx + (cx + ky) ау; C is the line segment from 
{С 
(Xo. Yo) to (x1, Ур). 


]n Problems 67 to 70, use Green's theorem to evaluate each line 
integral. 


67 | X^y dx + y? dy; C is the boundary. taken іп the counterclock- 
C 


wise sense, of the region R bounded by the curves yo Sie апа 
у= х. 


68 | (x? + y) dx + (x — y?) dv; C is the counterclockwise bound- 
С 


ary of the region R bounded by the curves у = 2x? and y = 4x. 


69 | y dx — x dy; С is the counterclockwise boundary of the tri- 
G 


angle with vertices (0. 0). (b, 0). and (c. A), where b, c, and h 
are positive constants. 


70 i F- dR: F(x, у) = fG)i + g(y)j; C is any simple closed curve: 
С 


f апа g are continuous functions. 


In Problems 71 to 76, determine whether each line integral is inde- 
pendent of the path. 


7) [| (1 + 2x3 + 3х?у) ах + (Q + у? = dis 

72 | {у + (б/х)] dv + (x + In ху) de: Rox > 0, y > 0 

73 ie sin у dx + x? cos x dy 

74 || (3х2 + 2ye??) dx (e? + Зу? + D dy 

75 | (Gig = Slap PS) atte ap (2 2583 — 39) vise LAS зү es aca 
G 


76 | (3х2 + 2y sin 2x + 27) dx + (2 sin? x + y — yz) dy +(xy7z) dz 
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In Problems 77 to 80, (a) show that F is a conservative vector field; 
(b) find a potential function f for F; (c) evaluate the given line inte- 
gral. 

(2.1) 
77 Е = (3? + буі + Gy? + 6j; | F-dR 


(1.0) 


78 Е = (2 sin? y + 3x? + Di + (2x sin 2y + 3y? — Dj: 
(7/2.m 
| F-dR 
0,0) 
V 


3 (1,2,3) 
TIF = (xy + 22) + (22y + x5 Quz + у?)К; | F-dR 
» | й 1 (—1.2.0) 


(0.0.2) 
80 Е = 2xyzi  xozj + x?yk; | F-dR 


(ale 1) 


81 Find the area of the portion of the surface x^ + у? + z? = 25 
that lies outside the paraboloid z? + y? = 2x + 10. 


82 Set up an integral which gives the area of the portion of the 
surface f(x, v. 2) = K that lies above the region R in the xy plane. 
Make whatever assumptions you need concerning continuity, 
differentiability, and so forth. 


83 Two congruent cylinders are tangent to each other externally 
along a diameter of a sphere whose radius is twice that of the 
cylinders. Find the area of the portion of the surface of the 
sphere interior to the cylinders. 


84 Suppose that the region R in the xy plane is bounded by the 
simple closed curve C. Write formulas for the coordinates of 
the centroid (x, y) of А that involve only line integrals around 
the curve C. 


85 Evaluate M (х2 + y?) dAs. where X is the portion of the sur- 
Nv 


face of the cone 22 = x? + y? between z = 0 and z = 1. 

86 A thin homogeneous lamina of mass m has the shape of the 
hemisphere x? + y? + z? = a?. Set up a surface integral that 
gives the moment of inertia /, of this lamina about the y axis, and 
then evaluate this integral. 


In Problems 87 and 88, find (a) V * F and (b) V х Е for each vector 
field F. 
87 F = (x? + yzi + (y? + xz)j + (27 + Wk 


88 F = (у cos z)i + (z cos x)j + (x cos Wk 


In Problems 89 and 90, use the divergence theorem to calculate the 


flux i Е. N dA; of the given vector field F through the surface X 


x 
of the indicated solid 5 in the direction of the outward-pointing unit 
normal vector N. 


89 F = xi + yj — zk: S is the solid right circular cylinder bounded 
above by z = 2, below by z = 1, and laterally by x? + у? = 1. 


90 Е = хі + 2у2) + 327k: S is the solid sphere x^ + у? + 22 = 1. 


In Problems 91 and 92, use Stokes’ theorem to calculate the flux 


{| (V x F)+N dAs of the curl of the given vector field Е through 


the indicated surface X in the direction of the given unit normal 
vector N. 


91 Е=уї+гў+лК; X is the hemisphere x? + y? +27 = 1, 
z = 0); N is the unit normal vector whose К component is non- 
negative. 


92 F = (y + 301 + 2y — xj + Go? + z^); X is the portion of 
the paraboloid of revolution z = 1 — x? — y? for which z = 0; N 
is the unit normal vector whose k component is nonnegative. 


93 Let r = xi + yj + ck. Show that the flux of r through the sur- 
face X of any solid 5 is 3 times the volume of S. 


94 Let r = xi + yj + zk, and let = |r]. 1f F = rr, verify the di- 
vergence theorem for the solid sphere 5 of radius 1 with center at 
the origin. 


Figure 1 


Figure 2 


Figure 3 


Appendix A 


а 


trapezoid 


spherical zone 


spherical segment 


FORMULAS FROM GEOMETRY 


— 


nN 


Plane Area 

(a) Square A = P; | = length of a side 

(b) Rectangle A = lw; 1 = length, w = width 

(c) Triangle A = №: b = length of base. h = height 

а+ Б 
2 


Р 


|; h = height. а = length of one base, Р = length 


(d) Trapezoid A = Ц 


of other base (Figure 1) 
(e) Circle А = ar^; г = radius 
(f) Sector of a circle A = 10r; Ө = central angle, r — radius (Figure 2) 


Perimeter 

(a) Square p = 41: 1 = length of a side 

(b) Rectangle p = 2l + 2w; | = length, w = width 
(c) Circle p = 27r: г = radius 


Surface Area 

(a) Closed rectangular box A = 2hw + 2lh + 2wh; 1 = length, w = width, 
h — height 

(b) Right circular cylinder (open at top and bottom) A = 2zrh; г = radius, 
h — height 

(c) Sphere A = 4qr^; r = radius 

(d) Spherical zone A = 2arh; r = radius of sphere, Л = height of zone 
(Figure 3) 

(e) Right circular cone with open base A = arl; h = height, r = radius of base, 
1 = slant height = Vr? + J£ 


Volume 

(a) Rectangular box V = МЛ 

(b) Right circular cylinder V = arh 

(c) Cylinder or prism V = Ah; A = area of base. Л = height 

(d) Sphere V = $a? 

(e) Spherical segment of one base V = &ah(3b? + Ih = height of segment, 
b — radius of base (Figure 4) 

(f) Right circular cone V = 4arh 

(g) Cone or pyramid V = Ah; A = area of base, h = height 
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Appendix B 


THEOREM 1 


PROOF 


PROOFS OF BASIC 
PROPERTIES OF LIMITS AND 
OF CONTINUOUS FUNCTIONS 


Although rigorous proofs of many of the theorems of calculus are best left to more 
advanced courses in analysis, it is perhaps not amiss to present a few typical proofs 
here so that the interested reader can gain some appreciation of the techniques 
involved. We begin by giving a proof of part of Property 4 in Section 1.8. 


Additivity of Limits 


If lim f(x) = L and lim g(x) = M, then 
= а 


lim [f(x + е(х)] = lim f(x) + lim g(x) = L+M 


According to the definition of limit (Definition 1, page 57). given a positive number 
€, we must show that there exists a positive number 6 such that 


Lf) + 60] — (1, + М) <e holds whenever 0 < |x — a] < 6 
By the triangle inequality, we have 


Lf) + 80] — € + М = [[/(х) — £1 + [е(х) — М]| 
=) ОАЫ = 


Hence, it is enough to find a positive number 6 such that 
0 = Ц + [600 - М| < є holds whenever 0 < |x — al < 6 
Now, in order to guarantee that 
[ fix) — L| + |g) — M| < є 
it certainly is enough to have 
0 L| «3e and |е) — M| < $e 
Notice that 2e is a positive number; hence. since lim f(x) — L, there exists (by 
definition of limit) a positive number 6; such that 


|/(х) == Ib te holds whenever 0 < |х = al < ô 
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Similarly. since lim g(x) = M, there exists a positive number 6) such that 
эа 


lex) — M| «3e — holds whenever 0< н 48 


Let 6 be the smaller of the two numbers 6; and 6 (or their common value if they are 
equal). Then 


ô= б, апа б = ô 
so that if 0 < |x — а] < 8. both of the conditions 
0 « [x — a| < ô add 0<|:-а| < 
hold, and it follows that 
lf) + g(x)] — (L + M) < e 


as desired. 


The following technical theorem can be quite helpful for establishing the remain- 
ing properties of limits. 


THEOREM 2 Boundeduess Theorem 


If lim f(x) exists, then there exist positive numbers N and ô, such that | f(x)| < N 
Teg. 


holds whenever 0 < |x — al < à. 


PROOF Suppose that lim f(x) = L. Then, since 1 is a positive number, there exists a posi- 
tive number 6, such that 
|/(х) — 1] « 1 holds whenever 0 < |x — al < 6, 


(There is nothing special about our choice of the number | here—any positive 
number will work.) Now, let N = 1 + |L]. If |f(x) — L| < 1, then. adding |L] to 
both sides, we have | f(x) — L| + [L| < 1 + Ш = М; therefore. 


fc) - LI +|L]<N holds whenever 0< а= 6; 
But, by the triangle inequality. 
[fol = [f00 — L + L| s [foa — L] + Ц 
and it follows that 


If|<N holds whenever 0< |x= al < 8 


Theorem 2 is used in the course of the proof of the following theorem, which 
establishes Property 6 in Section 1.8. 


THEOREM 3 Multiplicativity of Limits 


If lim f(x) = L and lim g(x) = M, then 


lim [f(x) * 00] = [lim f(x] [lim g(x)] = LM 
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PROOF Let € > 0 be given. We must show that there exists a positive number 6 such that 
родео) = LM| < € holds whenever ое 6 
Using some elementary algebra and the triangle inequality, we have 
ДЕДЕ = LM| = |/(х)в(х) + 0 — LM| 

= | flex) + [L-AM + fM] = LM| 
= |х) ебх) — xM + /(х)М — LMI 
= ог) = M] + [foo — LIM| 
= | fle) = МЦ + |[Д\х) = ДМ] 
= [foo] [goo — M| + [foo — L| |M| 

Therefore, to guarantee that | fG)g() = LM| < e, it certainly is enough to have 

(i) [ло 1600) — M| < $e — and (ii) [fco — L| |M| < $e 


In order to obtain the first condition, we plan to use Theorem 2 to make |f(x)| 
smaller than a fixed positive number N and then to make |g(x) — M| less than 1/N 
times 2e. Thus, by Theorem 2, there exist positive numbers № and бү such that 


|f()|<N holds whenever 0 < |x — al < 6, 
Also, since e/(2N) is a positive number and lim g(x) = M, there exists a positive 


number д> such that 
|2000) — M| < E holds whenever 0< |x — al < à; 
If both inequalities |) < N and |g(x) — M| < €/(2N) hold, then 
| ( € ) ml 
|oo] lga — M| € М om Am < 


also holds; hence, condition (1) holds if 
0<|x -—al< 6, 
and 0< |x- а|< ô 
In order to obtain condition (ii), we plan to use the fact that lim f(x) = L to show 
that there exists a positive number 6; such that 
[f(x) = L||M| < $e holds whenever 0< |x — al < ài 


If M = 0, the last condition holds for any choice of 63, so we need concern our- 
selves only with the case in which M # 0. Then, since €/(2|M|) is a positive number 
and lim f(x) = L, there exists a positive number ô, such that 

х= 


lf) — L| < ETT holds whenever 0 < |x — al < ô; 


Therefore, condition (ii) holds if 


0 < |x- al < ô; 
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Now, to finish the proof, just let 6 be the smallest of the three numbers бу, 62, and 
8з, so that if 0 < |x — a| < ô, then 


0<|[х— а| < б, 0<|х—а|< 8, andO0<|x-al< ô 
Consequently, conditions (1) and (и) hold whenever 
0<|x-al<6 
It follows that 
|Д(х)г(х) — LM| < є holds whenever 0 < |x — al <6 


as desired. 


By using the properties of limits and the definition of continuity (Definition 1, 
page 69), it is not difficult to establish the basic properties of continuous functions. 
The proof of the following theorem illustrates the general technique. 


THEOREM 4 Continuity of a Product 


If the functions f and g are both continuous at the number a, then the product 


function f+ о is also continuous at а. 


PROOF Since f and g are both continuous at a, they are both defined at a; hence, f* 9 is 
defined at a and 


(7° g)(a) = fta)g(a) 


Because f and g are both continuous at a, lim f(x) and lim g(x) both exist and 
NR 


аз) 


lim f(x) = fla) while lim g(x) = g(a) 


Therefore, by Theorem 3. lim [f(x)- g(x)] exists and we have 


lim (f* g)(x) = lim [fg] = [lim f] [Tim $0] 


fla)g(a) = Cf* gYa) 


It follows that f* g is continuous at a. 


Problem Set, Appendix B 


І If cis a constant number and f is the constant function defined by 3 Combine Problem 1 with Theorem 3 to prove that if c is a 
f(x) = c, prove that lim f(x) = c holds for each number a (Prop- constant number and if the limit lim g(x) exists, then 
ia Am 
erty 1, Section 1.8). lim (cg(x)] = c lim g(x) (Property 3, Section 1.8). 

ха xa 


2 If f is the identity function, that is, if f is defined by f(x) = x, 
prove that lim f(x) = a holds for each number a (Property 2, 4 Prove that if lim f(x) exists, then lim |f(x)| = |lim f(a)] (Prop- 
xa х-—а => х-эа 


Section 1.8). erty 10, Section 1.8). 


1020 . APPENDIX В 


5 Prove Property 5, Section 1.8: If lim f(x) = L and lim gx) = 
M, then lim |f) — 200] = L — M. 


6 Assume that lim g(x) = M # 0. Prove that there exist positive 
aa 


numbers M and & such that (i) g(x) #0 holds for 0< 
|x = al < ду, and (ii) |1/gG0| < № holds for 0 < |x — al < бф. 
(Hint: Select & such that |e(x) = M| < |M|/2 holds whenever 
0 «€ |x — a| < dp. Put N = 2/|M}.) 


7 Suppose that lim f(x), lim g(x), and lim Alx) all exist. Prove 
that lim [ f(x) + g(x) + h(x)] = lim f(x) + lim g(x) + lim hix). 


8 Assume that lim g(x) = M * 0. Prove that lim 1/g(x) = 1/M. 


(Hints: Select N and бу as in Problem 6. Notice that 
|1/g(x) = 1/M| can be written as 


1 1 
ioi м 8M 


Given € > 0, select 5, such that |g(x) — M| < (|M|e)/N holds 
whenever 0 < |x — a| < â. Choose 6 to be the smaller of the 
two numbers бо and б,.] 


9 Combine Theorem 3 and Problem 8 and thus establish Prop- 
erty 7 of limits of functions in Section 1.8. 


10 Assume that lim fix) = fib) = L and that lim g(x) = b. Prove 
that lim fig) =L. 


11 Using the result of Problem 10, prove Property 5 of continuous 
functions in Section 1.9. 


12 By slightly modifying the proof in Problem 10, give a proof of 
Property 15, Section 1.8. 


13 Prove Properties 13 and 14 in Section 1.8. 


14 Prove the squeezing property (Property 12, Section 1.8). 


Appendix C MATHEMATICAL INDUCTION 


The principle of mathematical induction is often illustrated by a row of oblong 
wooden blocks, called dominoes, set on end as in Figure 1. 


Figure 1 


If we are guaranteed two conditions, 


(i) that the first domino is toppled over 
(ii) that if any domino topples over, it will hit the next one and topple it over 


then we can be certain that a// the dominoes will topple over. 
The principle of mathematical induction concerns a sequence of statements 


ME $5, 53, 54, 55 уз ie eB 


Let’s think of this sequence as corresponding to a row of dominoes; the first state- 
ment 5; corresponds to the first domino, the second statement $5 corresponds to the 
second domino, and so on. Each statement can be either true or false. If a statement 
proves to be true, let's think of the corresponding domino toppling over. The two 
conditions given above for the row of dominoes can then be interpreted as follows: 


(i) The first statement 5, is true. 


(ii) If any statement 5$, is true, then the next statement 5,,, is also true. 


If these two conditions hold, then, by analogy with the toppling over of all the 
dominoes, we conclude that all statements Si, S5, S5, . . . are true. That this 
argument is valid is the principle of mathematical induction. 

Although the principle of mathematical induction can be established formally, the 
required argument is beyond the scope of this book. We ask you to accept this 
principle on the intuitive basis of the domino analogy. Thus, we have the following. 
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Procedure for Making a Proof by Mathematical Induction 


Begin by clearly identifying the sequence S1, $5. 53, . . . of statements to be 
proved. This is usually done by specifying the meaning of S,, where л denotes an 
arbitrary positive integer, n = 1, 2, 3, . . . . Then carry out the following two 
steps: 


Step 1 Show that 5, is true. 
Step 2 Let k denote an arbitrary positive integer. Assume that 5, is true, 
and show on the basis of this assumption that S,., is also true. 


If both steps can be carried out, conclude that S, is true for all positive integer values 
of n. 

The assumption in step 2 that S, is true is called the induction hypothesis. When 
you make the induction hypothesis, you're not saying that S, is in fact true— you're 
just supposing that it is true to see whether the truth of 5,,; follows from this 
supposition. It's as if you were checking to make sure that if the kth domino were to 
topple over, it would knock over the next domino. 


In Examples 1 and 2, use mathematical induction to prove each result. 


EXAMPLE 1 For every positive integer n, 1 -2 3 +: t n = n(n + 1/2. 


SOLUTION Let S, be the statement 


n(n + 1) 


Sep D we ar pee gp es 2 


In other words, S, asserts that the sum of the first n positive integers is n(n + 1)/2. 
For instance, 


$5 says that [Бал Е dj 


and 
20(20 + 1) 


$50 says that i 3 +5 аа 0-60 


Step 1 The statement 


Mal SE d 
Ns „аш 

2 
is clearly true. 


Step 2 Here we must deal with the statements 


_ kk +1) 


5 


2 


Se. ll 4B BaP Spo oo че {д 


and 


(és IDE se 9 ar I 


2 


Saplt29-34:-:-(k-10)- 
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obtained by replacing п in S, by k and then by k + 1. The statement S, is our 
induction hypothesis, and we assume, for the sake of argument, that it is true. 
Our goal is to prove that. оп the basis of this assumption, $,,, is true. To this 
end, we add К + 1 to both sides of the equation expressing $, to obtain 


| k(k + 1) 
ED ЕСЕ ар 


K(k + 1) + 2(k + 1) 
2 


(k + DIK + 1) + 1] 


2 


which is the equation expressing S,,,. This completes the proof by mathemati- 
cal induction. ш 


EXAMPLE 2 If a principal of P dollars is invested at a compound interest rate R 
per conversion period, the final value F dollars of the investment at the end of n 
conversion periods is given by F = P(1 + А)". [For compound interest, the interest 
is periodically calculated and added to the principal. The time interval between 
successive conversions of interest into principal is called the conversion period. | 


SOLUTION Let S,, be the statement 


$,: F = P(1 + К)" at the end of n conversion periods 


Step 1 The statement 
Sı: F = P(1 + R) at the end of the first conversion period 


is true, because the interest on P dollars for one conversion period is PR 
dollars, so the final value of the investment at the end of the first conversion 
period is 


Р + РК = Р(1 + R) dollars 
Step 2 Assume that the statement 


Sx: F = Р(1 + К) at the end of k conversion periods 


is true. It follows that, over the ( + 1)st conversion period, interest at rate R 
is paid on P(1 + А)“ dollars. Adding this interest, P(1 + R)‘R dollars, to the 
value of the investment at the beginning of the (k + 1)st conversion period, we 
find that the value of the investment at the end of the (k + 1)st conversion 
period is given by 
F = Р(1 + R} + P(1 + RÝR 
= Pl = RR) 
= P(] + А)! dollars 


Hence, $,., is true, and the proof by mathematical induction is complete. в 
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Problem Set, Appendix C 


In Problems 1 to 14, use mathematical induction to prove that the 
assertion is true for all positive integers n. 


1+3 +5 ++. (2n — 1) = n^; in other words, the sum of 
the first л odd positive integers is n°. 


22446 2n = n(n + 1); in other words, the sum of 
the first n even positive integers is n(n + 1). 


3)-2X3Y€-€mW nan Qn 1); that is, the sum 
of the first n perfect squares is An(n + 1)(2л + 1). 

41454+9+-+++ (4n — 3) = n(2n - 1) 

5p) X S (2л — 0 = nn - Dn + 1) 

6 P+ Ve Reese t+ = (nin + 1/20 

7 1:24 2:3 € 3:4 5 nin + 1) = fain + Din + 2) 


1 n 
+ ———————— 
nin + 1) nl 


9 (ab)" = a"b" 
10 If h = 0, then 1 + nh =(1 + А)". 
11.2427 +29 42^ = 22" — 1) 


yt PRPS ewe MESS 
—! 
13 cos nz = (—1)" 


14 [r(cos 0 + i sin 6)]" = r"(cos n8 + i sin nð) (De  Moivre's 
theorem) 


[©] 15 Using a calculator, verify the identities in odd-numbered Prob- 


lems 1 to 7 for n = 15 by directly calculating both sides. 


16 The domino theory was a tenet of U.S. foreign policy subscribed 
to by the administrations of Presidents Eisenhower, Kennedy, 
Johnson, and Nixon. Explain the connection, if any, between 
the domino theory and mathematical induction. 
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Table 1 Trigonometric F uuctions 


Degrees 


0.0175 
0.0349 
0.0524 
0.0698 


0.0873 
0.1047 
0.1222 


0.1396 
0.1571 


0.1745 
0.1920 
0.2094 
0.2269 
0.2443 


0.2618 
0.2793 
0.2967 
0.3142 
0.3316 


0.3491 
0.3665 
0.3840 
0.4014 
0.4189 


0.4363 
0.4538 
0.4712 
0.4887 
0.5061 


0.5236 
0.5411 
0.5585 
0.5760 
0.5934 


0.6109 
0.6283 
0.6458 
0.6632 
0.6807 


0.6981 
0.7156 
0.7330 
0.7505 
0.7679 


0.7854 


0.0175 
0.0349 
0.0523 
0.0698 


0.0872 
0.1045 
0.1219 
0.1392 
0.1564 


0.1736 
0.1908 
0.2079 
0.2250 
0.2419 


0.2588 
0.2756 
0.2924 
0.3090 
0.3256 


0.3420 
0.3584 
0.3746 
0.3907 
0.4067 


0.4226 
0.4384 
0.4540 
0.4695 
0.4848 


0.5000 
0.5150 
0.5299 
0.5446 
0.5592 


0.5736 
0.5878 
0.6018 
0.6157 
0.6293 


0.6428 
0.6561 
0.6691 
0.6820 
0.6947 


0.7071 


0.0175 
0.0349 
0.0523 
0.0699 


0.0875 
0.1051 
0.1228 
0.1405 
0.1584 


0.1763 
0.1944 
0.2126 
0.2309 
0.2493 


0.2679 
0.2867 
0.3057 
0.3249 
0.3443 


0.3640 
0.3839 
0.4040 
0.4245 
0.4452 


0.4663 
0.4877 
0.5095 
0.5317 
0.5543 


0.5774 
0.6009 
0.6249 
0.6494 
0.6745 


0.7002 
0.7265 
0.7536 
0.7813 
0.8098 


0.8391 
0.8693 
0.9004 
0.9325 
0.9657 


1.0000 


S 290 
28.636 
19.081 
14.301 


11.430 
9.5144 
8.1443 
7.1154 
6.3138 


5.6713 
5.1446 
4.7046 
4.3315 
4.0108 


8722] 
3.4874 
3.2709 
3.0777 
2.9042 


5399 
4826 


.4281 
.3764 
.3270 
2200 
.2349 


.1918 
.1504 
.1106 
1.0724 
1.0355 


1.0000 


жї i —– — m 


1.000 

0.9998 
0.9994 
0.9986 
0.9976 


0.9962 
0.9945 
0.9925 
0.9903 
0.9877 


0.9848 
0.9816 
0.9781 
0.9744 
0.9703 


0.9659 
0.9613 
0.9563 
0.9511 
0.9455 


0.9397 
0.9336 
0.9272 
0.9205 
0.9135 


0.9063 
0.8988 
0.8910 
0.8829 
0.8746 


0.8660 
0.8572 
0.8480 
0.8387 
0.8290 


0.8192 
0.8090 
0.7986 
0.7880 
0.7771 


0.7660 
0.7547 
0.7431 
0.7314 
0.7193 


0.7071 


0.9599 
0.9425 
0.9250 
0.9076 
0.8901 


0.8727 
0.8552 
0.8378 
0.8203 
0.8029 


0.7854 


Degrees 
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Natural Logarithms, In t 


0.00 


0.0000 
0.0953 
0.1823 
0.2624 
0.3365 


0.4055 
0.4700 
0.5306 
0.5878 
0.6419 


0.6931 
0.7419 
0.7885 
0.8329 
0.8755 


0.9163 
0.9555 
0.9933 
1.0296 
1.0647 


1.0986 
1314 
.1632 
11939 
PIIR 
.2528 
.2809 
.3083 
.3350 
.3610 


I 

1 

1 

l 

1 

1 

1 

1 

1 
1.3863 
1.4110 
1.4351 
1.4586 
1.4816 
1.5041 
1.5261 
1.5476 
1.5686 
1.5892 
1 
1 
1 
1 
1 


‚6094 
16292 
.6487 
.6677 
.6864 


‚7047 
22828 
.7405 
2051/9) 
.7750 


„ЛА 
‚8083 
‚8245 
.8406 
.8563 


— — x — — 


0.01 


0.0100 
0.1044 
0.1906 
0.2700 
0.3436 


0.3121 
0.4762 
0.5365 
0.5933 
0.6471 


0.6981 
0.7467 
0.7930 
0.8372 
0.8796 


0.9203 
0.9594 
0.9969 
170889. 
1.0682 


1.1019 
.1346 
.1663 
.1970 
‚2267 
‚2556 
.2837 
3110 
.3376 
.3635 


.3888 
4134 
‚4375 
‚4609 
.4839 


.5063 
‚5282 
‚5497 
‚5707 
5913 


.6114 
.6312 
.6506 
.6696 
.6882 


.7066 
‚7246 
.7422 
‚7596 
‚7766 


‚7934 
‚5099 
8262 
8421 
8579 


aE ee 


к= же же а л а M 


EAE 


0.02 


0.0198 
0.1133 
0.1989 
0.2776 
0.3507 


0.4187 
0.4824 
0.5423 
0.5988 
0.6523 


0.7031 
0.7514 
0.7975 
0.8416 
0.8838 


0.9243 
0.9632 
1.0006 
1.0367 
1.0716 


1.1053 
1.1378 
1.1694 
1.2000 
1.2296 
152585 
1.2865 
5187 
1.3403 
1.3661 


ESOS 
4159 
.4398 
.4633 
.4861 


.5085 
.5304 
‚5518 
‚5728 
-5983 


.6134 
.6332 
.6525 
.6715 
.6901 


.7084 
1263 
‚7440 
‚7613 
‚7783 


‚7951 
8116 
8278 
‚8437 
‚8594 


— кою ш ы 


SS oS 5 


eee 


0.03 


0.0296 
0.1222 


0.2070 
02872 
0.3577 


0.4253 
0.4886 
0.5481 
0.6043 
0.6575 


0.7080 
0.7561 
0.8020 
0.8459 
0.8879 


ж De. MOM 
É 
гә 

: to 


ee eee — —_— 
Am d = 

о 

[m 


0.04 


0.0392 
0.1310 
0.2151 
0.2927 
0.3646 


0.4218 
0.4947 
0.5539 
0.6098 
0.6627 


0.7130 
0.7608 
0.8065 
0.8502 
0.8920 


0.9322 
0.9708 


1 


1 
1 


— s — = – кл ка ш ко — кшш — ша шы ше ша шы эы тш з 


— — = = 


-0080 
.0438 
.0784 


BINH 
.1442 
.1756 
.2060 
.2355 


.2641 
‚2920 
3191 
-3455 
STNE 


.3962 
.4207 
.4446 
4679 
‚4907 


9129 
.5347 
.5560 
.5769 
.5974 


.6174 
.6371 
.6563 
‚6752 
‚6938 


‚71120 
-1299 
‚7475 
‚7647 
‚7817 


‚7984 
‚8148 
‚8310 
‚8469 
‚8625 


0.05 


0.0488 
0.1398 
0.2231 
0.3001 
0.3716 


0.4383 
0.5008 
0.5596 
0.6152 
0.6678 


0.7178 
0.7655 
0.8109 
0.8544 
0.8961 


0.9361 
0.9746 
1.0116 
1.0473 
.0818 


‚1151 
‚1474 
.1787 
‚2090 
2384 


.2669 
.2947 
‚3218 
3481 
23797 


.3987 
423) 
.4469 
4702 
4929 


9151 
.5369 
5581 
.5790 
.5994 


.6194 
.6390 
‚6582 
‚6771 
‚6956 


‚7138 
ATI 
.7492 
‚7664 
‚7834 


‚8001 
8165 
.8326 
.8485 
8641 


SoS ка S| SSeS кы эе Se жш ка ка == 


Sa к= кз кеш See cre 


SSeS Se 


0.06 


0.0583 
0.1484 
0.2311 
0.3075 
0.3784 


0.4447 
0.5068 
0.5653 
0.6206 
0.6729 


0.7227 
0.7701 
0.8154 
0.8587 
0.9002 


0.9400 
0.9783 
.0152 
.0508 
.0852 


.1184 
.1506 
.1817 
.2119 
‚2413 
‚2698 
.3975 
3244 
.3507 
.3762 


4012 
4255 
4493 
4725 


41952 


.5173 
.5390 
.5602 
.5810 
.6014 


.6214 
6409 
.6601 
.6790 
.6974 


.7156 
2334 
.7509 
.7682 
7851 


‚8017 
‚8181 
8342 
8500 
8656 


i ei i i om oo 


0.07 


0.0677 
0.1570 
0.2390 
0.3148 
0.3853 


0.4511 
029108 
0.5710 
0.6259 
0.6780 


0.7275 
0.7747 
0.8198 
0.8629 
0.9042 


0.9439 
0.9821 
1.0188 
1.0543 
1.0886 


ey 
151557 
1.1848 
1.2149 
1.2442 
2726 
.3002 
3271 
‚3533 
.3788 


4036 
4279 
4516 
4748 
A974 


5195 
12612 
.5623 


Se SSS SS oe S&S 


ccm oem 


© 
© 
Rel 
- 


ос 
t 
Un 
oc 


0.08 


0.0770 
0.1655 
0.2469 
0.3221 
0.3920 


0.4574 
0.5188 
0.5766 
0.6313 
0.6831 


0.7324 
0.7793 
0.8242 
0.8671 
0.9083 


0.9478 
0.9858 


= 


— æ æ = e e – – – – 


—— —– m = 


.0225 
.0578 
.0919 


] 
] 
1.1249 
1.1569 
1.1878 
Its 
1 
1 
I 
1 
1 
1 


2179 


‚2470 


‚2754 
23029 
DPI 
.3558 
.3813 


4061 
4303 
4540 
‚4770 
4996 


S215 
.5433 
.5644 
.5851 
.6054 


.6253 
‚6448 
‚6639 
‚6827 
‚7011 


„7192 
.7270 
.7544 
.7716 
.7884 


.8050 
.8213 
.8374 
‚8532 


‚8687 


0.09 


0.0862 
0.1740 
0.2546 
0.3293 
0.3988 


0.4637 
0.5247 
0.5522 
0.6366 
0.6881 


07370 
0.7839 
0.8286 
0.8713 
0.9123 


0.9517 
0.9895 
1.0260 
1.0613 
.0953 


.1282 
.1600 
.1909 
.2208 
.2499 


2782 
‚3056 
‚3324 
‚3584 
.3838 


.4085 
4327 
4563 
4793 
5019 


15290 
‚5454 
‚5665 
5802 
.6074 


.6273 
.6467 
.6658 
.6845 
‚1029 


TAQ 
.7387 
.7561 
153 
.7901 


.8066 
48220 
.8390 
.8547 
.8703 
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Table 2 Natural Logarithms, In t (Continued) 


t 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
6.5 1.8718 1.8733 1.8749 1.8764 1.8779 1.8795 1.8810 1.8825 1.8840 1.8856 
6.6 1.8871 1.8886 1.8901 1.8916 1.8931 1.8946 1.8961 1.8976 1.8991 1.9006 
6.7 1.9021 1.9036 1.9051 1.9066 1.9081 1.9095 1.9110 LAPS 1.9140 1E9155 
6.8 1.9169 1.9184 179199 ПЕВ) 1.9228 1.9242 [925] [9272 1.9286 1.9301 
6.9 1.9315 1.9330 1.9344 179359 ROSS 1.9387 1.9402 1.9416 1.9430 1.9445 
7.0 1.9459 1.9473 1.9488 1.9502 1.9516 1.9530 1.9544 169559 1.9573 1.9587 
Fell 1.9601 1.9615 1.9629 1.9643 1.9657 1.9671 1.9685 1.9699 1.9713 1.9727 
7.2 1.9741 1.9755 1.9769 1-9782 1.9796 1.9810 1.9824 1.9838 1.9851 1.9865 
B 1.9879 1.9892 1.9906 1.9920 159983 1.9947 1.9961 1.9974 1.9988 2.0001 
7.4 2.0015 2.0028 2.0042 2.0055 2.0069 2.0082 2.0096 2.0109 2.0122 2.0136 
JLS 2.0149 2.0162 2.0176 2.0189 2.0202 2.0215 210229 2.0242 210255 2.0268 
7.6 2.0282 210295 2.0308 2.0321 2.0334 2.0347 2.0360 2.0373 2.0386 2.0399 
ТАТ, 2.0412 2.0425 2.0438 2.0451 2.0464 2.0477 2.0490 2.0503 2.0516 2.0528 
7.8 2.0541 2.0554 2.0567 2.0580 2.0592 2.0605 2.0618 2.0631 2.0643 2.0665 
7S) 2.0669 2.0681 2.0694 2.0707 2.0719 210732 2.0744 210757 2.0769 2.0782 
8.0 2.0794 2.0807 2.0819 2.0832 2.0844 2.0857 2.0869 2.0882 2.0894 2.0906 
8.1 2.0919 2.0931 2.0943 2.0956 2.0968 2.0980 2.0992 2.1005 2 MOM Pec 
8.2 2.1041 2.1054 2.1066 2.1078 2.1090 2.1102 2.1114 PEINOG 2.1138 а. 

8.3 2.1163 2i Is; 2.1187 2.1199 2.1211 221223 2.1235 2.1247 2.1258 Эр 
8.4 2.1282 2.1294 2.1306 2.1318 2.1330 2.1342 2853 2.1365 2015/7 2. 
8.5 2.1401 2.1412 2.1424 2.1436 2.1448 2.1459 2.1471 2.1483 2.1494 2. 
8.6 2.1518 22, S49) 2.1541 2.1552 2.1564 2.1576 24158 211599 2.1610 2 
8.7 2.1633 2.1645 2.1656 2.1668 2.1679 2.1691 2.1702 2 JA 201/25 25 
8.8 2.1748 20759 2.1770 DITS? 2.1793 2.1804 2.1815 251827 2.1838 2. 
8.9 2.1861 2.1872 2.1883 2.1894 2.1905 SLOTS 2.1928 221989 2.1950 28 
9.0 241072 2.1983 2.1994 2.2006 2.2017 222028 2.2039 2.2050 2.2061 2] 
9.1 2.2083 2.2094 2.2105 2.2116 2.2127 2.2138 2.2148 2.2159 2.2170 2 
D, 2.2192 2.2203 2.2214 2 2229 250035 2.2246 20205] 2.2268 2 2279 24 
9.3) 2.2300 2.2311 2/2322 252992 2.2343 2.2354 2.2364 2 2%]5 2.2386 2 
9.4 2.2407 2.2418 2.2428 2.2439 2.2450 2.2460 2.2471 2.2481 2.2492 9. 
DES 2.25/15 2.2523 2.2534 2.2544 22555 2.2565 2.2576 2.2586 22501 D 
9.6 2.2618 2.2628 2.2638 2.2649 2.2659 2.2670 2.2680 2.2690 2.2701 24 
OT 2.2721 22152 2.2742 22752 2.2762 22115 22185 212793 2.2803 2: 
9.8 2.2824 2.2834 2.2844 2.2854 2.2865 2.2875 2.2885 2.2895 222905 220) 
9.9 22925 22085 2.2946 2.2956 2.2966 2.2976 2.2986 2.2996 2.3006 2.3016 
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Table 3 Exponential Functions 


0.00 1.0000 1.0000 3.0 20.086 0.0498 
0.05 100515 0077512 SI 22.198 0.0450 
0.10 1.1052 0.9048 32 24.533 0.0408 
0.15 1.1618 0.8607 398 27.113 0.0369 
0.20 12214 10:58187 3.4 29.964 0.0334 
DS 1.2840 0.7788 3.5 339115 00200 
0.30 1.3499 0.7408 3.6 36.598 0.0273 
0.35 1.4191 0.7047 37 30.447 0.0247 
0.40 1.4918 0.6703 3.8 34.701 0.0224 
0.45 1.5683 0.6376 SAU 49.402 0.0202 
0.50 1.6487 0.6065 4.0 54.598 0.0183 
0.55 1.7333 0.5769 4.1 60.340 0.0166 
0.60 1.8221 0.5488 4.2 66.686 0.0150 
0.65 19155 Ж CES dU 4.3 73.700 0.0136 
0.70 2.0138 0.4966 4.4 81.451 0.0123 
0.75 2.1170 0.4724 4.5 90.017 0.0111 
0.80 2.2255 0.4493 4.6 99.484 0.0101 
0.85 2.3396 0.4274 4.7 109.95 0.0091 
0.90 2.4596 0.4066 4.8 22085] 0.0082 
0.95 2.5857 0.3867 4.9 134.29 0.0074 
1.0 2.7183 0.3679 5.0 148.41 0.0067 
1.1 3.0042 0.3329 Sal 164.02 0.0061 
L2 3.3201 0.3012 90 1571897, 0.0055 
1.3 3.6693 0.2725 53 200.34 0.0050 
1.4 4.0552 0.2466 5.4 221.41 0.0045 
[Ё5 4.4817 0.2231 55 244.69 0.0041 
1.6 4.9530 0.2019 5.6 270.43 0.0037 
Nad 5.4739 0.1827 S 298.87 0.0033 
1.8 6.0496 0.1653 5.8 330.30 0.0030 
1.9 6.6859 0.1496 59 365.04 0.0027 
2.0 7.3891 0.1353 6.0 403.43 0.0025 
2.1 8.1662 0.1225 6.5 665.14 0.0015 
ay 9.0250 0.1108 7.0 1,096.6 0.0009 
253 9.9742 0.1003 7.9 1.808 .0 0.0006 
2.4 11.023 0.0907 8.0 2,981.0 0.0003 
25 ESTA 0.0821 8. 4,914.8 0.0002 
216 13.464 0.0743 9.0 8,103.1 0.0001 
27 14.880 0.0672 Qe 13,360 0.00007 
2.8 16.445 0.0608 10.0 22.026 0.00004 
D 18.174 0.0550 
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Table 4 Hyperbolic Functions 


i sinh x cosh x tanh x X sinh x cosh x tanh x 
0.0 0.00000 1.0000 0.00000 30) 10.018 10.068 0.99505 
0.1 0.10017 1.0050 0.09967 3.1 11.076 11.122 0.99595 
0.2 0.20134 1.0201 0.19738 Deo 12.246 12.287 0.99668 
0.3 0.30452 1.0453 0.29131 3,3 13.538 13.575 0.99728 
0.4 0.41075 1.0811 0.37995 3.4 14.965 14.999 0.99777 
0.5 0.52110 1.1276 0.46212 3.5 16.543 16.573 0.99818 
0.6 0.63665 1.1855 0.53705 3.6 18.285 18.313 0.99851 
0.7 0.75858 1.2552 0.60437 3.7 20:218 20.236 0.99878 
0.8 0.88811 1.3374 0.66404 3.8 22.339 22.362 0.99900 
0.9 1.0265 1.4331 0.71630 3.9 24.691 24.711 0.99918 
К) [1752 1.5431 0.76159 4.0 27.290 27.308 0.99933 
1.1 1.3356 1.6685 0.80050 4.1 30.162 30.178 0.99945 
2 1.5095 1.8107 0.83365 4.2 33.336 33.351 0.99955 
las 1.6984 1.9709 0.86172 4.3 36.843 36.857 0.99963 
1.4 1.9043 2.1509 0.88535 4.4 40.719 40.732 0.99970 
1.5 2.1293 2.3524 0.90515 4.5 45.003 45.014 0.99975 
1.6 2.3756 2.5775 0.92167 4.6 49.737 49.747 0.99980 
fg) 2.6456 2.8283 0.93541 4.7 54.969 54.978 0.99983 
1.8 2.9422 3.1075 0.94681 4.8 60.751 60.759 0.99986 
1.9 3.2682 3.4177 0.95624 4.9 67.141 67.149 0.99989 
2.0 3.6269 3.7622 0.96403 5.0 74.203 74.210 0.99991 
DNI 4.0219 4.1443 0.97045 5.1 82.008 82.014 0.99993 
D 4.4571 4.5679 0.97574 Se 90.633 90.639 0.99994 
Дд) 4.9370 5.0372 0.98010 53 100.17 100.17 0.99995 
2.4 5.4662 5.5569 0.98367 5.4 110.70 110.71 0.99996 
25 6.0502 6.1323 0.98661 5.5 122.34 122.35 0.99997 
2.6 6.6047 6.7690 0.98903 5.6 1595011 135.22 0.99997 
22] 7.4063 7.4735 0.99101 537 149.43 149.44 0.99998 
2.8 8.1919 8.2527 0.99263 5.8 165.15 165.15 0.99998 
2.9 9.0596 9.1146 0.99396 3:9 182.52 182.52 0.99998 
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Table 5 Common Logarithms, logo x 


X 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
1.0 .0000 .0043 .0086 .0128 .0170 10212) 0255 ‚0294 0334 0374 
1.1 0414 ‚0453 .0492 .0531 .0569 .0607 .0645 .0682 .0719 .0755 
|2 10792 .0828 .0864 .0899 .0934 ‚0969 .1004 .1038 .1072 .1106 
IL. JU) 1173 11206 2030 ШОЛ ‚1303 3355 .1367 31599 .1430 
1.4 .1461 .1492 21528 31559 ‚1584 1613 ‚1644 ‚1673 ‚1703 21/732 
185 .1761 .1790 .1818 .1847 .1875 .1903 2195] ‚1959 .1987 .2014 
1.6 .2041 ‚2068 2095 72122. ‚2148 12 75 2201 2227 12253 2290 
In .2304 .2330 22555 .2380 .2405 .2430 .2455 .2480 .2504 :2320 
1.8 2553 0577 .2601 2625 ‚2648 2672 226905 2718 2782 .2765 
IL) .2788 ‚2810 ‚2833 ‚2856 ‚2878 ‚2900 #2923 ‚2945 .2967 ‚2989 
“0 ‚3010 ‚3032 ‚3054 ‚3075 -3096 .3118 ‚3139 ‚3160 3181 ‚3201 
gr] 020 .3243 .3263 .3284 .3304 3324 ‚3345 3365 3385 -3404 
290 .3424 3444 ‚3464 ‚3483 3502 „3522 ‚3541 ‚3560 13579 3598 
2.3 -3617 .3636 .3655 .3674 .3692 .3711 ‚3729 ‚3747 ‚3766 ‚3784 
2.4 3802 .3820 .3838 .3856 .3874 23505 .3909 BI 3945 23069 
B5 2219709) ‚3997 4014 4031 ‚4048 ‚4065 4082 4099 4116 -4133 
DAD .4150 .4166 4183 4200 4216 4232 4249 4265 4281 4298 
227, 4314 4330 .4346 .4362 .4378 .4393 4409 4425 4440 4456 
2.8 4472 4487 4502 4518 4533 4548 4564 4579 4594 ‚4609 
259 .4624 .4639 .4654 .4669 4683 4698 A713 4728 4742 4757 
3.0 A771 4786 4800 ‚4814 4829 4843 4857 487) 4886 4900 
3.1 4914 4928 4942 4955 4969 4983 4997 ‚5011 ‚5024 .5038 
3:2 .5051 .5065 S079 5092 .5105 .5)19 .5132 ‚5145 5159 lee 
3.3 5185 5198 ae) 5224 22 ESOS .5263 .5276 5289 .5302 
3.4 .5315 .5328 .5340 E3358 .5366 5378 250991! 5403 5416 5428 
229 .5441 ‚5453 .5465 5478 .5490 ‚3502 .5514 19527 .5539 29535] 
3.6 .5563 29975 D587 5599 5611 ‚5623 .5635 ‚5647 .5658 .5670 
ON .5682 .5694 .5705 xn 25720 .5740 3752 .5763 .5775 -5186 
3.8 .5798 .5809 582) 19830 .5843 .5855 5866 5877 5888 .5899 
ED .5911 15999 215955 5944 25955 .5966 E30, .5988 5990 .6010 
4.0 .6021 .6031 ‚6042 ‚6053 ‚6064 ‚6075 ‚6085 ‚6096 ‚6107 .6117 
4.1 .6128 ‚6138 ‚6149 ‚6160 ‚6170 ‚6180 .6191 ‚6201 -6212 .6222 
4.2 [2132 ‚6243 ‚6253 ‚6263 .6274 .6284 .6294 .6304 .6314 .6325 
4.3 .6335 .6345 .6355 .6365 .6375 .6385 ‚6395 .6405 ‚6415 ‚6425 
4.4 ‚6435 ‚6444 ‚6454 ‚6464 .6474 .6484 .6493 .6503 ‚6513 ‚6522 
4.5 10532 .6542 .6551 .6561 .6571 .6580 ‚6590 „6599 .6609 .6618 
4.6 .6628 .6637 .6646 .6656 .6665 .6675 6684 .6693 .6702 .6712 
4.7 :672] ‚6730 .6739 .6749 .6758 .6767 .6776 ‚6785 :6794 ‚6503 
4.8 -6812 ‚6821 ‚6830 .6839 .6848 ‚6857 ‚6866 ‚6875 .6884 .6893 
4.9 .6902 6911 .6920 .6928 .6937 .6946 .6955 .6964 .6972 ‚6981 
50 .6990 .6998 .7007 .7016 .7024 .7033 .7042 .7050 .7059 .7067 
Del .7076 . 7084 ‚71093 7101 7110 EUIS TEG 128 2143 2159 
52 7160 .7168 ОТТ .7185 .7193 TOO .7210 athe Ness „7226 17035 
905 7243 SS) [250 7267 "IBS ‚7284 17292 .7300 .7308 .7316 
5.4 ‚71324 ‚7332 ‚7340 ‚7348 ‚7356 ‚1364 ШЕ ‚1380 ‚7388 TEOG 
53 .7404 .7412 .7419 .7427 .7435 7443 ‚7451 .7459 ‚71466 1474 
5.6 ‚1482. .7490 7497 ‚7505 В 7520 .7528 .7536 7543 551) 
990, ‚7559 ‚7566 7574 27389. 17589 2/397 .7604 .7612 .7619 .7627 
5.8 .7634 .7642 .7649 .7657 .7664 .7672 .7679 .7686 .7694 .7701 
Das) .7709 7716 200723 NUR .7738 ‚7745 „ТЕЎ? ‚77160 ‚1767 ‚7774 
6.0 27782 .7789 .7796 .7803 7810 .7818 1525 soe .7839 .7846 
6.1 555 .7860 .7868 .7875 NIE .7889 ‚7896 ‚7903 .7910 ЧОЦ? 
6.2 ‚7924 .7931 .7938 .7945 82052. NIOSU .7966 ТТУ .7980 .7987 
6.3 „7993 -8000 ‚8007 .8014 .8021 .8028 ‚8035 ‚8041 ‚8048 ‚8055 
6.4 8062 ‚8069 ‚86075 .8082 .8089 .8096 .8102 ‚8109 8116 8122 


Table 5 Common Logarithms, logio x (Continued) 


NO DOO 2 27 бо оо о ОФ оо ою о ос оо оо NNNNA YAH е 


л Bw о ооо ш тіл Бо о о оо бл ui-co Om 


0.00 


.8129 
Foes) 
.8261 
„8325 
.8388 


.8451 
.8513 
.8573 
.8633 
.8692 


.8751 
.8808 
.8865 
ESSI 
.8976 


.9031 
.9085 
.9138 
-9191 
.9243 


‚9294 
„9345 
.9395 
.9445 
.9494 


.9542 
‚9590 
‚9638 
‚9685 
ATM 


0777 
‚9823 
.9868 
‚9912 
‚9956 


0.01 


.8136 
.8202 
.8267 
‚6331 
‚8395 


‚8457 
8519 
.8579 
.8639 
.8698 


.8756 
.8814 
.8871 
.8927 
.8982 


.9036 
.9090 
.9143 
.9196 
.9248 


19299 
.9350 
.9400 
.9450 
.9499 


‚9547 
9595 
.9643 
.9689 
.9736 


.9782 
„9827 
.9872 
9917 
.9961 


0.02 


.8142 
.8209 
.8274 
.8338 
.8401 


.8463 
.8525 
.8585 
.8645 
‚6704 


‚8762 
.8820 
.8876 
.8932 
.8987 


.9042 
.9096 
.9149 
.9201 
.9253 


.9304 
10355 
.9405 
.9455 
‚9504 


19959, 
.9600 
.9647 
.9694 
.9741 


.9786 
.9832 
.9877 
SS 
.9965 


0.03 


.8149 
.8215 
.8280 
.8344 
.8407 


.8470 
.8531 
.8591 
‚8651 
.8710 


.8768 
.8825 
.8882 
.8938 
.8993 


.9047 
.9101 
.9154 
.9206 
.9258 


.9309 
.9360 
.9410 
.9460 
.9509 


SES 
.9605 
.9652 
.9699 
.9745 


AO 
.9836 
.9881 
.9926 
.9969 


0.04 


.8156 


8222 


.8287 
.8351 
.8414 


.8476 
SSH 
.8597 
.8657 
.8716 


.8774 
.8831 
.8887 
.8943 
.8998 


.9053 
.9106 
EDS 
9212 
-9263 


29915 
.9365 
.9415 
.9465 
9513 


.9562 
.9609 
.9657 
.9703 
.9750 


E0705 
.9841 
.9886 
.9930 
.9974 


0.05 


.8162 
aetas 
.8293 
.8357 
.8420 


.8482 
.8543 
.8603 
‚8663 
SUDO 


.8779 
.8837 
.8893 
.8949 
.9004 


.9058 
КОШ? 
.9165 
.9217 
2209 


29010) 
B) 
.9420 
.9469 
.9518 


.9566 
.9614 
.9661 
.9708 
‚9754 


9800 
‚9845 
‚9890 
‚9934 
„9978 


0.06 


‚8169 
6235 
18299 
.8363 
.8426 


.8488 
.8549 
.8609 
.8669 
8727 


8785 
.8842 
.8899 
.8954 
.9009 


.9063 
EO 
.9170 


9222 


.9274 


9505 
YS) 
9425 
9474 
19595 


.9571 
.9619 
.9666 
716) 
59 


.9805 
.9850 
‚9894 
19929 
19983 


0.07 


.8176 
.8241 
.8306 
.8370 
.8432 


.8494 
‚8555 
.8615 
.8675 
.8733 


.8791 
.8848 
.8904 
.8960 
.9015 


.9069 
JI 
ANTS) 
‚9227 
9279 
.9330 
-9380 
.9430 
9479 
19528 


.9567 
.9624 
.9671 
ОЛ 
.9763 


.9809 
.9854 
.9899 
.9943 
.9987 
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0.08 


.8182 
.8248 
.8312 
.8376 
.8439 


.8500 
.8561 
.8621 
.8681 
.8739 


.8797 
.8854 
.8910 
.8965 
.9020 


.9074 
.9128 
.9180 
EODD. 
.9284 


.9335 


.9385 
.9435 
9484 
20559 


.958] 
-9628 
.9675 
mum 
.9768 


.9814 
‚9859 
‚9903 
‚9948 
EDU 


0.09 


.8189 
.8254 
.8319 
‚8382 
‚8445 


‚8506 
‚86567 
.8627 
.8686 
.8745 
.8802 
.8859 
.8915 
.8971 
.9025 


.9079 
391515 
.9186 
10938 
.9289 


.9340 
.9390 
.9440 
.9489 
.9538 


.9586 
.9633 
.9680 
29727] 
82777705 


.9818 
.9863 
.9908 
‚9952 
.9996 
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Table 6 Powers and Roots 
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Number Square 
1 1 
2 4 
B 9 
4 16 
S 25 
6 36 
7 49 
8 64 
$ 81 

10 100 
11 121 
2 144 
13 169 
14 196 
15 225 
16 256 
17 289 
18 324 
19 361 
20 400 
21 441 
22 484 
23 529 
24 576 
25) 625 
26 676 
Di 729 
28 784 
29 841 
30 900 
31 961 
32 1,024 
33 1,089 
34 1,156 
35 225 
36 1,296 
37 1,369 
38 1.444 
39 [52] 
40 1,600 
41 1.681 
42 1.764 
43 1,849 
44 1,936 
45 2.025 
46 2,116 
47 2,209 
48 2.304 
49 2,401 

2,500 


Square 
root 


1.000 
1.414 
1E7932 
2.000 
2.236 


2.449 
2.646 
2.828 
3.000 
3.162 


3.317 
3.464 
3.606 
3.742 
3.873 


4.000 
4.123 
4.243 
4.359 
4.472 


4.583 
4.690 
4.796 
4.899 
5.000 


5.099 
5.196 
3.292 
5.385 
5.477 


5.568 
5.657 
5.745 
5.831 
5.916 


6.000 
6.083 
6.164 
6.245 
6.325 


6.403 
6.481 
6.557 
6.633 
6.708 


6.782 
6.856 
6.928 
7.000 
7.071 


27 

64 
125 
216 
343 
512 
7290 
1,000 


1.331 
1,728 
2 1197 
2.744 
SESS 


4.096 
4.913 
5,832 
6,859 
8,000 


9,261 
10.648 
12.167 
13,824 
15,625 


17,576 
19,683 
21952 
24,389 
27,000 


DONO 
32.768 
3503] 
39,304 
42,875 


46,656 
50,653 
54.872 
595319 
64,000 


68,921 
74,088 
79,507 
85,184 
OM 2s 


97.336 
103,823 
110,592 
117,649 
125,000 


Number 


Square 


2,601 
2.704 
2,809 
2,916 
31025 


3,136 
3,249 
3,364 
3,481 
3,600 


3,721 
3,844 
3,969 
4,096 
4,225 


4,356 
4,489 
4.624 
4,761 
4,900 


5.041 
5,184 
57329 
5.476 
5.625 


5.776 
5929 
6,084 
6.241 
6,400 


6,561 
6.724 
6,889 
7,056 
118925 


7,396 
7.569 
7,744 
7.921 
8,100 


8,281 
8,464 
8.649 
8,836 
9,025 


9,216 
9,409 
9,604 
9,801 
10,000 


root 


7.141 
52101 
7.280 
7.348 
7.416 


7.483 
7.550 
7.616 
7.681 
7.146 


7.810 
7.874 
7.937 
8.000 
8.062 


8.124 
8.185 
8.246 
8.307 
8.367 


8.426 
8.485 
8.544 
8.602 
8.660 


8.718 
8.775 
8.832 
8.888 
8.944 


9.000 
9.055 
9.110 
9.165 
9.220 


9.274 
9.327 
9.381 
9.434 
9.487 


9.539 
DASS 
9.644 
9.695 
9.747 


DIOS 
9.849 
9.899 
9.950 
10.000 


Cube 


132,651 
140,608 
148,877 
157,464 
166,375 


175,616 
185,193 
IS. 
2057379) 
216,000 
226,981 
238,328 
250,047 
262,144 
274.625 


287,496 
300,763 
314.432 
328,509 
343,000 


357,91! 
373,248 
389.017 
405,224 
421,875 


438,976 
456,533 
474,552 
493.039 
512,000 


531,441 
551,368 
571,787 
$92,704 
614,125 


636,056 
658,503 
681.472 
704,969 
729,000 


[59 57 
778,688 
804,357 
830,584 
857,375 


884,736 
912.673 
941,192 
970,299 
1,000,000 


root 


BS 
3.756 
3.780 
3.803 


3.826 
3.849 
3.871 
3.893 
31915 


3.936 
3.958 
3979 
4.000 
4.021 


4.041 
4.062 
4.082 
4.102 
4.121 


4.141 
4.160 
4.179 
4.198 
4.217 


4.236 
4.254 
4.273 
4.291 
4.309 


4.327 
4.344 
4.362 
4.380 
4.397 


4.414 
4.431 
4.448 
4.465 
4.481 


4.498 
4.514 
4.531 
4.547 
4.563 


4.579 
4.595 
4.610 
4.626 
4.642 


ANSWERS TO SELECTED 
PROBLEMS 


Chapter 1 


Problem Set 1.1, page 8 


1 


7 


п 
17 
21 
29 
35 
39 
43 
47 


(a) true; (b) true; (c) false, let x = 1, y = z; (d) true; (e) true 
(a) when x < 0; (b) when x > 0; (с) when x = 0 
No, for instance, let x = —4. 


—2д 5) —3 2 
a— e e be + 

—2 1 0 
OESE ——__+——- 


В E 
T Ąą = u —ÁBÁ OOS =—ж е ++ 


(--.3) 13 (-2,1) 15 (-7, 4 

{—*, —3) together with (3, 2) П (ls 

[(-2,2) 23 (-48 25 1.5 27 -41 

5 31 (2,3) 33 (ә, 1) together with (5, x) 
(ПОЗ 2.7) 37 (~~, —3.5) together with (—2.5, =) 
(Say = LS) 41 between 12 апа 35 т, inclusive 
between 13 and 20 min, inclusive 45 6 

600 = R = 3600 


“© 


Problem Set 1.2, page 14 


1 


(a) О; (b) Оц; (c) Qr: (d) Orv; (е) Ош: (f) y axis; (g) x 
axis; (h) y axis 

(Qe, NES NONE. —2] 

(QS, SECO, Ee) (le, 3) 7 10 9 4 


\/ 145 13 10 15 5 17 V9 4p 19 6.224 
(D12 23 (b)6 27 yes 29 3, -2 


l yes 33 no 

35 (a) х? + (у — 2)? = 9; (b) (х + 1)? + (у 9) = 4 
(c) (x — 3? + (y — 4)? = 25 

37 (А, К) = (1, 2), г= 3 39 

ТОСЕ ач 

45 (x — 2) + (у — 10)? = 106 

47 (x +4)? + у = 17 and (х – 4) +y = 17 

49 Yes, the distance between the centers is less than the sum 

of the radii. 


(h, k) = —2),r 
(^, 0) = (5, 2), E 


Problem Set 1.3, page 21 


1=8 34 5 л 7 y—#= 2-5) 
9 у-2= (х - 3) 11 буй л A 
13 у-$=0 15 y-2-6x-3) 

17 y-4=0 19 (a)y=3;(b)x=-2 

21 y-3x-3,m-E,b--3 


23 у= 00) – 1, т= 0, Б= –1 


25 (ауу = SS а Е (hol eS Е еар S10) 


27 (a)y —5 = – (x — 0); (Ы) y= – 3x45; 
(С) эх ee Shy = = 0) 


29 (a) y + 4 = B(x — 4); (b) y = Bx — А2; (с) 2x — Sy – 28 =0 
3 (a) y — 3 = {х + 3); (b) у = £x + 2% (с) 9х – 15у + 37 = 0 


-4 35 parallel 37 perpendicular 

39 slope AB =} = slope DC. slope a slope BC 
її (@)d= 1; r= = 

43 (a) (AP, 2); (b) (2, 5); (с) (2. 2); (4) (3, $) 

45 у= 22N + 02x 47 5200.000 

49 у= —0.75x + 7, about 1989 


Problem Set 1.4, page 29 


le =5 a) 2 SES 7 cd 9 |5c + 8| 
аы 

lp === 13 4.105524 
3a + 21 


А-1 


A-2 ANSWERS TO SELECTED PROBLEMS 


15 (a) R; (b) all real numbers except —2; (c) 10, 2); (d) (—2, 3). 
(e) all real numbers except 6; (I) (=>, d 
17 (a) and (c) 


19 domain: R; range: R 21 domain: Е; range: [0, >) 


Дх) =4х-1 


hin) = l3xl 


23 domain: all real numbers except kh range: all real numbers 
except 4 


9х2-4 
ax 


G(x) = 


int (2,4 
point T ) 


excluded 


na 


28 domain: [1, 2); range: [0, х) 27 domain: R: range: (—2, 8] 


5x if x<3 
y x)= а 
j 9 de if x>3 


es 


8r- -- 


| РОЛЕ 


29 domain: R; range: [0. 2) 


а? 


1-х ifx «1 
Vx-1 ifx> 1 


Qux { 


31 domain: all real numbers except —2; range: all real numbers 
except 0 


33 (а) 4; (b) 0: (c) 2x +h 
35 f(0) = 32 or 0 + 32, f(15) = 59 or 15 — 59, f(—10) = 14 
or —10 +> 14, f(55) = 131 or 55 к> 131 
37 p(50) = 29, p(100) = 26, p(200) = 20. 
p(400) = 8, p(500) = 2 
h 
250 
41 Р = (9.9 x 10h + (1.013 X 10°), P = 10 N 
when A — 100 m 
43 s =30V18 — 6r r^ 
45 The graph actually falls below the x axis between О and 
approximately 0.312107046. 


39 Т= 65 – ‚ T = —55° when h = 30,000 ft 


Problem Set 1.5, page 39 


1 (a) domain: R, range: (—2, 2]. even: (b) domain: [—5, 5], 
range: [—3, 3], neither even nor odd; (c) domain: 
S 3 
| 2 | range: [—1. 1]. odd; (d) domain: Ё. range: 


DRE 


[-2. 1]. neither even nor odd; (e) domain: R, range: R, 
neither even nor odd; (f) domain: R, range: (—*. 2], even: 
(g) domain: R; range: R; neither even nor odd; (h) domain: 
all real numbers except 0; range: all real numbers except 0; 
odd 


3 even 5 neither 7 odd 

9 neither 1) neither 

13 polynomial of degree 2; coefficients: 6, —3, —8 
15 polynomial of degree 3; coefficients: —1, 1, —5, 6 


ANSWERS TO SELECTED PROBLEMS A-3 


17 polynomial of degree 4; coefficients: v 2. -57', 0, 0. 20 49 domain: R: range: all integers 
19 ae (degree oy ew coefficient: 0 y 
23 E 23 _ E 5 f(x) = ax. where a is any constant 
b = 
27 Af fix) = ax + b and a # 0. then — 7 is а zero of f. =o 
о з - = 
5 —2x-3y +} e—oc 
oo 
37 4 39 T 
| j 
51 domain: R; range: all integers 
> 
o—o 
е—о 
As 
О 
(1, 3) 
_— 
0 Г 53 domain: В: range: all nonnegative integers 
7 
4l (а) fx) = —3(x + 2Y + 11; (b) graph is a parabola, : 


opening downward, with vertex (—2. 11) 
43 (a) (7+ gx) = -2x—4. (f — QQ) = — + 2x — 6. 


= fe fa ДҮ = © 
(Р еу) = 29 — 5 + 2x — 5. (I)e = : 7 : 
р) т 
(b) UF + gc) = Vx + x? + 4. (7 gi) = МЕ х – 4. 
st ры б А V: 
(f (x) = x^Vx + AN X, (Ljw = = S E 
e с 55 (а) sgn (—2) = —1, sgn (-3) = —1, sgn (0) = 
(c) + ge) = 12 — x. Q ~ 000) = 7x - 2. sgn (2) = 1. sgn (3) = 1. sgn (151) = 1; (b) consider the 
(f> g(x) = —12x? + х + 35, iz Í = I. three cases: x « 0. x = 0. x > 0; (c) consider the three 
=r’ cases: ab < 0, ab = 0. ab > 0: (e) domain: R, range: the 
= 1 ы S ; 
(d) (f + 9e = esce l (Р а= Vx*3--—, three numbers —1, 0, 1; (g) The graph is not one connected 
x piece. 
Ух +3 
(^ gx) = =, a pe ese d (d) » (f) E 
8 4 
(е) (£3 gy Is e a V E E —— 
ue = i ү = |: і . 1 
(f) (f + 9G) = (a + E ab fp ae a 
(f — g)0) = (a — ex + b — d, 
б c+ b 
(f° 960 = acx? + (ad + be)x + bd. (La ==” 
8 etd 2 a А 
45 (а) rational; (b) not rational; (c) rational; (d) rational; (е) not 57 (a) C= F + V (b) Сб) = x- + dx + 500 
rational 
47 domain: R; range: [-1, 1 E 
eC l а Problem Set 1.6, page 50 
4 107 
П sini 3 3 rad Em 
SiT 267 27 
7 (a) 7 == NOT Ex: es E = е = D) (QS 
6 9 5 
i Е T 
Е T.D EE ay == om 


8" 2 60 


A-4 


17 


19 


3? 


ANSWERS TO SELECTED PROBLEMS 


(a) 90°; (b) 60°; (c) 45°; (d) 30°; (е) 120°; (f) — 180°; D 5 E Д 
à 39 ——— = а 597 m? 
(в) 108°; (h) —450*; (i) 405°; (j) —67.5*; (К) 1260*: опо oc LUI ^ 
90° 
(b = 7 
Problem Set 1.7, page 58 
3m 25m Jm 
(a) —135? or — ——; (b) 1500? or Оо А 
4 Е 3 Е acus = Sae (б) 
| i 3 8 5% ig ss 
(ay mid 1077. 5 1—2 x—2 
LPs mo 2128 top table: —2, —1.1. —1.01, —1.001, — 1.0001; 
_ 2m, 2m bottom table: 0, —0.9, —0.99, —0.999, —0.9999 
sin — = 0.781831483, csc Es = [.279048008, Dg». 
7 9 lim ————— = —4; top table: —5, —4.1. 
, 2 = 0,623489802, see 27. = 1.603875172 Ses CC 
aS оа USE c sina СЫ Ы zh — 4.01, —4.001, —4.0001; bottom table: —3, —3.9, —3.99, 
эт эт — 3.999, —3.9999 
tan — = 1.253960338, cot —~ = 0.797473389 Мыз [ 
7 7 il lim = — = 0.25; top table: 0.267949192, 
do ae Se a= AP IH 4 
sin (— = = 0.866025404, csc l= — 3 0.251582340, 0.250156400. 0.250016000, 0.25000000; 
175 bottom table: 0.236067977, 0.248456730, 0.249843900, 
1.154700538, cos (- E = 0.500000000, 0.249984000, 0.250000000 (Note: Apparently exact values 
| | of 0.25 are only the result of the calculator’s not being able 
SCC [- ше) =) (ап (- =) = }.732050809 to resolve the difference between 0.25 and the true value.) 
% 3 2, 3 130 : ec 
B lim = === = l toptable: undefined: = 0-9 89098 
sot (- E) = 0.577350269 ш) 
со! ieee ма Е — 0.999000001. —0.999900010 (Note calculator errors in 
sin 1.7764 — 0.978937918, csc 1.7764 — 1.021515238, last two numbers.); bottom table: —2. —1.1, —1.01, 
cos 1.7764 = —0.204158156, sec 1.7764 = —4.898163370, —1.000999999, — 1.000100010 (Again, note calculator 
tan 1.7764 — —4.794997853, cot 1.7764 — —0.208550667 errors in last two nunibers.) 
sin 48? — 0.743144826, csc 48? — 1.345632730. 7 0 191 
cos 48° = 0.669130606, sec 48° = 1.494476550, 21 (a) lim fo) = 4 = f(2) (b) lim f(x) = 4, but f(2) = 6; 
tan 48° = 1.110612515. cot 48° = 0.900404044 Pe : 
Enter 30 and press SIN. If the display shows 0.5, the М 
calculator is іп degree mode. 
(а) Sin? 1; (b) 2 cos 1; (c) esc? t; (d) cot г; (e) cost. | Дх) =х+2 
У(УЗ + 1 (УЗ - 1 
(a) sin 75° = d cos 75° = BN mh] 


(b) tan 75? = 2 + V3, cot 75° = 2 — УЗ, sec 75° = 
VO(V3 + 1). esc 75° = V2(V3 — 1) 

(a) sec? t; (b) cot 2r; (c) cos? t (4 cos? t — 3) 

(d) cot z; (e) cos s 


3 4 3 А ЖА. уч 
sin 0 = PUE 0- n tan 8 = uo 8% 0-— = (c) lim f(x) = 4, but f(2) is undefined 
Ate 
5 4 у 
sc 0 = =, cot 0 = — 
csc 3" cot 3 
= -4 
| 3 v7 3\1 da А cL E fic) = === 
sin 0 = 7 “95 ө = T7. n Ө = 7 sc Ө = = 10) ЕЕ 
е excluded 
4 м7 from graph 
esc 0 = —, cot 0 = — à 
3 3 
sm MUR wr n „Буз 5 
sin гав па 3 ‚ sec 0 = 3 
esc 0 = 2, cot 8 = УЗ 
v2 v2 ж 83 5.400025. "es" — o.01 Pa ase 02 
sin 0 = 5 , cos à = —_, tan 0 = 1, scc 8 — V2, З е 
= > 29 Take 6 = —. Ie Takeo = 3 Take >0. 
roe Tesco ake 2 3 ake ^ 3 Take any ô> 0 


Problem Set 1.8, page 68 


Б 27 E A 


63 –1 с | e. @ 1/2Vx 
77 20 (x/500) 


Problem Set 1.9, page 76 
1 (b) lim fx) = 8, lim, f(x) = 6; (c) does not exist; 


(d) discontinuous 
3 (b) lim. a(x) = 4. lim, g(x) = 2: (c) does not exist; 


(d) discontinuous 
5 (b) lim. H(x) ^ 0, lim, H(x) = 0; (c) lim H(x) = 0; 


(d) discontinuous 
7 (b) lim. fœ =l, lim, fix) = 1; (c) lim fœ = 1; 
х-> Жел ы» 


(4) continuous 
9 (b) lim. F(x) = 6, lim, F(x) = 6; (c) lim F(x) = 6; 


(d) discontinuous 
11 (b) lim S(x) = 5, lim, $6) = 5: (с) lim S(x) = 5; 
x—]1/2 x—1/2 a—41/2 


(d) continuous 


13 (b). dim Ах) = ‚ lim, Ах) = – 
(с) Tim f) = —4; (d) discontinuous 
15 continuous everywhere 17 continuous everywhere 


19 continuous everywhere except at x = 0 

21 continuous everywhere except at x = 1 

23 continuous everywhere except at x = I and at x = —1 

25 continuous everywhere except at x = 2 

27 continuous everywhere except at integer multiples of 7 

29 continuous everywhere except at integer multiples of 7 

3] continnous everywhere except at odd integer multiples of 7/2 

33 continuous everywhere except at negative odd integer 
multiples of 7/2 

35 continuous on [—2, 2] and (—2, 2) 

37 discontinuous on all indicated intervals 

39 continuous on [— à. 0] and (—1, — 2) 

41 Б= ак 43 а= 3 

45 jim, Vx — 2 = 0; Vx — 2 is undefined for values of x 


that are less than 2 


Review Problem Set, Chapter 1, page 77 


1 necessarily true: (c) and (d) only 3 (2, =) 3p en 
7 (—5,4) 9 no solution 11 G 6) їз —5 2) 


101 


103 
105 


107 
109 


111 
113 
115 
117 


ANSWERS TO SELECTED PROBLEMS A-5 


a= —4, b= -—2,c = -3,d=1 ora=0,b=2 
(ps =), ui 3 
lf s is the score on the final exam, the condition is 
73 = s < 98. 
(a) 7; (b) 5; (c) 0.406592654; (d) 7.3; (e) 2; 
(f) 0.005786438 

ne 
249^ = 38 LS 
[= 52,9] 29 (0.99, 1.01) 
(оо, #) together with (1, o») 
(=, — $] together with [4, ®) 
true: (a); (c); (d); (e); (f) 37 5 units 39 13 units 
8 units 43 30.35 units UE = 5. seg =) 


r=}, (h, Ю = È, -2 

slope = –7, у + 5 и ^u 
slope = 3, y- 2 = {х – 1) оту+4 = 3x + 3) 
у-2= — 8 — 5) 

7555 = озса йу = = 
(б)у+5=— 2(x — 7) or 2x + 3y +1 =0 


v= andes. mos == 
y-l= 3(x + 7); (b) y = 3х + 22; (с) 3x – у + 22 = 0 
(аду +2 = х – 1); y-2$- 2: 


(с) 7х — Зу — 13 = 0 


-h 

yab == pe (x а) 

23 67 0 69 38-12 

75x? — 180x + 104 73 12 НЕ: 28 
x(x + k) 


all real numbers except 1 

[-1, ©) 81 (—9, —1] together with [1, æ) 

(a) function; (b) not a function 

domain: R; range: R 87 domain: [2, 2); range: [0. 2) 
domain: R; range: R 91 14.49 horsepower 

(a) increase, graph rises to the right; (b) G(p) = pgí(p); (c) 
If the price is p; dollars per unit or less, producers аге 
unwilling to supply any of the commodity. 

odd, symmetric about origin 97 neither even nor odd 
even, symmetric about y axis 


(a) 4x — 2; (b) 6 — 2x; (c) 3x? + 2x — 8; (d) 


2x al j 
(а) aes IOR Ao) =т=т 5 Gl) == 
g = 1? к > 


(a) x* о "to VEEI "(сул Vou 


x 

Vit) 

х 
(а) |x| — х; (b) [x] + x; (с) ај; (d) — и 
(a) x23 + + Wx; (b) х?? + 1 — Va (с) Vx? + 1) 
х3 + 1 
Vx 

vertex: (0, 0); opens upward; domain: R; range: [0, ~) 
vertex: (0, 0); opens downward; domain: R; range: (—%, 0] 
vertex: (2, 1); opens upward; domain: R; range: [1, 2) 
vertex: (3, — 4); opens upward; domain: R; range: [— 1. €) 


(d) 


(d) 


A-6 


ANSWERS TO SELECTED PROBLEMS 


vertex: (— b, ч); Opens downward: domain: 
R; range: (2. BP 
vertex: (5, a opens downward; domain: R; range: (—*, 0] 
(a) Р(х) = —4c + 240x — 600; (b) P(10) = 1,400, 

P(35) = 2,900: (c) 30 + 5V ^30 = 57.386, 


30 = 5V30 = 2.614 


285m 127 3f 129 — rad 

UR аш _ UM NIE 
9 6 36 2 
Мт. . 177 

саа а 

(a) 72°; (b) —585*; (c) —157.5*; (d) 2100°; 


(e) 2295*; (1) 648? 


625 5 
Ш Gale 137 


Am R 
= m 139 2094 mi 


0.459114771 143  0.595243604 

— 1.625839380 147 1.042572391 
~1.701301619 151 —26.02388181 
0.934678015 155 —0.954561625 
0.444015840 159  —tan 0 161 sin x 


tan? г 165 1 + tan 167 tan ө 
cos 0 171 -cosa 173 sint 
V3 
* 177 sin (+ ¥) 

V2 + V3 
(a) МЗ); (с) — = 

gm - V3 
or —(2 + V3) 
cos4x 183 sin: 185 | 187 3 tan 2or 
TE 

- 191 658.18 m 
X 


tim" = 24; top table: 21.67899998, 
х=з Wey) 


23.76079724, 23.97601399, 23.99736016; bottom table: 
26.48100001, 24.24080089, 24.02400439, 24.00235211 


80.008 197 5 = 0.0004 199 ô= 0.002 
1 V3 
IW жш (3-208 —1 7 207 == 


2 ms 23533530 215 $ 
B SR vu 221 1 

0.01 
(a) [x - <; (by fx - a] & —— 


No, interval is too long. 


box $ 

= 1 i d = N 1 E = 0 
x- Tim. Jiu p: E п lim, fo) 
lim g(x) = 4, "m g(x) = 4, lim ga) = 4 
a? x—2 12 
continuous at 3 235 continuous at | 


k 
discontinuous at x — E fork = OU], ЗИ. 


discontinuous at 10 and 30 241 А = —12, В = 30 
(a) only on (—1, 1; (b) on all intervals 


Chapter 2 


Problem Set 2.1, page 91 


n = 


һә N ә = 
nw e ~ м 


r= 54,55 mi/h c TED Se (in) Y/ 

(a) 30 m/s; (b) 24 m/s 7 (a) 8 m/s; (b) 7 m/s 
o aM 2 B om hes 

i — 19 (a) 80 ft/s: (b) 160 ft/s 

5V3 cm?/cm of edge length 

(а) —0.16 (Ib/in?)/in*; (b) —0.2 (Ib/in^)/in? 

0.0044 (breaths/min)/(N/m^) 27 —1 amp/ohm 


Problem Set 2.2, page 97 


11 


19 
27 
31 
33 
35 
39 
4] 


=) 
4 30 5 x+4 7 67-4 9 — 
з 
-3 І ~2 
з ———— 15 ——— WW 4 
u- 1? 2Vv-] (x + 1)? 


y 21 -$ 23 -3 
321 + 30 29 (b) continuous at 3; (c) differentiable at 3 
(b) continuous at 3; (c) not differentiable at 3 
(b) continuous at 2; (c) not differentiable at 2 
(b) continuous at О; (c) differentiable at 0 
not differentiable at x = 3 
—0.8661 43 0.1667 


Problem Set 2.3, page 108 


1 


15 


19 
23 


бб 3 uus 5 =e 75 
+ — gy? ПЕ 13 817 — 14/069 3 
-6 4 Т. 93 5 
x 3x? y ye Ё 
m E. EEn 2 муз сс 
с ume z 5x? id 3x? 2x V/x 
15x? — 2x s 5x7 + 12r? — 27x? — 54x 
V 2 294 + 4х — 3x7 
2V y Bum 
10 TS 1 -23 
n m n pu (3x = 1)? 
—7х° + 6x + 5 —20r 3x7 + 12x + 37 
(х2 — 3x + 29° (à -1y (x + 2)° 
(a) 4; (b) — 1&: (c) —9; (d) —2; (e) — тк; (f) 8 
(а) &? — 33? — 24x + 1; (b) 54x? + 66x — 28; 


(Sex Jo СО ооо 3 gh» 
CDi ПО SAC Se, (Users C Tos ii) m 
TR 
MGR] == 49  —: 
(a) (b) 49 4 
We must first calculate f'(x) = 4x + 3 
into this equation to get /'(2) = 11. 


HS ЙБ 55  —|20 per year 
—0.0979 (mole/m^)/day 


‚ then substitute x = 2 


ANSWERS TO SELECTED PROBLEMS A-7 


Problem Set 2.4, page 113 35 tangent line: у = 7x — 57; normal line: 
wack Ty — 15720 
1 tangent line: y = 8x — 15; normal line: x + 8y — 10 = 0 = Зп ао | 
3 tangent line: у = 3x; normal line: x + 3y — 10 = 0 37 ГТ and — UE зә LEN PEE 41 2 units/s 
5 tangent line: x + 2y — 5 = 0: normal line: y = 2x — 5 " 5 
7 tangent line: у = 20 — 7x; normal line: x — 7 — 60 = 0 43 и (зїп 0 — и cos £) 
9 tangent line: y = 175x — 525; normal line: (cos 0 + u sin 0) 


әу 3 = 0 
11 tangent line: y = 7 — 2x; normal line: x — 2y +4 = 0 
13 tangent line: y — 4; normal line: x — 4 Problem Set 2.6, page 123 
5 — OF ( : ‚ 72); y = 16x — 2 
15 (а) (—1, 0); (b) (0, 1) 17 (8, 72); y = 16x — 56 1 17 3 6.9929 5 3 7 2 Se аі 


WE. (Is Whe v = eas 21 (4, 2): у= 18 — 4х "e ГИ A uM ME YE - 
25 85130) 0«-- 10x – зо and also (-1, 6); ¥ = =4 e 11 (a) sin x^; (b) sin X (c) x E (d) (sin x t cos ху; (е) ап; 
1 (f) tan (cot х); (g) sin (cos х); (h) sin (cos^ x) 


25 (бо =з 27 (—&.19 29 (4. — d (—5, ¥ 
ү e Pe. : un е | 13 (а)х!огх=0; (b) xl: (c) 


SIE CI 2 33 (0, 0) and (—2, —4) 35 b=- 15 Ma) tan VS лапы O an RR 
37 (x) = 3x”, so f'(0) = 0: (b) fix) > 0 mme Ё S $ 
cd дааа pn 17 (a) lese xl; (b) ese |x|; (с) |x| 


and f(x) < О for x < 0, so f has neither a relative maximum = 2 a А 
- "atas m X; + bee Ne i Se 
nor minimum at x = 0: (c) Theorem ! does not say that I? ausos us CE Gon Lue: i 


— Py = 
f'(c) = 0 implies that f has a relative extremum at c. 21 (a) | ; (b) H Bun (c) {ar 
39 х=с Ах — 9 203 Se 
SYL 
23 (a) x for x 3; (b) x for x 0: (c) = =; 
25 Е = һәр 27 H=hof 29 10 = fon 
Problem Set 2.5, page 119 31 r=heh 33 fix) =x’, g(x) = cos x 
35 f(x) = 1 — x7: g(x) = tan х 
1 7cosx 3 3cosłt+tsint c 
5 3secx+secxtany 7 8 secytany— 2y 37 fix) Vx: go = x 
9 Ar! sinr + г? соѕ г – 4 сѕс г сої ғ 
tan = - bie ч 
Wl eget 2 a a NE Gee 39 FOV = Bi) = Xt | 
CE E 


43 {= gh. where g(x) = sin x and A(x) = |x|. Because h is 
continuous at 0 and g is continuous at 0 = A(0), it follows 
from the substitution property for continuous functions that 
f is continuous at 0. 


13 соѕ2 х — sin? x or cos 2x 

5 7csc у (esc? v + сог у) 

15 7 NUT А À 

17 3 sec x (tan x — tan? x — sec? x) 


19 EU Bhi? sind 45 The continuity of g follows from the substitution property 
(0 + 5) for continuous functions and the fact that the sine function 
2x cos x — 2x + x! sin x + 5 sin x is continuous. 
zL (cos x — 1)? 49 9. 17, 21. 19, 20, 20 (rounded off to the nearest 
23 3 sec ¢(1 + 4 sec г) 9t —6 sin у Whole number) 
(sec t + 4)” “(3 cos у)? 
б SSO 1) Problem Set 2.7, page 130 
(1 + гап 2) 
эх +1 -208 
—3 tan? 8 + 12 tan 8 3 П === 59 om—— EMEN P 
w (2 cos 0 — sin Ө)” ona et | (gr + D? 
CINE тиз ; [ЛЕ = ro 
31 tangent line: у = \ 3x + —————; normal line: я 6 SAT 1 : 8 
E (ду + D 
/3 | 1 18 2 
ика Rc ceux n (зх + ex - 1 26: 2) 
3 18 К X ae 
3 3 
за (28у + 38)(2у = 1) Elm ыы "72 5:5 
33 tangent line: y = 6x + 3 — er normal line: 13 ats: 15 Co (ae dio шуй 
+ =3(3x + ПИЕ +2 = 
x+ 6y— 18 ——=0 17 por 1) (За LEM 19 T 
i 4 x 2x Vx 


t2 
"л 


ANSWERS ТО SELECTED PROBLEMS 


^y, diem 
— эў ———— 
МЕ: Sax] WAP I BE 


aor 1 
we- МЦ -—=) 27 a5 cos 7x 
2N X 
. cos Vr А 
48x cos 617 ӘП === 33 12 sin? 3t cos 31 
2N'x 
: : =S Si) ony 
—cos x sin (sin x) Aj === 
2N' cos 5x 


cas v h cos Sr cos Е 5 Sin x епт 
(1 + cos 5л)” 
70 sec 21 tan 2t — 54 csc 2r cot 2r 


pole’ Gy 45 29 esc Vi + 1 cot Vi? + 1 
(Б Cie sen 5 — == 
NE 3e [ 


5 sec Sx tan 5x 
2V 1 + sec 5x 
x? tan* 2x (10x sec? 2x + 3 tan 2x) 


49 0 51 S2sec 135 tan 135 


Осек О ег Ox {ап S e 
(1 + sec 5x)? 
2 3 sec? 3t (27 tan 34 — 1) 


х + 6 cot? 2x esc? 2x 59 
3 [| 


10x sec? 5x? cos (tan 5x*) 63 12 65 -18 

=H) 69 —1500 73 m 75 3495 amp/s 

— 200 moose/year 

(а) u(r) = 40,000 + 10,0007; (b) (F ° wu) = 600V4 + t 
gives the labor force that will be required / years from now; 


300 
(c) (F ° u)'(r) = ———— gives the instantaneous rate of 
У4 +1 : 


change of the labor force t years from now; 
(d) {F » u)'(5) = 100 persons/year 


Problem Set 2.8, page 137 


п 


15 


9x 3 y? — 2xy = 2x 3) ар ду == у 
4y x? = 24у ду = Sir 
zs p ар 

8x23? + x? Ауу + x 

] = бху(а2 — yy M 2) — ie 
(x? — Fy)? = y? ryt yt 8 
WAR SF re mu 2 cos (2x + y) у 
УЛ ЕК АП у ПЕ оо (Оң +) X 
sin x cos x sin 2x y sin xy 
ILL (үг шш 25 ACTES X m— 
sin y cos y sin 2y 2E п 
—3 ese? (3x + y) — Sy 

5x + esc? (3x + y) 
tangent line: v = = $x + 4; normal line: =т= 


tangent line: у = —x + 5; normal line: у = х + | 


tangent line: y = 1; normal line: x = 


Е 


5x au ei SX © 
З а= db === 37 у= 
бх + 5у А DI à 4 
ee sae Wate Se Clic pon Net 1 
a a 41 dare 
43 у= +71 48 y= lt V3x 2 
47 Every point on the graph of f is on the graph of 
2 E 
16 9 
=з 3x 9x 
49 (a) OD) SSS OD 
4N 16 — х 4V 16 — х" 16у 
51 slope = —2 83 [2125 


Problem Set 2.9, page 142 


Vx 2 

xm OE sc NAM щы оу 

-3 ( 2 VA 1.225 UE | 

= pa 9 Ex 1250 — 54 
1 2и- l u ) 2 3 : 4 | 
" ^ Mgr 

u m pi Asp? Ur за) / 

5 : E! / 10х(х + 1) 

1 = 2% -7/4 1/2 
15 CUE (2 f We 


4 


1 a 
17 E (9r + 33)(t + 2) 9I (4 + 5) 3/5 


1 à —4/5 1 Boman 
19 = (sin t) "? cos t or — V sin f cot f 


3 А 3 Л 
24 — F (cos x) ' sin x or — r соѕ v tan x 


23 127 sec? (47 + 1) tan (H? + 1) 


= Vy 2.3 y= NM Ve = 4 
25 —— sec? Vy ese V ce (ап RA сс Sv со! Vy 
Зу dv 
2 ya HSE) tus 2/3 
27 3° аа eS О) 


29 —4 sin 30 cos? 30 (3 + cos* 30) 
31 tangent line: 8x — 27у + 73 = 0; normal line: 

27x + 8v- 51=0 
33 tangent line: у = —1: normal line: x = 0 
35 tangent line; x + 2у — 3 = 0; normal line: у = 2x = | 
39 9000 people/day 


TUA 


Problem Set 2.10, page 148 


| v=3+41+3 m/s.a=6r+4 m/s 
3 v=37cos m + 4m sin2zt m/s, 
а = —39 sin zt + 812 cos 2л m/s? 


te 


5 v= POF QV kmh, a = IUS ip km/h? 
7 problem I: v = 10 m/s, a = 10 m/s?; 
problem 3: v = —3a m/s, a = 87 m/s’, 


problem 7: v = 22 km/h. а = @ km/h? 


Ке] 
Л 


Py = NG SE a Po) = 30% 

Ра) = 35r! — 461 + 1, f"(r) = 140r — 46 
С'(х) = v. G"(x) = 30x* 
gt) = i0? — 5, рц) = Fr 
Р) = х + 3x7, f") = 2 — 12x 
fad = 42 — my. f'"(u)-82-— gy 
jum emu S Jf =e ыш”? 
Р) e Tp — ro Жуу ete 
/'@) = —77 sin 11x. f"(x) = —847 cos 11x 

F'(8) = 2 cos 20 — 3 sin 20. F"(8) = —4 sin 20 — 9 cos 30 
H'(t) = —14 ese 7t cot 7t, 

H"(1) = 98 esc 7t (cot? 7t + esc? 71) 

Q'(8) = cot 30 — 30 esc? 30. 

Q"(8) = 6 csc? 30 (30 cot 30 — 1) 


3/2 


1 ^ 

G'(x) = s COS 5 
(х + 1)” ear jl 

=й A x 

С") = ¢ ТЕГИС 
e есту; 0.1 EX Se ШШ сг 

dy 
SS = = 0 me Se ley 
dx 
Фу КЩ eS. 
== = cus Sec Skese SS 319) 
dx- 
V S DEEST CS 


pA E "^ : j- = ING 


f(x) = 288 — 15x? + 16x — 3, f"(x) = 84x? — 30x + 16, 

ГО) = 168x — 30, f(x) = 168. and х) = 0 for n = 5 
pee ene 
IE up 
d 
d? 


D -A 


- 3x = 1)y 52 


р\— I =(—1)"н! у rr) 


0 49 “a 
(a) when г = 2; (b) a is never zero; (c) a is never zero 
192x? 2 tan 3y 
= E ——— (1 + 2 sec? 3y) 
D Br 
500 m 61 6 days 


Problem Set 2.11, page 157 


1 
3 


Un 


п 


Let fix) = 4x? — x?. Then f(0) = 0<2 «3 = Д1). 
Let fix) = x? + 3x? — 9x, Then Д2) = 2 < 10 < 27 = f(3). 


3 


n+ 5 
Let f(x) = ~——. Then f(0) = 5 > 4 >3 = Д). 
Wx + [| 


Let f(x) = 2x3 — 3x7 — 12x. Then 

Д2) = -4«1«71 2 fi- 1. 

Let f(x) = sin x + 2 cos 2x. Then 

(eS осе 1<2=/(т). 
4 2 


Let f(x) = x + sin x. Then f(0) = 0 <1 «€ Z 


2 


ANSWERS TO SELECTED PROBLEMS A-9 


f0) = —2 and f(2) = 15 
f(1.5) = —0.15625 and fil. um = LPO 
m № 

hl TIE and {= ) = = 
positive on E 2) and (4, =): negative оп (2. 4) 
positive on (—5, 0) and (3, =); negative оп 
(—x, —5) and ign 3) 
positive on (— i 3 A (22 
(—~, — 3) and (5, 2 
positive on (—®, 1 m (&. 
positive on (~=, —3), (—1. 
(—3, —1) and (2, 4) 
positive on (—2, —4), (—3. —1), (5, 1), (1, 2). and (2, =): 
negative on (—4. —3) and (—1. 3) 
positive on (—%, 0) and (0, 3); negative on (3, =) 
positive on (—1. 1) and (1, 2); negative on (—2, —1) 

od Su ur 
a zero in (=~. z) 


x): negative on 


x); negative on (NES 
2), and (4. 2); negative on 


zero in (1.5, 1.525) 


1.512876397 41 1.002966954 43 —3.048917339 

1.726279398 47 0.876726215 49 (a) 1.414213563 
(um me ses 

If a is an approximation to V k. then b = accensi) 


Ha 
often a better approximation to Vk. 
Successive values do not settle down—rather they oscillate 
between —1 and 1. 
(b) —0.766044443. —0.173648178, 0.939692621: 
(с) cos 20° = 0.939692621 
0.0226 т? 


Review Problem Set, Chapter 2, page 159 


1 


wen (л w 


(a) 120 ft/s; (b) 136 ft/s when г = 
(c) 625 fi 

(a) 40.2 in?/in; (b) 0.3216 in?/deg 
tangent line: v = 4x — 14; normal line: 4y + x = 12 

tangent line: 72x — 16y = 81: normal line: 144y + 32x = 291 
(1) All are continuous except (d). (ii) None are differentiable. 
(її) None are continuous and differentiable. 

(а) 3; (Б) 3 IET (ат el eb) 1 


== 0 —2 


х— + $Ax: (b) 1-2 17 — (b) —— 
(a) x 2x; (b) x (a) a CUNG) (b) "E 


2. 104 ft/s when г = 3; 


(b) at O and at —1 

(a) 80: (b) 80: (с) 52; (4) 2$: (е) — 50: (Т) 13; (8) 675 
(a) continuous at 2; (b) f 0) = —3, fi(2) = 4; (с) not 
differentiable at 2 

(a) continuous at —3; (b) 0—3) = 
differentiable at —3 


- aS) = (с}пөг 


А DD 
0.94860 31 35k 33 – + 35 Ie We! 
Фо 39 —27x? + 6x- l 
105: + 608 + 107-3 
(2x + 2)(2x7 + 5) + (x? + 2x + 1)(6x7) 
27(6s* + 552 —s !y "(24s + 105 + s 2) 


A-10 


107 


109 


115 


119 


121 
123 


125 


127 


133 
135 


ANSWERS TO SELECTED PROHLEMS 


+ 4x +7 А = 
сык 49 r L aa aa NEATE) 
(х +2) Ух 
1 pe X 
| X RS | Vine tle 


(х2 + 7) 


ren = g (13x? — 84x + 7) 


3x (Му SIDE 2Vi-7 
EXE uL) echa e 19 ad — bc 
25] 4-205! (2 + 21+ 5y (cx + dy 
cos 2x 65 6 sin 44 ӨТ Scos Gr- [у 


cot? г — sins — 1 
(1 + csc )” 
sec? $5 + csc? 4s 
(x + 1)(3 esc? x — 2 esc x cot x) + 3 cot x — 2 ese x 
(x + 1)? 


71 3 cos 0 cos 20 — 6 sin 0 sin 20 


] — @sec 0 
sec Ө + tan 6 
1.307 units/day 


NA 4. 
= Jiy=2e- 2+ 
СШ А 


79 -aw sin (wt — ф) 


пт SN о S 
(77. —1), (0, D, (т. —1). ( x 2). ( ) 
f'(2) = 0 follows from Theorem 1 in S 
212 101 2 
f^ g*h, where h(x) = x? and g(x) = dx 


a 
TE (b) [500 — х = |Дх) — Ло) = 

Ка + Bx) – (æ + Вх) = |8(х — x0)| = |B| [x = xol (d) If 

18| < t, then |B|" approaches zero as n gets larger and 

larger. 

(a) 7.2, 9.18, 10.962, 12.5658, 14.00922, 15.308298, 

16.4774682, 17.52972138, 18.47674924; (b) 8.2, 11.72, 

15.592, 19.8512, 24.53632. 29.689952. 

35.3589472, 41.59484192. 48.45432611 


ection 2.4. 


(a) Xo = 


Е І 5х 
iil. ———— 113 secv 
2y Зуух + 1 юу? ` 
cos у —9x* — бху* lis 
———— и — 
ES 2y ду. 


tangent line: 2x + 5у — 16 = 0; normal line: 

Suv = y = 10 

tangent line: у = 6 — 2x: normal line: x - 2v + 2 = 0 
tangent line: 6x + 3N Зу — УЗт — 3 = 0; normal line: 
6V 3x — 12у + 4g - 33V3 = 0 


slope of tangent line at (a, b) = — T slope of line segment 


b 
from (0, 0) to (a, b) = — 
a 


(V2, V4) 129 80;)-46 131 


To l (t+ 1p 
Zlu ue 3yu TAM = 3) 
2 cos 30 — 12 Ө sin 30 — 9 cos 30 


137 
143 


А Я 12 
8 5/3 — 3 3/2 
RX X 139 TESI 141 


Р) = 30 + 288 — 248 — 18x + 10, 

f" (x) = 1208 + 84x? — 48x — 18, 

f"(x) = 360x? + 168x — 48, f(x) = 720x + 168, 
ух) = 720, and f(x) = 0 for n = 6 

(a) —16; (b) 31; (c) —7; (d) —10; (e) 132; (Г) — 285 
v= 12r — 67, а = 12 — 12r 

v = бт cos 221, а = – 1272 sin 27t 


W UN Guo cq ы Р 
f i= |6 fx et ‚ /"(1) does not exist 


Let f(x) = 4x? — 7x? + 2x. Then 
f= -1 < V5 <8 = f(2). 
positive on (0, 3) and dime). negative on (—~, 0) and 
(2, 3) 

positive on (—*, — 3), (— 3. — 3), and ($. =); 
negative on (— 3, — 3) and (- 3. 3) 


TM [- и т al (22 | 
positive on T. 2 Je V җы . and pe 


377 | 
negative on = = =) and (=. =) 
AAE =) 
Әт) о Ges ed) 169 —1.881239402 
0.641714371 173 1.725027751 
0.682327804 177 fis discontinuous at x = 2 


—@° cos ax 


165 А0) = 1, h(t) = —0.46 


Chapter 3 


Problem Set 3.1, page 170 


39 
41 


13 т 

no 3 с=3 5 =ч 7 Hr 

3 2.4 
Sie 11 doo uc їз @=—— 
2 щш шшш 
QUA OT DIE 
c=4 ПЫ Ge 21 c=! 

м? 
с= 225 25 m 2r 27 fis not differentiable at 0 


f is not differentiable at 1 31 fis not defined at = 


(a) not differentiable on (a, b): (b) not differentiable on 

(a, b); (с) not defined on [а, 2]; (d) discontinuous at a: 

(e) not continuous on fa, b] 

c = 0.796718402 

(a) f(1) = —12, f(2) = 28; 

(b) f’(x) = 5x! + 6x7 — 5 = 5(х?)” + Ox? — 5. 

v3 -3 


By the quadratic formula, f'(4) = 0 only for x? = 5 ; 


ANSWERS TO SELECTED PROBLEMS А-11 


М um уйе? е | 9 increasing on (—®, —2] and [2, ~), decreasing on [—2, 2] 
that is, x = + V E . But neither of these values 11 decreasing on R 
of x is between 1 and 2. 13 increasing on (=, 1] and [3, 2), decreasing on [1, 3] 
a+b 15 increasing on [—2, 0] and [2, œ). decreasing on (—~, —2] 
МУ c and [0, 2] 
17 increasing on (—~, —1] and [1, 2), decreasing on [— 1, 1] 
19 decreasing on R 
21 increasing on (—9, —2] and (0, х), decreasing on [—2, 0) 
Problem Set 3.2, page 179 23 increasing on [4, ©), decreasing on (0, 4] 
1 (a) increasing on [0, 2], decreasing on [—2, 0], constant on 25 increasing on [—1. =), decreasing on (—%, ~1] 
(—%, —2] and [2, ©); (b) increasing on [-3, — 3] and 27 decreasing on (—9%, —1), (71, 1), and (1, %) 
[4, хс), decreasing on (—», —3] and [— 3, 2], constant on 29 increasing on [ ГА z| E DT 


[2, 4]; (c) increasing on (—%, —5] and [2, 4], decreasing 
on [—5, —2] and [4, х), constant on [-2, 2] 


E 
T 
3 increasing on [3, со), decreasing on (—%, 3] 2 


А Site Р 
decreasing on ES SE TRUE x for К an integer 
: ч , т т А 
» 31 increasing on (sk il mk + T for k an integer 
f(x)=x* —6x—2 Y 2 2 


33 critical number: 3; relative max at x = 3 
b 
x HME Te lass OS 


35 critical numbers: —3 and 3; relative max at x = —3; relative 
5 increasing on (—%, 1], decreasing on [1, 2) min at x = 3 


Je 


h(x) = —3x? +6x +2 


37 critical numbers: — 3 and 1; relative max at x = = a 
relative min at x = 1 


у 
G(x) = х3 х2 x -1 


7 increasing on [—2, 2], decreasing on (— 2, —2] апа [2, 2 


Е 


x3 +12x 


—16 


61 


2 ANSWERS TO SELECTED PROBLEMS 


critical numbers: —2 and 1; relative max at x = —2; relative 
min at x = 1 

critical number: 1; relative min at x = 1 

critical numbers: 0, 1, and 2; relative max at x = 1; 
min at x = 0 and х = 2 

critical numbers: О and 1; relative max at x = | 

no critical number; no relative max or min 

critical numbers: О and 4; relative min at x = 0; neither 
relative max nor min at x — 4 (f is discontinuous). 
critical number: 1; relative min at x = 1 


relative 


dicot cim Cue. 7. on a 
(a) critical. numbers: à Sms on рее э 
5з 3T [ H 
ra. and EX (b) increasing on ЕЗ - Hz], 
[mes zaa) <= i E 2 aes 2 | 
аа е NS o шн 
| | ll z| | 77 =| F T 
decreasing ОИ с. = el у. 
6 2 6 2 @ 2 
and |2" x ПЗЕ Р 11 т 77 
= —— ative max = — f= = 
6 ош - a Gave 6 
_ it dcm | bur it 
ya an = == © relative min at x = 3^ x= 3" 
х= 2, and x = 22 


(a) increasing on [0, 2], decreasing on [2, 2); (b) when 


t= 2h; (с) | mg/liter 


Problem Set 3.3, page 186 


concave downward on R; 
no point of inflection 


concave upward on R; 3 
no point of inflection 


у y 


5) A(x) = (3x + 2)(1 — x) 


Л) eds 


concave upward on (—1, ©); concave downward on 
(—x, —1); point of inflection: (—1. 0) 
concave upward оп (—2, 2); concave downward on 
(—*, —2): point of inflection: (—2, 2) 


19 


21 


23 


25 


27 


29 


31 
33 


эы 
щл 


С(х) = (x + 18 


concave upward on (35. ©); concave downward on 

(— 2с, 12 point of inflection: (15, $11) 

concave upward on (2, 2); concave downward оп (—*, 2); 
point of inflection: (2, 3) 

concave upward on R, no point of inflection 

concave downward on R, no point of inflection 

concave upward on (—®, —1) and (3, 2); concave 
downward on (—1, 3); points of inflection: (—1, —13) and 
(95.189) 

concave upward on (— V3, 0) and (V3, x); concave 
downward оп (—2, — V3) and (0, V3); points of 
inflection: (— V3., 42V3), (0, 0). and (V3, —42 V3) 
concave upward on (0, 2); concave downward on (— 2, 0); 
no point of inflection 

concave upward on (—2, 0) and (0, =); no point of 
inflection 

concave upward on (0, =); concave downward on (— 2, 0); 
point of inflection: (0, 0) 

concave upward on (—2, —1) and (0, ©); concave 
downward on (— 1, 0): no point of inflection 

concave upward on (-2%3. 0) and (2V3, х); concave 
downward on (—«, DNB) and (0. 2V3); points of 
inflection: (2V3, — V3), (0, 0), and (2V3, #V3) 
concave upward on (0, =); no point of inflection 


T Зп 
concave upward оп к= ат Mir ES 2) for k an 


zi) for 


T T 
integer; concave downward on (-2 +20 A us 


+2 
К an integer; points of inflection: (os аР ў 0) for k an 


integer 
relative min at x 


= 
m 


f(x)=x? 5х+4 


37 


39 


41 


43 
45 


47 


49 
51 


9 2 x * 
relative max at x = 3; relative min at. x = 2 


» 


D 
3 


h(x)2 x(x — 2)? 


А 2 Р : 
relative max at x = 3; relative min at x = 0 


relative max at x = 0; relative min at x = — V3 and 


х= УЗ 


relative max at х = 0; relative min at x = 2 


А 3r i , б 
relative max at х = D + 2mk for k an integer; relative min 


т : 
atx = – T + 2тК for k an integer 


(a) (i) increasing on fa, b] and [c, d], (ii) decreasing on 
[b, c} and |d, e]. (iii) never concave upward, (iv) never 
concave downward, (v) no inflection points; (b) (i) 
increasing on [b, с], [с, d], and [d, e), (ii) not decreasing 
on any displayed subinterval, (iii) concave upward on 

(c, d), (iv) concave downward on (a, b), (b, c). and (d, e). 
(v) points of inflection: (c, f(c)) and (d. f(d)); (c) (i) 
increasing оп ja, b] and [d, е], (ii) decreasing on [b, c]. 
(11) concave upward on (c, d), (iv) concave downward on 
(a, b) and (5, c). (v) points of inflection: (c, f(c)) and 

(d, f(d): (d) (i) increasing on [c. e]. (ii) decreasing on 

[a, b] and [b, с], (iii) concave upward on (5, c) and (c, d), 
(iv) concave downward on (a, b) and (d, e). (v) points of 
inflection: (b, f(b)) and (d, Ad) 

relative max at x = 0. relative min at x = 1 

relative min at x = 1 


67 


69 


ANSWERS TO SELECTED PROBLEMS — A-13 


relative max at x = 0; relative min at x = —1 and x = 2 
no relative max or min 57 relative min at x = 0 
relative max at x = 2, relative min at x = 0 

relative max at x — 1, relative min at x — 2 


р A с d А А 
relative max at x = 27 — E for k an integer; relative min 


(ES : 
at x = 2qk + EX for Ё an integer 


The equation of the tangent line at (а, f(a)) is 
y = fla) + f'(aXx = a). The point (b, f(b)) is above this 
line if f(b) > fla) + (аур — a). 


Let P = f(t), where P is performance and г is study time. 
Then /' (2) is the rate of increase of performance per unit of 
study time. At the point of diminishing returns, f"(1) = 0 
and f'(r) is a maximum. 


Problem Set 3.4, page 193 


1 


3 


max: Оа x = 0; min: —4 at x = —2 


А-14 ANSWERS TO SELECTED PROBLEMS 


7 max: 4 at x = 1; min: O at x = -l 


9 max: 15 at x = 5; min: —4 at x = —6 


"л 
л 


max: 2 at x = 0; mn: O at x = —2 and x = 2 Problem Set JS page 202 
1 2 E 
1 6 3 ф 540 7 ОБ 9 +x 11 += 


13 +x 15 == Wl 19 —= 
24 +x 23 SES A 
27 horizontal asymptote: y = 5; vertical asymptote: x = $ 


у 


(1,4) 


D 
t 
1 
1 

^ 


29 horizontal asymptote: y = — 2. vertical asymptote: x — — i 


x 


(=6, —4) 
no max and no min 13 max: 2 at x = 3; min: 0 at x = 1 
max: 3 at x = 8; min: О at x = —] 
max: 76 at x = 4: min: —5 at x = —5 and х = 1 
max: 1 at x = – 1; min: —3 atx = 1 
max: ] at x = 0: min: i atx = -—2 
5 /5 

W2 А №2 
тах at x = V2: min: — —— at x = -V2 

4 4 
max: 577 at x = 3; min: 0 at x = —2 


ЗІ horizontal asymptote: y = 0; vertical asymptote: x = 1 


m RUN UELUT Le mE 
max: 4 atx = g^ min: | atx = " i 
max: 4 at x — 0; no min 33 по max: min: —1 at x = 1 
no тах; no min 
no тах; min: —8 at x = —2 and x = 2 
no max: no min 
max: ł at x = 2; min: — 7g at x = —8 
no тах; min: Ô at x = 0 
max: 0 at x = —1; no min 47 no max; min: O at x = 0 
max: V2 at x = (2k + DL for k an integer; min: 1 at 
x = km for К an integer 
EE 33 horizontal asymptote: y = 1: no vertical asymptote 
5 years 53 T А 3 E 
эВ ДАВ? B 35 horizontal asymptotes: y = — v and y — Se no 
Ee EX ше 27 мылы € vertical asymptote 


gg 


47 


horizontal asymptote: y = 1; vertical asymptote: x = 2 3 
no horizontal asymptote; vertical asymptote: x = 0 
horizontal asymptote: y = 3; vertical asymptotes: х = 0 and 


x= 

no horizontal asymptote; vertical asymptotes: х = ka for k 
an integer 

no horizontal asymptote; vertical asymptotes: x = Кт for k 
an integer 


oblique asymptote: y = x 


5 
49 oblique asymptote: y = 3x — 2 7 
51 oblique asymptote: y = x + | 
| AO + Ax) — fO 
S3 f is continuous at x = 0 and lim [Ao + An) ло. = 
Axo | Ax 
+ (Ах) — 1 Ey 
lim E = lim |Ax ??| = + 
aro Ax Ax—0 
* = М1 
55 his continuous at x = 1 and lim [pa tan | = 
Ax—0 Ax 
Ран. =н = 9 
jm, PS аа acte e 
65 (а) horizontal asymptote: / = b; (b) For values of / less than 
b, there is no excitation regardless of the duration of the 
stimulus. 
Problem Set 3.6, page 210 
1 У fix) = (х +1020 – 2) 
п 


ANSWERS ТО SELECTED PROBLEMS 


- 


fix)= 


G(x) = 4x? — x* 


jg ix - 6x3 - 1852) 


hix)=x +2 
* 


A-15 


A-16 ANSWERS TO SELECTED PROBLEMS 


у 
13 Со) = х + 
yu 
P d 
-— Toa с» 
„9 X6 


y 
21 zi 


з 
fix) = 1 =e - 2) 


>. 1/3 
hí(x) = (x + l)*x 


25 


27 


M 


33 


f(x) = sin 2x 


35 


f(x) = sec x + cos x 


37 y 


y -l(s cos x + V 1024 - 64 sin^ x) 


39 (a) —0.6678; (b) —0.6668; (c) —0.6680; (d) The calculator 
has difficulty dealing with the relatively small difference 
between x and x — 1 for x = 10". 


Problem Set 3.7, page 217 


1 10mby 10m 3 (a) 10 and 10; (b) 20 and 0 
125,000 , 
— ir 


T 


5 4(1 + VIO) em by 10(1 + V10) cm 7 


1 1 
9 3 m by 3 m 
11 The minimum amount of metal occurs for: 
radius = 2057 == 12.72 inches and 
height = 4114(2057) ?^ = 25.44 inches. 
13 (a) h = 272° m, x = 2" m; (b) h=1m,x=1m 
15 /=0 so that the bacterium is a sphere (endpoint 
extremum). 


— 9 
17 |РТ\= T km 19 0 km (endpoint extremum) 


21 The power is maximum for R = r. 230m3 25 


о | 


29 (а) х= асѕс 0, y = Б sec 0; 
а 
(b) y + y) = —a csc 0 cot 0 + b sec 0 tan 0 = 0 when 


a  secOtanO _ 


= tan? Ө 
Ь ese Ө cot 0 i 


ANSWERS TO SELECTED PROBLEMS А-17 


3| (32/3 + 82/3)2/2 = 14.99 т 33 6- * 


с 


VEL 


35 The triangle is isosceles with legs of length 


35 aec 37 x-15V2 m 


Problem Set 3.8, page 225 


1 8.57~ 26.7 m/s 3 0.167 = 0.503 cm?/s 
(a) decreasing by 12.000 cm?/min; (b) decreasing by 2,400 


em?/min 
7 38 m?/min 9 (a) shortening at тү m/s; (b) 19 m/s 

1 1350ка 29.54 knots 13 шй 1.976 km/s 

V2089 — | МУШЗШ j 

24 
15 A 10 = 15.2 km/h 17 78 ft/min 

7V3 
19 ETE = 1.21 m/s 
21 level dropping at bbe = 0.0487 ft/min 

ров 1 7 
1 
23 480 in?/min 25 —— = 0.02 m/min 
187 

27 —— = 0.51 m/min 29 1.2 x I0? em 

S 
31 299 112/5 33 — 8 cm/s 35 $ cm/s 

m 

37 = = 0.19 meter/s 39 M == 0.58 rad/s 
41 ЕЕ: = 0.079 cm?/s 43 105.6 rad/h 
45 m зә! m/h 47 10 m/s 


Problem Set 3.9, page 233 


1 (a) $10,000; (b) 2500x — х2; (c) 2500 — 2x; (d) $699; 
(e) $700; (f) x = 1000 

3 (а) $5000; (b) (0.00003)? — (0.18)? + 500x; 
(c) (0.00009)x? — (0.36)x + 500; (d) $248.801; 
(e) $248.90; (f) x = 2000 

5 problem 1: C(900) = 1611.11 dollars/unit; problem 3: 
C(900) — 367.86 dollars/unit 

7 Often, the point of inflection has abscissa x with C"(x) = 0, 
so x is a critical number for C’. If this critical number 
corresponds to a minimum value of C’, then it is the most 
efficient production level. 

3 


X 
900 
ie 


ш 300 
(d) $1,836.00; (e) x = 900 tons 


— 3x? + 4000x + 100,000 for 0 = x = 1000; 


5 


— бх + 4000, for 0 < x < 1000; (c) $1,834.668; 


A-18 


19 


ANSWERS TO SELECTED PROBLEMS 


(a) (5 x 10 53 — (1.5 x 10. 2j) + 40x + 4000 for 
0 = x = 3000; (b) (1.5 x 10 ^? = (3 x 10 7? 40 for 


0 < x < 3000; (c) $34.588005; (d) $34.60; (е) x = 1000 


(a) p = 7000 — Sx; (b) 7000x — 5x7; (с) 7000 = 10x, 
(d) $2000; (e) x = 700 tons 
ax num 

a) p = 100 - —; 100x — 100 — dn d) $92; 
(a) p T (b) 100x zg © 25 (d) $ 
(е) x = 200 

2i? 3000x = 100,000 for O = x = 1000; 

900 


iby- is — 4x + 3000 for 0 & « < 1000; (c) X = 522.5 


tons; (d) 4,387.51 dollars/ton: (e) x — 34.12 tons and 
x = 947.99 tons 

(a) —(5 x 10 5)x* — (5 x 10 = 
(b) —(1.5 x 10 5)? — 10 7x + 60; (c) x 
(d) $66.12; (e) x = 67 and x = 2961 


* 60x — 3000: 
= 1694: 


Gy) = AE I. 55, поко = 125 
у= € x zs vm US 
"7 10000 100 ү і 
69.7 69x 
C'(x) = = 4e NS o We acce ЛАБЕ t 
(x) 10.000 50 ог x mos 
efficient production level: x = 100 bikes/day; 


= 200 — $x: R(x) = 200x — 8°; К'(х) = 200 — 3х; 
maximum revenue when x = 125 bif fao: 


ват. Tx? 
Р(х) = – + 414 — 1700; 
> Too sy = 
, 69x7 7x \ В 
Е = де + 41; maximum profit when 


10.000 150 
x = 81 bikes/day: break even: x = 46 and x = 111 


(a) $12.50; (b) $14 25 (d) Rix) = Bx — ax (e) x = 


pje 


Review Problem Set, Chapter 3, page 236 


-3 301 507 

(b) is not differentiable at 0; (c) is not differentiable at 2 
(b). (c). (f). (g). and (h) fail to be differentiable on (a, 5) 
9 4 Т 3m 


2 A apres 2 
; "s Еси 


Suppose f has two critical numbers c and « with 

a € c € d € b. Then f'(c) = f'id} = 0; so, by Rolle's 
theorem, there is a number x with c < x < d and f"(x) = 0. 
This contradicts the assumption that f" has constant 
algebraic sign on (a. Б). 

(a) increasing on (~~, a] and [b, =). decreasing on [a. b]: 
(b) increasing оп [0, b], decreasing on (—2, 0] and [b, 2); 
(c) increasing on (—®, a]. [b, 0). and [O. 2), decreasing on 
la, b]: (d) increasing on (—2, a) and |0, 5]. decreasing on 
[а. 0] and (b, x) 

increasing on (~~, —2] and (0. =); decreasing on [—2. 0] 
increasing on (—*, Ji апа [4, 2); decreasing on n 4] 
increasing on ( — 2, 0] and (0, 2) 


17 0.497767144 


67 


|a 
3 
5 
© 


l 

8) 

| 7 
ә |: 
=== 


1 А 37 т 
increasing on E E +]. ls E o]. | 


3т 3 
Es эт], decreasing on ЕЗ = anal 


ES 


relative max at x — 0; relative min at x — 3 

relative max at x = 1; relative min at x = 2 

relative max at x = —4; relative min at x = 2 

relative max at x = 0; relative min at x = —3 and x = 3 


no critical number; no relative max or min 

relative min at + = | 43 relative max at x = 0 
relative min at x = 0 

critical numbers: —7 and т; no relative max or min 
relative max at x = 0; relative min at x = – т and x = т 
relative max at x = 0; relative min at x = 1 

concave upward on (0, 2); concave downward on (—, 0); 
point of inflection: (0, 0) 

concave upward on (~=, 2); concave downward on (3, 2); 


point of inflection: G p xg 
ә 


concave арэ ага on (— 3, 2); concave downward on 


(SS pe point of inflection: (— a, | 

concave upward on (~œ, —2) and (1. >): concave 
downward on (—2. 1): points of inflection: (—2, —10) and 
(ЈЕ 20) 

concave upward оп (—3, 
оп (—x, —3) and (0. 3); 


0) апа (3, x); concave downward 
point of inflection: (0. 0) 


т 4 Bar Пал 
concave upward оп rr ат and a =}: concave 


T Е 
concave upward on he aou kz] for & an integer; 


7 : 
concave downward on = Ат К a for Å an integer: 


points of inflection: (Ат. Кт) for К an integer 
(a) x = б; (b) x = 12: 


(c) e x 
y Каеш vh 


ЕЛЕС 


а X 
QU EPLEL 5. ® ПОР Sel 


absolute max: 5 at x = 1 and x = 4; absolute min: ] at 
х= О and x 23 

absolute max: | at x 
no absolute max or min 


2; absolute min: —8 at x = —1 


5 т 
absolute max: E atx = – E: and x = —; absolute min —1 


EIE 


atx = —3 and х= 7 


79 
81 


83 


87 


89 


99 
103 
105 
107 
109 


119 


121 


8 1 wee 
maximum value: 1.25 when x = >; no minimum 
5 des 11 3 

no maximum; minimum value; — 15 when x = 5 
maximum value: — when x = V2 — 1; minimum 
1- v2 a 

value: when = УЮ 


Va 1 
IO when ee 
V4 


I 


V4 
maxmimum value: 1 when x = Ат for k an integer; 


no maximum; minimum value: 


аа UP à 
minimum value: —1 when x = Ат + — for k an integer 


V5 
5 


93 95 97 —x 


+o 101 
horizontal asymptote: y = 3; vertical asymptote: x = — 
horizontal asymptote: y = 0; no vertical asymptote 

no horizontal asymptote; vertical asymptote: x = —1 
no horizontal asymptote: vertical asymptotes: 


— 


м 


— 
tv 
un 


х= (= i for k an integer 


олса 5) 113 p= l= x 
ft-1 eof) 
Ax 


у= 


lim = lim T9 
Ax—Ü 4—0 


т 


y х) = х? -8x 


пох {у СЇ 


M 


129 


y 


3/3 
G(x)"x (x- 1) 


131 


inflection 
(—0.2, —0.41) 


ANSWERS TO SELECTED PROBLEMS 


3 f(x) = cos 2x + 2 cos x 


(a) 2 


А-19 


ANSWERS TO SELECTED PROBLEMS 


10v 3 
(b) rcc - 5.77 h; (c) No matter how well trained a 
worker is. he or she can't assemble more than 100 
calculators. per hour. 
(a) 2; (b) 2; (c) 0; (d) 5 


T 


2V2 cm 137 ri 139 2 meters by | meter 


| nR — 5 

х= V 143 |BC| = 3 km 
> 

Sr 7 
TU. цу = м — 
БАЕ; 3 6 
approximately 0.38 rad 153 $10 (endpoint extremum) 
1118 157 12.5 persons/year 


agn = 0.01 (dollars/bushel)/day 
6 A 
(a) - —— m/s; (b) — 2 m/s 
v9] 


1 
53.6 km/h 165 == qns 
V6 
sio rad/s 
Ce) = (8.5 << DU UN — (1.05 x 10 ?y? + 40.5x + 1500; 


С'(х) = (0.05 x 10 5)? — (2.1 x 107?) + 40.5; most 
efficient Boe Шт level: x — 1000 barrels/day; 


p^4! m ; R(x) = 47x mos d 47 ex 
R(x) is maximum when x — 1400 Pela DEN: 
Р(х) = —(3.5 x 10 UN tO x 10 ico Sx = ЛЫШ 
P'(x) = —(1.05 x 10 *)x? + 10 ?x + 6.5: Р(х) is 


maximum when x — 835.85 barrels/day; break even: 


x = 233.42 and x = 1310.46 barrels/day 


Chapter 4 


Problem Set 4.1, page 250 


[9x (x + y»? 
tàn x sec? 
(a) 0.63; (b) 0.6; (c) 0.03 
(а) Eo? (Б) 


dy = 6x dx 3 dy = Bx? — 4) dx 

dy = 13(3x + Dd х 7 dy = 18x(3x? + 2)? ах 

jy А1 De ab лу zd p — 3x dx 
= (1 + xp 2 NV Sires 
Ps 3 dx EX - zip dlc se ЖП vis 
"o Vx э + 3) ^o Ue te DYSV Sis Т 
dy = 6 cos 2x dx 19 dy = 4 tan x sec? x dx 

dicot u) = —esc? u du 

diese н) = —esc u cot u du 25 wdx t ydy=0 

9x dx — 16у dy = 0 29 x Pde = уг dy 

(6x? — 4y? + у) dx + (15y? — 8xy + х) dy = 0 


= [tei se 19у + yy? = 1] 4у = 0 
x dx + tan y sec? y dy = 0 


fay (en =O) 2 


41 
43 
45 
53 
59 


65 


(a) 0.181980515; (b) 0.16667; (c) 0.0153 
(a) —0.034740437; (b) —0.0346; (c) —9.9 x 10 f 


3.01 47 28.808 49 0.28 51 1.969 
0.315 55 0.4849 57 10.6 in? 

6 cm* 61 0.21 n? 63 4.41 ст? 

4% 69 +7.45 x 10°" 


Problem Set 4.2, page 257 


12x? - 6x + 1 
х? — 2х°— 5х + С 


Dax -3?*4x-10- 
oy 3 cos н?) = и sin u? 5 
б— 5—3? + 6 4C 
uP = ЭЩ = м = meee 


о tS 
л 


2 
= от СИВ mm а ис 


1 3 ] S a à 1 
cp p c йш Быз {С 
2 t 2 m 


3 

1 

"ув жок+ С 

2wVwidw—-2)+C 23 2Мх(“2х?—-1)+С 


ieVx — 2х t+ 2Vx + C 

2 sin qm 9b ces m She 

3 msecvo 2 fme 

— ссу ar 7 ror Ес 

=) weg ae Pony Pare EC 

4 tanx + cot x +С 

35/44 созу +5sinx + С 

зух ar Sh (Gin ay ar Ge d de 

Let f(x) = g(x) = x in (a), (b), and (c). 


Problem Set 4.3, page 263 


240+ 35 4C 3 402 + 15)?°+ С 
mon 2 loro SQ 9" =й =з ые 
-344)8-1 5-€ 1 Ду з» «€ 


2 А ] Бу we 
= rud -9x-p +C 15 E + 2) +C 
eu X 


505 = о аис 

d + 1)? - 2( + 1)'2 +С 
#2 - a^ - 12 - n «c 
E O G 

4)? — We + A? + 300 + 4)? + С 
-35 cos 35x+ C 29 $sin(lóx— D +С 
jitandix+C 33 -$cot3t C 


Re guts 


z- 


ae el 


lsecQy404C 37 Bo sce 


sin (sin x) + C 41 — ak cot 7x! + C 


с — 45 4(5 + sin 2y)?? + С 
Jet СОБА i » 


47 
ЭЦ 


“л 
л 


—2 cesc Vx + С 49 — БУЛ = 5 sec 30 + C 

(a) 4 ѕіп2х + C; (b) 

= 01 —2sin?x) + C= 

is a constant 

(a) $Vx T (х — 2) + C; (b) same as (а) 
2 


—4 cos 2x + С; (с) — d(cos 2x) + C = 
4 sin?x + (C — 3) and C -i 


(a) V5x — 1(5x — D(375x? + 60x + 8) + C; 


ADS 
(b) same as (a) 


Problem Set 4.4, page 272 


yerterxtC 3 у=-®з Ske + 10х +С 
QUEUE uc q ЕЕС 

у= 5 - Sts 11 yl 

y= 1 + 3V3— 6 cos > 15 у= 1602-39 +С 
IL UE C 19 = 

15(у* + 72 — 44? FC — 23 2п3Зу+3сов2х=С 


1 /2 
= ————_ 27 Wr- 452 = 5y? — 812 
cosr +С 
ws-irp-5*—-1 31 6cos2s= 4 sin 32+ I 


AW ax? Tie +4¢ ay (Oppose 
3 яїн(Ах + DE 18 Сух Eis C; 
mU | 39 


y= Cx + C3 
y=- 1 cos 2x + Сух + Cy 43 yer + 102 + 3х + 2 
ap 2 = 3) 


=F 
25 


Z2 v* + 10x? + бх? — 68x + 191 


= 
ll 


y=—4sin> +2 51 19m 


(a) 4.96 s; (b) 158.68 ft 55 
1+ V12¢ = 11.84 m/s 


(a) 2.83 s; (b) 80.62 ft/s 


Problem Set 4.5, page 279 


эү 


КОЛ 13 

кшт лох от 3 х) = 
ш ы: i iD 24r 
ju)emPusms 7 ym 9 24 joules 
18 joules 13 2 joules 15 10 joules 


(a) C(x) = 5x + 16№х + 540; (b) Р(х) = 16x — 16V/x — 540 
(a) $2420; (b) $2870 29 42.5 thousand 


ES xe 
ICS) = s —-——8 45) аре ЕБ = B 
(a) R(x) x 50 (b) P(x) 80 9.5x — 100; (c) 
x = 380; (d) 8.25 dollars/month 
(a) 1030 thousand; (b) 330 thousand; (c) 0.865 dollar/dinner 


ANSWERS TO SELECTED PROBLEMS A-21 


Problem Set 4.6, page 288 


11 


13 


15 


19 


21 


27 


29 


у = cos E = 5) 3 f(t) = cos (М3: = т) 
7 
y = cos ( = =) 
3 V3 
(a) problem 1: > = — Hz, problem 3: v = Hz; (b) 
RT 2T 
2a 2T 
problem 1: T = — s, problem 3: T = S s 
А 7 
(а) у = Ao cos 147; (Б) v = 5 Hz 
m 
(а) y = 0.8 cos 27t: (b) v = 1 Hz 17 K= = 
: : А a. @ , 
(a) differentiate both sides of L an ar C = 0 with respect 
1 He df 
to г and use the fact that / = W. (b) substitute = 0 
dt dt dt^ 


dl Q t 
into L — +—=0; (с) О = Cos === (al) 
d C ст 
= —Qo Е г e. ушн EK 
WIRE He 22N LC 
А 
К = 25 у= А cos (wt — 


2 


у= А sin Ө=А cos (6 7); g= [odo mc. 


Therefore, у = A cos (wt — à), where ф = — — С. 


Е 


т 
duc тте O 


Problem Set 4.7, page 294 


1 
7 
11 
15 


S square units 


9 8 square units 
13 4 square units 
3 square units 


3 square units 3 5 S square units 


т — 2 square units 
4 square units 


1 square units 17 


A-22 ANSWERS TO SELECTED PROBLEMS 


iy e square units ml um square units (c) 2T 0.63 
= с) —— = 0.63 $< 
23 8V3 square units 25 d ; square unit 10 
27 8V 6 square units 111 12 square units 113 $ square units 


ns 3 square units 117 4 square units 
119 $ square unit 


Review Problem Set, Chapter 4, page 295 


2( +x = 5) 


1 dy = (3x7 = 1) dk 3 dy BW ADU dx 
5 dy = —6 cot x esc? x dx 
7 (x? = 2y) de + (y? -20dy 20 
9 sec? x tan x dx — esc? y cot y dy = 0 Chapter 5 
11 (axe cos пху — 125) dy (moy cos my + 12у) dx = 0 
13 (a) 0.0401; (b) 0.04; (c) 0.25% 
15 (а) 0.2424; (b) 0.24; (c) 0.99% Problem Set 5.1, page 306 
17 (а) 0.01727 (b) 0.01732 (c) 0.29% 
GET 0.1 I] уң Si se fae Gl se I oe E к= als 
19 36.1 = 6 + —— = 6.00833 a Dou Vie 
2V 36 E sin m + sin > + sin + sin = = үз 
21 cos (Z +0 ) = 0.5 - (sin }о.1) = 0.413 5 $434 4454+ 5 = 5 
l 1 7 +++ -HM 9 412 
23 -—1-——5(00.0)-0.98 25 400 т> юш 5 Ж 
1.02 І d п 2700 4498  —5 wa seu n 
27 Зх? Ax cubic units 29 +0.66 cm“ 4 3 
31 264434 хс 33 2 РМ C T (n — ШИ — 1) 19 (n — 2n — l)n © sg 
35 КУЛО «C 37 ducj-954«cC D soi "E 6 
3 фб + Im +c огр xis 
JE o ПД но ` -Èu m E 
ЧӨ КО ШМК E ошо к=! к= 
45 3sinxt+2cosx+C 47 —-$cos3x 4 C 2 x 2 T д 
s ae eg o cd 29 w= У Qk-1I)=2 Ў k- M 1=2 X k-n: hence, 
49 27—3sin4r+C STI жес“ С Pea en ell = 
53 "oo ОЖ 55 31 – sin»)? +C n ui cM 
57 — dh(sec 3x + 8)? 59 (ах +b sinx)? +C ka 2 
k-1 


61 y-2xltx4C 63 s= 


6 
zi 


65 у= – (1 – 2/2)16 +С 
ль лс = рн 2 Problem Set 5.2, page 315 
= = 2 15 3776 
69 р 71 а ас ALIAE 2 
К 2 9 М 118 13 -I5 15 exists 
т =ч ас — 75 5с Ca tun y = C 17 exists 19 exists 21 exists 
77 у= т ЗЕ е d 79 у= -МІ = 22 23 does not exist 25 exists 27 does not exist 
81 у= злу the tx 83 s =H? +3cost-3 20 35 05105 5 %®%® 35 
85 fix) = lo? + 5/72 - 3 g9 282 joules 37 Every Riemann sum equals 5 — a. 
91 2V3 joules 93 1000 ft-lb 95 4.4083 m/s? 
97 (а) 25; (b) 160 ft/s 99 112,500 joules 
GMm Problem Set 5.3, page 326 
101 newtons 
un Е 102. 3 eg =l #4 
| yg 209,54" imo As <> 
103 10: doll b) 400 + 6x doll б 
puse (T a а 17 35 19 - 45 on -3 93 9 
(c) 125.000; (d) 50,000; (е) $8 : E T 
| т) = 25 8088 оН а= 
105 у =cos {5 — — 107 у= 4 cos (6x = E , = 
: 2 X 6) 3 -3 35 8 37 € 


10 E CONES Dem : В І 
109 (a) у = 0.03 cos (101 ~ 0.88): (b) 5— = 1.6 Hz; MP dd Ma M oo 
2 ^, em E 3 À 14. — 14 


2522 7 ba 


5] same function, same interval (dummy variables) 

53 additivity with respect to the interval of integration 

55 additivity with respect to the interval of integration 

$7 additivity with respect to the interval of integration 

bt+a 
2 


47 


k 
61 zy tayc- 63 yes 


67 (a) x — а; (b) B(x? — а2); (с) do? — а?) 


Problem Set 5.4, page 336 


$9 — 5 -234 7 22 
936 1n $3 13 16 15 2 

"y som 19 «3 Мз 
25 4— Vs 27 2943-1) 29 3? 


4 = Р 
nj S —Gc V3 

л 
3x3 3 -$ ш av3 аз $ 
Essi Ee: "oss i— 

j| ap d$ 

51 sin (х?) 
ON ОВНА © чш у 57 0 
59 3(358 +1) 61 8(8x— 1) 63 v2-7x 


65 6x[(3x^ + 2y! + 17] — (х? + 17)! 71 $1.860 


bib| — а|а| 
75 8; (b) 9: (c) 2; (d) ———— + 
(a) 8; (b) 9: (с) 6 : (d) TS 1 


77 fü g(x) 


79 f 


= = 49 1 + cos x =O for all x 


ANSWERS TO SELECTED PROBLEMS 


Problem Set 5.5, page 345 


] .7827941 3 1.106746 5 .9246708 

7 2.0503025 9 0.448082 11 .3497583 
13 36 15 Each trapezoid lies under the curve. 
17 1.5666667 19 .9086625 21 4.6713533 
23 3.6534704 25 “1872812 27 n=4 
29 z= 3.08 


Problem Set 5.6, page 351 


1 
gu 

G B Fos 29 te 

11 1 1з 2 mm 

17 (b) (—4, 4) and (3, 22); (с) 3 
19 (6) (-2 


. —8) and (2. —8); (с) € 

21 (b) (0. 0) and (2, 2); (с) $ 

23 (b) (0. 0) and (2, 4); (с) 3 

25 (b) (—1, —11) and (8. 16): (с) 234 
27 (b) (1. 1) and (4. 49; (c) $ 

29 (b (— 3, D and (3. –1); (с) XE 

31 (b) (-1, = 1). (0, 0), and (1, D; (c) 1 
33 (b) (-1. 1), (0, 0), and (1, 1); (с) 15 
35 (b) (2. 2) and (2, —2); (с) € 

37 (6) (—1, —1). (0. 0), and (1, 1); (c) 2 


m i 1 Б т 
39 (b) (- 2. +) ana (5. 7) (с) уз ae.) 
41 15 43 32 45 32.1 
Ее 


Review Problem Set, Chapter 5, page 353 


190 3 18? s lvy2-n 
de 4n — + 
7 "азли ® Л i 


11 1,001,000 13 (a) У; 3* cents; (b) $23.914.84 


2 


=0 
5 5 734 19 Ë 21 24 
23 24 25 exists 27 does not exist 


29 does not exist 31 does not exist 33  —24 
350 37 no; yes 39 —30 


41 31 43 13 45 8 47 


49 (а) true; (b) true 84 xxx folzxz3 


A-24 ANSWERS TO SELECTED PROBLEMS 


8192 10,240 56 
53 х= х Гого = 5 i 55 sinx cos x fonO = x = i 21 ш 23 287. 25 2 
@ 4 5 3 3 
2V3 } " 
34-50 Матор m с 29 К еше al У dab 
63 hc-3 6527 67 12 T 
[66 4v2 
en 2-7 - 38s 75 = р 
: 15 і Кор; Problem Set 6.3, page 373 
ye =e уте 58 9 $ Е 
55 и в 89 (dx + p 1 144 cubic units 3 1073 m? 
29 
Tomes ae Spel 5 (43 — y?) cubic units 
Watt 8 6 
2 7 35 5 cubic units 
95 О 97 — —- 
L. at 9 1$ ғ п 7л m? 
99 (10r + 1) cos [(St + 0? + I} — 3 eos (H + 3) + 1] 5120 : 
"WE. rna i P S р aff ! HH m. 
100 (a) 3: (5) 8 | 103 false 105 false 15 mh (r = I cubic units 17 A cubic ипи» 
107 true 109 false — 11] 7.011667 zi 3 3 
113 68.268172 115 1.3256537 Ve yer 5 T 
H7 33071124 119 5 8922432 19 3 F cubic unils 2] 1120 m 


121 0.6046034 123 (b) (0, 0) and (2, 2); (с) 1 


г В 855 3 oÑ 
125 (b) (-—=. ES and (—. =; (с) 18№2 2 
v2 2° ке. Problem Set 6.4, page 381 
127 (6) (—1, 2) and (3, 18); ? T E ate 
1 2V17 3 аМ1+т' 5 UOVO- 1) = 9.0734 


129 (b)(i, ^l) and (— M, "e, 2S 
34. (b) (0, 4) and (4, —12): (^ | 7 йш ы le 6337 
133 (Ы) (3, 3), (—3, —3), and (3, —35 (с) 30 135. 5 SON S M 
9 à3ov2-1)—e12185 n 3 
S 29. WS fLüS — (y їз 
b 
19 | VIF (OP + [gio d 21 392/10 
Chapter 6 | MOF + 0р ‹ т 
23 550145145 — 1) = 203.0436 
1179 : Н 
Problem Set 6.1, page 364 25 m = 14.4685 27 О?” — 1) = 453.5352 
21967 807 207 
cu d кош йш 61 Иш =. 
[ите 2 б =; v 29 Te 31 14.69 33 arr+ VF) 
967 647 384m ES * 
ERU еди OE 12 z= 
Bor Шш: m B 2v2 38 (a) 6: (b) = 37 (a) V 36s; (b) infinity 
64 64 1024 ы 
(ecc Җи) б сый еш, = 
15 6 5 15 
297 2 ит т 2887 
25 30 s ms 29 = m5 s Problem Set 6.5, page 391 
768 
33 247 35 8r 37 F 39 Sma- 3) 1 A Ib 3 ST jouet 
5 88.2007 joules 7 81,868.8 ft-lb 
9 6250 joules 11 1.98559 ft-lb 
Problem Set 6.2, page 368 13 4284.7 joues 15 5.292 x 10° N 
17 145.824 М 19 1482624]b 21 156.8 N 
uz. 3 Bügwom шт 23 (a) 5.096 x 107° N; (b) 5.096 x 10 ° joules: 
2 3 10 (c) 35,321,821 
38a т = 13218277 2N'S 
y = eS ae S 11 aa 25 (a) по; (Б) yes — 27 == 0.8944 m 
512 20 29 TM 
13 = i щру: 29 (a)r = +4 |2 (т = mass of P); 


5 3 30 ту 


31 


\2/3 2/3 


Li: :(c)s=(125 + 
Nene Ў М 2т ’ 


(b) s = (125 = 


8.99 x 10°” А 
ў = — Е 33 2m0% — 2gs) 


Problem Set 6.6, page 397 


3 
7 


|_| B 

(a) p= (2 ЫШ ] : (b) $266.67; (c) $266.67 
ER: q Е | 

есу = 10.000: > $312.50 5 4320 autos 


1560.77 tons 9 0.00157 cm?/s 


Review Problem Set, Chapter 6, page 397 


967 3 l67 Е 87 


== NI ә pd 
E 15 3 
T EY 4 
7 = 9 2557 T 1607 
3 4 3 
3 $ A b^ b? 
13 1267 cm? 15 (b) T; (е) = 
17 E ; cylinder has twice the volume 
O S. xe NE MR 
686 13V13— 8 Б 
gg == уу SS AEG = I 
3 57 n SN | 
31 $0V2—1) 33 517085 — 16/10) 
35 £üü0Vi0— 0) 37 £ü0VI1O — 3V3) 
4 ке 1 —M 
39 | М1 + х7! ах = 3.62 41 | МІ + Ax dx = 1.48 
{| 0 
10 4 FOR | eod 
45 = ites —13Vi3) “47 MU 730 — \/10) 
T Sar um 
49 g V8: Ja v5 ID 
m 
53 ee 31-0 
55 one + 27h + 154) fb 
57 13.500 joules 59 3,927.363.64 ft-lb 
61 117,600N 63 20.000 joules 
65 $2.14 67 $13,066.67 
69 21.559 
Chapter 7 


Problem Set 7.1, page 407 


7 
11 


(a) invertible; (b) not invertible; (c) not invertible 


x5 bul 
a f'o = I 13 (af (x) = Wx 


ANSWERS TO SELECTED PROBLEMS A-25 


| 
= 

| 
= 


15 aly Gs 7 (ayo — 
3/7 169) \ 2 (a) f(x) E. 

зе с + 

ВЫЕ Ри 
> n хас cd 

23 4 28 1 27 -2 29 -(37/7) 

31 4 337 35 V2 37 (b -5;(c) -5 
1+ V8x—7 7 l 

D Биги ша ШЕ 

4 8 
41 $ 45 O-f-() 


23 0.6999768749 25 0.4391814802 
27 1.107148718 29 —1.270032196 

31 —0.5829630403 33 0.9775965505 
35 0.3013796990 37 1.194027796 

39 —0.6094418025 43 2 


Problem Set 7.3, page 424 


3 5 3 
SSS 20 jo жы _. 
Vi- 9x? 25 + х? lvii — 1 

=] 9 » T u ЖЯ, 
m+ 6r + 10 М9 = 4x? Jul v — а 


cu р 


13 P 15 0 


x?" + 25) 
—3u SAS ES ee" (> Se I) 


(х2 + 1972/8 + 2x? 
-1 


мІ = у xum = gn ^ ay) 


A-26 ANSWERS TO SELECTED PROBLEMS 


x 2) Ма 
iy ee alg. Е a m 
14 3 9 
T as ff SLE 
47-49 sin ( A )«c 
1 бү? x 
51 tan (5) +С 53 2tan ! (sin ij +E 
I 1 15. Т Am 
55 3 (an GS апа 23) EX Symm? 2 — 4 
59 РЕ. Wae 
b a 


T "M 
61 у= п 2х оО 505; у= 0 о 5х5 т; 

: 3m s Su 
у=?х-—2тогт=х=——;ру=т[ог——=х=2т 


63 3.65 m 65 —4 rad/min 67 428 rad/s 


T 
(54. 25, — G 71 cubic units 


Problem Set 7.4, page 430 


8x cos (In x) B zd. 
ve, з n QU a cot 6x 
п? | tin G2 +7) 1 
z cos t In (7 
{Жап ulna 
sec x 5+ 4 
1) xtan x + In === 
5 2w(v + 1) 
1 = 255 


15 —» ngo 17 


Зх(4х + 1) 
iU p+ < 3r? In 1 ad 2x sec? x — E tan x In (tan? x) 
(ie ap S ХОП 
o y Е y cot x 
x In (sin x) — 2xy 
cos [(In xY] Р 5 
27 (a) ; (b) —sin x In [tan (cos* x)] 


X 
29 imnpesdC 3 |х| +С 
33 tan(In 4d) +C 35 21n(2 7) +С 
37 sin(Inx) +С 39 sin ! (Inx) +С 
41 Ind—inf 43 i(m9-1n4) 
45 sin(ün4) 47 n4 m 49 l(n4YX 


Problem Set 7.5, page 437 


112-3025 3 4.605 5 0.5493 7 4 9 4 
11 domain: (—2, 2); range: R; vertical asymptote: x = 2 
13 domain: all real numbers except —1; range: R; vertical 


asymptote: x — —1 
15 domain: (0, 2); range: [a, ©), where In a = —1; minimum 
at (a, —a) 


17 domain: (0, 2); range: [1, 2); minimum at (1, 1); vertical 
asymptote: x = 0 

19 tangent line: y — 4 In 2 = (2 + 4 In 2)(x — 2); 
normal line; y = 4 In 2 = —(2 + 4 In 2) ‘(x — 2) 


7 
up ssp 3m 3 De 27 dine 


8.325063694 31 —3.208826489 33  —15.56881884 
(a) 0.3365; (b) 3.3616 37 absolute maximum at (1, 1) 
X =a where In a = — 1 41 10 days 


Problem Set 7.6, page 444 


53 
61 


(a) 5; (b) Y (c) 16e; (d) = (сух x7: C ОЕ, 
a эъ 0-20 55 

(a) 0.3678794412; (b) 0.1353352832; (c) 20.08553692; 

(d) 1.648721271; (e) 9.356469012; (f) 15.15426223: 

(g) 0.04460095534; (h) 0.06598803588; (i) 23.14069264; 
(j) 0.6608598017 


Te" Ж e 9 —e sin (e?) 
ub n us 5 \ 
e "(cos t — 2 sin t) Boz з (эу 4E 2) 
X / 
3 
e^ int 17 ———— ОЧЕ 
ge = jl 


v ew - =) 23 e «—8x?-4 19x — 4) 
2 2 
Уф C23) e*t — sin y 


І 
27 31 EL TE 


1+ e* — 2xy x cos y — e*** 
testa + C 35 е +С 37 tan !e+C 
6Vet4+C M -4C 
3 2e 
We- 45 Eo 8 


decreasing on R; concave up on R; horizontal asymptote: 
у= 0 

increasing on (—%, 1]; decreasing on [1, 2); concave up on 
(2, =); concave down on (—®, 2); inflection point: 

(2, 2e^?); absolute max at x = 1; horizontal asymptote: 


59 606.53 dollars/year 


oj- 


= 
—0.1098938 (Ib/in)/min 63 4 In 25 = 13 days 


Problem Set 7.7, page 450 


(а) 2.665144143; (b) 0.37521442272; (c) 8.824977827; 
(d) 0.1133147323; (c) 1.632526919; (f) 36.46215961; 
(g) 0.2927940321; (h) 20.96434682 

=a me! 5 -—S(In 6)(6 ?*) 7 2n 3Y3^7*!) 
5""ün 5)cost — 1] 2 "(2x — x(n 228? + 5)] 


2'*'[In 2)(x? 5) — 2x 5° EU 

Жыш 2а X NETT TES 
(х + 5y 5+ 57° 

2(In 3)3* ] 

(3* + 1)? t (In 10X1 + 0) 


pn [us 3)(sec? u) logy u + | 
uln 8 


ANSWERS TO SELECTED PROBLEMS А -27 


эз 2x9 + 2) = (in 3002 + 5) logs QC + 5) 19 (a) $96.12: (b) $96.09; (c) $96.08: (d) $96.08 
(In 3? + 5)x + 2)? 21 (а) 5.65406%; (b) $11,082.77 
` f : 23 (a) 7%; (b) 7.25% 
-2 (2 * In 3 
з ——— —— y e [ERE T 25 $12,047.77 27 q = 26 
& йш дшн ар шу 2Vx 29 N-40€* 31 = 10 7e 
29 (sin x?)"[6x? cot x? + 3 In (sin x°)] 33 164.49 min 35 approximately 292 bears 
oc ar 2vinx , in ОСЕ а 37 5.121 39 (а) д = 102°); (b) д = 80 
S Em 7 41 (a) 4 g; (b) 1.7227 years 43 605.07 days 
33 (x2 768) + D ECA + 126: + 1) 45 0.9752 g 47 $5206.16 51 2209 уеагѕ 
. (sin КЛ + cos x sin x 1 
35 TREO Cot x mm +- tan x 
cos X 2 cos Vv 2 
at Problem Set 7.10, page 473 
» +, 2 o Ан | и 
Wiixt Sle 502+ 7) 4011х+ 8) 1 (a) № = 10e°°™ (million); (b) 18.22 (million); 
35% +з? —5-Inx (c) T = 23 years 
39 Bm e (C 41 417 1С 43 "m С 3 approximately 2%/yr 5 approximately 35%/day 
Шы n ri 7 (a) С = 700; (b) 421; (c) t = 2.88 years 
Ko x. UU 11 (а) С = 5.92 (million); (b) 5.74 (million) 
In 4 25 In 5 ËN | i . ! 
49 (а) 4.64385619; (b) 0.6309297536: (c) 0.480898347: UU а = ate Wae is mo miletan pomt, 
си ү ш 19 (а) 57.5 words/min: (b) 1.06 (words/min)/h 
51 ет> л 61 —— 
In 3 
Problem Set 7.11, page 478 
E 7/2 = 4/10 
Problem Set 7.8, page 456 poe Ce Е 
рав 5 7.87 min 7 159.46°C 9 61.8 min 11 0.78% 
9 (a) 1.509461355; (b) 2.150898465; (c) 0.6043677771; 15 y-e"(x C) 17 voe'(?^-C) 19 д зш + Су 
(d) 1.160465504; (e) 0.8435506876; (f) —0.9741682480 m ИИ: ж Е | - 
11 6xcosh 3x2 +5) 13 3 coth 21 (ay lat Сет", lim сч (0) l= pg ) Be at 
15 3e” sech? e” 17 sechs 19 2xsech y 23 5.61% 
21 cos x sech v 23 sinh 7x +С 
25 Запа Зх С 27 – Т sech 5x + C 
29 1 (cosh*1— ) 3l я + + In |x| + C Review Problem Set, Chapter 7, page 480 
ES 3x? r 1 5 7 invertible 9 not invertible 
Vae TS E x49 4 
1 H X 9 1 251 13 (a) 4/7 69) = И E 15 (a) PM = 2 =f 
хе - 
ШЦ «== cea" бз \ 4/5 5 1 | 1 
wo | 21 (=) — 25 — 27 — 29 — 
| ' 15 ‘7 18 2 7 т 
Steines Un i) 31 (a) 0.3843967745; (b) 1.971536521; (c) 0.3836622700; 
i b (d) 1.553343046; (e) 0.9588938924; (f) 1.445467496; 
51 sih% +С 53 2a sinh — (g) —0.8480620790; (h) 1.446441332; (i) 2.711892987; 
5 (j) 0.3510036017; (К) 1.107148718; (1) —0.2526802551 
3 12 5 
ети =a 
Problem Set 7.9, page 465 De 
41 t?--sin'—orr-— 
| ge a eo S ge Te ca 3 6 
h = 10: 109.95116; А = 100: 339.30208; h = 1000: 43 2 45 1 
396.26044; h = 10,000: 402.70356; eĉ = 403.4287935 9- i 2x - DVx-2 
11 (a) R = 7%; (b) S = $2409.85 LAr Ai - 
13 (a) R = 7.245896; (b) 5 = $2482.80 9 SS 9? = + 2u tan w 
15 (a) R = 14.3674%; (b) S = $53,471.36 2V1N a к 
17 (a) $1166.40; (b) $1169.86; (с) $1171.66; (d) $1172.89; єй СМЕ ш ИСӘ m mm 


(е) $1173.37; (Е) $1173.49; (g) $1173.51; (h) $1173.51 lulu? — 1 1 + 25x? 


A-28 ANSWERS TO SELECTED PROBLEMS 


55 Wis (sin ' OD SM 57 NA уу cos x 161 ot ht Corx + М-С 163 cosh хъс 


i PEU АЕ 165. — 1. sena R - 
59 3x cos (x a у) +3 sin — у) 2y a qur E od c 4 | 2 
х7 + 3x cos (c — y) 3 179 max of —— atx = р 

tsa ee aes) c oV 2g 

Er: Ко 3 181 after 12 years: (a) $99,603.51; (b) $167.772.16 

1 |x| _ 1 _ {сов х 185 6.64h 187 an additional 2.42 min 
E АЕ ee ( 5 ) +С 191 (а) 75,064; (Ь) 57,624; (с) 8.07 уеагѕ 

І 

uo рас п Г 


am ae 
75 1=1 + пт апітг= 1 + 5 mior Л ДО). + =ош. 
T 290... 2y 
77 w cos Ө cm*/min ТМ) == +7 
n 
ar +4 x Chapter 8 
ыц o = 83 ——— + tan ' (In X) 
OAR oe 2) ] + (In х) 
85 In u (2 — In u) ; 1 
ет р eo ee Problem Set 8.1, page 489 
5 3 -2e ^ ; 8 
89 120207“ 91 ——— И їп хт ып оС 
М) = ет“ 8 — (cos 2t - $c 35 1 55 
2 SE acos 2 FE Co оГ 
Lae E : 
Фф == Hc j; = Gg i 5 jssi2x—35sin^2x +С 7 $six— іп x4C 
v^ M — 
= М1 х 9 ijb(6x—-sinG)- C M a¢—sinn+C 
a EY M. Ah EEE E YE s а а 2 
97 e sec’ e IGE е0) 13 juu — 3 sin 2u + ё sin 4u + dg sin? 2u + C 
101 21 e = d 103 деу! 15 — 10 cos 7x — $ cos 3x + C 
(е + 2)le zu) А И 17 dsine + т ѕіп7х + C 19 $ sin 4и — z5 sin 10u + C 
105 —(In 5)(sin x)5*^* 107 2х(1п 7)(cos x^)7"* 21 E quidem 1 TOC RES i Ge eat {С 
2 i 
109 3525765 103 + ваа 2) mi —— m =Le 
i 1n 7 3cos x —cosx 
Mg. c i Cee КО 25 vax ds sin 8x + gfe sin 16x — үзә sin? 8x + С 
Ax(In 10)(1ог ү, x) я $ 2/V2\5?2 М5 \!? 62 
117 e^ csch (e^!) coth (e^?) 119 —2xe**" * sech x? tanh x? 27 ET а z = ) x x 5 ) 29 poe 
(sech t)(sech t — tanh г) 3 Я A 8 E 
101 indi 77 RE в ee dus au cc NINE 
m е 3 т "EL тя TEE щщ 
ech t+ tanh £ 9x^ + бх + 2 384 ST 2 
Co 
E . ü ] 
125 ms 127 No, x could also be 4. 43 fi = E ps sin2mt;s-—4att-$ 
p К 2 T 
129 (391 + In Зх) 131 (sin x)' [x^ cot x 2x In (sin x)] 
3 
133 (tanh! x) E In (tanh ! x) + аниц 
(tanh x)(1 — x^) 
cos x V1 + sin? x sin 2x Problem Set 8.2, page 494 
135 ers ee aN ds Е, = Бу de 
Ер А ЗО + sin’ х) 1 4 In |sin 4x + С 3 4 In (вес 3x + tan 3x| + C 
ü in 2x [| 2 : 
137 GENE ON en (x = a = E - in 9 gf De = 3 тй | 5 3 апаи 
sec 3x А x+5 7 -Pao dia dt cot 4x+x+C 
Д 4 NE Е 
ЮП ——— rs EDU = їч e gS ul ae eus aet 9 – X(cot 3r + 4 cot 30 +С 
хаш | 22 иий б eds aut 11 yp tan 27+ С 13 as sec’ 5x — 35 sec? Sx + C 
Ms n тт M [8 + 3x + C 15 dün2x - cot 2x + C. 17 2 tan? ++ 2 an/Z 4 C 
i |. - 19 xh tan? 7x + 4b tan? 7x + С 21 = 1 сѕс зу 4C 
i БЕО ОЕЕО ВЕЧЕРЕ nu esed resto 
jps uitae en ie ы М Eu — 4 
"T nilo "m Г gue y 27 disec! x- 2 sec? x + 4 ес x + С 


29 


33 
39 


1 1 l 2 

= Ба 1 — ese)? (х2) - — ese (а?) + С 
24 cot? 8x SL s Ба iu 

1 а (М3/2) 35 d$ 37 54 - 02] 

2V3m 41 -In(V2- 1) 


Problem Set 8.3, page 498 


29 


31 


33 


35 


39 


41 


45 


49 


57 


-V16 — x* 
ILES Ge 
16x 
|| a E 
= =| H] р) 
1613 4 / t 
2 ls 2n 3 LEM 
Ша = ааа ш 
27 2 4 
= УЛ =ч 
© 
211 
SIME 
pues п а 
as 
1 М +5- м5 7/ 2?+9` 
In +С 15 — i )*c 
V5 t 8 \V4x2 +9 
sd 1 + Vor = 4 
о ату ва |«c 
4х 3 2) 
1 3 Bare 
—ш— 25 —————+C 
2 2 9Vs5-4r— г 
At? + 6t 12У7 ЦЕ 
————— - tan С 
7002 + 31+ 4) 49 м 


1 3 
ew = se se Il озь 
3 


м3 

T ViST ЕТ + М Mec 
18 6 

-—— Áo 

9V 4x7 — 9 

1 Д _Ё аг 

— In(? H+ 8) + an! - +C 

| 5 

F sn'[2x-D]9 C 37 -V4-x!«*C 


3 
ESPERTI = 
(s z) X BILL 
1 7 
n (hat Dee —= 3 WA = SC 


—CcoS ў 


25V 25 — cos? v 
47 3V3— т 


Мх + ох 424 C 43 +C 


2048 


a СЕУ. 
3 3 


ANSWERS ТО SELECTED PROBLEMS 


Problem Set 8.4, page 506 


dy sin 2x + 1 cos 2x + C 
sell Sie = ae ae E 7 
x see’! x — In |x + Vx? — I| +C 
11 rsect— In [sec t + tan r| + C 
ES 2 2 
| = == OUR Se чн == о Gi Shs ae == Gay cC 
B $ 27 


15 (3x7 — 2x — 5) sin x + (6x — 2) cos x + C 
IT us RC 

19 ie (2sin2x — cos 2x) + C 

214 = 1 csc x cot x + $ In [esc x — cot x] + C 
bers? — 1)+ С 

хул te +з 1а |х + М1 + | +С 
—(2х + Пе +С 

Зеҷх sin x — x cos x + cos x) + С 

x(n xy — 2x In x + 2x 

—х cot x + In |sin x| + С 

— х? + NVI =x? +С 

4ix8 sin (x*) + 2x* cos (x4) — 2 sin (х?)] + С 
at3(12V32 — 27° — 36) 


ША 
16 


vip Be 
8 320 


—e^'(t? + AP + 128 + 241 + 24) + С 


x?g'(x) — 2xg(x) + 2f g(x) dx 
3) КОЧ хо! 


[| = == П — S a aA 
e а+ 1 (apse Wr 


Problem Set 8.5, page 515 
jx — 23/2 
|x|? 

3 In [3у — 2] + $ In y + | + C 
2 ftn ‚йл = 2] se To eae fl se (© 


1 In = 


жо eq 9 Е 
V/[x(x + 2) |х| 
(x — 3)9/5 
11 x+In (x 25 HE 


13 4x27 M in |x + 4] - 2 In [x 3] 


; x 42x — 1)6/5 
15 LAC 17 In Кычы ma i 
2 xU 
(x = 2) 3 
I$ x tin =з м nbl- 
Ale ae \д 
2-2. a[( ) |. 


A-29 


Шз 1 
3 ix" — ge" +С 


xcos!x- VI x; +C 


: juo. : Eia 
lc sin 2x + x? cos 2x — 3x? sin 2x — 2x cos 2x + $ sin2x + C 


{ sec? x tan x + $ sec x tan x + $ In [sec x + tan x| + C 


3p (C. 


A-30 ANSWERS TO SELECTED PROBLEMS 


[x M 1 1 w J м 1 = | 
25 — |= 2) — c |+ 
Eea ) 3(x + 1) 25 уо + 1)? 4 1 2(w^ + D) 2 zd d С 
|x + 25% 8 
27 in YS oe +С ® 
[ax = 2)'7/72 зх 2) Problem Set 8.7, page 527 
Ыкы» 9/2 
29 m (|Z 3 а Бш 5 +C 1 =? к=з = Mu 
‘le = 1 (2—1y 2-1 3 80273 – 31/8 + 3 In |1 + Vx| +С 
31 inĝ 33 +m} 35 0 +413 5 322 – 20 + 8Vx — 16 10 (2+ Vx) +С 
bc — ad TS 5/2 4 bOr — 3/2 
iene 7 3012 — D + 002 — рУ +С 
с с? 9 giQx + 10)? — tex + 1? + С 
39 In (х – 3) + 21| +С 4) 2-13 1) 4х + 17? — r(x + 12 + tolx + 152 + С 
2 
ТЕЕ 287 нЕ LE a 
2Vaq g= ac p | | 
1 Se= Лу” 3 tan 2 
С й —— =ОШ 2 
Мзи + C 8(x + 3) | m 3 
ACeA*B — В 1 15 — In |tan —| —— ta? + С 
49 = m 51 р=——у 2 2 4 2 
1+ Ce os l| seo 1 1 ө 
Ш SSS а S| э 1С 
STER 2 
SA ss 
Problem Set 8.6, page 523 Т Ct б 
| А | E 23 2Vx - AV t 4A In (1 Vote 
L Ds ee iil nex (x^ + 4) cou EH coe 25 Кп - 9" da - 9? @ 
- IE n NS 27 -4Vx—-AIn|Vx - I| 4 C 
“et ye mot 29 2 e – + e724 
5 In a pa 1)] +3tan'x+C Set [1-x fete ae 
x ay 2 
D bea d 33 Bor + 32)” — 40Qv + 32) + С 
ye 5 1 жү E 
оуан 5) "| тйс un i (£) (© 35 In |l + tan ET 9 
Т | = E I rq yx lm (5) | L In ја (i 
E E———E— mE Sao ef — a na = 
Vama a 2 2 ^ 2, 
13 (02+ 4035 - 1] + с l ig - +С 
15 In [|x - 2|(2x? – зх + 5)] + W tan”! an tan | +1 б ы + |. 
VAI V31 y 2 2 
17 In [x = 2)%(2x? – 3x "| us +С 39 T 35 ow =! - +254 m. э) 
i = 
19 In [Pu + 99/78]  — — — tn^! — C ges У 
= 27 3 б maie Ms dd MI NO 
4 1 2х 15 2 
OS ten Ва аа CE А 
: C EL TUM 53 75-1014 51 - 
RES 1 5х 5V2 en di 
23 x In ————— —- ——~ -——LÉ—— --—— qn — I= h = 
(х2 -2)7 +2 4x42) 8 v2 E 
l 
25 c tS с * (ш et) е 
ене ох A Problem Set 8.8, page 530 
27 $104-91010+ M піз 29. 2215 ME eder _Ф 5 
1 | +1һ|3+5 E з —— + 
31 né 33 w=sinx 35 wet ОШЕН ЫЕ ae 5x А 
+b (ae e d 3 = 
m eee, eet Ou MEN Жыл и, os In |V5y + Vil + Sy] + C 
Net (x? + 1)? V5 


l i І 
Чы eye ES eC 7 2 (13+ 168 МТЗ + 81 — E In | V8r + VI3 + 87| + C 


2 ме +] 2 


-v3 — 5 


9 + V3 а |у + V3 — 5] +С 
> 41 
te ae Gm 
11 mon а УО ud 8А 43 
| [М 7х(14х? — 5)V5 = 7x2 25 E = 
13 езы: + — sin ! |Z] +C 45 
V7 8 8 Wis 
2 + 47 
у = a „= 
V23 i03 49 
1 №5 — Ax + 2x 2 51 
П ceps mam o чы] 
WS x AWS) 53 
19 (Зу + 2) sin”! Gy + 2) + МТ = By + 200) + C 
1[508-1 Sx VIS SX 55 
21 (5-1 cos ! 5х — IVA C 
95 4 4 57 
ás 1 -n = 
23 cmn a оар 59 
INCUN PRU ue Окул 
25 луз cas - : — шше | р © 
9 21 35 35 35/ 
27. — 35 csc? 3x cot Зх — $ esc 3x cot 3x + 63 
2 In [esc 3x — cot 3x| + C 
29 4(4 tan? 7x — 3 tan? 7x — In [cos 7x|) + C 65 
sin ax cos ax 1 à 
33 dcr oW 67 
UU sin? ax cos ax EN ы _ 69 
3a 3a 
cre О _ " 71 
SIN aX COS AX 3 мп ах COS ах 3 
(e) ———————- ————_ + = +€ 
da 8a 8 75 
77 
79 
Review Problem Set, Chapter 8, page 531 81 
1 І sin 2x — 2 sin? 2x + С 
3 Ad sin? Зх —2 sin® 3x) + С 83 
5 [соз (1 — 2x) — $ cos? (1 — 29] + C 
7 3 sin” 5x — 35 sin’? 5x + С 
9 55іп (4 бх) +3x+C П х= зѕіпйх+С Sg 
1 sin 24x sl 1 ар 
13 Lr ) т = SS ont mu 
8 m 24 15 sin = 4 sin 5 (C " 
17 7o sin 5x — zb sin llr +C 
19 — 4 cos 2x — 15 cos 4x + эү cos 6x + C 
21 ё тап? (2x – 1) – {хап (x - D x 4 C 89 
23 зб tan? (5x7) — 15 In |sec (5х2) + С 93 
S 2 ап gens C 97 
27 $ tanx + tanx + 2 ѕес х + С 
29 id tan? (1 + 2x) + tan (1 + Е 101 
1 [тап (2 + 30 tan? (2 + = 
31 dene 7 + 5 
3 6 E C 105 
d lf Se E Eo 
33 sinh! — +C 35 1—2 1 +———= +С 111 
8 зм x V1-—2x* 


ANSWERS TO SELECTED PROBLEMS 


ig2-4ay26-0C 39 sine- +С 
асаа 

Es 1265-77 = fare Tim gage" LG 

nam LH "E y] 
S B m gps Obss hem || ae (E 
3 sin t m 3 ) ( ) 


д ко Е 
1f sin 3t + i? cos 3t — $t sin 3t — $} cos 3t + C 
хап! Vx — Vx tan! Vx С 


1 - x 
e lett Т. жы 
xe WAN ae ae 
Axpl т З, 5 оу 
e"[s + 26 cos 2x + i3 sin 2x] + С 


= len (x? + 20+ +2) +С 


HC 


1х2 sin (3x2) + тз cos (3x2) + C 
[ae | Spese tan 
|у| 


1 
ae ai lin [и = ae (€ 
X 


In +C 


pae 
hai == 
Пар el 
@ te a s fp = ill] Sw ОЕ bem ge E 


41 + 2:)7 — р + 29? -c 


+tan !t+C 


Mert I= 1 
ке ae dp ae I 
4 Rae / EE. 

30 GNI DII SIGN Ate N E ERG 


I0. 10 + ay? 34C 73 “їп 


le 


x In Мх? Se зу == ар V3 tan! te 


- 1 = dy? + $0 — oy — (1 


3x23 sin Vx + 6Vx cos Vx — 6 sin Vx + C 


— Bj. c 


x 
V21 + tan mE 


1 2 
ш ЕЕ 
М21 = х 
eb =й с 
Dr 3 
tan Ise сай == Зе 
x X 
1 1 дап zs tan — 
zh —| + - 3 ar ic 
F 1 = tni. [1 + tan | 
QC TEMA ча шн а Ф|] cage: 
lelqmnà 95 20n2y-41n2-42 
412-18 99 l-1n v2 
or 81V3 (vs T 
E 103 5 к, 
ig 
3V2 107 4-513 109 T 
— ONES ER Neo еи eg 


A-31 


119 


123 


131 
137 


кә 
Гай 
2. 
Ж 
і 
= 
m 
Fcl 
z 
E 
= 
© 
Ж. 
m 
S 
m 
^ 
c 
m 
= 
= 
Ld 
z 
© 
= 
= 
2 
= 
z 
= 
7 


| ап, | | 
— т 3 N 
= Nw ПЕ — in ET —— = tins а 
2 75 4 16 8 
tan 
М 
сеа df 2 Пек of 
е? +/?` erf 
e+df de- 
ме T RE Б le sin 0 + f cos 0| + C 
COELI (oar ja 
ey, ee Va VS 
B py) |e eee 
V5 xc Vx =r $5 + V5 
27 4 9л? 
— —2]n4 fu == 135 87+ 
4 3 _ 2 
in(2+ МЗ) 139 -In (2 – V3) 


Chapter 9 


Problem Set 9.1, page 540 


(a) (- Эт), iw (э, 


“il 
des zi E =} = n 
(a) ( = (БУО 6 ; (с) 2 6 


(a) (—4, 0°); (b) (4, — 180°); (с) (—4, 0°) 
| 7 Bon 


-V2) 


Wm 


Ул =), problem 14: 2. 


1 (sv Wes PA 
ect problem 16: n 


7, ral problem 18: (2, 7) 


problem 13: ( 
4 
problem 15: (6.5 = 


problem 17: 


сы 6. 22). 6.22). 63-2) 


circle of radius 1, center at pole 
line through pole, perpendicular to polar axis 
same as problem 25 29 polar axis extended 
x? + 3x + y? = 0; circle with center at r = — $, 0 = 0, and 
radius 3 
— y: parabola, vertex at origin, opening upward 
м: „хепіса! Пле two шы to left of y axis 
у= -VÀx line of Slope -V3 through origin 
(х2 + у) = у” 41 r=5 
r(2 cos O + 3 sin 0) = 6 45 6rcos* 0 = —sin 0 
r(cos? 0 + 4 sin? 0)24 
multiply both sides by r; origin already there 


1 divide by r; origin still there 
53 (a) Cartesian: x^ + y^ = *2ax; (b) Cartesian: 
vy = 42a 


Problem Set 9.2, page 548 


1 6 & [d o» d 4 h 
E g 6 a Jy 8 b 


9 symmetric with respect to polar axis; circle 


11 symmetric with respect to polar axis; vertical line 


a 2 Лу. 
]3 symmetric with respect to 0 = +- circle 


110, 5) 


0 polar axis 


T 
15 symmetric with respect to 0 = +— 


17 symmetric with respect to polar axis, 0 = and pole 


va 


19 


21 


23 


25 


27 
31 


33 


39 


41 


ANSWERS TO SELECTED PROBLEMS 


symmetric with respect to polar axis Problem Set 9.3, page 554 
І 31 
| 1 T 
6 
symmetric with respect to polar axis 
128 
a= 
57 
крав 7 
symmetric with respect to 8 = +- 
(л) (1,0 
@ 
9v3 
' 5 
T 2 
symmetric with respect to polar axis, Ө = *—-, and pole 
| 
LU 
I 
WEE NES (V8, 0) 
iS polar 
: axis 
LI 
1 
7 m 9 хт 
dr dr EL S 
(b) р sin 8 + rcos 07 0 and — cos 8 —rsin @=0 Е 
V3 К | 
жа 35 1 37 undefined 
? ? Uv eS 
horizontal at (2. —sin~! Z). (2r aint), (7, =). polar 
3m 18 + 3V22 №22 – 2 
and (1:27); vertical at (8 * 3¥*? sin ' ~S) i 
; 2 6 6 
[uo E. V22 — 2) 
6 ‚то— sin 6 13 67 
a~b 45 г = се 
і 
1 
MEE y polar 
axis 
polar 


axis 


A-34 ANSWERS TO SELECTED PROBLEMS 


19 (0, ES 2 ы за 


1 = 
23 (67 + 9% 3) 


5 257r 

p id сай жу зр өт 
4 24 
61 Syr 


Е 35 Vae D 37 =a 


39 limits of integration should be 0 to т 
43 lór 45 25- 


Problem Set 9.4, page 562 


Vertices 
0) (—4, 0), (4, 0), (0, 2), (0, —2) 
= (0, 2V3) | (—2, 0), (2, 0). (0, 4). (0. —4) 
(7 VI5, 0), (V15, 0) |(-4, 0), (4, 0). (0, —D. (0, 1) 
AL (CL 1/ V5, 0), 07V, 0| C7 3, 0), (8. 0). (0, 1), (0, — 1) 


(-2V3, 0), (2 V3, 0) 


i y x у? 
€— — = — + — = 
E 25 i 9 | п 25 169 | 
B (a) (1, —2); (6) (71, —1); (c) (4, —5); (d) (=2 = 


(e) (6, 3); (f) (7, —2) 


15 (a) (3, —2); (b) (6, 0); (е) (0, 2); (d) (V2 + 3. —4); 


(е) (3. =т — 2); (f) (0, 0) 
xc 1? А А 

17 A кж S ата (le She ikon 
(— V3 — 1, 0), (V3 — 1, 0); vertices (—3, 1). (1, 1). 
(te By, CL; O) 
(x- 2) | (y-3y 

9 6 
(— МЗ + 2, 3), (V3 + 2, 3); vertices (—1, 3), (5. 3), 
(2, V6 + 3), (2, -V6 + 3) 

8 2l Я 3542 
= „фут 
9 _ 16 
(6, V7 — 2). (6, —V7 — 2); vertices (3, —2), (9, —2), 

(6, 2), (6, —6) 


(1, =2)|(-2, —2). (4, —2). (1, 0), 
(1, —4) 

(—3, 0)| (—6, 0), (0, 0), (—3, 6), 
(=3, —6) 

з On (SB = VD, Wh t 8 35/2, OD 
(-3. 1). (-3, - D 

(3, Sylt VIO. ТЕЕ о 8. 
(—5, 5). (—5, 1) 


19 = 1; center (2, 3); foci 


21 


= |: center (6, —2); foci 


(1 ~ V5, —2), 
Ole WS, —2) 
(-3, 3V3), 
(-3, -3V3) 
(—4, 0), (72, 0) 


(8 = VG, 2, 
(—5 + V6, 3) 


х2 (у= 1) б cu 
——+ = | з 44 Se 
al 25 9 3 36 64 l 
So (x-2y (у= 1) 
B === | 37 == + = = | 
: 16 64 25 16 
Ge = 12 Gee (x-2y (у= 1)? 
———+-——— ар 4+ = = I 
D 4 9 7 16 


43 tangent line: 4y + х = 25; normal line: 4x — у = 32 
45 tangent line: x + 6y = 15; normal line: 6x — у = 16 
47 (b) 5 units 49 2ab square units 
51 [= 2a + 2c = 60 + 40V; 2с = 40V2 
e А? 
ак р = di 


2 50° ose 


Problem Set 9.5, page 568 


1 vertex (0, 0): focus (1, 0); directrix x = —1; focal chord 4 
3 vertex (0, 0): focus (0, 1); directrix y = — 1; focal chord 1 
5 vertex (0, 0); focus (0, — 4); directrix y= $; focal chord 9 
7 y= nes 


Focal chord 


Focus Directrix 


9 8 
11 12 
13 


15 


17 (у= 2) = -4(x—- 5) 19 (у + 5)? = 32(х + 6) 
21 (+1) = 880+ 4) 23 F=xt+hR у= ут; = 87 
ЗЕ 2 уе зү 
27 (а) tangent line: x + у = —2, normal line: x — y = 6; 
(b) tangent line: 3x + 4y = —6, normal line: 4x — Зу = 17; 
(c) tangent line: y — x = 3, normal line: x + y = —9; 
(d) tangent line: 6x + 8y = 21, normal line: 32x — 24y = —13; 


(e) tangent line: x — э normal line: у = 1 

2D а Qs DECOM =S 108 We) (lly DE (90) (0279) 

31 base: 4 units: height: 8 units 

33 Lengths are 4, 10, 28, and 58 meters. 

35 (a) fla) = (а2/4р) + 2p; (b) 2p 

41 (a) Any two parabolas are similar in the sense that one is a 
magnification of the other. 


Problem Set 9.6, page 575 


(М3, 0), (-N/13, 0) | у 


(Gi, 0). (a, 09) 
(0, 4), (0, —4) 
(—4. 0). (4. 0) 


(0, 2 V5), (0, 2V5) | v 
(-2V5, 0), 2 V5, 0)| у 


(0, —\/ 10), (0, V10)| (0, — V46), (0, N46) | у 


Ло + V13, —2), 
(d = SS, =2) 
(-2, V41 — 1). |; 
(—2, —V4] — 1) 
(à = V5, =). 
(2 + V5, —1) 
(74, N34 — 2), | 5 
(dL, WF = э 


ко 
ai 
= 
ll 
i+ 
tol 
paa 
= 
| 
N 
= 


баар RED 


= 1; 
ш + 9 
232 
= 1 
(y-2y 40-37 Е 
3 == 
кх +1)? ‚—4)? 
oe а (> Fx 


аЛ =ч ee 


b E 
37 lim m = — = slope of asymptote 39 E = = = 1 
КЕ а s o gr 


ANSWERS TO SELECTED PROBLEMS А-35 


41 К approaches the intersecting asymptotes. 

j3 any point on the right-hand branch of the hyperbola 
b» by 
Use ps) 
bullet will pass) 


= ] (except at the vertex, where the 


Problem Set 9.7, page 583 


] r-5 3 F=4sind 5 r-3-—5sinó 
F=3+5cos 0 9 rp = –25 соѕ 2 
у = ® 3V3 +3 
i ead) o | шш 
bale 283. ласо Д7 (чый) ТЮ O 
21 х?+2\'3Зху + 37° — 6V3x + бу = 0 
РЫ) ge se е] B às); 
m NS A РЫМ 5 
29 (а) ф = sin T 26.57: 0) х= 5 (ae бео) 
V5 У 
ў Ба ав ZATI BMS) 2a sre = qm 
= 7 TM Eh " "UN E 
31 (Quo aeo mt = 5 т —ў),у= 5 (Geer WE 
(С) SS) 
33 (а) 6 = sin"! $236.87; (Б) x = i(4x = Зу). 
у = (3х + Ҷу); (с) 257° = 144 
V10 уло 
35 (а) 6 = sin”! — g = 18.43°; mars m (3х – у) 
Vics ere 
= T! (Ge ar Sm СОЈ SR ms 9) 
-a MIO V10 
37 (а) ф = sin! "AG E 18.43*: (D) x = їр (3x — y). 


vio _ PM RS 
10 (Ge Sc Sis Me) S — cy se Oke у Il) =) 


41 (a) ellipse; (b) parabola; (c) circle; (d) hyperbola 


y= 


tia, Le Р 
43 ф= = = 45°; уз HO = 4 (ellipse) 


AO eee 
47 (a) ф = sin“! EI Зх ab m SR (Б) a= im ^" 


tn | o 


16x? — 9F = 144 


49 y — 9x7 = = 
=) ae Ses ; 
51 ó-sin 5 = 63.43*; 5x- = 8 (two parallel lines) 
m п > =) 
53 ф= E = 45°, 1157 — 7x- = 24 (hyperbola) 
55 A-C only if A=C and B=0 


Problem Set 9.8, page 591 


G=2F и 


PE c. »4 2. 8х + 2) = у? 
адаг T | 
4 12 


A-36 ANSWERS TO SELECTED PROBLEMS 


3 20 500 60 
*7 e= Y directrices: v = — LEE 51 септе (=. o); 
f 120 20 


Ae. Ovonics: (- 3. 0). Q0. ©, 


60 20\7\ [60 20У7 > 
(9. ж) (е. зм) 


1 68 4 
9 e= РЕ directrices: x = – 20, х = zr center: (=. o): foci 


at (0, 0), (5. 0): vertices: (—4, 0). (2. o). (5. Du ih 


3 3 
Е ==, 
3 - О 
11 focus: (0, 0); directrix: x = —4; vertex: (—2, 0) 
13 e = 2; directrices: x = — 1, x = — $; center: (— &. 0); foci: 
(0, 0), (= 3, 0); vertices: (— à. (y. (= [Lo (0) 
15 e= 3 (ellipse); directrices: xv = — 1s. х= A. ; center: 


(3, 0); foci: (0, 0), (6, 0); vertices: (—2, 0). (8. 0). (3, 4), 
(3.59) 


17 œ= 1 (parabola); directrix: х = —6; focus: (0, 0); vertex: 
x35 01 

19 е = 1 (parabola); directrix: у = — 10; focus: (0, 0); vertex: 
(0, —5) 


21 e =z (hyperbola); directrices: y = 2, y = &: center: (0, 3) 
foci: (0, 0), (0. 3): vertices: (0, 3), (0. 1) 


(920) 


3 
2 2i - 
pps 3 — eos 0 1 1 + cos Ө 
6 5 

29 = 31 

4 1 = 3 соѕ 6 3 + sin 0 

ed 

47 = —— 49 = — 

3 59 i 1+ ecos 0 


5] shrinks to a point, becoming more circular 


ap Е. Е 
53 (2. =, (s. -5), (ONES 2 mE IVa. =) 
m Эш == oe 5a 
=2 = 3V7 eue E E [eom f 2) 
( 4 ) 2 4 ) M E 
а? а 
GE) Е Sá 57 х= + 
МИР fpe Nas se dh 


*In 7-23, all answers are given in Cartesian coordinates. 


Review Problem Set, Chapter 9, page 592 


з (a (-2, 21), t» (2, - z); (cu siz) 


© 2-3: o 03, И (e) (oa arm 
—11%2 М? 
ip pte oe Bes 


3 , 


7 (0,0) Suspe 0) 


13 40:79 - 15 шы) 17 TA 3 


39 
4) 


? 
хо - у= | 21 у = 3 


| E 
= 25 r=4 cot 0csc 6 
2 cos 0 — sin 0 
3-leaved rose, symmetrical about polar axis 


straight line, no symmetry 

у т 
parabola, symmetric about 0 = э 
? ASTE 


. 3+ MIB С. ЗВТ 
horizontal at | 3 — Peer ces ^ ——— ae 


( Э MIB кс g 
= OE SI] 
4 16 / 
+ м Sap УЦИ 
= B 88 2m — cos! 15 ) апа 
4 16 
3 – V137 , 3- V137 . 
(3 = 27 — cos | vertical at 
4 16 
| 1 3 1 
(-1 0), (7. 7), (= cos See and 4 Эл COS a 
i tan Ө 
(eds 25000 
(lls ту oe Бо cos ае 5 
as n 3 чоек 
See СОВ Iu Ce 
+8V2+2 
QEON Hs Эт We. 27 
16 4 


; 4 
(2, a (2, A. area — wu — V3 square units 


^" Si t == 9 
(2а? + b^) sin”! т Рта 


MATO 
Mu = е5") 55 2 
e = | (parabola): directrix: x = —17 
e= 2 (ellipse): 5 EE 
e = 2 (hyperbola); y = 1 
a у? ts Y 
— = КИ SS See = | 

25 16 l6 64 
@=5 шм, 

25 9 


3 (—4, 6)|(—4, 12), (—4. 0). 
(—8. 6). (0, 6) 


75 (3, +Ë) and (-3, — M) 


(6V2, 0), 
(-6V2, 0) 


(25 394—6 Ws (2 


101 tangent line: 8y — 3x + ] = 0; normal line: 

8х + Зу — 27 = 0 
103 —{units/s 105 е= 0.52 107 31087 т> 
109 72 со 20=2 111 57 — 352 = 15 (hyperbola) 
113 (V3 + 2)? — (2 – V3) = 22 (hyperbola) 
115 по rotation needed (ellipse) 
117 ellipse 119 ellipse 121 parabola 


Chapter 10 


Problem Set 10.1, page 602 
ee So a Cees 
1 


ПЗ — s ilu за vivi 
5; 
мо йо 25099 27 — 20! sec di — 
gc Vr 


31 a=4,b=1 


sin x , š 
35 lim was used to derive D, sin x = cos x 
x 


E =, 5 , 
37 0 39 = яу = соз йй 


2w 


Problem Set 10.2, page 607 


ТӘЗЕ 5 ШОШ s E Xo OM р ип —= 
i ses JE go Шу 50 


ANSWERS TO SELECTED PROBLEMS A-37 


23 -$ 25 -1 27 | 29 | 31 1 33 | 
35) e 89372 iP 99391 Ед со M 43 „—2 
45 e 47 1 49 1 53 3 55 +n 


Problem Set 10.3, page 612 


1 2 3 53 5 divergent y dm» 9 divergent 
п E 13 divergem 15 d; 17 -1 19 — 
п о a 2 са 5) ооо е] © 

а in 2 7 
І А B і 
So B oe ЕЕЕ 
2e* r Fa P^ ae il 


Problem Set 10.4, page 616 


2 
14 3 E 5 3sinl 7 diverges 9 E 


IT 2—— а doe" Баи y A 
19 diverges 21 2-2VI1- УЗ 
5 LY Д 5 d 
23 Sje- je gee 1) | 
е 


27 The fundamental theorem of calculus does not apply to 
improper integrals. 


^ 
aj 


29 т square units 31 infinite 
1 
33 for 0 € p < —; otherwise, infinite 
П 2m 2 
35 for 0 <р < 2; infinite for p = 2 


Problem Set 10.5, page 626 


д Lo 0) 6-3 (бе démo | 
2 4 8 16 32 
5 — 536 
(x m E TM E эй 
3 160-100) , 3& = 100. 5(x = 1007 
10 2007) 8010) 16010% 


35(x = 100)* бз ЕЗ " 
——— 11 — [йур 
128(10°) mE S ) 


5 |] —2(3 - 3 + 3x 37 — 4(x 3P + 5(x – 3} — 


16 sec? c tan? c + 88 sec? c tan? c + 16 sec? с (x ea) 
5! 


A-38 


33 


ANSWERS TO SELECTED PROILEMS 


+ Фе 
i» Ete p 


(In 
1)? + ca = 1; 


4 


3e 2e 
wa = t ae = st Ee == 


2 + 2(n 2)x — 1) + (In 2) 


Паро 


4! 
-3 а а 
ОЕ NO ds 
3! 5! 
2.7183 21 -—0.0202 23 3.0067 
1 BE s 
SES AE Бие 
10"* (n + 1)! 125 240r 
(jp 1 2 
(a) 1 + px; (b) 1 + px + E e 


pigp Xp 2x? 
XD, 205. 


—]1) , 
(CR px = + 


- 1), = Dp -2 
(d) I px + ре С p dest ш Xp reo + 
2 6 
jal = pc axo 3) s 
24 à 


1. 
Tape 35 (d) 0.630 
8T 


Review Problem Set, Chapter 10, page 628 


-Il 34 5 +m 7 -% 9 -i 1 0 
0 15 sina 17 -3 19 +0 21 e"? 
+% 25 | 27 e e m9 i 31 1 
1 т е* — 1 2 
з 35 — 3 — ul 43 — 
3 4 4 3 
2 2e 3 : 
— 47 49 diverges 51 vnd Une 
5 9 
5 12 
BV Ge 55 e 57 inünie 59 (a eal 
8x? 2sin2e , 
oe 5 d 
3! 3 
Y? x xt х? x? x! e c " 
|} ur =з + = ap TE X 
ap onec ar gne s 
0.99939 67 0.40547 69 1.01489 


Chapter 11 


Problem Set 11.1, page 640 


] 
3 


2, 5, 10, 17, 26, 37; 10,001 
kog Edun Hinge Se G 100 
Gs 9» 14» 21, 305 4f, 10,005 


33 
35 
37 


43 


еы | 90 ап + se Т 
2 n*l 7 AER 
т 17 0 (B i 21 diverges 23 1 


e 27 increasing, bounded, convergent 

increasing, bounded below but not above, divergent 
nonmonotonic, bounded, divergent 

decreasing, bounded, convergent 

decreasing, bounded, convergent 

decreasing. bounded, convergent 

nonmonotonic, bounded, divergent 

decreasing, bounded above but not below, divergent 
nonmonotonic, bounded, convergent 

a, = n, Б, = -n 

(a) 1. 2, 3, 4, 5, 6; (b) 727; (c) It is difficult to guarantee 
that the general term of the intended sequence has been 
determined by an examination of its first few terms. 


ld V^ a | 
choose N = a in the definition of lim a, 
€ eum 
(a) diverges; (b) diverges; (c) converges; (d) converges; (e) 


diverges 
5 9 19 37 75, 7 
(а) Ws 3, 2,5, деш с 3 (Glee 


a,=(-1)" 57 


Problem Set 11.2, page 649 


23 


Пе al 1 1 1 NE NU 
—— LL L4—4uLL I LT 
6t jo NOU шу. 2 AE 1093 NN 
Ido lle- Eoo nm 
Ue moo. г 2 


2 sb ae 12 Sb 20) se BY spose 
n(n + Dn + 2) 


; 2, 8, 20. 40, 70: 


Sn = сеи знн diverges 
i| 3p l ЕЕ | aly I 1 2 = 3 
3 15 35 63 2" 8 
4 29 1 1 gl audi 
7. NP 2 Apu 2 7 Iya 2 
Sole $ peste ae 
gar Kk t D Lay Gk + 2)K + 5) 
> 2(7 D*, diverges 
bel 
qu. б, p * converges to E 
üa-l.rz -2 converges to p 
a= de ү. converges to Z 
а= &, r 2 ©, diverges 
а = үрө, г = 16 converges to 10 
а= l, = —1, diverges 
a-ir- р: converges to 4 
а= к=. сопу to $ 
a= l, r = —35. converges 6 29 31 4 33 18 


’ 
yes. if it converges 37 i 


Problem Set 11.3, page 656 


9 


е m seg 13 3 15 no 17 -21n2 
DE! 3 У TE 
= TER oo Umm 


Problem Set 11.4, page 667 


19 


23 


29 


31 


33 


37 


43 
49 
55 
61 


converges 3 diverges 5 converges 
converges 9 diverges 11 converges 
converges 15 converges 17 diverges 
x 
: : MESS 
diverges 21 converges by comparison with 2, 
k=1 


x 
: З 1 
converges by comparison with by ET 


x 
diverges by comparison with Е 


x 
diverges by comparison with 23 
q-1 


As 


х 

3 S 21 E 

diverges {изе 2, p^ 35 converges (use >, 
k=1 k=1 


k=1 
converges 45 diverges 47 diverges 
diverges 51 converges 53 converges 
converges 57 diverges 59 converges 
diverges 63 diverges 69 a, = 1/E 


Problem Set 11.5, page 678 


37 


converges 3 converges 5 converges 
diverges 9 converges 11 converges 
converges 15 converges absolutely 

diverges 19 converges absolutely 

converges absolutely 23 converges absolutely 
converges absolutely 27 converges absolutely 
diverges 31 converges absolutely 

converges absolutely 35 converges absolutely 
converges conditionally 39 converges conditionally 
converges absolutely 43 converges absolutely 
diverges 47 converges absolutely 

converges absolutely 51 diverges 


: ae Шоно К : 
diverges 55 3080 Overestimates with error «Hu 


=) 


» b 
" ПА 
diverges | use » = 39 converges 41 converges 
= k & г 


ANSWERS TO SELECTED PROBLEMS 


57 115 underestimates with error «35 

= 37 > - 1 
59  — 13$ underestimates with error <zsy5 
61 0.406 65 true 


Problem Set 11.6, page 685 


1 a=0,R=4,1=(-4,4) 
м @ =й, ROS LOIR = oy 
5 = 0, R = 0, / consists of the single number 0 
7 a=0,R=—=,1=(-—___1} 
V3 Ss WS 
9 a=0,R=1,/=[-1, 1] 
11 a=0,R=+4+%, [1 = (-х, +x) 
13 а= 2, К = 3, 1 = (1, 5) 
15 а= -3, В = 7, 1 = (10, 4) 
17 a=—-1,R=4,1=[-#, -) 
19 а= -1, В = 1, 1 = [-2, 0) 
21 а= -5, В = 1.1= [-6, —4] 
23 0 — aR 4 T— [23 —$ 
25 a=1,R=+x,1=(-*, +) 
27 a=-1,R=V5,1=[-1—- VS, -1+ VS] 
29 a=4,R=4,1/= (0, 8) 
31 а= 5 1,15 |5 0,541) 
33 а= 1, К = 1,1 = (0, 2) 
35 а= 2, К = 0. І consists of the single number 2 
37 а= 3, В = 3, 1 = (0. 6) 
39 а= 0, к= 1, 1= [-1, 1) 41 R 
45 В= Б. 1 = (-Ь, b) 47 В =а, 1 = (-а, а) 


Problem Set 11.7, page 691 


k=0 k=0 
5 Ух R=1 7 У, (40), R=— 
k=0 4=0 
NT e (-D&* 
D Peer = m Ww. ri R=2 
k=0 k=0 
SS E k+2 
X au 
їз = RSU b =) 
Ter 2, (k + 1)k + 2) 
(Het ty 
17 es 
2 2024 — 1) 
M Eo Ет УД 
19 > D ec k+l RI2 
[= 5k + 16 
E 1 
21 (REO 3 E 
l+x [| =? 
as 
25 = = 1] 272 
(1 — х2)? 


R 


A-39 


1 


A-40 ANSWERS TO SELECTED PROBLEMS 


x х x 


g 


47: (3k — 2) 


x = Tu 
29 NM kc. кет 3 S ma e 3 i+ > Um кз [| ЖП 
kel aeg ~- A-1 
= 7 ЕЕ Еа 
33 x рор ppm, R= el^ BG is > CIL ee Ix] <1 
ШҮ 
A-1 k=] 
s аи a 242 x | | 
s > л 03 у rate БШ | 
со (2K + 1)! roy (Se ar N = 2 
39 (а) 1; (Б) 0; (с) —1; (d) O x Е 7, 
ти x T x, |x| < 27 
l eo (=1%¥4-9-14---(5k- 6 
Problem Set 11.8, page 699 ni Ey O “5 = GET 6 у n 
A Ne Jm ü *=2 А 
1 = ae XE ls = =) Sm - (x = =) = = : (x = Eun + 13 10.049875 with |егог| = 6.25 x 1077 
E 7 à =) i 239 б 15 1.0148875 with Jerror| = 1.7 x 10 € 


1 (x " =) yA. 17 2.030518 with Jerror| = 2.7 x 10° 19 0.690 
2081) V 6/ 21 0.497 23 0.401 25 3.009 
x ^ : x а 1 29 They are the same. 
(x — 2y ex — 4Y* y 
3 p: (Cesar 5 P AAA 33 The series becomes a finite sum, correct for all values of x. 


Ud S I:3:5:-- QE - 0) 
Ws отр e ee IE 
: 2, сео R^ мы! 


k=0 
! T le 
7 е еза и 


ра 


(= 1) 11-3. - 9k — 3) 
У, (x 


20 : 
Ss kt 2t Review Problem Set, Chapter 11, page 705 
Qa 5 (Kk Xx + 2Y 1 converges; limit is $ 3 converges; limit is 1 
А 5 converges; limit is 0 7 converges; limit is 0 
"MEE T my му my 9 diverges 11 converges; limit is 1 ]3 increasing 
П 2-2v 3 ы 2) i (x = z) = 3 А z) аш 15 nonmonotonic 17 no; it first increases and then decreases 
( m ' к\а g m 19 bounded; nonmonotonic; convergent; limit is B 
о A = == еа Gon 
13 (0 2x T) «x 7) «i6 e 23 125 sin 1 
х w+! x ES . 15 3 
s BET SUE RENE 27 x —— —— — — —. converges; sum is — 
2 o ner 1)! x fore Drm i-i (k + 32k + 5) : 2 
E aaia £ q yok 1 2+3 p 
19 3 (к=) 21 er (E X 29 1 al X 
im MEE luo NEL tall)! А = Р 
33 lim a, = 0 does not guarantee that D a, is convergent. 
E E A* 1924 124 = _ 1% 2% as isi 
23 5 (EDA ee 25 3 2 а Шай $ , 3 39 Д 
= (2k)! io Qk 1)! 35 converges converges converges 
E ws 3 mm 4l diverges 43 conditionally convergent 
21554 Er Us у mr аш 45 absolutely convergent 47 diverges 
кто (4K + 3)(2K + 1)! up (asse К 49 absolutely convergent 51 absolutely convergent 
31 0.9802 33 -0.1054 35 0.4969 S3 (а) 0.4058; (b) 0.0332 " = 
37 0.7468 39 0.6990 41 0.2652 S$ a-—lj,R—VOYM үс MOST 
43 JE = 0 if n is even; f /^(0) = (Detin EE 1)! if n 57 a= —2, R= l. T= (= 2210) 
is odd 59 a= 10, А = 0, I consists of the single number 10 
16! 61 a=-7, К = +2%,]=(-%, +x) 
45 0 47 Ta SO (219! 63 а=3, к=, 1 = [8, 9) 


Problem Set 11.9, page 704 


а Fem 
65 » nde n | forücx«2 
k=l 
1 
67 — 
n 


1 1 2 1 | 3 

| тр мст ИЕ p (ita IN se TT (sep T 
1 x (Dr "are [| aee (aU — Sy) 1 1 E 

ty ete 7E i. “a OS Id <l 69 1+ rd = н ls SP Se 


2 
212 


30? (х up 


71 мү [| 


2! 4 
zie 7: k= 1) ER 
E eO ‹ | дш че od s 
Si 2) ‘ki 
4x x. 257] 84-7 (Kk — 2) КО: 1 
oy bA on 
СЕЛО eno EM 
eee, ГЕ 2 x| < 
ee DP ат е Ко | < 1 
83 1.974375, |error| < 2.34 x 10 5 
L p xt ae re g f 
85 ah to- ае E "UT de Or 
2,4 43,6 4x5 45y10 
all! zz di j| 2х5 ài Рт 8! = ТТ 
x? xb x! x x? 
П x; c) х - — + — Sa SS 800 ff 
for all x; (c) x 3 5 7 9 T or 
п IO in TO 
lx <1; @) 1+ dn 10 + I9 e + EE rs 
for all x 
E7 aama o 1+ Egi s 
X 
Chapter 12 


Problem Set 12.1, page 715 


13 X=-(A+B)=-A-B 

17 РО = 44— 5j; OP = —4i + 5] 

19 РО = 21: ОР =-2% 21 i+6j 23 i+ 16j 
25 —3604 49j 27 96i— 135j 29 41+ 9j 


31 z 25,34 33 (-1, 16) 35 (-18.2) 
w Gwa 56 y= | 
4) n m on а Вт 


47 КРО. RPSQ. КРОУ, PRSQ, PROS. PORS and the reverse 
of each of these 

49 OR + ЗРО 

51 (a) Зі + 6j: (b) —i + 3j: (c) —4i — 3); (d) 4i + 5j; 
(sj) = — ze ОШ — Sr UH E (n) = Hd т 


Problem Set 12.2, page 722 


1 i5 20459951 5 E 395 
9 5/2 п 0 13 |4| = VIO: В| = 
1 3 
15 МІЗ 17 VI0+V5 19 f| = 
vió vio 


ANSWERS TO SELECTED PROBLEMS A-41 


wih, — SR 
ГА T я 
: IET TEX 
(a) 0; (b) 0; (с) 0 

2V85 2V5 
(a) 2; (b) ———— (e) — 

85 3 
_э\/ 

(a) —12: (b) (с) —4 
eae A z -4v5 
a) ; (b) = = B (Ke 5 
-3 35 -30 37 (-27, —9) 
21 41 ZA = 21.501434° ZB = 17.592425°: 


ZC = 140.90614^ 


(a) 0 is acute; (b) 6 = EE (c) 0 is obtuse 


(a) мар + BE: (b) V ДАР + 9B; (c) VIAF + [BI 


AB -BC = 0 so ZB = 90° 

PO -OR = OR -RS = RS-SP = SP -PO = 0 

45V3 joules 59 F-PR; same 

(a) A = cos ai + sina j, B = cos Ві + sin В ј; 

(b) A -B = cos a cos В + sin a sin В and JA] = |B| = 1 for 
0 = a — B: so cos (a — B) = cos a cos B + sin a sin В. 


Problem Set 12.3, page 731 


3l 


41 
43 


51-3) 3 Oi 0j 5 Sit 35; V34 
—4i + 3j: 5 9 x—4y- I (line) 11 x=2 + y (line) 
x + y = 0 (line) 15 х + у> = 9 (circle) 


(х = 2} + = 3y = 16 (circle) 


a ар E = 1 (ellipse); foci: (1, 0), (— 1, 0); vertices: 
(3. 0), (—3, 0), (0, 2V2), (0. —2N/2) 
3 es 3\5 
s 23) V2 AE а= 
V 10 5 
(a) M = 2i + 2j: (b) R = (1 + 20) + (2 + 2г)]; (c) -— 
a = 21 + 2); Di + ( js (c um ey 


(a) M = 13i - 17]; (b) R 
x= a sp lave 
(c) Б 


(а) M = =(-V2- mi + (V3 - ej: 
(b) R= [r + — V2 - mli + [e + (V3 — ex]j: 
‚г т+(—2— тї 
(с) 
ycec(V3 – ey 
R=(7- Di + (72 + 3nj 
R = (3 + 4 cos Di + (4 4 sin Dj 
(а) x = 2 cost, y = 2 sint for 0 = t = 2r; 
(b) x? + y? = 4 (circle) 
(а) x = 5 cos 27, y = —5 sin2t for 0 = t = m/2; 
(b) x? + y? = 25 (circle) 
(a х=, у= 5 + 36; () у= 5 + 3x (line) 


= (= : i ОЗШЕ G = 172}; 


1 
(а) x = qm. dm PS 


2 
(Dj SEX ES xS 
x 


A-42 


ANSWERS TO SELECTED PROBLEMS 


dy _ 1 «у 
Бурж 3¥= 7: (с) а = 0 
n > id dx A ghe 
1 5 dE 5 
= = 29( + 2); d = а 5 
Dr cC аа оета" У АРТЕ 
(o cep dy > d^y 2 
Ы у = ZFP = 40 
oY DIU ee ах” 
(b) (у = 3x — Ip = (1 + x) 
Еа 2 
du A d wr- d) 
ID -(R, = р) 
ID| 


К = (at — b sin i)i + (a — b cos Dj; 
x=at—bsint.vy=a-bcost 
R = (cos г + 2 cot Di + Asin г + 2)j 


y 


Problem Set 12.4, page 738 


un 


21 


(a) all real numbers except 1 and — 1; (b) 8i + ap 

(c) 81 + з (d) all real numbers except 1 and — 1 

(a) all real numbers except 3; (b) undefined; (c) i + 13); 
(d) all real numbers except 3 


(a) all real numbers except 0; (b) = кре) $i 3r dE 

(d) all real numbers except 0 

F'(t) = 611 + 365]; Е") = 6i + 10812] 

F'(r) = Зе? + ti: Е"(0) = 9e”i — ET 

Е) = —5 sins i+ 3 соз 7}; F'(r) = —Scosti- 3 ѕіпгј 


dR 
— = (—-2t sin t)i + (2t cos ())j; 


dt 

aR 4 5] Б cre D ue bj ec 
"o EMI COSI 2 sin Tet (aio SIN ts о Cos ti) 
ü 

йз _ des D ция 2 0 

dt Ep ШЕ 


2t 58 
(a) еї + еў: (b) e'i + еў; (c) 2e”; (d) mE au ВВ 
NV 2e + 20e! + 58 
(a) (12 cos 35i — (12 cos 30j; 
(b) (—36 sin 3ni + (36 sin 39j; 
sin (31) cos (30 
(їп 3r| 
(a) 2e*(cos 21 — sin 21) + 2e" "(cos 21 — 2 sin 21); 
(b) —5e “i — Мет] 


(c) —432 sin 6r; (d) 12V2 


Dg 


25 


L Int 3g = 2) 
Gar с=з ES 
ta ra- ay 
cos 7t (7 — t) sin 7t — cos 7t 
y [== — Y gy di ji + pooma a 
ae | sin 1 In г} ( (a j 
(a) (352 cos Hi — (352 sin Dj; (b) 0 


Problem Set 12.5, page 738 


1 
3 
5 


21 


23 


25 
33 


39 


(а) бї + 2j: (b) 6i; (c) PIS ES 
1 m se | 
(a) 28 + p (b) 2i — ES (c) N IA 


(а) 2(1 seu NIE MC 
ССО ОЕ 0677) 

(а) (—sin t + cos Di + (—sin t — cos Nj: 

(b) (—cos t — sin 1)i + (—cos / + sin r)j; (c) v2 

(a) e'(cos г — sin Hi + e'(cos г + sin Dj: 

(b) —2e' sin t i + 2e' cos t j; (с) Ме! 

(а) 27i + 5j; (b) 14i; (с) E 


32 V2 me d Л 
(а) шы i- 22 Vj: ib) = i+ 2m Vj; (c) me 
ES 0 
Мз – = Ыса - 1 (c) + 
v V193 
(a) 12i — 7j: (b) V 193; (c) Е AM Į a i 


(a) (1 — cos UR + (sin 0j; (b) VX(1 — cos t); 


х2, МУ? 
(c) ш "E 


Ше 
EL 


C Si se (Amos Boye (on 23 (ei = 


1%) —sint 1 ib / 2 
Se el FP —- mii o 
(1 + соѕ 1)" 1 zum (1 + cos 13 
(c) —0.3090i + 0.9511j 


2V74 27 te? + 1) Via = е?” 


3 NEU 
ET: 35 (1+ V2) 37 ER S ~ 0.175466668 


fa: TNE . " " 
| 3) си i+ fj 
Dy d 


2S) Щ г 31 


xm Tea 


VIF wr 


Problem Set 12.6, page 749 


TEL EE Ue WE ROTE 
a a УС undetinc 
V58 V58 


(a) (sin ni + (cos nj; (b) (—cos Di — (sin Dj: (с) %; 
(d) (—cos t)i — (sin Dj 


(—3 sin wi + (5 cos mnj b) (—5 cos wi — (3 sin 70]. 


(a) — -s o na 
V9 sin-m + 25 cos“ Tt V9 sin” mt + 25 соѕ mt 
15 
aoa SSN 
9 (9 sin? at + 25 cos? л)??? ip i 
i+ ej —e'i E RP j 
dj —————— i jv Nes 3 
Vire P peer + ym | 


11 


13 


23 


27 


3 


t t 
(D ursi Cub A ae созу суо: 
ДЕ шы 
(4) undefined 
і + 203) = 2131 -j = 6;* 
ia cw ОО (бз! 
у + 47° MENT (Ol se Xn 
(d) N= —-N; 


(—2 sin 26)i + (cos 0)j 


( Б (—cos 6)i — (2 sin 20)] 
А Oe BE 
V4 sin? 20 + cos? 8 


V4 sin? 20 + cos? 0 


$ 
авва 
9! (16 sin? 0 + 17 t 
хї +] Siu =; 
су uà Ба (0) (0) Е y 
Кате Vit x (1 ne Ч 
1 ES 1 
Ol mi = (d) N=N, 
MEE <j —4i T 2 
a) —= (0) —— 5 (6 — (0) № = М 
ут Vig 072 
-32i —9_ | 91-32) 6912 


(a) ;(d) N=N, 


1) е ©) Ss 
V 1105 №1105 (1105/2 


ағ аг \ 
— — r sin Ө} + ( — sin 0 + i 
m. (= cos Ө — r sin в): (= sin Ө + r cos eli 
a ы 


" (2) +r 


dé 
(b) №; = = = 
| Ее 
\ ( 8 
" ( dr \? dr 
зь A ==] = = 
Е ji йе.) de 
к= Ye. 
(2 EP 
2 ie 
40 / 
Niif k 0 
àN-| 
(9) —N, if «<0 
: Eds 265 
кй = Т ШЕЕ (ПЕСО ш 
V2(1 — cos 8) 
20 — i)i + (sin 20 — 0j 
(by nee (905 6 — 1)i + (sin 20 Dj. 


V(I = cos Ө) à 
3 


(О ps Em —————M— BÉ (a ша 
2V2N/1 — cos 6” ) 


(1 + e sin 6)i + (cos 6)j. 


(а) Т = 
Ме” + Зе їп @+1 
(—соѕ 0)i + (1 — e sin 6)j 
(b) pes шы и MEL 


Vet + 2e sin Ө + 1 i 
(1 + e sin 0) e sin Ө + e — ed + 1) 


ic ede + 2e sin Ө + 1)??? i 
N if k > 0 

d х=] 

(9 —М,к<0 


If x > 0, curve is concave up; if к < 0, curve is concave 
down. 


dr dr күү үн 
—ug sin Ө + r cos 0Ji + [E eos 0 — r sin ө) 


ANSWERS TO SELECTED PROBLEMS A-43 


Problem Set 12.7, page 754 


1 
3 


un 


Nw bh 
[29] 


йй А = ОА SUI 


fe Pac ЛТ УО АИ: 
v = 2л\/ зїї” 271 + 9 cos? 277; 


dv _ —32т° sin 27t cos 2t 
а Міп? 2at + 9 cos? 2a 
Ат= St Ay= 2 _ 
(a) V = 150i + (150% а р. 
(b) R = (150i + | — 202 + 150% 31)j 
2 Ay 7 
384т № 11 3g mi 13 = rev/s 
1.989 x 10? kg 25 1.495 x 10!! 


1.082 х 10" m 


Review Problem Set, Chapter 12, page 757 


23 


ta 
л 


уе$ 


(j) 2V5 + 3\13; (К) 


sn 
"m 


(a) 2x = S¥ = 26; (DICHE 5) (R = 


7 yes 
(a) 10i — 5j; (b) 
(e) 10i — 11j: (f) 7; (g) 


a 
T 


11 


G, 5) 


—8i + 12j: (с) 4i — 4j; (d) 2j: 
-97; (h) V5; (1) 2 
ZR 


17 -yi 


(b) 


zur 


21 


(c) R = (3 + 5tji + (4 — 20); (d) s 


= (cosh 21 + (sinh nj 


(D Se = T 


^i — би? — 2)72}; 


(3i + 4j)] =0 
=3+51 
cibos M 


(b) 2(t — 07i + [-6(7 — 2) ? + 2412012 — 2)3]j 
(a) 5e*i — 3е— "j; (b) 25е? + 9е 3] 


(a) 


ah —————— 


4(e? led Me =e qu 
Ме 


2t —sinr—tcost-- cost —t sint 
patie RECOGE уй. AUI A x — 
МІ + 212 — 2t sin t + 2t cost 


; (b) 64(e* = gy 


(ef — sin 2i + (2t + sin 20j 


e + 4r 
(a) j: (b) 3; (c) —i 


(a) 


2i + 3j 


VIPE 


45 


; (b) 


6 4 


6 
(13)°2 


m 
qs 


sS (C) 


4 


; (b) sin t — cost 


e + 2 — 21 
Ме“ Es "m gai D 


A-44 ANSWERS TO SELECTED PROBLEMS 


53 (a) 3i + Кар. (b) бї + 2412); (с) CVO + 6417; 


18г + 1927. E (541 + 5760) + (1446? + 15367 UR 
М9 + би? ` 9 + 6477 
. —192г% + 7212} 
9 + баг 


л 
tn 


(а) (—21 sin 70i + (21 cos 70: 
(b) (—147 cos 7t)i — (147 sin 70j; (c) 21; (d) 0; (e) 0; 
(f) (—147 cos 75i — (147 sin 7/)] 


2; Р : FS E 
5 (йй з К (bit Sfc CIPUE e 
Verte 
(14 20i + (r4 20 —Pit tj 
"i "УРЕ f ae i 
©) [| Se ^ e l| SEE 
59 ў 


61 semimajor axis of Neptune's orbit is 4.496 x 10'7 m 
63 about 1.524 times as far 


Chapter 13 


Problem Set 13.1, page 763 


5 (a) (1, 4, 4); (b) (3, 7, 0); (с) (2, 1, —3) 

7 The coordinates of the vertices are (3, 3, 3), (3, 3, —3). 
(оаа а л SEA 
= SIL em (=, o =) 

ЛО 10980) 

11 а plane parallel to the xz plane and containing (0, 5, 0) 

13 the yz plane 

15 a plane parallel to the yz plane and containing (—3, 0, 0) 

17 a plane parallel to the xz plane and containing (0, —4, 0) 

19 z= -3 2{ py = =2 23 y=0,2=0 
25 x=5.2=-h 27 у= -3:=4 


29 a line parallel to the x axis containing (0, —2, 0) 
31 a line parallel to the z axis containing (—2, —5, 0) 
33 the point (0, I, 0) 35 the point (1. 2, 3) 


37 E ya 95 дЫ М 41 5 


Problem Set 13.2, page 770 


] 7i+2j-5k 3 
Ш k 


Pai Рея 
9 4i-4j-3k М 17 


i 2 Te EpL Te Жо ol, =a 5) 
21 3V6 23 V4| 25 V2643V5 
2V2 V2 у 17/2 v2 
27 pu i 29 31 - 
3 6 6 6 6 
8V2 2/6 17 
33 35 37 cos ! ——— 
3 3 6V13 
4 3 І 4 
39 cos | —— 41 — E 
V195 v26' V26 №6 


43 
47 


EN 2 3 45 7 
= == (gie 
VB VR МЕ 
OR is perpendicular to RP 49 (a) 3; (b) V13; (с) V5 
205 fom M e 
= = com E 
m d MT 


cos ! (-2) = 131.810°, cos 


= 


s lis 10) = 137.167° 
8 | 6 or 8 


. = о 
T. Exp cos — “== 37.247 ` 


vior vioi viol N 101 


1 6 
== 84.289°, cos ! — 
Уот V/101 
yes 57 no 


(a) 2У10 + 3V3; (b) 2V10 — 3V3 


(23. 20, 9) 69 no 71 no 


= 126.657 


Problem Set 13.3, page 779 


41 


(a) left; (b) right: (c) right; (d) left; (e) left; (f) right 
(а) ЕЈ: (Бу Ska (су (42КЕ; (еу Шу Ег 
-i*3jt 9k 9 -6 I -3i+j+k 
—6i 2j 2k 15 44+ 6k 17 -12i+ 12k 
-2 2) -6 Bo 250 27 6i—8)42k 
-4i-8j-4k 31 25 33 V38 
V341 
(a) 2V2; (b) T 


37 (а) 5; (b) 26; (с) 2; 


(a) linearly independent, right-handed; (b) coplanar; 
(c) linearly independent, left-handed 


у V6 з Д] 
SC 000—5 47 false Sh ey) = 0 = 


(а) 


Problem Set 13.4, page 787 


1 
5 
9 
11 


13 
17 
21 
25 
29 
33 


35 


hear y= Sap Т esf 3 Sx) OR 
45x + 10у —512 2 80 7 (a) 2 + 2j + $k: (b) 6, 4, 2 
(а) 13) — 15k: (b) none, 5. —12 
me ed 
Мз! шз Lc Bu 
parallel (in fact, identical) 15 not parallel 
6x — Зу 2275) 9 5E) 19 х= -1 
3x— 7v t 220 23 2- 751 
x+ Vły+z=2+WV2 27 (0. 0, 0) is on the plane 
parallel to the xy plane 31 parallel to the у axis 
(a) (i+ j — 2k) x [x + Dit Gy — Dj + G — 4k] = 0; 
Ду аг il Miss =й 


IRR m 


(a) 


darc asus ЛЫ Сый 

(d) x= Т WSs =r 

(a) (—2j + 5k) x [(x — 3 + (у — Dj + (z + Dk] = 0; 
= 1 2+4 
= Жэ 
(c) xi + yj + zk = Gi + j — 4k) + 0-2) + 5k): 
(d)x=3,y=1-24,2= -44 5I 


(b) х= 3 


з 


37 


39 


(a) (5i — j + 3k) x [(x — Di + (v + Dj + (z - Zik] = 0: 


хк | y+] Е № 
b =- = п 
(b) = 3 
(c) ШЕР y] + sk — (i — + 2K) Gi j + 3k); 
(ау х Sel + 50; pe Sta 3t 


GiGi p — ОИЕ 3) 1 22) = 0; 


хе == || ue ZU 
= as 
(c) xi + yj + ck = (i + 3j — 2k) + (7i + j — 2k): 
()x=1—ny=3+82=-2-2 
TE Ead ER 
e 2 к; 


(3i — 4j + 7k) x [œ — Di + (v + Dj t+ (z— 2k] = 0 
y—1=0,2+ 4 = 0, no restriction on x 


д? =a ek 1 к —7 у E 
E = 49 = — = — 
4 = =23 2 П S 
contains (0, 0, 0) 53 parallel to the z axis 
parallel to the xz plane SU (Ss S. 1G) 


Problem Set 13.5, page 795 


10V6 10 

м 5 = 

2 5 9 7 3 
22 

cos ! — = 69.561? 


B 
cos | ——— = 36.699? 11 
v14 


perpendicular 15 not perpendicular 17 2 
ЭО Met y =“() оу Е 8 
|р| "ma 

SS = 25 

Ма + Б + с? 7 

6У14 » 8 

V19 V377 
perpendicular 33 parallel 35 meet at (11, 0. —8) 


45° 39 


(a) cos ^! = SICCOTUI SP) 


£I 


The line is not perpendicular to the plane and does not 
intersect the plane. 


А А ; т y+ 16 a= jS 
line of intersection: = = 
=} z 5 
А Е е x+3 y 7 
line of intersection: = 
12 8 P 


5x — Зу + 824+ 3=0 49 7х +у- 102 = 44 


(a) F — B. where В is the angle between the line and the 


1 
normal to the plane; (c) sin™! EY (d) 45* 


(Rr ae) 


Problem Set 13.6, page 805 


1 
3 


(a) 10i + 3j — 2k: (b) 10i — 2k 
(а) 2i — К; (b) 2i - j — k 


29 


31 


ANSWERS TO SELECTED PROBLEMS 


К aa EE 
(t) =A ae ee 4j + 9 К 


(а) (—4 sin 2t)i + (6 cos 21)j + К: 

(b) N/16 sin? 2r + 36 cos? 2t + 1; 

(с) (—8 cos 2r)i — (12 sin 20j 

(a) —e "i + 2e'j + 37k; (b) Ne 7 4e + Өг: 
(c) e ‘i + 2e'j + 6rk 

(a) (sin г + t cos t)i + (cos г — t sin Dj + 2k: 
(БУХ 57 БЕШ. 

(c) (2 cos t — t sin Di + (—2 sin t — t cos nj + 2k 
(a) —3j + 2k: (b) W13: (c) —4i + 3j 

(a) —4i + ek; (b) V/16 + e* (c) —4j + е”?К 
e — 1 


З 
10 19 1829 3 21 


e 


V30-e7 25 
(a) (—2 sin Юй + (3 cos r)j + k: (b) V.S(1 + соз” 7): 

ces i Plas 3 Costs: DS 

N/5(] + cos? t) 

У 5(8 + sinn. 

(5 + 5 cos? n?" 

(—4 cos t)i — (3 sin Hj + (sin t cos Nk 

E: V + cos? t(8 + sin t) 


3 sin t)i — (2 cos nj + 6k 
шышы eee up] o (1) (2 sin pi — (3 cos Dj; 
X'S(8 + sin" 1) 


(c) (—2 cos Di — (3 sin nj: (d) 


*, 


(e) (3 sin Di — (2 cos nj + 6k: (f) 


(h) 
Шш сезе 
(a) (2e? — 2е i+ (28?! + 2e~*4)j + 5k; 
(b) V/8e* + 8e" + 25: 
(c) (Че! + 4e "i + (4e — 4e 2')); 
Get Be “i OEC Coe үн! 
NV 8e" + Ве “+25 | 
(e) 20(e7¥ — e*)i + 20(e7 + e? — 32k; 
ЧУ50(е + еу + 64 
[se" еч) + 25]92 ` 
Al(e! + е2) + Ye” — еу] — 20(e" — е) Я 
V[S0(e + e7?) + 63y(8e* + 8e “+ 25) 

Stem! = cea шз dE = She 

Woe + e) + 64 


(d) 


(f) 


(h) 
y 
25(8 + е“) + 32 


(a) + V2ej + Pk; (b)? + 1: (с) Vj + Xuk: 


(i) Ble” е "ji + Ste?! ej (j) 


i+ М2 + Pk Ex NS s #2 : 
oo; Aor 2 ОЭК (if) s To 

= me носи ви тта 
-Vi - (? - Dj + УК. i ri- Vj +k 

te) P+] i Pti * 

" 3 MUN E 

(1) 2k: (p 12 E: 


30ri + (97 — 6)j  12Pk 
(4r — 60i (4? — 15м + (2 — 30)k 


A-46 . ANSWERS TO SELECTED PROBLEMS 


(za sin tji + (a cos t)j + bk 


37 T= : 


N = (-cos di — (sin Hj; B 


= a b 
ПОЕТ Е 
dE dF dG dG 
—- x G+ 2— x — + Е х —5 
n 1? G dt dt d 


Problem Set 13.7, page 811 


1 (х= 2) + (у + 1° + @ 3)2 = 16 

3 (х- 4)? + (у = 1)? + (2 3)2 = 9 

5 (1,0, -2,r23 7 (-1,1,0),r=3 
9 (3. –1, 2), r= V33 

1 


(a) x axis; (b) yz plane; (с) parabola 


2 
P4 | 
X 


13 (a) x axis; (b) yz plane; (c) hyperbola 


z | 
x 


shows only one sheet of the graph 


1 


15 (a) 2 axis; (b) xy plane; (c) circle 


3 j 
x 


_ (b sin Di — (b cos Dj + ak. 


17 


19 


21 


23 
25 


27 


(a) z axis; (b) xy plane; (c) ellipse 


y 
3 
x 


(a) y axis; (b) xz plane; (c) parabola 


2 


" 


(a) x axis: (b) yz plane; (c) line 


2 


(a) x axis; (b) yz plane; (с) ellipse 
(a) y axis; (b) xz plane; (c) sine curve 


(a) z axis; (b) xy plane; (c) parabola 


В. 


к= 


ANSWERS TO SELECTED PROBLEMS А-47 


29 (a) v axis; (b) xz plane; (c) two intersecting lines Problem Set 13.8, page 819 


z s z . 5 ХЕ 13 

X 38 z^ — 4, ellipse S E b 9^" hyperbola 

5 25x? + dy? = 100, ellipse 7 9 — 16y? = z, parabola 

9 (a) ( V6. 0. 0), (0. € V2, 0), (0, 0, — V3); (b) all 
symmetries; (c) the ellipses 3? + 27 = 6 — K, 
x? + 227 = 6 — 302, x? + Зу? = 6 — 2%; (d) the ellipses 
3y! + 227 = 6, x? + 22? = 6, x? + Зу? = 6; (e) ellipsoid 

11 (a) (+3, 0, 0), no y intercept, (0, 0, +2); (b) all 
symmetries; (c) the hyperbola 9y? — 92? = 4k° — 36 (pair of 


JH Seeks Hae c Se te ew straight lines for k = +3), the ellipse 4x? + 92 = 36 + 9/2. 
35 z=x +y 37 6х2 +6у2 +62 = the hyperbola 4x? — 9у2 = 36 — 9/2 (pair of straight lines 
39 z-1-y-x for k = +2); (d) hyperbola 92? — 93? = 36, ellipse 

S os e 4x? + 9:7 = 36, hyperbola 4x? — 9y? = 36; (e) hyperboloid 


of one sheet 
13 (а) (£2. 0, 0). no y or z intercepts; (b) all symmetries; 
(c) circle 4y? + 4:7 = 42 — 4, hyperbola 
x? — 42? = 4 + 40, hyperbola x? — 4y? = 4 + 40; 
(d) hyperbola x? — 4z? = 4, hyperbola x? — 4y? = 4, no yz 
trace; (e) hyperboloid of two sheets 
15 (a) no x intercept, (0, +3, 0), no z intercept; (b) all 
symmetries; (c) hyperbola y? — 9z? = 9 + 942, circle 
9х2 + 92? =  — 9, hyperbola y? — 9x? = 9 + 942; 
(d) hyperbola у> — 92? = 9, hyperbola y? — 9x? = 9, no xz 
trace; (e) hyperboloid of two sheets 
17 (a) (0, 0. 0); (b) all symmetries: (c) hyperbola 
z! — Sy! = E^, hyperbola 822 — х2 = 5/42, ellipse 
x? + Sy? = 862; (d) two lines z = +V3y, two lines 


43 x axis, x? — 9y? = 18 A 
z= Vax, point (0, 0); (e) elliptic cone 


19 (a) (0, 0, 0); (b) symmetry with respect to xz plane, yz 
plane, and z axis; (c) parabola 32 — 4 = у>, parabola 
z— k = x3, circle 3k = x? y^; (d) parabola 3z = уг, 
parabola 3z = x°, point (0, 0); (e) elliptic paraboloid 
(paraboloid of revolution) 
21 (a) (0, 0, 0); (b) symmetry with respect to xz plane, yz 


а 


plane, and z axis; (с) parabola "ms 3z = 9 , parabola 

3 2 12 х2 2 

E = S46 97 hyperbola а = Tz — 3k; (d) parabola 
M 3 2 3 

—3z= an parabola EE = 3z, two lines y = + т< 


(е) hyperbolic paraboloid 
23 (а) (0, 0, 0); (b) symmetry with respect to xy plane, yz 
plane, and y axis; (c) parabola А? = у + z^, hyperbola 


х? — z? =k, parabola x? = y + 12; (d) parabola у = —z?, 
two lines x = +z, parabola x? = у; (e) hyperbolic 
paraboloid 


27 An equivalent equation is obtained when x, у, and z are 


replaced by —x, —y, and a respectively. 


y = 
29 (a) ellipse or circle f peu = beris IA Sa, 
b^ Са а? 


points (+a, 0, 0) for & = +a; (b) ellipse or circle 
e az pg 
EE — = 1 – — for |k| < b, points (0, +b, 0) for 
а G b- 


A-48 ANSWERS TO SELECTED PROBLEMS 


2 3 
A y* P 


ar esce mfi > for 
be Ga 


k = +b; (c) ellipse or circle — 
ar 


А < c, points (0, 0, =с) for k = +e 
p = А 
gs а 


2 


31 with x = К #0, the hyperbola = i with x = 0, 
a 


? EE 
G^ pz 


the pair of intersecting lines z = + 5 with y =k #0, 
2 $ i 

s ie к 

= = yu with y — O, the pair of 


the hyperbola 


PER 


€ a 


ч NT c А : 
intersecting lines z = + —x; with z = k 7 0, the ellipse 
a 


v Bp 2 
D 2. = +, with z = 0, the point (0, 0, 0) 
a b- E 
н ху: А 
33 with z= k, k < 0, the hyperbola — — P = —k; with 
a E 


LO TR b я 
z = 0. the pair of intersecting lines у = + —x; with z = k, 
a 


k > 0, the hyperbola m Erg 


35 х? + у” = —4z, a paraboloid of revolution about the 
negative z axis 

37 9x? + 92? = 4y^; a circular cone 

39 23x? + 27y? + 362 = 351, an ellipsoid 


Problem Set 13.9, page 826 


pi NVa 

1 (2, 2V3, 1) 3 E a) 5 (4,0, 1) 
Sa ) E З ) 
aa еа = a 

7 (s. m Dalasi gel 11 (-9,3V3, –6) 
Зт z) ( m z =, 

13 (1, ——. — 15 (V14, tan`! 2, cos ! —— 

| 2102 E ud 


17 (a)z = 2r5 (b) 2p sin? ф = cos ф 

19 (a)rcos0— 2; (D p sin @ cos 0 = 2 
21 (а) 2 = 522; (b) tan ф = V5 

23 (a) г = 5; (Б) рѕіпф = 5 

25 (a)r — 2? = 1; (b) р? cos 2ф = —1 
27 (a) 2 =x? + y^ (b) cos ф = p sin? ф 


2 = zi 


74 


X 
a тщ И, 
ЗІ (a) х2 + у? = 4x; (b) p sin ф = 4 cos 0 
33 (а) х2 +y +22 = 4; (Б) ғ + 22 = 4 
35 (а) х2 + у = 9; (Б) r = 3 
37 (а) 327 = х2 + y; (b) 322 = г? 
41 AV20V1 + 2d + din (VI + 222 + Vin) 


= J; (b) р2(4 sin? ф + 9 cos? ф) = 36 


Review Problem Set, Chapter 13, page 827 


1 (-2, -1, -3) 3 (-3,2,1) 5 (-3, -1, 5) 
7 (a) V46; (b) V37; (c) 6; (d) V6; (e) 2V/46 


9 notcolinear — 1i = їз. = 5) 15 Мет 


61 


63 


65 


0 19 0 21 —8i + 8j + 8k 23 
=2\ 
V910 


х + 2у + 3z = 14 35 4х+2у + 32 = 5 


16i — 16] + 16k 


B My usc 29 8 3 yes 


x+32=7 39 3x + 8y — 72 + 23 = 0 

(а) х= 5 + 3, у=6 + 7, 2 = —4— 5; 
=з У = @ 2+4 

b) — = = = 

as 7 EC 

(a) CE ЗЕ 0га eat ie 
mU NR 

ee ee ШЕ 

(a) v= 3 + 27, y= —4 —7t, z=1—3t 
"scel hac т 

pue cocos 


(а) х= 2, у= 1,2=4 +1; (Б) х= 2, у = 1, z arbitrary 
з 5) туой =? е | 

аме? + е?) + k, 4e" (1 + 42) + 4e?" (1 — 42)), 
Фе — Ap IT +1 

(a) (—67r sin 27 t)i + (67 cos 277 Hj + 2k; 

(b) (—127? cos 20i — (127° sin 227); (c) 2V 93 + 1; 
(—3T sin 2mt)i + (3m cos 2zt)j +k, 


МО + 1 


(e) (—cos 2zt)i — (sin 270]: 


(o) 11 = 


(D (sin 2z1)i est + 37k Ns) 2V92 1 
(a) i+ Uj + 377k: (b) МТ + 402 + 917; (c) 2j + 6tk; 
i+ 21j + 3Ck 
VI * 4P + 9 

2V91* + 9r? + 1 

(14 402 + oy?’ 

(ЗООК 
VEHAR + 9 Мо ++I ` 

37i — 3j + К 

Мо + 977 + 1 9r* + 9r? + 1 

(a) (cos? t — sin? Hi + (2 sin t cos Nj — (sin Hk; 

(b) МТ + sin? f 


(с) (—4 sin t cos Di + 2(соѕ? t — sin? 0j — (cos Nk; 


(d) ; (e) 617i — бј + 2k: 
(f) 
(g) 


(h) ; (i) 6k; ()) 


(cos? t — sin? Di + (2 sin t cos Dj — (sin Dk 


(d) 5 
М1 + sin“? 
(e) (—2 sin? Hi + (cos? t + 3 sin? г cos Dj + 2k; 


МБК 
(1 + sin? 1)2/2 " 
—sin г cos (5 + 2 sin? Hi + [4 — 2(1 + sin? )°]} — (cos Dk 


(f) 


(g) mu 
4 МИЕ пе 
{| (—2 sin? Di + (cos? t + 3 sin? г cos Oj + 2k | 
V5 + 3 5іп t i 
(i) 4(sin? t — cos? Di — (8 sin t cos Hj + (sin Nk; 
А —6 sint 
(1) 


5 + 3 sin? 


5 1A 1A 
67 (a) К.А + v5 (b) R X А; (c) lA? + vo. (d) V x eS 
а 


1 
(е) —kr; (f) к?т 4 ; 


= 


69 22 + у2 = 4x – 3)* сахі = о 

73 ellipsoid of revolution 75 paraboloid of revolution 

77 hyperboloid of one sheet 79 hyperbolic paraboloid 

81 (a) right circular cylinder of radius 2; (b) plane making an 
angle of 77/6 with the xz plane: (c) right circular cylinder of 
radius $ whose central axis is parallel to the z axis and 
contains (0. 3, 0) 

83 2 =f(+r) 85 == 


Ep 


Chapter 14 


Problem Set 14.1, page 836 
1 -39 3 k} 5 -% 7 5a+7Vab 


2xy 

i abe 

15 all points on or outside of the circle x^ + у? = 9, excepi 
points on the x axis 

17 all points outside the circle x? + y? = 16 

19 points below the parabola y = x? 

21 points on or above the line y = 4 — x 

23 points in the first quadrant above the hyperbola xy = 2 or in 
the third quadrant below xy — 2 

25 all points except those on the line y = 2: 

27 domain: entire ху plane 

29 all points on or inside of the circle x? + у? = 4 

31 all points on or inside of the circle x? + у? = 


9 sug I д vo L3 


33 entire xv plane 35 entire xy plane 
37 entire xv plane 39 entire xy plane 
3F di 
41 ML 43 contonr curves are lines 


45 contour curves are hyperbolas, except when z = 0: x = +y 

47 contour curves are parabolas 

49 z=0,3: ellipses; z — 1: single point (0, 0) 

51 equipotential curves are circles centered at the origin; radius 
decreases as V decreases; no curve for |у < $ 

53 temperature changes rapidly near P 

55 2.5 degrees/h (dropping) 


Problem Set 14.2, page 844 


D i 3 e+1 SEE 7 т (у 
1] 3 13 (a) (i) 0 (ii) O Gii) 0 (iv) 0; (b) 0 


1 
15 (a) (i) 0 Gi) 0 (iii) — v) = (b) does not exist 


ANSWERS TO SELECTED PROBLEMS A-49 


17 (a)(i) O (iD O (ii) O (iv) 0; (b) O 
19 6s = will work 21 continuous 


23 discontinuous; e.g., lim g(x, у) does not exist as (x, y) 
approaches (1, 2) along the line x = 1. 
5 continuous 27 continuous 
9 (a) all points in first and third quadrants, including axes; 
(b) all points in first and third quadrants, excluding axes; 
(c) none 
31 (a) all points except those on the line y = 2x; (b) all points 
in the domain are interior points; (c) none 
33 (a) all points (x, у) such that y # +1; (b) all points in the 
domain are interior points; (c) none 
35 (a) all points inside the circle x? + y? = 9 (but not on it); 
(b) all points in the domain are interior points; (c) none 
37 (а) all points except those for which x # 0 and x = —y: 
(b) all points of the domain except (0, 0); (c) none 
39 (а) entire plane; (b) all points are interior points; (c) all 
points on the circle x? + y? = 4 


Problem Set 14.3, page 850 
18 3 46 5 15 7 lc 10xy 


3 


9 cos x cos 7y 


4 = 

NO —————— Шү хс то ПЕ 20135 end in 

du ur 
19 15539 91 2.90 0022 Ris R3 mea 

à i Vas + у? 
25 оь 32 — 29 = 

Тхе Sv SP Ree Охе Nally 
Sie 33 xze?(2 cos yz — yz sin yz) 

3 b] СУР? =2y 51 x? АР 2 
Жа ^ш 
Xa oe 
39 —12x2y? sin (бху?) 41 —-4V?^y21n2 
"i 2sinv 
43 (3и — 2v)"""| In (3u — 2v) cos v — ———— 
Ju DP 
3 56 

53 3 SS 57 = S == 
: à e 625 
@ (3 — es wees сое 

a = 8. m-^/cm; 

V58 


= 27.638 cm"/cm 


‘haves s 
V58 


=] 2.5028 4 
63 (a) 3000.000: (b) LEG sin E == .086 dynes/degree 
22 1 
07 ——— = 
AE Пё 
90 ; 
67 M m = 10: at C = 10, IQ increases by 10 for 
~ | C=10 each year of increase in M (regardless 
90 of the value of M) 
| = —12: with M fixed, IQ decreases as С 
oC | м=12 b 
c=10 increases 
oP oP 1 
E e Aol Kk". = сыи Wall (а) = 
oL oK В © 5 


A-50 


ANSWERS TO SELECTED PROULEMS 


Problem Set 14.4, page 861 


FUE I eser 
120 
9 differentiable 11 differentiable 
= 6v)dy 15 ve? dx + xe? dv 
+ 2xy eos х2) dx + (2ху cos y? + sin x?) dy 
-3 2 


RT E не 
[eyo ua Ora 


S721 3 о.о 5 


differentiable 
(15x?  8u)dx + (4c 
(sin y? 


P 
Еду ud 


a-w e pie day 
Se i ace A 23 


(y? = daz + 3yz7) dx + (Quy + 3xz?) M ar e 
(e + уге“) ас + (ee k edy + tive 


+ 6xyz) dz 
7+ vye™*) de 


Y 255 х y \ 
(е In yz е In xz Jo «(£* —)a 


1.29 
40 watts increase 33 4 = .03268; about 4% 
п> 
118i 37 —— = 0.004 
in 640 0.0047 ohms increase 
0.43 
=———— ош 
180 
2vy* y 
(a) fix, $c pau гу © M) Sz T + у?)?` 
(b) fi(0, 0) = 50, 0) = 0 


Problem Set 14.5, page 871 


3M 


2(3x?y? — Зу) + 121(2х3у — 3x + 2y) 
2x[sin v — sin (и = Y)] + 37 [u cos v + sin (и — v)] 
ar? 1 


“3 | 
6e'(t + l)u + 2e 01 — 2г)у 7 Е + TEGE EA 


21 2secrtang — 5ecscr 
q шш шт 


Af 


Y 
e"(2xy + 27 + yz) — e^ "(x 
3[cos (x + у) + cos (x — у)| + 3P[cos (x + у) — cos (x — y)] 


tn 


1 Й, —— u | = 
za +е ал cosh 1 — 25 [e^ +e RE 


бху + 8y sin u; бхи — By cos v 
(12x? – бху?) cos y — 6x7) COS и; 
-(12x? — 6xy?)u sin v — 6x^y sin u 
4x(u + 2v) + буу 4uy + бух 
u^ + у? и + у? 
6re * sinh (3x + 7y) + 7e% sinh (3x + TA 
* sinh (3x + w ү. ire sinh (Зх. ar TA) 
2uvy? е + 2у? хули 2 em + 4uvxve™ 
4x cos v + бу sin v + 2zv; – 45и sin v + буи cos v + 2zu 
2x sin ф cos 0 + 2y sin $ sin 0 — 2z cos ф; 
—2xp sin ф sin 0 + 2vp sin ф cos Ө = 0; 
2xp cos ф cos 0 + 2vp cos ф sin 0 + 22р sin ф 
ау 


10; 0h. 33 (а) ES 9o 


3 
—3re- 


= 2? + xz) + sinh u (2xz — 2yz + ху) 


COSC =) т” їп cet ey) 


35 (a) (b) 0 37 IH 


cos (X — y) + sin (x + y) 
47 increasing at the rate of 127 = 37.699 ст?/тіп 
49 (а) 4 ft/min (b) 3 + V5 ft/min 


51 117 degrees/unit of time 53  —22.5 degrees/min 


Problem Set 14.6, page 884 


1 (a) 8ху? [эк дд Na (b) —16i + 48j; (c) жз — 8 

3 (fe! ете) ке уи a (80 МЗ – 1) 

S (a) Inyi + (x/y)j; (6) 5j; (c) — 3 

7 (a) 14хі + (—3)j: (b) 14i — 3j; a 713 -3 

9 (a) 4хі + 6yj; (b) 41 + 12j; (с) 2 – 6V3 

1 (a) Qxy + 2у?)ї + + 4xy)i; (b) -2i - 4j; (c) V3 +2 
© 

Рта + z 


13 (a) E EN 0) Ži + 


Ce oL 
m yr 


15 (a) 2 Es ГЕ == = E (b) ШЕ Опо О 


ay y / 2 V73 


17 (a) 2хуі + (x? + 327)j + 6yzk; (b) —2i E 4j 


6k; (c) 
19 (а)е”ўй + хге”'ү + кете (b) i+ ј; (с) 3 
21 (а) ету е сб БАСЕ ЕАК (c) 22 


vow Sad 
23 (a) 3V 34; (b) 2 m i 
5 WE 2 V4 + 2 
25 (а) V4 + 77°; (b) ШЕ iC E 
29 4 + п" 
ВАС ш TR 
uU UE NC г 
3 NIS ИДЕ 
д . Я РЕР Bran . 
29 (a)e; (b)i M mr = 
23 8 
33 = ——і cue 
S 31 
15) 
SES (mr i- 2 *C/cm 
NA J А 
oH 2 39 (а) 0; (b) u = 31 + 3] + 3k (с) 6 °C/em 
sec 11 н — 1 amd 
41 x + 2y + 32 = 6; (b = > NM 
(a) x SEES (b) S т 
Rl ую Vege 
43 (а) 6x + Xy + 2: = 18; (b) S—— Amr a 
а) B (FS „уу = E rcu 
47 (a) 8x — 6y —z = 5: (b) ——— uec B 
a) 8x — бу а= = 
49 (а) х + 4у = 52 EAT bcp 73 ЫЙ 
Х ny ja 7 == 
x-1 у (я/6 
51 ace tte + oy T 
т 18 -7 


53 (a) 2r + 3y + Gk = 


06. 
а) 14x — 8y — z = 16; (b z 
(a) [4x — 8y 5; (b) E = = 


л 
nA 


gear | y= 2 EL 
(ajax — 29225 —9: (by l = x - 5 
(a) == = 0; (b) x SLE Еу = 1l 
(а ЫЛЕ bI Se SU 
—cos МЗ + V3 sin V3 71 100,000\’2e~® (m/m?)/s 


—396i + 642} + 143k EE Si Jt ЗЕ 


Problem Set 14.7, page 892 


1 


(a) 12; (b) 10; (c) 7: (d 7 
(а) 0; (b) —x cos y — 2; (c) —sin y (d) —sin y 
6x? + 3y? Зх? + бу? 3xy 
D (Ue лаар = 
Vee MEET EI: 
12y? 2 —бу 
= ES = 
(a) 5-3 (b) 5: (c) and (d) — 
(a) —y cos x; (b) —4xe?'; (c) and (d) —sin x — 2e? 
(a) —sin (x + 2y): (b) —4 sin (x + 2y); 


(c) and (d) —2 sin (x + 2y) 

(a) 0: (b) 20x cosh 2y; (c) and (d) 1o sinh 2y 

(a) (бу? + 12x? 2510)’; (b) (60x7 y) + 75х?у®)е*?; 
(c) and (d) (30x se 30x3 ye" S 


(a) y7e™ sin y; (b) e™[(x? — 1) sin y + 2x cos y]: 
(c) and (d) e"T(xy + 1) sin y + у cos у] 
(a) 2vz + 6xe^; (b) 2xv 21 (a) 0; (b) O 


(а) 420e*; (b) 420e° 
A= —C; B, D, Е, and F arbitrary 
ow 


relative min at (0, 1) 

relative min at all points (x, у) on the line y = x + 1 
relative min at (1, 1) and (— 1, —1) 

saddle point at (1, 1) 

relative min at (—1. —1) 11 saddle point at (—1, —1) 
critical points (+1, 0), but second-derivative test 
inconclusive 

relative min at (3, 4) 17 relative min at (—2, 1) 

max: f(0, 0) = 1; min: f(x, у) = 0 for all (x. у) on 

х + у? = 


max: f(4, 4) = 48; min: f(12, 12) = —144 

2 X 2 (bottom and top) X 5 (height) 25 х=5,у=10 
1 E 

min = о) TI max ү: = 2 = 46° 

x=y=2= 667 37 у= 1+1 


ANSWERS TO SELECTED PROBLEMS A-S1 


Problem Set M apes 911 


1 15 1 
(ОЕ 0. D Qe — 
(0, —1). (0, 1) (AS 2): (Е = ==) 
5 5 5 үз (2 = ENDE 
3 (V2, - V2), (- VÀ, V2). (= ). (== E 
. (1 Vis\ (1 -VR và -V2 
Ji Ee "m = iie 
= aS | 
7 (+1, 0, 0), (0, +2V3, 0). (0, 0, x V3), === Ее. +1) 
9 (=й, —тт. 25) 11 x=4,y=12 
1з 50 by 3 50 by 19° inches 15 length = width 
19 (a) in in direction so that the tangent to the curve makes 


an acute angle with Vf(a, b); (b) opposite of (a) 


Review Problem Set, Chapter 14, page 912 


domain: points on or inside the circle x^ + y? = 


64; interior 


points are inside 
domain: all points not on the line y = 1 — 2х; interior 
points: all points in the domain 


(a) 


—6: (b) —72; (c) 3ab?cd*; (d) entire xyzw space 


does not exist 


The 
xfi 


Ка wy 3x? + p 


limit of f(x. у) as (x. y) — (0. 0) along the v axis is 1, 
0. 0). 
Дх. у) = duy = 24v? 


fx. у) = ve "чучаш fee EC Toe" 
| I com 2 
SIX) 5 Eug e 5 
т х= у 
Сах E! s a B y 
fasc um Bg ty FP ys pees y 
g =e [sec (x + y) — 7 tan (x + у); 
г, = е ™ sec? (x + y) 


Bx = 3x? — 260727; Eggs 3y? — 26x?vz^; р. = 32° — 2б6х' үш 


fos 


(a x—22y-—— 


—zy csch? (xy); f, = —zx esch (xy); / = coth (xy) 
= 2. (id) Е 6 


(a) 2xy dx + x? dy: (b) 75.7; (c) exact: 75.696768 


=1.767 = 5.53cm? 39 -01 

8 = 2455 — 18? – 6xy T 45 : 

ди 

д — = 8° — бху? + 12х?у — 8у? 

v 

Da = E + gis w = m = age” 

or д5 

—v sin uv u sin uv E" 
ae ДҮ! M ls 

(E) =28 (Б) =e 51 (a) sin x; (b) y cos x 

6V3 +1 
(a) кош d (b) V37, in the direction of 


бу. V3. 
37 37 


A-52 ANSWERS TO SELECTED PROHLEMS 


cos Y ^ Y COS X ] 
S M eee 17 -|uy + ex. HS me Um] 
sin X + x cos y 2 
Del булн 48 — 107 т 
Gp e —— ута que —— in/min ih == DINE 23 2 p 27 87 
187r Зп 3 
59 tangent plane: 3x + 3y — 5z = 8; 
О к= 3 У = BE O 
normal line: — = ————— = 
3 3 -5 Problem Set 15.3, page 934 
61 tangent plane: бх — 2y + 15z = 22; n 
А x—1] Ug p= 2 1 (b) both: (c 3 (b) both; a ae 
normal line: - S7 == Е T (b) both: (c) 7 (b) both; (c) : 
5 =p 5 2 


ae 5 (b) both; (c) 5 7 (b) both: (с) $ 
63 (а) — = e?(12sr + 10r? + (6821 + 10sr? + 27]: 


ду- 9 (b) both; (c) сз 11 (b) both; (c) 0 
Ф j Э э „э 
(b) = e*[I2sr + 10s? + (бз? + 1052 + 253] 13 (Ы) (c) § 15 (Б) both; (с) 25 
[ k 423 - (c 
65 no max or min; (— we is a saddle point 17 (b) 7; (с) 28 19 (b) А; (c) 50 
67 relative max at (1, 1); saddle points (0, 0), (0, 3), (3. 0) ЭП (и [иийй (a) Z mA 53 ri 55, 
1 ] 
GU оошо i т 25 0 27 1-siml1 29 14e- 0. 3 433-1) 
VORN d Р : 
71 absolute max at | = = | absolute min at 33 cot 2 cot 1 35 8 37 square units 
V2 SS i И 39 i square units 41 square units 
s ox wm p | „ы x square units 45 E square units 
75 1.00 dollar/razor; 0.40 dollar/dozen blades 47 2 Square Units ч сао ш 
77 yv=iv+d 79 y= + B 51 Түй cubic units 53 go cubic units 
55 2 cubic units 57 10 cubic units 
59 292 cubic units 61 i cubic units 
63 Es cubic units 65 53 cubic units 
Chapter 15 Problem Set 15.4, page 943 
9 
; =") 
Р 1 © затое. о5о то 
Problem Set 15.1, page 919 3 2 € 
ат 9v2 (1 — cos 1)z 
> E Vy 11 13 15 27 17 — — 
| 2 уй СОЛ a 10 2 4 
= те) 3 CAR О 4B Ко) 
ў Е 2х X 
б [ g 19 = 21 127 square units 33 square units 
5 -y сеу 7 — 9 4 Ш 68-34 = E 
15 Say ВМО m А 
1 387 2 2 596 25  —— square units 27 A square units 
B —— їз = 17 = [ur === 21 2 E 
2 3 3 15 2] T А , T | à Зп 5 ' 
Р = 1 | l E 29 — cubic unit 31 m cubic units 33 pr cubic units 
2 T) — SINUS) 23 —— R oS 29 e!— =e + —— f 4 
18 3 7 5 35 32 = . Е 1 
4 ST a OY 4t Ore 35 are — 3V 3) cubic units 39 E 
E SEL me emm oS i 
3 2 8 UM = (84 
= 3 41 et Qa — 1) 43 == 
BE: ap qm 41 2e—2 
2 E 
Problem Set 15.5, page 952 
& 2 : 2 Jij , 
Problem Set 15.2, page 926 13 coulomb 3 Bee GH 5 ол (2.2) 
250 7 Ske. Goss. 20 — 99 SRE, е 
116 3 2 5 0! 7 eu ®ф =€ 25 ke к LN тее 
а 3 11 B kg Es (525 9) 13 EU kg, (55. us ) 
24r + 4V 2m E T АЗ S 2 16 16 
i == 13 18 15 mr I ES Wi c fetus (2 E 
3 zu Gets T 


ANSWERS TO SELECTED PROBLEMS А-53 


[9 (M 2 2. 3500 2) 35 4m cubic units 
5 21 102 TORTS 1 fvi-2 fN1-g-2 
2 ( 13—61n2' 65 — 30 1n2 ) 27 lor =) 37 | | | fix. у.) ах dy dz 
G 
8$mT-3V3 ` A/44497\ ` э rA POSS 
ә (7.0) m (i е EH moe ond ot 
Tem NUS ) 9 ( SUE ) ) 39 MAS Ах, y. z) dz dv dx 
10887 27 
33 i 35 
15 3 
3 1, => шешн „=- kgm Problem Set 15.7, page 966 
2 > A WI E 
39 1, = 35 kg m, L = 2 kgm? "ONE Nube CE p ч 
І S e Кш а? 3 Ga 
5) ў 1 2507 3125z(4 V 5 — 5\2) 
43 1 = = kg:m?, 4, = 9 3 11 247 13 817 15 54 
3 4 nma i Os ts 2 = 
45 І, = 15 kgm’, 1, = d$ kee? 17 = cubic units 19 9 cubic units 
( 282 -27V3 бт + 3\3 х 
47 = = , 37 3 dV = 
'1бт-12У3 8т-6\/3 21 p cubic units A) WE m) 
49 ], = 28 g-cm*, l,-$g:cem' Го 2 € ксп” cod. ie = 
E 3m " а E an (Эл + 8) ES 37 a 25 I uid 27 9 (2 = М2) 
Кур Р ; 24 Ге age DE E и 
DONE DI AD) 31 5.97 cubic units 
57 ES IG = а)? + (y = bY] dA 3 
33 =e = Зав + К) and T Qa? + Зак = 4) 


Problem Set 15.6, page 959 


ix 
лава ">т бе Problem Set 15.8, page 972 
2 24 S 105 : 
І . 8748 7 E E = (= SUM HO se 
9 (a) E 11 64 13 0 15 ES 17 zi 1 m ЕТ (X. y. z) ies ese BES 
19 0 21 35 enbic unit 23 i cubic unit d - QUSS BS 
5 We 3 т= =: (1,7,2) = (=, 
25 ga cubic unit 27 20 cubic units i= ? с | ОМО О | 
1 1= Fels 32т 
31 | | | Ах, y. =) dz dy dx, 5 m= 3 BEANS т) = (0, 0, 5) 
hi a we 243 2j 
7 Ie 24357. = 
| | | Кх. у. z) dz dx dy, Jes e (o. 0. =) 
0 0 0 ie! ү 
1 195 tac 3 
Í Í Í E m3 de Pa 9 2000rke 11 487kg 13 (1,5, 2) 
о Jo 0 2 
= ee Ni 2) ze ES 
ev. 2 dy т П (S10), == i |S, =, SS 19 (0.0, 0 
| | | TO me) diac de, ls 5 ( ss T f 
1 (1-2 р1-у-= abc abc abc" 1 512 
cv. z) dx dv dz 21 ( Я 5 23) == 25 = 
| | | кж dude 28 ' 7247 om ) jg us 
1 fi-y f1-y-z 5 10 та? 
Лх, y. 2) dx dz dy = 29 aa 31 1447 33 = 
o 2 0 2 = 
: m 2ma- 2m (b> — a) 
s ga 7 = 
U- аш c 5 (6% а?) 
Problem Set 15.9, page 983 
E E 189 
176 3 27 5 E 7 0 DISP 11 э 
T 2437 112 
BE i 99 B9 w п = 
2 4 5 


A-54 


ANSWERS TO SELECTED PROBLEMS 


ТОЕ Па o a dm 
(a) NES joules; (b) m joules; (c) 
3M EN square unit 
92 
P and О are discontinuous at (0, 0) 


M . 
та” square units 


Problem Set 15.10, page 992 


independent 3 not independent 5 independent 
independent 9 not independent 

(b) f= у + C; (с) 17 

(b) f = x^v) + С, (с) 1727 

(b) f = xe” — sin xy + у + С; (с) 5 

(Le) jf E c SP SAP ap AY arise" oe ue (ES (e) 4e) t e + 12 


X y 
Е 5 


t2 


3 
= 2B 97 13 (9) == 


3 


ЮЕ аи ас 


(c) sin 6 + sin 1 + e 7? – 


2 2 
2 y? 


eta REL 
ЕО Буза 5 


(b) f = xyz + С; (c) 25 
(b) | F- dR = 20; (с) R has discontinuity at (0, 0); 
le 


(d) f= —tan-! + C, x20 
; 


Problem Set 15.11, page 1002 


49V 14 

9V3z square units 3 5 square units 

"n m : A Л 
6 sin = square units 7 162 square units 
S67 . m". 

z Square units 15 C-(area of È|) 
=> ЦО 2 21 == 

3 12 

15 
= 25 47 


Problem Set 15.12, page 1010 


1 (a) уг; (b) = j — (2x + 2k 
3 (a) 3yz? + 5x? + буг”; 
(b) (4vz? — Di + (6xyz)j + (10xy — 3xz7)k 
E 21) y 0 $ 9 Dni 0 13 3 in both cases 
15 3 in both cases 


Review Problem Set, Chapter 15, page 1011 


l 143 ee 49 
1— 3 — 5 —- — = 
10 30 "s c Шу; (V3-n 
gud 2592 6V3-38. . ТЕ 
3 35 3 2H 
9 8 00 
17 = square units 19 "s Square units 21 X 
1 2 
23.17.35 o оз ce 
3 21 
64 1 
29 —— cubic units 31 = cubic unit 
234V3 


vV 2 ) ( 466 


t acy + be + с); 


lo = TP + BP + be 0) 


1 34 2а®т 13 
9 — 45 — 
3 1232 y 15 i 3 6 
27 
47 — cubic units 49 E S) ho us 
mah ( Ы 
5 0, Ое 
53 С 5 0 7 
& | 27 -3V3 2m -3V3 3 ) E 3ma? 
4102 — V3) 4m2 — V3) 82 – V3) 1 10 
Тат 23 1 | 
= — – — —bi 
61 Г 63 я 65 3 67 ui 69  —bh 
71 independent 73 not independent 75 independent 


77 (b) f(x. y) = x5 + Oxy + y! + С; (с) 20 
79. (b)f(x. y, z) = x^y + xz? + yz + C5 (c) 21 


81 807 83 Дат — 2) (a = radius of sphere) 
Ут 
85 ^ 87 (a) 2x + 2y + 22; (b) 0 


89 7 ON = 


35(8т + 3\/3)` 35(8т + 3V3) 


) 
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Numbers in italic type indicate pages 
on which related problems will be 
found. 


Abscissa, 10 
Absolute convergence, 673-675 
tests for, 675-678 
Absolute extrema (maximum and 
minimum), 188-193 
for functions of several variables, 
898-901 
Absolute value, 6, 7 
Absolute-value function, 27, 69 
Absolute-value property 
of definite integrals, 323 
of limits, 61 
Acceleration 
angular, 950 
centripetal, 752 
equation for, 751 
of gravity (g), 271, 389, 862 
normal component, 748, 752, 801 
for straight-line motion, 143, 
269-271 
tangential component, 748, 752, 
801 
vector, 741, 748, 752, 798, 799, 801 
Addition 
of functions, 35, 36 
of vectors, 710 
Addition rule (property) 
for antidifferentiation, 255 
of definite integrals, 318, 319 
for differentiation, 100, 101, 147 
for double integrals, 925 
for limits, 61, 1016, 1017 
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for line integrals, 979 
for summation, 302 
Admissible region, 347, 348 
in space, 357 
Algebraic function, 36, 37 
Algebraic rotation invariant, 582 
Alternating series, 669, 670 
Leibniz’s test for convergence of, 
670-673 
Alternative-form property of limits, 
63 
Amplitude, 281 
Anchor ring, 365 
Angle(s) 
degree measure of, 42 
of depression, 46 
direction, of vector, 769 
of elevation, 45 
as parameter, 728 
radian measure of, 41, 42 
in standard position, 534 
between two lines, 794 
between two planes, 790, 791 
between two vectors, 717, 766-768 
Angular acceleration, 950 
Angular frequency, 281 
Angular momentum, 759 
Annulus, 250 
Antiderivative (indefinite integral), 
251, 252, 916 
notation for, 253, 254, 310 
of products and quotients, 255 
Antidifferentiation, 251, 252, 254 
in area determination, 290 
basic rules for, 254, 255 
by change of variable (substitution), 


258-263 
and linear motion, 270 
on open interval, 252 
of trigonometric functions, 256, 257 
of zero function, 252 
Approximation 
by differentials, 246-248 
linear, 248, 249, 853, 854 
numerical, of integrals, 338-345 
of sum of alternating series, 
670-673 
by Taylor polynomials, 617-620 
Arc length of plane curve 
in Cartesian form, 375-377, 383 
in polar form, 552, 553 
in vector parametric form, 742, 743 
Arc length of space curve, 822 
Arccosecant, 415 
Arccosine, 411 
Arccotangent, 414 
Archimedean spiral, 542 
Archimedes, principle of, 39/, 1006 
Arcsecant, 415 
Arcsine, 410 
Arctangent, 411 
Gregory’s series for, 690 
Area, 293 
by circumscribed and inscribed 
rectangles, 304-306 
by double integration, 920-922, 933 
of graph of function of two 
variables, 998, 999 
under parabola, 304-306 
of parallelogram, 778 
in polar coordinates, 549-552 
of region enclosed by curve, 981 
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of region between graphs of two 
functions, 349, 350 
of region under graph, 292, 293, 
309, 310 
of regions in plane, 290, 293, 
346-351 
by slicing, 290-293, 347-349 
of surface, 377-381, 994-997 
of surface of revolution, 378-381, 
997 
of triangle, 49, 292, 779 
of unbounded regions, 608 
Arithmetic mean, 247 
Associative law of vector addition, 
711 
Associative property of function 
composition, 122 
Asteroid, 382 
Asymptote(s), 194 
horizontal, 195-197 
of hyperbola, 572 
methods of locating, 200, 201 
oblique, 201 
vertical, 197-199 
Augmented partition, 308, 921, 954 
Average rate of change, 87 
Average speed, 86, 165 
Axis (axes) 
coordinate, 1, 10 
rotation of, 577-583 
translation, of, 559-561, 577 
of ellipse, 556 
of hyperbola, 571-573 
of parabola, 565 
parallel (theorem), 973 
polar, 534, 535 
rotation of, 577 
reference, 293, 348, 369 
of revolution, 808, 810 
transverse, of hyperbola, 571-573 


Base-changing formula for logarithms, 


449, 450 
Basis vectors, 713, 765 
Bernoulli, Jakob, 762 
Bernoulli, Johann, 253, 382 
Best fit, 902 
Binomial series, 701-703 
Binormal vector, 802 


Bisection method for zero of function, 


153 

Black hole, 280 

Boundary, of solid, 357 

Boundary conditions for differential 
equations, 266 

Boundary point, 843, 859 


Bounded function, 311, 312 
Bounded intervals, 4 

Bounded region, 347 

Bounded sequence, 637, 638 
Boundedness theorem, 1017 

Box product (triple scalar product or 


determinant) of vectors, 771, 773, 


774 
formula for, 776 
geometrical applications of, 778 
Brahe, Tycho, 754 
Business and economics, applications 
of calculus, 228-233, 393-395 
compound interest, 460-462 
cost, 228, 229 
demand 80, 161, 230, 235 
diminishing returns, 183, 787 
marginal analysis, 229-232, 278. 
279 
present value, 460-462, 612 
producer's surplus, 397 
production, 228, 229, 395 
profit, 47, 69, 232 
revenue, 41, 230, 278 
supply, 80, 161, 397 


Calculators, uses for 
approximation of derivatives, 97 
approximation of zeros of 

functions, 155 
demonstration of function 
composition, 122 
determination of limits, 55 
exponentials, 440 
function programming, 23 
graph sketching, 28, 541 
inverse trigonometric functions, 
410, 412, 415 
logarithms, 435, 436, 450 

Cardioid, 543, 550 

Carrying capacity, 470 

Cartesian coordinate system, 10-14 
in space, 760, 761 

Cartesian coordinates, 10 
conversion to cylindrical, 820, 821 
conversion to polar, 536, 537, 936 
conversion to spherical, 824-826 
rotation of, 577, 578 
in space, 760-763 
translation of, 559, 577 

Cartesian equation(s), 538 
of conics, 578, 579, 585, 586 
of plane in space, 782-784 
of line in space, 784-786 
in vector parametric form, 728 

Cartesian plane, 10 


graphs in, 12 
Catenary, 457 
Cauchy, Augustin Louis, 57, $99 
Cauchy-Bunyakovski-Schwarz 
inequality, 354 
Cauchy-Riemann equations, 893 
Cauchy’s mean-value theorem, 599 
Cell, of partition, 921, 954 
Center of mass 
of lamina, 946 
of solid, 969 
Central force, 756, 806 
Central quadric surfaces, 813 
Centrifugal force, 753 
Centripetal acceleration, 752 
Centripetal force, 753 
Centroid 
of plane region, 947-949 
of solid, 970, 971 
Chain rule(s), 124-130, 245, 246 
for functions of several variables, 
848, 849, 863-870, 891 
proof of, 129 
for vector-valued functions, 738 
Change-of-sign property of functions, 
151-153 
Change of variable(s), 258-263 
in definite integral, 330-332 
in double integral 939-942 
in triple integral, 965, 966 
Circle 
equation of, 12-14 
polar, 539, 540 
as path of motion, 753 
sector of, 43 
vector parametric equation for, 728, 
750 
Circular disks, method of, for 
volume, 358-360 
Circular helix, 804 
Circular rings, method of, for volume, 
360-364, 367 
Circulation of vector field, 985, 986, 
1008 
Clairaut's formula, 852 
Closed curve, 979, 981, 982 
in vector field, 986 
Closed domain, 859 
Closed interval, 4 
extrema on, 189 
Closed set, 843 
Coefficient(s) 
of polynomials, 33 
of power series, 680 
Cofunctions, 118 
Colatitude, 823 


Common logarithms, table of, 1030, 
1031 
Commutative law of vector addition, 
711 
Comparison property of definite 
integrals, 323 
for double integrals, 925 
Comparison tests for infinite series, 
661 
direct, 662-664 
limit, 664-667 
Completing the square, 13, 14, 497 
Components of vector, 713, 714 
Composition of functions, 67, 
120-123 
derivative of, 128 
Concavity of graph, 180-183, 187 
Conditional convergence, 673 
Cone(s), 372 
centroid of, 970 
frustum of, 374, 378 
right circular, 371, 822, 852 
surface area of, 378, 379 
volume of, 371, 373, 872, 962, 
963 
Conic theorem, 586 
Conics (conic sections), 555, 583-585 
Cartesian equations of, 578, 579, 
585, 586 
polar equations of, 586-590 
Conoid, 398 
Conservation of angular momentum, 
759 
Conservation of energy 
of harmonic oscillator, 283, 284 
law of, 388, 993 
Conservative vector field, 985-988 
Constant function, 33, 252 
Constant of integration, 253, 500 
Constant-multiplier property of 
limits, 60 
Constant property for limits, 60 
Constant property of summation, 302 
Constant rule for differentiation, 98, 
99, 104 
Constrained extremum problems, 
904-911 
Constraint equations, 904, 905 
Constraints for differential equations, 
266 
Continuity (see also Continuous 
functions) 
and differentiability, 96 
on interval, 75 
of product, 1019 
of vector-valued function, 734, 735 


Continuous differentiability, 855-857, 
859 
of vector field, 988 
Continuous functions, 38, 69-72 
antiderivative of, 335 
definite integral of, 311 
extreme-value theorem of, 167 
implicit, 135 
intermediate-value theorem of, 150, 
151 
properties of, 72-75, 123, 151, 1019 
of several variables, 842-844, 859 
Contour curve, 834-836 
Contour map, 834-836 
Convergence 
of functions, 633 
of improper integral, 609, 614 
of infinite series, 642, 651 
absolute, 673-678 
conditional, 673 
of monotonic sequences, 639 
of power series, 680-685 
of sequences, 632-634, 637-639 
Cooling, Newton's law of, 474, 475 
Cooling and mixing problems, 
474-476 
Coordinate axes, 1, 10 
translation of, 559-561 
Coordinate planes, 761 
Coordinates, 1 
Cartesian (see Cartesian coordinates) 
cylindrical, 820-823, 961-963 
polar (see Polar coordinates) 
spherical, 823-826, 963-965 
Coplanar (linearly dependent) vectors, 
765, 778 
Correlation, perfect linear, 902 
Cosecant function (csc), 43-45, 74 
derivative of, 117 
hyperbolic (csch), 453 
inverse (csch—!), 454, 455 
integral of, 490-493 
inverse (csc~!), 415, 416 
Cosine function (cos), 43-45, 74, 115, 
282 
derivative of, 116 
expansion into power series, 697 
hyperbolic (cosh), 452-454 
inverse (cosh~!), 454, 455 
integrals of, 485-489, 526 
inverse (cos~!), 411 
limit of, 65 
Maclaurin’s series, 697, 699 
Cosines, direction, 768, 769 
Cotangent function (cot), 43-45, 74 
derivative of, 117 
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hyperbolic (coth), 453 
inverse (coth~!), 454, 455 
integral of, 490-493 
inverse (сої !), 414, 415 
Counterexample, 355 
Critical number(s), 175, 176 
and second derivative test, 183-185 
Critical point, 896-898 
Cross (outer or vector) product of 
vectors, 771-773, 798 
derivative of, 798 
formula for, 774 
geometric applications of, 778 
identities involving, 776, 777 
Cross section of surface, 813 
Curie, Marie, 464, 467 
Curl (rotation) of vector field, 
1003-1005, 1008 
Curvature, 747-749, 800, 801 
formula for, 163, 748 
vector, 747, 748, 800 
Curve(s) 
arc length of, 375-377 
Cartesian equations of, 12, 274, 275 
closed, 979, 981, 982 
directed (oriented), 974 
as graphs of functions, 25, 26, 274 
integrals over (see also Line 
integrals), 973-976 
piecewise smooth, 977 
in plane, 747-749 
polar [see Polar graph(s)] 
rectifiable, 383 
smooth, 977 
in space, 797-805, 822, 975 
surfaces generated by revolution of, 
808-810 
torsion of, 803, 804 
traced by moving particle, 750, 
798-800 
vector equation for, 724 
in vector field, 985 
Cycles, 282 
Cycloid, 729 
Cylinder(s), 358, 807 
equation for surface of, 807, 808 
generators of, 807 
right circular, 807, 821, 822 
volume of, 358 
Cylindrical coordinates, 820-823 
conversion to Cartesian, 820, 821 
and triple integrals, 961-963 
Cylindrical shells, method of, for 
volume, 365-368 


Decay, exponential, 463-465 
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Deceleration, 271 
Decreasing function, 173, 174 
Decreasing sequence, 636-639 
Definite (Riemann) integral, 293, 
307-315, 917 
applications of 
to arc length determination, 
375-377 
to area determination, 377-381 
to economics, 393-395 
to energy, 387-389 
to life sciences, 395-397 
to volume determination, 
357-373 
to work, 383, 384 
approximation of, 338-345 
basic properties of, 316-326 
change of variable in, 330-332 
for determining areas of regions in 
plane, 346-351 
evaluation of, 312-314, 329, 330 
integration by parts, 502 
notation for, 299, 300, 310 
substitution in, 330-332 
Degenerate conics, 583 
Degree, of polynomial functions, 33 
Degrees (angle measure), 42 
Del (nabla), symbol for gradient, 875 
Delta, in definition of limits, 56, 60 
Delta notation, 86 
Demand 
elasticity of, 235 
equation of, 80, 230 
model for, 161 
Density 
and double integration, 944, 945 
and triple integration, 968 
Density function, 945, 947, 968 
Dependent variable, 22, 24 
Derivative(s) (see also 
Differentiation), 92, 93, 243-245 
approximations using calculator, 97 
of b*, 447 
chain rule for calculation of, 125-127 
of composition of functions, 128 
of constant function, 98, 99 
directional, 873-877 
of exponential function, 441 
of function, 92, 93 
higher-order, 143-148 
of hyperbolic functions, 453, 454 
inverse, 454-456 
of identity function, 99 
of implicit functions, 132-135 
of integral, 332-334 
of inverse function, 405 


of logarithmic functions, 426, 428, 
429, 450 
nth, 145 
notations for, 93, 94, 145, 146 
one-sided, 95, 96 . 
partial [see Partial derivative(s)] 
of power, 99 
of product, 101 
of quotient, 102 
of reciprocal, 102 
from right and left, 95 
of scalar parametric equations, 730 
second, 143, 180, 735 
of square roots, 103, 139 
of sum, 100 
of trigonometric functions, 114-118 
inverse, 418-421 
of vector-valued functions, 735-738 
Derived function [see also 
Derivative(s)], 94 
Descartes, René, 10, 762 
Determinant, 775 
Difference 
of functions, 35, 36 
of vectors, 711 
Difference quotient, 92, 735 
Differentiability, 95, 96 
and continuity, 96, 855 
continuous, 855-857, 859 
of function of two variables, 
854-857 
of function of several variables, 
859-861 
Differential equation(s), 264-272 
applications of, 274-279 
for arc length, 376, 552, 742 
for area, 291-293 
boundary conditions for, 266 
complete solution of, 265, 266 
exact, 993 
first-order, 268, 274 
general solution of, 265, 267, 268 
geometric interpretations of, 274 
for gravitational attraction, 277, 
278 
for growth, 462, 463, 470, 474 
for harmonic oscillation, 282-286 
initial conditions for, 266 
linear (first order), 474-478 
for linear motion, 269-272 
for mixing, 475, 476 
order of, 268 
partial, 892 
particular solutions of, 265-267 
second-order, 268, 269 
separable, 266, 476 


side conditions for, 266 
singular solution of, 268 
solution of, 265 
for surface area, 379 
for vibrating spring, 287 
for volume, 359, 361, 366, 370 
for work, 275-277 
Differential(s), 243-246 
as approximation, 246, 858 
exact, 993 
of functions of several variables, 
858, 860 
geometric interpretation of, 246 
total, 858, 860 
Differentiation [see also 
Derivative(s)], 93 
basic rules for, 98-107 
chain rules for, 125-129 
for higher-order derivatives, 147 
implicit, 132-136, 147, 868-870 
Leibniz’s rule for, 101, 147 
logarithmic, 448, 449 
of power series, 686-691 
of trigonometric functions, 114-118 
inverse, 418-424 
Differentiation operator, 94 
Diminishing returns, 183, 787 
Directed (oriented) curve, 974 
Directed distance, 760 
Direction angles, 769 
Direction cosines, 768, 769 
Direction vector, 727, 784 
Directional derivative, 873-877 
in space, 879, 880 
Directrix 
of conic, 585 
of ellipse, 588 
of hyperbola, 589 
of parabola, 564, 589 
Discontinuous function, 38, 70 
Discriminant, 516 
Displacement vector, 710, 740 
Distance, 85 
directed, 760 
movement of point through, 740 
from point to line, 726, 791, 792 
from point to origin in space, 763 
from point to plane, 789, 790 
between two lines in space, 792, 
793 
between two planes, 796 
between two points, 11 
in space, 768 
unit of, 1, 388 
Distance formula, 11, 768 
Distributive laws 


for cross product, 774, 775 

for dot product, 718, 719 

for scalar multiplication, 712 
Divergence theorem 

in plane (Green’s), 984 

in space (Gauss’s), 1005-1008 


Divergence of vector field, 1003-1005 
Divergent improper integral, 609, 614 


Divergent sequence, 633, 635 
Divergent series, 651-653 
Division property of limits, 61 
Domain of function, 22, 24, 27, 28, 
733 

closed, 859 

of several variables, 831, 832 
Domino theory, 1021, 7024 


Dot product of vectors, 717, 721, 722 


basic laws for, 718, 719 
in component form, 719, 720 
derivative of, 736, 737 
in space, 766-768 
and work, 722 
Double integral, 920-924, 928 
and area, 920-922, 933 
and center of mass, 946 
and centroid, 947-949 
change of variables in, 939-942 
and density, 944, 945 
evaluation by iteration, 928-933 
and moment of inertia, 950, 951 
and moments, 945, 946 
in polar coordinates, 936-939 
properties of, 924-926 
and volume, 920, 922-924, 933 
Doubling time, 469 
Driving function, 289 
Dummy variable, 325 


e, 426, 427, 439 
as base of logarithms, 426, 449 
as limit, 458 
Eccentricity 
of conics, 585, 589 
of earth's orbit, 757 
Ecology, applications of calculus to, 
91, 395 
Economics (see Business and 
economics, applications of 
calculus to) 
Elasücity, 451 
of demand, 235 
Elementary algebraic function, 37 
Ellipse, 555-561, 587, 588 
area enclosed by, 981, 984 
Cartesian equation of, 762, 373, 
557-559, 579, 586 


focal chord of, 563 

movement of particle around, 752 

polar equation of, 587, 588 
Ellipsoid, 814 

of revolution, 369, 809 
Elliptic cone, 815, 816, 818 
Elliptic cylinder, 807 
Elliptic paraboloid, 816 
Endpoint extrema, 188 
Endpoints 

of intervals, 4 

of subintervals, 312 
Energy, 387, 388 


conservation of, 283, 284, 388, 993 


of harmonic oscillators, 283, 284 
kinetic, 387, 993 
potential, 388, 993 
total, 388, 993 
Epsilon, in definition of limit, 56, 60 
Equator, 823 
Equipotential lines, 834, 837 
Error 
in Leibniz’s alternating-series 
approximation, 671 
in linear approximation, 248, 249, 
854 
in Simpson’s rule, 344 
in Taylor polynomial approxi- 
mation, 620, 624, 625 
in trapezoidal rule, 342 
Euler, Leonhard, 427, 6/3 
Even function, 31, 32 
Exact differential, 993 
Expansion into power series, 692, 
693, 696-699 
Explicit function, 132 
Exponential function, 438-443, 
445-457 
derivative of, 441 
expansion into power series, 696 
graph of, 438 
integral of, 442 
as limit, 459 
properties of, 439-44] 
table, 1028 
Exponential growth and decay, 458, 
462-465, 468, 469 
Exponents 
irrational, 445 
laws of, 446 
Extrema 
absolute, 188-193, 898-901 
applications of (problem solving), 
211-217 
constrained, 904-911 
endpoint, 188 
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first-derivative test for, 176-178 

for functions of two or more 
variables, 894-902 

relative (see Relative extrema) 

second-derivative test for, 180, 
183-185, 896, 901 

Extreme-value theorem, 167 
for function of two variables, 898 


Factorial, 618 
gamma function, 613 
Faraday, Michael, 836 
Fermat, Pierre de, 215 
Fermat, principle of (optics), 215, 216 
Field 
scalar, 833-836, 873-877 
vector, 985-992 
First chain rule, 864, 865 
First derivative, 180 
First-derivative test for extrema, 
176-178 
First-order differential equation, 268, 
274 
linear, 474-478 
Fluid pressure, 386, 387 
Flux of vector field, 1001, 1008 
Focal chord (latus rectum), 563, 566 
Focus 
of conic, 585 
of ellipse, 556 
of hyperbola, 571, 589 
of parabola, 564, 589 
Folium of Descartes, 762 
Force 
buoyant, 1006 
centrifugal, 753 
centripetal, 753 
equation for, 751, 753 
of fluid pressure, 386, 387 
of gravity, 393, 629, 756, 873 
hydrostatic, 386 
normal component of, 753 
represented by vector, 722, 751 
tangential component of, 753 
units of, 753 
work done by, 275, 383, 384, 387, 
977 
Force field, 985, 993, 1008 
Frenet formulas (torsion), 803, 806 
Frequency, 281 
Frustum of cone, 374, 378 
Function(s), 22-25 
absolute-value, 27, 69 
algebraic, 36, 37, 401 
algebraic signs of, 150-153 
bounded, 311, 312 
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change-of-sign property of, 151-153 

composition of, 67, 120-123 

constant, 33, 252 

continuous, 38, 69-75, 96 

continuously differentiable, 
855-857 

critical numbers for, 175, 176 

critical point of, 896 

decreasing, 173, 174 

derivative of [see also 
Derivative(s)], 92, 93 

derived, 94 

difference of, 35, 36 

differentiable, 96, 854 

discontinuous, 38, 70 

domain of, 22, 24, 27, 28 

equations defining, 23-25 

even, 31, 32 

expansion into power series, 692, 
693, 695-699 

expansion into Taylor series, 695, 
696 

explicit, 132 

exponential [see a/so Exponential 
function(s)], 438-443 

extrema of (see Extrema) 

graph of (see also Graphs), 25, 26, 
31 

greatest-integer, 38 

homogeneous of degree n, 892 

hyperbolic, 452-454 

inverse, 454-456 

identity, 33, 99, 104 

implicit, 132, 135, 136 

increasing, 173, 174 

infinitely differentiable, 693, 695 

integrable (Riemann), 693, 695 

inverse, 401-407, 423 

invertible, 402, 403 

iteration of, 122 

limits of [see also Limit(s) of 
function(s)], 52-57 

linear, 25, 33 

logarithmic [see also Logarithmic 
function(s)], 426-430 

mean value of, 324, 325 

monotone, 173-175 

natural logarithm, 426-430, 1026, 
1027 

nondifferentiable, 97 

odd, 31, 32 

one-to-one, 409 

periodic, 45 

piecewise continuous, 311, 312 

piecewise-defined, 28, 96, 350 

polynomial, 33, 34, 36, 73 


product of, 35, 36 

quadratic, 33, 34 

quotient of, 36 

range of, 22, 24, 27, 28, 733, 831, 
832 | 

rational, 36, 37, 73, 195, 507, 508, 
844 

scalar component of, 733 

of several variables, 830-836, 859 

signum, 41 

square-root, 37 

sum of, 35, 36 

transcendental, 37, 620 

trigonometric [see also 
Trigonometric function(s)]. 
41-49, 114-118 

inverse, 401, 409-416 

of two variables, 831, 832 

vector-valued [see also 
Vector-valued function(s)], 
733-738 

wave, 45 

zero, 252 

zero of, 150, 153-156 

Fundamental theorem of calculus, 
327 

alternative version of, 332, 334 

in evaluation of definite integral, 
330, 331 

proof of, 334-336 

special notation for, 328, 329 


g (acceleration of gravity), 271, 389, 
862 
Gamma function, 613 
Gauss, Karl Friedrich, 979, 1005 
divergence theorem of, 1005-1008 
General power rule, 446 
Generator of cylinder, 807 
Geometric series, 646-648 
applications of, 648, 649 
sum of, 646 
Gompertz growth model, 474 
Gradient of scalar field, 875-877 
and Lagrange multipliers, 907 
as normal to curve, 878 
as normal to surface, 881 
in space, 879 
Graph(s), 12 
arc length of, 376, 377 
concavity of, 180-183 
curvature of, 749 
of equation, 12 
in space, 762 
of exponential function, 438 
of function, 25, 26, 31 


of function of two variables, 25, 26, 
831, 832 
area of, 998 
of inverse of function, 403 
of logarithmic function, 426, 434, 
435 
of polar equations, 538-540 
sketching, 541-547 
region under, 292, 293 
of simultaneous equations, 762 
sketching, 26-28, 204-209, 559, 
583 
of surfaces in space, 812 
symmetry of, 31, 542, 813 
of vector equation, 725 
Gravitational constant, 756 
Gravitational field, motion in, 389, 
390, 393 
Gravitational force, 393, 629, 756, 
873 
Gravity 
acceleration of, 271, 389, 862 
Newton's law of, 277, 278, 756 
Greatest-integer function, 38 
Green, George, 979, 986 
Green's theorem, 979-983 
Gregory, James, 690 
Gregory's series, 690 
Growth 
biological, models for, 468-473 
exponential, 462, 463 
Gompertz model for, 474 
inhibited, 470-472 
learning model for, 474 
logistic, 471-473 
Malthusian model for, 468, 469 
of population, 463, 468, 469, 474, 
516 
Growth constant, 462, 468, 469 


Half-life, 464 
Half-open interval, 4 
Harding, Warren G., 467 
Harmonic oscillation, 281-286, 288, 
289 
Harmonic series, 660, 661 
alternating, 669 
Head-to-tail rule for vectors, 710 
Heat equation, 893 
Helix, 804 
Hemisphere, volume of, 923 
Hertz, Heinrich, 282 
Hertz, 282 
Higher-order derivatives, 143-148 
Homogeneous property (rule) 
for definite integrals, 317 


for differentiation, 99, 100, 105, 
147 

for dot product, 719 

for double integral, 925 

for line integrals, 979 

for summation, 302 
Hooke’s law (for spring), 276, 287 
Horizontal asymptotes, 195-197 
Horizontal-line test, 403 
Horizontal tangent lines, 111-113 
Hyperbola, 555, 570-575, 589, 814, 

815 
asymptotes of, 572 
Cartesian equation of, 571, 572, 
579, 586 

center of, 571 

eccentricity of, 589 

equilateral, 576 

foci of, 571 

polar equation of, 589 

transverse of, 571 

vertices of, 571 
Hyperbolic cylinder, 807 
Hyperbolic functions, 452-454 

derivatives of, 453, 454 

inverse, 454-456 

table, 1029 
Hyperbolic paraboloid, 816, 817, 

819 
Hyperboloid 

of one sheet, 814, 817 

of revolution, 809, 817 

of two sheets, 814, 815, 818 


Identity function, 33 
differentiation of, 99,104 
Identity property of functions, 60 
Image, 22, 23, 25 
Implicit differentiation, 132-136, 147, 
868-870 
Implicit function, 132, 135, 136 
Improper integrals, 608 
convergent, 609, 614 
divergent, 609, 614 
with infinite limits, 609-611 
with unbounded integrands, 
613-616 
Increasing function, 173, 174 
Increasing sequence, 636, 638, 639 
Indefinite integral, 254, 310, 915 
change of variables (substitution 
for), 258-263 
Indefinite integration, 254 
Independence of path, 985 
Independence property of limits, 63 
Independent variable, 22, 24 


Indeterminate forms 
0/0, 596-602 
оо/оо, 603-605 
others, 605-607 
Index of summation, 300, 301, 654 
Inequality, 2-5 
Schwarz, 719 
solution of, 3, 5, 9 
strict and nonstrict, 3 
triangle, 7, 8, 307, 719 
Inequality reversing, 3 
[nertia, moments of, 950-952, 971 
Infinite limits 
of functions, 197-199, 608, 609 
of integration, 609-611 
Infinite sequence(s) [see Sequence(s), 
infinite} 
Infinite series, 630, 641-649 
absolute convergence of, 673-675 
tests for, 675-678 
alternating, 669-673 
binomial, 701-703 
comparison tests for, 661-667 
conditionally convergent, 673 
convergent and divergent, 642, 651, 
653, 654, 656 
domination of, 662 
geometric, 646-649 
harmonic, 660, 661, 669 
integral test for, 658-661 
linear properties of, 652, 653 
Maclaurin, 694, 695 
of nonnegative terms, 656, 658 
partial sums of, 641, 642, 650, 656 
power, 630, 680-685 
ratio test for, 675-677 
removing first terms from, 655 
root test for, 677, 678 
sum of, 641, 642 
Taylor, 693-696 
telescoping, 307, 644, 650 
terms of, 641 
Infinitesimals, 243, 277 
Infinity 
limits at, 194-197, 601 
positive and negative, 4, 5 
Inflection point, 182, 183 
Inhibited-growth models, 470-472 
Initial conditions for differential 
equations, 266 
Instantaneous acceleration, 269 
Instantaneous rate of change, 87, 94, 
166 
Instantaneous speed, 86, 165, 740, 
745, 751, 799 
Instantaneous velocity, 269 
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Integers, 2 
Integrable (Riemann) function, 
310-312 
Integral(s) (see a/so Integration) 
of constant function, 316, 317 
definite (Riemann) [see Definite 
(Riemann) integral] 
derivative of, 332-334 
double, 920-926, 928 
improper, 608, 609-616 
indefinite, 254, 310, 915 
involving quadratic expression, 
497, 498 
involving sines and cosines, 
485-489, 526 
iterated, 918, 919, 928-933 
limits of, 311, 325 
line, 973-983 
mean-value theorem for, 323-325 
nonelementary, 530 
notation for, 253 
of rational functions, 507-523 
surface, 999, 1000 
table of, inside covers 
of trigonometric functions, 485-493 
triple, 954-959 
yielding inverse trigonometric 
functions, 421-423 
yielding natural logarithms, 429 
Integral test for infinite series, 
658-661 
Integrand, 253, 311 
unbounded, 613 
Integrating factors, 476-478 
Integration [see also Integral(s)], 253 
approximate, 338-345 
basic rules for, 254, 255 
by change of variable (substitution), 
258-263 
constant of, 253, 500 
of exponential function, 442 
of functions involving nth roots, 
524 
of hyperbolic functions, 454 
indefinite (see also 
Antidifferentiation), 254 
iterated, 918, 919 
limits of, 311, 325, 331 
of natural logarithm function, 429 
by partial fractions 
linear case, 507-514 
quadratic case, 516-523 
by parts, 499-502 
repeated, 503, 504 
tabular method, 505, 506 
of power series, 686-691 
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of rational functions, 507-523 
reduction formulas for, 529 
repeated, 503, 504 
reversing the order of, 932 
by special substitutions, 524-527 
techniques of, 485 
of trigonometric functions, 
485-493, 526, 527 
by trigonometric substitution, 
494-498 
Intercept(s) 
form of equation of a line, 27 
of graph, 150 
of plane, 782 
of surface, 813 
Interior point, 842, 843, 859 
critical, 896 
Intermediate-value theorem, 150, 151 
International System of Units (S1), 
388 
Intersecting lines, 20, 793 , 
Intersecting planes, 762, 794, 795 
Interval(s), 3, 4 
continuity on, 75 
of convergence of power series, 681, 
683 
of integration, 311 
partition of, 307 
Invariant(s), rotation, 582 
Inverse function(s), 401-407 
algebraic methods for finding, 404 
definition of, 401, 403 
derivative of, 405 
graph of, 403 
Inverse-function theorem (rule), 
405-407, 423 
Inverse hyperbolic functions, 454-456 
Inverse-square field, 993 
Inverse-square force, 756 
Inverse trigonometric functions, 
409-416 
differentiation rules for, 417-424 
integrals yielding, 422, 423 
Irrational numbers, 2 
exponential function of, 440 
as exponents, 445 
Isotherm, 834, 837 
Iterated integrals, 918, 919, 928 
reversing order in, 932 
threefold, 959 
Iteration, 122 
to evaluate double integrals, 
928-933 
to evaluate triple integrals, 955-959 


Jacobi, Karl Gustav Jacob, 941 


Jacobian of transformation, 941, 966 
Joule, 277, 388 


Kepler, Johannes, 754 

laws of planetary motion, 754, 756 
Kinetic energy, 387, 993 
Kirchhoffs law (electricity), 289 


Lagrange, Joseph Louis, 93 
notation for derivative, 93 
Lagrange form of remainder, 623 
Lagrange method of multipliers, 904, 
907-911 
Lagrange’s identity, 177 
Lamina, 945 
Laplace transform, 6/3 
Laplace’s partial differentiation 
equation, 692 
Latitude, 823 
Latus rectum (see Focal chord) 
Least squares, method of, 902 
Left-handed triple, 773, 778 
Leibniz, Gottfried Wilhelm, 93 
alternating series test, 670 
notation for derivatives, 93, 145, 
243, 736 
notation for integrals, 253 
rule for differentiation, 101, 147 
Lemniscate, 762, 545, 550 
Level curve, 834, 878, 879 
Level surface, 881 
L'Hópital, 597 
L'Hópital's rule, 597-602, 604 
Life sciences, applications of calculus 
to 
blood flow, 396, 853 
growth models (see also Growth), 
468-473, 474, 516 
reaction sensitivity to drugs, 59 
Limacon, 544, 550 
Limit comparison test, 664, 665 
modified, 666 
Limit(s) of function(s), 52-57, 59 
definition of, 57, 60 
determination of, 57, 60, 596 
of function of several variables, 
838-842 
of function of two variables, 837, 
838, 841 
infinite, 197-199, 608, 609 
at infinity, 194-197, 601 
one-sided, 70, 71 
properties of, 60-67, 122, 
1016-1019 
of Riemann sum, 310 
trigonometric, 65-67 


of vector-valued function, 734 
Limits of integration, 311, 325 
change of, 331 
Limits of sequence, 633-635 
Line integrals, 973-976 
and flux, 1001, 1008 
and Green's theorem, 979-983 
independent of path, 985 
and Stoke's theorem, 1008 
of vector field, 988 
vector notation for, 976, 977 
and work, 977, 978 
Line segment, 975 
Linear approximation, 248, 249, 853, 
854 
Linear combination of vectors, 713 
Linear differeniial equation, 474-478 
Linear function, 25, 33 
Linear momentum, 387 
Linear motion (see also Motion), 
269-272 
Linear property 
of definite integral, 318 
of double integral, 925 
of infinite series, 652, 653 
of summation, 302 
Linearly independent vectors, 712, 
713, 765 
Line(s) (see also Lines, equations of) 
angle between, 794 
distance between two, 792, 793 
distance from point to, 726, 791, 
792 
horizontal, 18 
inclination of, 47 
intersecting, 20, 793 
normal, 110 
parallel, 17, 784, 792, 794 
perpendicular, 19, 20, 793 
slope of, 15-19 
tangent (see also Tangent lines), 85 
vertical, 18 
Lines, equations of, 15, 762 
general form (in plane), 19 
intercept form, 21 
normal, 110 
point-slope form, 17 
scalar (Cartesian), 784, 785 
scalar parametric, 786, 787 
slope-intercept form, 18 
in space, 781, 784-787 
symmetric, 785, 786 
tangent, 109-111 
vector, 784 
vector parametric, 727, 728, 786 
Logarithmic differentiation, 448, 449 


Logarithmic function, natural, log, 
426-436 
definition of, 427 
derivative of, 426, 428 
graph of, 426, 434, 435 
integral of, 501 
inverse of, 438 
properties of, 431-436 
range of, 435 
Logarithmic functions, log,, 449 
derivative of, 450 
Logarithmic spiral, 542 
Logarithms, 426, 449 
common, table, 1030, 1031 
conversion of base, 449, 450 
evaluation of, 435, 436 
natural, 427, 449 
table, 1026, 1027 
properties of, 431-433 
Logistic model for growth, 470-473 
Long division, for integration of 
rational function, 507, 508 
Longitude, 823 


Maclaurin, Colin, 694 
Maclaurin series, 694, 695 
Magnitude (length) of vector, 717, 
720 
Major axis of ellipse, 556 
Malthus, Thomas, 468 
Mapping (change of variable), 939 
Mapping notation, 22 
Mass 
center of, 946 
distribution of, 947, 968 
of lamina, 946 
units of, 388 
Mass-spring system, 286, 287, 288 
Mathematical induction, 106, 
1021-1023 
Maximum (see also Extrema) 
absolute, 188, 898 
relative, 112, 113, 894 
of function of several variables, 894 
Maximum-minimum problems, 
solution of, 211-217, 894-911 
Maxwell, James Clerk, 836 
Mean, law of, 165 
Mean value of function, 324, 325 
Mean-value theorem, 165-170 
Cauchy’s, 599 
extended (Taylor’s), 617, 620-622 
for integrals, 323-325 
and Rolle’s theorem, 169 
Meridians, 823 
Midpoint of line segment, 2/ 


Minimum (see also Extrema) 
absolute, 188, 898 
of function of several variables, 894 
relative, 112, 113, 894 
Minor axis of ellipse, 556 
Mixed partial derivatives, 889-891 
Mixing, differential equations for, 
475, 476 
Moment(s), 945 
of inertia, 950-952, 971 
of lamina, 945, 946 
of solid, 968 
Momentum, 387 
Monotone function, 173-175 
Monotonic sequence, 636, 638, 639 
Monotonicity of natural logarithm, 
433 
Motion 
along curve, 740-743 
equations of, 143, 269-272, 751, 
798 
in gravitational field, 389, 390 
linear, 269-272 
Newton’s laws of, 287, 387, 751 
in plane, 750, 751 
of planets, 754 
of projectile, 389, 390 
in space, 798-800 
Multiplication of vectors (see Box 
product; Cross product; Dot 
product) 
Multiplication rule (property) 
for differentiation, 101 
for limits, 61, 62, 1017-1019 
Multipliers, Lagrange, 907 


n factorial (n!), 613, 618 
N-leaved rose, 545 
Natural logarithm function, 426-430 
table, 1026, 1027 
Natural numbers, 2 
Nautical mile, 50 
Negative real number, 2 
Negative of vector, 711 
Newton, Sir 1saac, 93, 754 
law of cooling, 474, 475 
law of gravity, 389 
law of universal gravitation, 277, 
278, 393, 756 
laws of motion, 287, 387, 751 
method for estimating zero of 
function, 154-156 
Newton (force), 277, 388 
Nonnegative property of definite 
integral, 322 
Norm of partition, 308, 954 
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Normal component of acceleration, 
748, 801 
Normal component of force, 753 
Normal equations, 904 
Normal line, 110 
Normal probability function, 483 
Normal to surface, 881-883 
Normal vectors, 725, 745-748, 781, 
800, 878 
Normalizing of vector, 720 
Notation 
for antiderivatives, 253, 254, 310 
delta, 86 
for derivatives, 93, 94, 145, 146, 
846 
for differentials, 244 
for functions, 23 
for fundamental theorem of 
calculus, 329 
for higher-order derivatives, 145, 
146 
for integrals, 299-310 
Leibniz, 93, 94 
mapping, 22 
operator, 94 
for partial derivatives, 847 
sigma, 299-301 
nth derivative, 145 
Number line (scale), 1 
Numbers 
critical, 175, 176 
natural, 2 
rational and irrational, 2 
real, | 
Numerical estimates (see also 
Approximations) 
for e, 427 
for т, 691, 692 
rounding-off rule for, 698 


Oblique asymptote, 201 
Octahedron, 375 
Octants, 761 
Odd function, 31, 32 
One-sided derivative, 95, 96 
One-sided limit, 70, 71 
infinite, 198 
Open domain, 859 
Open interval, 4 
antidifferentiation on, 252 
Open set, 843 
Operator (symbolic vector), 1003 
Operator notation 
for derivatives, 94 
for higher-order derivatives, 145 
for partial derivatives, 846 
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Orbit of moving particle, 750 


Ordered-pair notation for vectors, 715 


Ordered-triple notation for vectors, 
766 

Ordinate, 10 

Origin, 1, 10 

Oscillation, equation for, 281, 282 


p-series, 660, 661 
Pappus’s theorem for volumes, 949, 
950 
Parabola, 34, 555, 564-568, 589 
arc length of, 376, 377 
area under, 304-306 
Cartesian equation of, 564-567, 
579, 586 
polar equation of, 539, 589 
vector parametric equation of, 751 
Parabolic cylinder, 807 
Parabolic reflector, 568 
Parabolic (Simpson’s) rule, 343, 344, 
376, 377 
Paraboloid 
elliptic, 816 
hyperbolic, 816, 817 
of revolution, 380, 381, 398, 809, 
822 
Parallel-axis theorem, 973 
Parallel lines, 17, 784, 792, 794 
Parallel planes, 781, 790 
Parallel vectors, 712 
Parallelepiped, 773, 778 
Parallelism condition, 17 
Parallelogram 
area of, 778 
rule for vectors, 711, 713 
spanned by two vectors, 710 
Parallels, 823 
Parameter, 727 
Parametric equations, 727-731 
of curve, 728 
eliminating parameter from, 730 
of line, 727, 786, 787 
scalar, 728, 729-731 
of surface, 994-997 
vector, 727-730 
Partial derivative operator, 846 
Partial derivatives, 845-849 
antidifferentiation of, 916 
application of chain rule to, 848 
as directional derivatives, 875 
geometric interpretation, 849 
higher-order, 886-891 
mixed, 889-891 
representing rate of change, 850 
Partial differential equations, 892 


Partial differentiation, 846 
Partial fractions, integration by, 507 
linear case, 507-514 
quadratic case, 516-522 
Partial sums of infinite series, 641, 
642, 650, 656 
Partition 
augmented, 308, 921, 954 
cell of, 921, 954 
of interval, 307, 308 
norm of 308, 954 
of region in plane, 920, 921 
regular, 921 
of solid, 954 
Path, independence of, 985 
Period of oscillation, 282 
Perpendicular distance from point to 
line, 726, 727 
Perpendicular lines, 19, 20, 793 
Perpendicular planes, 762, 790 
Perpendicular vectors, 721 
Perpendicularity condition for lines, 
19, 20 
Phase angle, 281 
т, estimation of, 691, 692 
Piecewise continuous function, 311, 
312 
Piecewise-defined function, 28, 96, 
350 
Piecewise smooth curve, 977 
Pitch of helix, 804 
Plane 
area of, 1015 
centroid of, 947-949 
motion in, 750, 751 
Plane(s) in space 
angle between, 790, 791 
Cartesian equation of, 782-784 
distance from point to, 789, 790 
intercepts of, 782 
intersecting, 762, 794, 795 
intersection with surface, 813 
parallel, 781, 790 
perpendicular, 762, 790 
tangent, 881-883 
vector equation of, 781 
Planetary motion, laws of, 754, 756, 
v9 
Plot, 10 
Point(s) 
boundary, 843, 859 
in Cartesian coordinate system, 10 
critical, 896-898 
of inflection, 182-183 
interior, 842, 843, 859 
of intersection of planes, 795 


on line in space, 784 
in plane, 781 
saddle, 817, 896 
in space, 760, 761, 768 
symmetrically located, 763 
Point-plotting method for graph 
sketching, 26-28, 30 
Point-slope form of line equation, 17 
Poiseuille, Jean-Louis-Marie, 396 
Poiseuille's equation (for blood flow), 
396, 853 
Poisson distribution, 459, 465 
Polar axis, 534, 535 
rotation of, 577 
Polar coordinates, 534-540 
arc length in, 552, 553 
area in, 549-551 
conversion to Cartesian, 536, 537 
double integrals in, 936-942 
equations of conics in, 586, 590 
graphs of equations in, 538, 539 
rotation equations for, 577 
Polar curves 
arc length of, 552, 553 
area between two, 551, 552 
area enclosed by, 549-551 
Polar equation, 538 
Polar graphs 
direction of, 546, 547 
sketching of, 541-547 
symmetries of, 542-545 
Polar moment of inertia, 951 
Pole, 534, 535 
of spherical coordinate system, 823 
Polygon, 383 
Polynomial, Taylor, 617-620 
Polynomial function, 33, 34, 36, 73 
degree of, 33 
differentiation of, 100, 101, 103 
of two variables, 889 
Position vector, 724, 765, 740, 781, 
784 
Positive integers, 2 
Positive real number, 2 
Potential difference, between points 
in vector field, 988 
Potential energy, 388, 993 
Potential function for vector field, 
986 
Power properties of limits, 61 
Power rule for differentiation, 99, 
100, 106 
general, 446 
for integer exponents, 103, 107 
for rational exponents, 138-140 
Power series, 630, 680-685 


differentiation of, 686-691 
expansion of functions into, 692, 
693, 696-699 
Gregory’s, 690, 691 
integration of, 686-691 
representation of function by, 688 
Powers, table, 1032 
Prime meridian, 823 
Principal unit normal vector, 800, 
802 
Prismoidal formula, 345 
Probability, 240 
geometric series in determining, 
648, 649 
norma! density function, 483 
Poisson, 465 
Product 
antiderivative of, 255 
of functions, 35, 36 
natural logarithm of, 431 
of vectors (see Box product; Cross 
product; Dot product) 
Product rule for differentiation, 101, 
105, 147, 499 
Projection of vectors, 723 
Proper rational function, 507, 508 
Pythagorean theorem, 11, 721 


Quadrants, in Cartesian plane, 10 
Quadratic expression, integrals 
involving, 497, 498 
Quadratic function theorem, 33, 34 
Quadric surfaces, 812 
central, 813-815 
elliptic cones, 815, 816 
elliptic and hyperbolic paraboloids, 
816, 817 
identification and graphing of, 
817-819 
Quotient 
antiderivative of, 255 
of functions, 36 
natural logarithm of, 432 
Quotient rule for differentiation, 102, 
103, 107 


(R), system of real numbers, 24 
Radian measure, 41, 42 
Radioactive dating, 467, 484 
Radius of convergence of power 
series, 681-685 
Range of function, 22, 24, 27, 28, 733 
of several variables, 831, 832 
Rate(s) of change, 85-89 
average, 87, 94, 166 
instantaneous, 87, 166 


in moving along gradient, 876-878 
and partial derivatives, 850 
related (problem solving), 221-225 
Ratio test for infinite series, 675-677 
Rational function(s), 36, 37, 73, 195 
integration of, 507, 523 
proper, 507, 508 
of several variables, 844 
Rational numbers, 2 
exponential of, 439 
Rational power, natural logarithm of, 
432 
Rational-power rule, 138-14) 
Real numbers (R), 1, 2, 5 
absolute value, 6 
Reciprocal rule of differentiation, 102, 
106 
Rectangular coordinates (see 
Cartesian coordinates) 
Rectifiable curve, 383 
Reduction formulas for integration, 
529, 530 
Reference axes, 290, 293, 348, 369 
Reflecting property of parabola, 568 
Region 
admissible, 347, 348 
bounded, 347 
connected, 986, 989 
under graph, 292, 293 
open, 986 
in plane, 290, 293, 346-351 
types I and II, 930-933, 982 
unbounded, 608, 613 
Regression line, 902 
Regular partition, 921 
Related rates (problem solving), 
221-225 
Relative extrema, 112, 113, 175, 
894-896 
first-derivative test for, 176-178 
second-derivative test for, 180, 
183-185, 896, 901 
Remainder 
integral form, 627 
Lagrange form, 623 
Taylor, 620, 622, 623 
Reversing order of integration, 932 
Revolution 
solid of, 358, 949 
surface of, 378-381, 808-810, 997 
Riemann, Bernhard, 308 
Riemann integral [see Definite 
(Riemann) integral] 
Riemann sum, 308-310, 920, 921, 
954 
Riemann zeta function, 661 
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Right circular cone, 371, 822, 852 
Right circular cylinder, 807, 821, 822 
Right-handed Cartesian coordinate 
system, 761 
Right-handed triple, 771, 778 
Right-triangle trigonometry, 46-50 
Rise, of line segment, 16 
Robinson, Abraham, 277 
Rolle, Michel, 167 
Rolle’s theorem, 168 
in proof of mean-value theorem, 
169 
Root properties of limits, 61 
Root test for infinite series, 677, 678 
Roots, table, 1032 
Rotation of coordinate axes, 577-583 
Cartesian, 577, 578 
polar, 577 
Rotation invariant, 582 
Rounding-off rule for approximations, 
698, 700 
Run, of line segment, 16 


Saddle point, 817, 896 
Scalar(s), 709 
components of vector-valued 
functions, 733 
components of vectors, 713, 714, 
718, 765, 767 
multiplication of vectors by, 711, 
712 
Scalar fields, 833-836, 873, 874 
gradient of, 875-877, 986 
in space, 879 
Scalar nonparametric equations, 730 
Scalar parametric equations, 728, 
729 
Scattergram, 902 
Schwarz inequality, 719 
Schwarzschild radius, 280 
Secant, 89 
Secant function (sec), 43-45, 74 
derivative of, 117 
hyperbolic (sech), 453 
inverse (sech- !), 454, 455 
integral of, 490-493 
inverse of (вес !), 415, 416 
Secant line, 89 
Second chain rule, 867-869 
Second-degree equation, 578, 579 
in three variables, 812 
Second derivative, 143, 180, 735 
Second-derivative test for extrema, 
180, 183-185, 896 
Second-order differential equation, 
268, 269 
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Second-order partial derivative, 
887-889 
Sector of circle, 43 
Separable differential equation, 266, 
476 
Sequences, finite, 631-633 
Sequence(s), infinite, 630 
bounded, 637, 638 
convergence of, 632-634, 637-639 
decreasing and increasing, 636, 638, 
639 
divergence of, 633, 635 
as functions, 632 
limit of, 632 
monotonic, 636, 638, 639 
nonmonotonic, 636 
of numbers, summation of, 301, 
302 
terms of, 631 
Series (see also Infinite series), 641 
alternating, 669-673 
binomial, 701-703 
geometric, 646-649 
harmonic, 660, 661, 669 
of nonnegative terms, 658-667 
power, 680-691 
Shell method, for volumes, 358 
Side conditions of differential 
equation, 266 
Sigma notation, 299-301 
Signum function, 47 
Simple closed curve, 979 
Simple harmonic motion, /63, 282 
Simply connected region, 989 
Simpson’s (parabolic) rule, 343, 344, 
376, 377 
error bound for, 344 
Simultaneous equations, graph of, 762 
Sine function (sin), 43-45, 74 
derivative of, 114-116 
expansion into power series, 697 
hyperbolic (sinh), 452-454 
inverse (sinh~ !), 454-456 
integral of, 485-489, 526 
inverse (sin^ 1), 409, 411, 423, 424 
limits of, 65, 66 
Maclaurin series of, 697, 699 
Sines, law of, 780 
Slicing 
area by, 290-293, 304, 347-349 
volume by, 369-373, 923, 929 
Slope, 15 
formula for, 16 
of line, 15-19 
of secant line, 89 
of tangent line, 85, 89, 90 


Slope-intercept form of line equation, 


18 
Smooth curves, 977 
Snell's law of refraction (optics), 220 
Solid, 357 
below graph, 920, 921 
center of mass of, 968, 969 
centroid of, 970, 971 
of revolution, 358, 949 
volume of (see Volume) 
Solid cylinder, 357, 358 
Solution of inequalities, 3, 5, 7 
Solution set, 3 
Speed, 85, 86, 88, 143, 165, 740, 745, 
748, 751, 799 
Sphere 
sector of, 375 
segment of, 374, 375 
surface area of, 250, 380, 807, 996 
volume of, 250, 359 
Spherical coordinates, 823-826 
conversion to Cartesian, 824, 825 
conversion to cylindrical, 825, 826 
and triple integrals, 963-965 
Spherical zone, 382 
Spiral 
Archimedean, 542 
circular, 804 
logarithmic, 542 
Spiral graph, 541 
Spring systems, 276, 277, 286-288, 
384 
Square root, approximation of, /58 
Square-root function, 37 
Square-root rule of differentiation, 
103, 139 
Squeezing property of limits, 63, 306 
Standard deviation, 484 
Stirling’s formula, 641 
Stokes, Sir George G., 1008 
Stokes' theorem, 1008-1010 
Straight lines, 15-20 
Subinterval, 307 
Substitution (change of variable), 
258-263 
in definite integral, 330-332 
in integration by partial fractions, 
510-512 
short method of, 511-513 
trigonometric, 494-498 
Substitution property 
of continuous functions, 73, 122 
of limits, 67, 122 
Subtraction 
of functions, 35, 36 
property for limits, 61 


of vectors, 711 
Sum 
definite integral as, 299 
of functions, 35, 36 
of infinite series, 641, 642 
partial (of series), 641, 642, 650, 
656 
Riemann, 308-310, 920, 921, 954 
Sum rule for differentiation, 100, 101, 
104 
Summation, 253 
properties of, 301-304 
sigma notation for, 299-301 
Summation index, 300, 301, 654 
Superposition, 282. 283 
Supply 
equation, 80 
model for, 161 
Surface 
cross sections of, 813 
equations for, 806-810 
flux of vector field through, 1000, 
1001 
intercepts of, 813 
intersection with plane, 813 
level, 881 
quadric, 812-819 
of revolution, 378-381, 808-810, 
997 
symmetries of, 813 
traces of, 813 
Surface area, 377-381 
formulas for, 1015 
vector parametric equation for, 
994-997 
Surface integrals, 999, 1000 
Symmetric equations of lines, 785, 
786 
Symmetry 
of ellipse, 556 
of hyperbola, 571 
about the origin, 31 
of parabola, 566 
of polar graphs, 542-545 
in space, 763 
of surface, 813 
about the y axis, 31 


Tangent function (tan), 43-45, 74, 
199 
derivative of, 117 
hyperbolic (tanh), 453 
inverse (tanh^!), 454-456 
integral of, 490-493 
inverse (tan !), 411 
Tangent line 
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inverse, 409-416 
differentiation of, 417-424 
table, 1025 


in Cartesian coordinate system, 
713, 714, 724 
commutative law of addition, 711 
use of calculator for, 44 components of, 713, 714 
Trigonometric identities, 46, 486, 487, coplanar (linearly dependent), 765, 
489, inside covers 778 
used in integration, 491-493 cross (outer or vector) product, 
Tangent plane to surface, 881-883 Trigonometric inequalities, 48-50 771-774, 776-778 
Tangent vector, 742, 745, 748, 751, Trigonometric substitution, 494-498 curvature, 747, 748, 800 
800, 882 Triple integral, 954 direction, 727, 784 


to circle, 27 

equation of, 109-111 

to graph, 85, 89, 90, 94, 109 
horizontal, 111-113 

to level curve, 878 

to polar graph, 546, 547 
vertical, 201 


Tangential component 
of acceleration, 748, 801 
of force, 753 
Taylor, Brook, 617 
Taylor approximation, 617-620 
error bound for, 624-626 
Taylor polynomials, 617-620 
Taylor remainder, 620, 622, 623 
integral form, 627 
Taylor series, 693, 694 


and center of mass, 969 

and centroid, 970 

change of variables in, 965, 966 

in cylindrical coordinates, 961-963 
and density, 968 

evaluation by iteration, 955-959 
and moment of inertia, 971 

and moments, 96 

in spherical coordinates, 963-965 
and volume, 955-957 


direction of, 713 

direction angles of, 769 

direction cosines of, 768, 769 

displacement, 710, 740 

division by scalar, 712 

dot (inner or scalar) product, 
717-722, 736, 737, 766-768 

equality of, 710 

equations of, 711 

force as, 722 


gradient, 876-878 
head-end (terminal point) of, 709 
head-to-tail rule for addition, 710 


expansion of functions into, 695, Triple scalar product (see Box 
696 product) 
Taylor's formula (theorem), 622, 623 Triple vector product identities, 777 
Telescoping series property, 307, 644, Types I and II regions, 930-933, linear combination of, 713 
650 982 linear independence of, 712, 713, 
Tension, 754 765 
Tetracuspid, 362 Unbounded intervals, 4 magnitude of, 717, 720 
Tetrahedron, 797 Unit binormal vector, 802 negative (additive inverse) of, 711 
Time, units of, 388 Unit circle, 48 normal, 725, 745-748 
Torque, 950 Unit distance, ! normalization of, 720 
Torsion, 803, 804 Unit normal vector, 745, 746 notation for, 715, 766 
Torus, 365, 950 Unit point, 1 parallel, 712 
Total differential, 858, 860 Unit tangent vector, 742, 745, 748, parallelogram rule for addition, 
Total energy, 388, 993 751, 882 711, 713 
Traces of surface, 813 Unit vector, 720 parallelogram spanned by, 710 
Trajectory of moving particle, 750 Units, International System of, 388 perpendicular (orthogonal), 721 
Transcendental function, 37, 620 Universal constant of gravitation, 393 position, 724, 740, 765, 781, 784 
Transformation (change of variable), principal normal, 747, 748 
939 van der Waals gas law, 1560 projection, 723 

Transitivity, 2 Variable(s) scalar components of, 713, 714, 
Translation of coordinate axes change of (see Substitution) 718, 765-769 

equations of, 559-561, 577 change of in double integral, scalar multiplication of, 711, 712 
Transverse axis of hyperbola, 571 939-942 in space, 764-766 
Trapezoidal rule, 338-341 dependent and independent, 22, 24, standard basis, 713, 765 


error bound for, 342 
Triangle 
area of, 49, 292, 779 
right, 46-50 
Triangle inequality, 7, 8, 307 
for vectors, 719 
Trichotomy rule, 2, 8 
Trigonometric functions, 41-49 
antidifferentiation of, 256, 257 
continuity properties of, 74 
differentiation of, 114-118 
integration of, 485-493, 526, 527 


831, 832 
dummy, of integration, 325 


Vector(s), 709 


acceleration, 741, 748 

addition of, 710 

additive identity for, 711 

angle between, 717, 766 

associative law of addition, 711 

basis, 713, 765 

binormal, 802 

box products (determinants) of, 
771, 773, 774, 776, 778 


subtraction of, 711 

tail end (initial point) of, 709 

transposition of, 7/5 

triangle rule for subtraction of, 717 

unit, 720 

unit binormal, 802 

unit normal, 745, 746 

unit tangent, 742, 745, 748, 751, 
882 

velocity, 740-743, 798, 799 

zero, 711, 713 


Vector equations, 724, 725 
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Vector field, 985 
conservative, 985-988 
continuously differentiable, 988 
curl of, 1003-1005, 1008 
derivable from potential, 986, 987, 
989-992 
divergence of, 1003-1005 
flux of, 1000, 1001, 1008 
gradient of, 1003 
in space, 989, 991 
Vector nonparametric equation, 784 
Vector parametric equation, 727-730 
Vector-valued functions, 733-738 
chain rule for, 738 
continuity of, 734 
derivative of, 735-738 
limits of, 734 
in space, 797, 798 
Velocity, 143 
escape, 280, 393 
instantaneous, 269 
of particle moving in plane, 751 
for straight-line motion, 269 
vector, 740-743, 798, 799 
components of, 748 
Velocity field, 985, 1004 
Vertex 
of cone, 372 
of ellipse, 556, 587, 588 
of hyperbola, 571 
of parabola, 34, 566 
Vertical asymptotes, 197-199 


Vertical-line test, 26, 136 
Vertical tangent line, 201 
Volume, 357 
by circular disk method, 358-360 
by circular ring method, 360-364, 
367 
by cylindrical shell method, 365, 
368 
by double integration, 920-924, 
933, 934 
formulas for, 1015 
Pappus’s theorem for, 949, 950 
by slicing, 369-373, 923, 929 
by triple integration, 955-957 


Wallis’ formula, 537 
Watt, 391 
Wave equation, 893 
Wave functions, 45 
Weight, 77, 389 
Work 
in compressing gas, 385, 386 
differential equation for, 275-277, 
383 
done by force field, 985, 1008 
as dot product, 722 
as integral, 383, 384 
as line integral, 977, 978 
in pumping liquid, 384, 385 
in stretching spring (see also 
Mass-spring system), 384 
Work-energy theorem, 388 


x axis, 10, 761 
X coordinate, 761 
x intercept 
of graph, 150 
of plane, 782, 783 
of surface, 813 
xy plane, 10 
xy trace of surface, 813 
Xyz space, 761 
xz plane, 761 
Xz trace of surface, 813 


y axis, 10, 761 

y coordinate, 761 

y intercept 
of graph, 18, 204 
of plane, 782, 783 
of surface, 813 

yz plane, 761 

yz trace of surface, 813 


z axis, 760, 761 
2 coordinate, 760 
z intercept 
of plane, 782, 783 
of surface, 813 
Zero, 2 


Zero of function, 150, 153-156 
Zero function, antidifferentiation of, 


252 
Zero vector, 711, 713 
Zeta function, 661 
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Exponential and Logarithmic Forms 


43 | e^" sin bu du = ares (a sin bu — b cos bu} 45 | ипе“ du = и"е“ 3 2 u"e" du 
js wt! n+l 
ea { `46 | и" ln и du = Du- = 
44 е““ cos bu du = —— —7, [a cos bu + b sin bu] п (n + 1) 
(P Seer EN 


EN 


Forms Involving va – 1? 


2 Va - à а? — и? 
47 [ Va du = Мат +S чат E 51 Га LEM Lt 
2 2 а и u a 
E Jmm әң? — а Же? 
d | Ма? = и? Be SAE ШУ аи 52 ITE Й в и(2и 2) а = и 
и 
du , 1 at+ Ма? – и? ан u" 
"EN. Cd ы 53 | -——À 
“Ма? — и? а Г и (à — и??? ама? – 
50 f Е КИ ж 
и?\/а? — и? au 
Forms Involving Vu! — а? 4 
u а? du Vu? — а? 
54 [Маа = + u — a == inlet Vii Sel 57 | — 
i 2 2 | s | Ми? – 5 au 
55 feve = а? ан = nos — а?)М и? — а? 58 Е == are = Vu? — а? — а сов! | 
| и 
a* ——3 JE MEER 
Ж КИШ uw’ — a 59 222 = —-———— + 1а |и + 
56 (+S = In |а + Vu? — а?| | йи = и : 
а= а ad (u? — a?” © V-a 


Forms Involving Ма? + и? 


] Ма? + и? du “ive EI «T In [и + Ма? + | 64 = In |u + Va? + | 


u 
lS 
62 IE du = —(a? + ума? + ie 65 | Ss 

8 (а2 + PE ама? + и? 


Va + и? Va? + 2 
О == 
ц? и 


4 
жле, lu + Ма? + n| 
8 | 66 


+ In |u + 


a? + и? 


du E: Va? + и? 


Va? + и? 
63 [ 7 we vera = 
u u^ N a? + и? aru 


Rational Forms 


= 


2Va 


du 1 аи 1 a + bu 
= — +b 74 Е ре = —— |! 
ш a + bu b in " d ula + bu) a " u 
udu — ] du b at bu 
EP ssp: S ja uet 
e^ | а + bu Jit cm ү и] и“(а + bu) au a? u 
и? du ] | 1 | du \ 1 1 a + bu 
— = — |—(a + bu)? — 2a(a + b 76 — = — – — 
ү) | а + bu b? 53 (8 n ae » u(a + Би)? a(a + bu) a u 
+ а? In |а + | Jd i } 
и du 1 а 77 (u? + а?у' xx 2a2(n = 1) Í (u? + aet 
71 | + In Ja + bul] 
| (a + bu)* b^ Lat bu 2n —- 3 | du 
2 4 1 2 2a*(n — | а? + uy! 
72 | a + bu Z - 2a In ja + м : С ы | 
(а + bu) b at bu a | du 2 us ) 
m шо d {їй ———— 
73 Í udu _ 1 | 1 Е а | au? + bu + c V4ac— c? ` V4ac — c? 
(a + buy b? Lactbu —2(a- buy. 
Miscellaneous Forms 
79 [war bu du Pa 2(2a — 3bu) is + buy? 84 Pdu du _ 2(8а? — 4abu + 3b2u2)Va + bu 
I5b*, Vat Tre * 155? 
80 | eva du 85 и" du 2u"NV a + bu - 2an f u" du 
_ 2(8a* — 12abu + 15b^w) (a + bu)?” Vatbu  bBn+1) — bQn4D ) Vat bu 
5b? 
ч $6 IL du va NERO «ae 
n 3/2 а 
81 [ еу be а = 2662 Tu а + bu 
п 
Vat bu 
2 87 | RES du = 2Ма + bu + == 
ШЕТ; EP aos 3) fw- IVa + bu du s И их uVa + bu 
n 
V2au — и? — 
82 и du 2(2a — bu)V a + bu 88 к=. du = V2au — и? + a sin^! dn 
= — ee OOOO u a 
Va B 3p? i 
i " V2au — и? 
u u—a а 
83 | me cn "V2au —w — a(1 — 2п)и" 
ETE а и ; K “э. 
: du Fa du | 
ES Í 1 a A a uro». ! ee TO e We = и? 
(Маи — u)" (п – 2)а SEM (п = 2)а? J (V2au — Dy? 
Vat + buy^? 2n— 5) f Vatb 
A | a + bu "P" (a + bu) E. b(2n ) a = u pee eS 
" a(n = 1)и"7! 2a(n — 1) u" 
oe | du 1 eus ONU b 
u Vai) + but c Uwe! u 2 Vc 
Vau? + Маи + bu t c aE н 
93 = Vau’ + bu + che wwe || ——————— 
V au? ILU WEE имани? + bu + с 
94 d com | va? + Би+с+иМа + | 
Vau? + bu + c 


